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Summary :

Any process model of problem solving trying
to capture goal directed progress needs an
evaluation function of the states. Maxima-
tion of its gradient at each step serves as
a decision rule in chosing among different
legally possible moves. The present analysis
gives sufficient conditions for the existen-
ce of an evaluation of states which is appli-
cable to customary laboratory problems in
the study of problem solving. The evalua-
tion, moreover, is shown to establish a
foundation for the measurement of "insight",
the anticipatory aspect of human problem

solving capacity.

Representation of states

In this study, the sets of states occuring
in a problem solving task are represented by
a linear module over a ring. This reduces
the set of states to be discussed to those,
which can be represented by vectors. In the
study of problem sol''ing this happens more
often than not. Luchins' water-jar task, de-
fines states by triples of numbers, the com-
ponents of which stand for the fillings in
three jars. The missionary-cannibal task re-
presents its states as triples, containing
the numbers of missionaries, of cannibals,
and of the boat's disposal. For other tasks
in use like the "Tower of Hanoi" numerical
coding is not standard, but easily achiev-
able. This even holds for proof problems

from the propositional calculus.

Vectorial coding only makes sense if it
serves a psychological purpose like per-
mitting computation of some sort. The most
simple calculation is addition. This raises
the question, whether representation of sta-

tes by vectors makes vector addition a

meaningful operation, the result of which
reflects empirical facts, At first sight
it does not look that way: If in the con-
text of the Luchins water-jar task fil-
ling is interpreted as addition, then

the jars are likely to run over. Water

is spilled and problem solving within the
rules yet to be discussed appears to be
impossible. Likewise with the missionary-
cannibal task addition can lead to an un-
controlled increase of the number of mis-
sionaries or cannibals destroying the prob-
lem setting. The same appears to hold for
other tasks.

Within the present study these risks are
abolished by a simple device: It consists in
a representation of states by finite sets.
These are, e.g., with the Luchins water-jar
task the integers {0, 1, 2, 3, 4, S5} or with
the missionary-cannibal task the integers
{o, 1, 2}. with the proof problems the in-
tegers {0, 1}. This confinement has two de-
cisive effects for the analysis of problem
solving tasks. For once in the finite case
anything that can happen may be analyzed.
On the other hand, an addition of states
can be introduced as a meaningful repre-
sentation as soon as a boundary condition
is introduced. It consists in identifying
the largest integer with zero. It is aqgreed
upon, that, e.qg., any three missionaries
meeting waive the crossing, and that a jar
filled with six units of liquid triggers a
mechanism which automatically empties the
jar. Under these conditions the finite set
of integers assumes the structure of a re-
sidual classes ring, which is the minimal
structure necessary for the introduction

of vectors.

Rules as equations and inequalities

The definitions given above further the ana-
lysis of the problem solving task because
the drawing rules which are usually only
given verbally, now can be formulated as
equations or inequalities. This possibility
is never given a priori, but presupposes

structural foundations like those discussed.
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The proposition, calling for a constant sum
of filling levels in the Luchins water-jar
task only makes sense, after at least a 1li-
near module has been defined. Then filling
can be represented by vector addition: Any
filling is given by the vector difference

of two states represented by the vectors

of their triples of filling levels. Such
vector difference exists for any two states,
even if they are not transformable into one
another by the rules. It is a system of equa-
tions, which defines the legal moves and
differentiates them from the illegal ones.

It can be shown, for the tasks mentioned,that
this is always possible, even for the proof
task from the propositional calculus, al-
gebraization of which was introduced by

Stone (1936). Addition represents filling

with the water-jar task, crossing with

the missionary-cannibal task and the lo-

gical exclusive "or" with the proof prob-

lems.

Because of the finite set of states, for

any equation representing a drawing rule

the solution set of states fulfilling this
equation can be found. This set comprises
s..-ie states, e.g., for one rule in the
Luchins task those which have a constant

sum of filling levels. It may comprise

pairs of states, the second member of which
can be reached from the first in one move
under the rule in question.

The purpose served by algebraization of the
task is two-fold: For once the discourse is
no lonaer confined to a certain, e.a., water-
jar task but rather to the unlimited set of
possible tasks of this kind. The realizations,
presently used in the problem solving labora-
tory, are then special cases with certain pa-
rameters. Another purpose, however, is reflec-
ted by the fact, that the solution sets of
states fulfilling the individual rules again
allow computation of useful results.

The calculus of relations

Any binary relation can be represented by a
matrix over a Boolean ring. In the present
case the rows (as well as the columns) stand
for the finite set of states. Entries of
"one" in any cell means, that the row state
can be transformed into the column state in

one move according to the rule under study.
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Somewhat modifying a matrix calculus intro-
duced by Copilowish (1948) permits alge-
braic manipulation of such matrices. Any
two relations, each representing a rule,
thus lead to a new relation. It represents,
what is given if both rules are obeyed. The
resulting relation, e.q., with the Luchins
water-jar task, characterizes transforma-
tion of row state into column state in si-
multaneous accordance with all rules. In
this connection the unitary relations first
have to be transformed into binary relations
by logical product, if, e.q., both, the gi-
ving and the receiving vessel have to conform
to the condition of constant sum of filling

levels.

Reachability of states

Analysis now turns to the question whether
any column state can be reached by the given
row state in a certain number of legal moves.
This amounts to logical analysis whether the
state can be reached in one or in two, etc.
legal moves. The representation chosen here
permits this analysis to be performed alge-
braically for arbitrarily large matrices.
The result is found out for any aiven number
of steps which, however, need not be larger
than the number of states minus one. The
resulting binary matrices contain entries

one" if the column state is reachable from
the row state in so and so many legal steps
as were analyzed in that matrix. The final
step of the task analysis consists in com-
bining these matrices into a single one the
cells of which tell, in at least how many
steps a row state can be transformed into

the column state. This is done by pairwise
comparison of successive matrices of the
first kind. If the matrix of n-1 steps does
not yet show transformability of the row
state into the column state but the matrix

in n steps at that cell carries a "one",

then this n is identified as the minimal
number of legal steps in question. The evalua-
tion of each state with respect to any qoal
state can be read off this "reachability ma-
trix in n steps" as the entries of the column
vector associated with the goal state. This
completes analysis of sufficient conditions
for the existence of a state evaluation func-
tion for arbitrary goal states in a problem

solving task such as they are used in the



psychological laboratory. Fig. 1 gives an
example for a missionary-cannibal task with
first component in the triple designating
the number of missionaries, the second the
number of cannibals, and the third, if 1,
availability of the boat, all at the left
bank. There are 2 missionaries, 2 canni-
bals and a boat capacity of 2. The compu-
tation of the combined drawing rule elimi-
nates 6 of the 3:3+2 = 18 states as not
reachable.

221 210 211 200 201 110 111 020 021 010 011

210 1

211 2 3

200 1 2 1

201 6 7 4 5

110 1 2 1 2 5

111 4 5 2 3 2 3

020 1 2 3 2 , 2 5

021 4 5 2 3 2 3 2 5

010 3 4 1 2 3 2 1 4 1
011 6 7 4 5 2 5 2 7 2
000 5 6 3 4 1 4 1 6 1 2 1

Fia. 1. Symmetric reachability matrix in n
steps for (2,2,2) missionary-cannibal prob-
lem computed from the rules within the mo-

dule representation. Fntries give minimal num-

ber of steps from row to column state.

The measurement of "insight"

For each goal, the evaluations establish a
binary relation over the set of states. It

can be interpreted as "... closer to the
qoal than ..." and is connected and tran-
sitive. Tt is, therefore, a weak ordering
relation which plays a central rdle in
measurement theory (cf. Krantz et al.,
1971). The weak ordering together with some
other postulates permits measurement in the
technical sense of goal distance. Now, this
magnitude is not in need of measurement be-
cause it can be calculated under the con-
ditions specified. Still the cue can be
taken up for the analysis of psychologi-
cal data which consist of sequences of the
states actually visited in the course of

an experiment in problem solvinag. Each

step can be interpreted as the result of

a preference reaction over the leqgal

steps possible at that choice point. This
opens up the possibility of scaling the

subjective evaluation by means of a mea-

surement model, e.qg., of ordinal measure-
ment. Variation of the parametrization of

a task creates problems of differing but
controlled complexity. The problem sol-

ver's "insight"” is the amount of com-

plexity, exoressed as given minimal length

of solution path, the laboratory data of

which do not invalidate the assumptions

at the base of the measurement scaling
procedure used. Empirical work by Sydow (1970)
with the "Tower of Hanoi" shows, that the sub-
jective evaluation is a function of both goal
distance as well as distance from the starting

point,
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