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This paper Is concerned with meaningful 
learning .  Psychologist s hav e distinguishe d betwee n 
meaningfu l  an d rot e learnin g (e.g. ,  Katona ,  19'tO ; 
Werthelmer ,  1945/1959 )  largel y b y providin g 
example s tha t  contras t  th e tw o phenomena .  Th e wor k 
reporte d I n thi s pape r  I s a n attemp t  t o develo p a 
more explici t  an d detaile d theoretica l  analysi s o f 
th e natur e o f  learnin g tha t  occur s wit h 
understanding . 
1 will consider learning situations In which 
new procedure s an d concept s ar e acquire d fo r 
solvin g problems .  System s fo r  learnin g procedure s 
tha t  hav e bee n analyze d previousl y ar e o f  tw o 
genera l  kind s tha t  1  wil l  cal l  (1 )  direc t  learnin g 
and (2 )  analogica l  learning .  1  wil l  describ e a 
thir d kin d o f  learnin g syste m i n thi s pape r  tha t  I 
cal l  schemati c learning . 

In direct learning, examples are presented 
tha t  sho w performanc e o f  th e procedure s tha t  th e 
learne r  I s t o acquire .  Anderso n e t  a l  (I n press) , 
Neves (1981) ,  an d Ver e (1978 )  hav e studie d 
processe s o f  acquirin g procedure s tha t  matc h th e 
action s show n i n example s o r  writte n theorem s tha t 
correspon d t o inferentia l  procedures .  Processe s i n 
whic h fragment s o f  procedure s becom e integrated , 
formin g ne w procedura l  concepts ,  als o hav e bee n 
studie d (Anza l  &  Simon ,  1979 ;  Larkln ,  i n press ; 
Neves &  Anderson ,  i n press) ,  a s hav e processe s I n 
whic h existin g procedure s ar e corrected ,  extended , 
or  refine d (Brow n &  VanLehn ,  i n press ;  Goldstein , 
1974 ;  Neches ,  1981 ;  Sussman ,  1975) . 

In analogical learning, a new procedure Is 
acquire d b y mappin g component s o f  a  know n procedur e 
t o a  ne w domai n (Rumelhar t  &  Norman ,  i o press) . 
The procedure s tha t  ar e transfere d constitut e ne w 
concept s tha t  ca n b e use d t o represen t  situation s 
i n th e ne w domain . 

I n schemati c learning ,  ne w procedure s an d 
concept s ar e forme d i n th e framewor k o f  a  genera l 
conceptua l  structure .  A  schem a ca n provid e a 
framewor k eithe r  fo r  learnin g fro m example s o r  fo r 
analogica l  learning .  I  wil l  discus s tw o example s 
tha t  hav e bee n worke d ou t  i n th e for m o f  runoia g 
computationa l  model s tha t  simulat e salien t  aspect s 
of  studen t  subjects '  learnin g an d performance .  Th e 
firs t  exampl e involve s learnin g t o solv e proo f 
problem s i n geometry .  Thi s illustrate s th e rol e o f 
a schem a i n learnin g fro m examples .  Th e secon d 
example ,  whic h Illustrate s th e rol e o f  a  schem a i n 
analogica l  learning .  Involve s learnin g procedure s 
fo r  multldlgi t  subtractio n i n arlthnetic . 

Learning from an Example Proof 
My first example is learning from the solution 
of  a  simpl e proo f  proble m tha t  i s give n earl y I n a 
high-Bchoo l  geometr y course .  Th e proble m an d it s 
solutio n ar e i n Figur e 1 .  I  wil l  discus s learnin g 
tha t  ca n occu r  o n th e basi s o f  thi s exampl e 
problem ,  bu t  firs t  conside r  th e proble m i n Figur e 
2,  a  proble m tha t  Wertheime r  (1945/1959 )  discussed . 
Not e tha t  th e solution s o f  thes e tw o problem s ar e 
ver y simila r  i n form .  Thre e step s i n Figur e 2 
correspon d t o th e thir d ste p i n Figur e I ,  bu t 
otherwis e ther e i s a  simpl e mappin g betwee n th e tw o 
solutio n proofs . 

It might be expected that anyone who has 
learne d t o solv e th e proble m i n Figur e 1  woul d als o 
be abl e t o solv e Figur e 2 .  I t  turn s ou t  tha t  ther e 
i s considerabl e variatio n i n th e succes s differen t 
student s hav e wit h Figur e 2  whe n i t  l a presente d a s 
a transfe r  problem .  A  se t  o f  protocol s o n th e 
proble m i n Figur e 2  wa s obtaine d fro m student s wh o 

had complete d stud y o f  proo f  problem s abou t  lin e 
segments ,  suc h a s Figur e 1 ,  an d ha d begu n t o stud y 
propertie s o f  angles .  Some student s ha d n o Ide a 
how t o proceed .  Other s solve d Figur e 2  easily ,  an d 
one eve n complaine d abou t  havin g t o solv e "th e sam e 
problem "  s o man y times . 

Conside r  th e question :  What  enable s a  studen t 
t o appl y th e knowledg e acquire d fo r  solvin g Figur e 
1 t o fin d a  solutio n t o Figur e 2  easily ? On e 
hypothesi s i s tha t  th e procedure s learne d fo r 
solvin g Figur e 1  wer e associate d wit h genera l 
concept s tha t  ca n b e applie d whe n Figur e 2  i s 
encountered .  A  versio n o f  thi s hypothesi s ha s bee n 
Implemente d i n a  simulatio n progra m (se e Anderso n 
et  al ,  i n press ,  fo r  a  mor e detaile d description) . 
The general structure that I postulate as the 
basi s o f  transfe r  i s a  schem a calle d 
Overlap/Whole/Parts .  I n thi s schem a ther e ar e tw o 
component s calle d "wholea, "  eac h o f  whic h i s 
divide d int o parts ,  an d a  par t  o f  on e whol e i s 
Identica l  t o a  par t  o f  th e other .  1  assum e tha t  i n 
meaningfu l  learnin g base d o n Figur e 1 ,  th e 
Overlap/Whole/Part s schem a i s formed . 
Overlap/Whole/Part s ha s tw o subschemata ,  th e 
Whole/Par t  structure s tha t  ar e include d I n th e 
pattern .  I t  i s  reasonabl e t o assum e tha t 
ninth-grad e student s hav e understoo d relationship s 
of  part s tha t  for m whol e quantitie s fo r  severa l 
years ,  an d tha t  the y hav e som e procedure s 
associate d wit h tha t  schema .  Fo r  example ,  the y ca n 
add number s associate d wit h subset s t o fin d th e 
number  i n a  superset ,  o r  subtrac t  on e par t  fro m th e 
whol e t o for m th e othe r  part . 
The Overlap/Whole/Parts schema is formed as a 
combinatio n o f  tw o Whole/Part s schemata , 
constraine d s o tha t  a  par t  o f  eac h "whole " 
component  i s share d wit h th e other .  Procedure s 
tha t  ar e attache d t o Whole/Part s ar e availabl e i n 
situation s wher e th e mor e comple x structur e i s 
applied .  I n addition ,  som e ne w procedure s ar e als o 
acquire d an d associate d wit h th e 
Overlap/Whole/Part s schema .  Fo r  example ,  whe n th e 
whole-component s o f  th e tw o substructure s ar e 
equal ,  thi s enable s th e inferenc e tha t  th e sum s o f 
thei r  part s ar e equal ,  an d whe n thes e sum s ar e 
equal ,  th e unshare d part s ar e equal .  (Learnin g o f 
thes e procedure s i s base d o n Step s 4  an d 5  i n 
Figur e 1. ) 

Two characteristic s o f  th e acquire d knowledg e 
ar e significant .  First ,  th e procedure s tha t  ar e 
acquire d ar e define d o n th e component s o f  th e 
proble m representations ,  whic h ar e th e schematize d 
version s o f  problems .  Thi s make s th e procedura l 
knowledg e transferrabl e t o othe r  situation s wher e 
th e sam e schemat a ca n b e applied—fo r  example ,  t o 
problem s suc h a s Figur e 2 ,  i f  th e syste m ca n lear n 
t o represen t  adjacen t  angle s wit h th e Whole/Part s 
schema.  Th e secon d significan t  featur e i s tha t  ne w 
conceptua l  entitie s ar e acquire d whe n th e schem a o f 
Figur e 3  l a learned .  Th e organize d structure s o f 
th e wholes-wlth-part s ar e argument s o f  th e ne w 
procedures ,  an d thu s functio n a s cognitiv e unit s a s 
a resul t  o f  th e learnin g tha t  occurs . 
Learning Subtraction Analogically 
My second example Involves the role of a 
schema i n learnin g tha t  i s  base d o n a n analogy . 
Thi s researc h ha s bee n don e i n collaboratio n wit h 
Laure n Resnlck ,  wh o present s «  companio n pape r  i n 
thes e proceedings .  I n ou r  research ,  th e learne r 
does no t  construc t  th e analogica l  mapping ,  a s i n 
th e syste m tha t  Rumelhar t  an d Norma n (i n press ) 
studied .  Rather ,  th e mappin g betwee n domain s i s 
presente d i n detai l  b y a n Instructor .  Performanc e 
of  student s indicate s tha t  thi s instructio n lead s 
t o understandin g o f  th e procedure ,  an d w e conside r 
th e question s o f  wha t  knowledg e i s acquire d tha t 
constitute s thi s understandin g an d o f  ho w th e 
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acquisitio n occurs . 

The procedure that we have studied in this 
researc h i s arithmeti c subtraction .  Childre n wh o 
wer e chose n t o participat e I n th e researc h ha d on e 
of  th e subtractio n "bugs "  Identifie d b y Brow n an d 
Burto n (1978) .  Example s o f  performanc e tha t 
Involve s bug s ar e I n Figur e 3 .  Th e firs t  proble m 
Illustrate s a  •smaller-from-larger "  bug ,  wher e th e 
studen t  subtract s th e smalle r  digi t  fro m th e large r 
one I n eac h column .  Ignorin g whic h I s o n top .  Th e 
secon d an d thir d problem s Illustrat e a 
"don't-decrement-zero "  bug ,  wher e borrowin g fro m a 
zer o doe s no t  includ e decrementin g anothe r  numbe r 
t o it s lef t  o r  a  chang e i n th e valu e o f  th e zer o 
digit . 
The Instruction that Is given uses a procedure 
fo r  subtractin g wit h blocks .  Differen t  size s o f 
block s represen t  differen t  plac e values :  smal l 
cube s fo r  units ,  lon g ( 1 x  10 )  stick s fo r  tens , 
fla t  (1 0 »  10 )  piece s fo r  hundreds ,  an d s o on . 
Instructio n occur s I n thre e stages .  First ,  <• 
procedur e i s taugh t  fo r  subtractin g wit h blocks . 
Second ,  ther e I s a  detaile d mappin g o f  tha t 
procedur e t o th e procedur e o f  subtractin g wit h 
writte n numerals .  Finally ,  th e writte n procedur e 
i s mad e Independen t  o f  th e blocks . 
The critical phase Is In Step 2, where the 
correspondenc e betwee n th e procedure s wit h th e 
block s an d wit h th e writte n numeral s i s mad e 
explicit .  Eac h actio n I n th e block s domai n 
correspond s t o a n actio n i n th e writte n domain . 
For  example ,  whe n a  chil d remove s a  "tens"-bloc k 
durin g a  trade ,  th e digi t  I n tha t  colum n i s 
decremente d b y one ,  an d whe n te n 'ones'-block s ar e 
adde d t o th e display ,  a  smal l  "one "  I s place d I n 
th e unit s column .  Indicatin g tha t  te n ha s bee n 
added t o tha t  digit .  Thi s instructio n ca n b e 
considere d a s presentatio n o f  a 
component-by-componen t  mappin g betwee n tw c 
procedures . 
This instruction has been successful li 
changin g children' s performance ,  a  for m o f 
debugging .  Furthermore ,  childre n giv e u s evidenc e 
tha t  the y hav e achieve d significan t  understandin g 
of  arithmeti c concept s an d principles .  On e exampl e 
was give n b y a  studen t  wh o ha d suffere d fro m th i 
smaller-from-large r  bug .  Afte r  instruction ,  thl i 
studen t  wa s aske d ho w th e ne w procedur e dlffere c 
fro m th e on e th e studen t  use d earlier .  Th e studen t 
said ,  " 1 use d t o tak e th e number s apart ;  no w 
leav e the m together ,  .. .  an d tak e the m apart. "  Wi 
thin k tha t  thi s show s tha t  th e studen t  ha d achleve i 
an understandin g tha t  th e digit s i n on e o f  th e row i 
of  th e proble m represen t  part s o f  a  whol e entit y 
tha t  Is ,  tha t  togethe r  the y represen t  a  number . 

A secon d exampl e wa s give n b y a  studen t  wh o 
had a  don't-decrement-zer o bug .  Afte r  doin g th e 
problem :  40 3 -  27 5 correctly ,  includin g 
manipulation s wit h blocks ,  th e studen t  wa s asked , 
"Do yo u kno w wher e th e nin e cam e from? "  Th e studen t 
said ,  "It' o nin e tens ,  an d th e othe r  te n i s righ t 
here, "  an d pointe d t o th e smal l  1  tha t  wa s writte n 
t o th e lef t  o f  th e 3  i n th e to p numbe r  o f  th e 
problem .  We thin k tha t  thi s show s tha t  th e studen t 
understoo d th e principl e o f  conservatio n Involve d 
i n borrowing ,  tha t  th e numeral s resultin g fro m th e 
borrowin g procedur e represen t  a  quantit y equa l  i n 
valu e t o reduction s I n anothe r  numeral . 
Now consider the theoretical question: what 
knowledg e i s acquire d i n th e Instruction ? 
Hypothese s abou t  acquire d knowledg e shoul d provid e 
an explanatio n o f  th e correc t  performanc e tha t 
results ,  a s wel l  a s th e evidenc e tha t  student s 
provid e tha t  the y hav e achieve d significan t 
understanding .  We wil l  presen t  tw o hypotheses . 
The simple r  on e use s a n ide a o f  schemati c goals . 

The othe r  hypothesi s postulate s tha t  understandin g 
of  subtractio n Involve s th e Whole/Part s schema ,  th e 
same structur e t o whic h w e attribut e understandin g 
of  th e geometr y proble m considere d above .  Th e 
latte r  hypothesi s ha s bee n implemente d a s a  runnin g 
program ;  th e forme r  I s base d o n a  suggestio n b y 
Rober t  Neches . 
The hypothesis of schematic goals postulates 
tha t  knowledg e o f  th e block s procedur e i s organize d 
i n a  wa y simila r  t o Sacerdotl' s  (1977 )  syste m o f 
hierarchica l  actio n knowledge ,  wit h higher-orde r 
action s providin g a  goal-base d organizatio n o f 
lower-leve l  action s I n th e procedure .  Importan t 
goal s fo r  th e block s procedur e Include :  (1 )  fin d 
an answe r  fo r  eac h column ;  (2 )  I f  ther e ar e no t 
enough t  block s fo r  a  column ,  ge t  som e more ;  (3 )  I f 
ther e ar e n o block s i n a  colum n wher e yo u nee d t o 
get  som e more ,  ge t  som e block s fo r  tha t  column .  I n 
th e hypothesi s o f  schemati c goals ,  w e assum e tha t 
mappin g instructio n result s I n transferrin g th e 
goal s o f  th e block s procedur e t o th e procedur e wit h 
writte n numerals .  We propos e tha t  thes e goal s 
correspon d t o ne w cognitiv e unit s I n th e student' " 
representatio n o f  subtractio n wit h writte n 
numerals . 
This organization can explain indications of 
understandin g lik e thos e w e presente d earlier .  Th e 
remar k tha t  th e correc t  procedur e "keep s th e 
number s together "  i s explaine d becaus e th e action s 
of  Decrement-To p an d Add-Te n ar e part s o f  th e sam e 
genera l  action .  Similarly ,  th e elementar y action s 
Decrement ,  Makenine ,  an d Addte n ar e combine d t o 
for m a  large r  structure ,  whic h coul d b e th e basi s 
of  th e remar k tha t  "It' s  nin e tens ,  an d th e othe r 
te n i s righ t  here. " 
The simulation that we have programmed is 
somewhat  mor e comple x tha n th e hypothesi s o f 
schemati c goals .  Ou r  reason s fo r  Implementin g a 
more comple x syste m wer e I n protocol s obtaine d a s 
student s learne d abou t  th e procedure s i n h e block s 
domain .  Instructio n fo r  thi s procedur e Involve d a 
kin d o f  discover y method ,  includin g question s suc h 
as ,  "Ca n yo u thin k o f  a  wa y t o ge t  mor e blocks ? " 
The studen t  whos e performanc e w e trie d t o simulat e 
showed severa l  Indication s o f  understandin g 
principle s underlyin g th e procedur e withou t  bein g 
shown th e procedure .  A t  on e critica l  point , 
involvin g borrowin g throug h zero ,  th e studen t  sai d 
"Ooh neat—No w 1  ge t  it. "  We simulate d th e 
student' s performanc e wit h a  mode l  I n whic h 
adjacen t  digit s ar e schematize d a s part s o f  a  whol e 
unit .  Understandin g o f  th e part-and-whol e 
relationshi p o f  adjacen t  digit s enable s th e mode l 
t o understandin g borrowin g throug h zer o b y 
co-ordinatin g a  constrain t  o f  keepin g a  tota l 
quantit y constan t  whil e adjustin g th e number s o f 
thing s i n It s parts .  Thi s i s describe d I n mor e 
detai l  i n Resnlck' s companio n paper . 
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Statemen t 

1. /AOC - /AOD • /COD 

2. /IBOD . /AOB • /AOD 

3. /AOC = 180° 

4. /BOD 180° 

5. /AOC /^BOD 

6. /AOD + /COD = /AOB + /AOD 

7. /COD = /AOB 

Given :  AOC,  BOD 

Provet /AOB - /COD 

Re Hon 

1. angle addition 

2. angle addition 

3. def, of straight / 

i. def, of straight / 

S. substitution 

6,  substitutio n 

7, subtraction 

2 6  3 

Figur e 2 

3 2  7 

1 8  4 

5 0  ' 2 

3 0  6 

y ' 0 ' 5 

" 2 3 9 

2 0  6 

Figur e 3 

4 7  6 

Given :  RN =  o y 
Prove:: RO = NY 

Statemen t 

1. M RO + ON 

2. OY = ON + NT 

3. RN OY 

4.  RO *  ON =  ON +  NY 

5. RO = NY 

Reason 

1, segnent addition 

2, segment addition 

3. given 

4,  substitutio n 

5, subtraction property 

rifur *  1 
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