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I n t roduc t i o n 

Recursion is a recurrent ttieme in human thinking. It has been 
aroun d to r  a  lon g tim e i n som e field s relate d t o cognitiv e science : 
fo r  instance ,  i t  ha s take n plac e i n information-processin g model s 
of  cognition ,  i n th e theor y o f  computation ,  i n cognitiv e an d 
developmenta l  psychology ,  o r  i n teachin g compute r  progrsunmin g 
t o novices . 

Intuitively ,  recursiv e formulatio n ma y lea d t o understandin g o f 
potentiall y  infinit e phenomen a I n compact ,  finit e terms .  O n th e 
othe r  hand ,  sinc e recursiv e definitio n involve s top-down ,  tightl y 
connecte d organizatio n o f  knowledge ,  i t  ma y no t  b e eas y t o learn , 
or  t o b e applie d t o formulatio n o f  comple x problems .  Thes e 
expectations ,  however ,  ar e les s wel l  examine d experimentally . 
Besides ,  ther e ar e som e othe r  point s suc h a s memor y loa d fo r 
executin g recursiv e procedures ,  th e firml y establishe d characte r 
of  recursiv e function s i n th e theor y o f  mathematics ,  o r  practica l 
applicatio n t o teachin g compute r  programming ,  whic h mak e 
recursio n a n interestin g them e fo r  cognitiv e science .  A s on e topi c 
relate d t o recursion ,  thi s pape r  discusse s th e questio n o f  whethe r 
recursiv e procedure s ar e cognitivel y difficul t  t o learn ,  base d o n a 
rul e inductio n experimen t  conducte d o n middleschoo l  children .  I t 
conclude s tha t  racursiv e procedure s ma y b e acquire d base d o n 
learnin g o f  th e correspondin g Iterativ e procedures . 

Learning Recursive Procedures 

A recursive function treated here is simply a function whose 
definitio n include s th e functio n itself .  A s a  simpl e bu t 
representativ e example ,  w e us e exclusivel y i n thi s pape r  th e 
factoria l  functio n 'tact "  define d o n N ,  th e se t  o f  positiv e integers , 
as follows : 

factin )  =  fact(n•̂ )  x  n  fo r  an y ntN ,  ̂ >^ ,  an d /acf(1 )  »  1 . 

The abov e definitio n i s recursive ,  bu t  o f  cours e tac t  ca n b e 
define d itcrativoly : 

lact{n )  =  1  X  2  X  .  . .  x  n  fo r  an y neN . 

The abov e tw o kind s o f  definition s ar e functionall y equivalent , 
but  hav e man y cognitivcl y differen t  points .  Le t  u s conside r  belo w 
onl y th e poin t  relevan t  here :  ho w peopl e acquir e th e recursiv e 
procadur e fo r  computin g factorials ,  base d o n exampl e data .  First , 
suppos e tha t  a  studen t  i s give n a n iterativ e sequenc e o f  dat a fo r 
factorieils : 

fact{-> )  =  1  lact(2 )  =  1 x 2 lact{3 )  =  1 x 2 x 3 . 
It  ma y b e eas y fo r  hi m t o generaliz e th e abov e simpl e patterne d 

sequence ,  an d t o obtai n th e genera l  iterativ e definition , 
/acr(r7 )  =  lx2x...x n (niN) .  Not e tha t  th e induce d definitio n itsel f 
ca n easil y b e interprete d t o provid e procedure s (multiplications ) 
fo r  actua l  computation . 

On th e othe r  hand ,  suppos e tha t  th e studen t  trie s t o induc e th e 
factoria l  functio n base d o n th e followin g recursivel y generate d 
data : 

/acf(3 )  -/acf(2 )  X  3  tact(2 )  =  tact{^)x 2 /acf(1 )  -  1 . 

I n thi s case ,  althoug h th e data ,  i f  regarde d declarative ,  ca n b e 
generalize d formall y t o generat e /acr(n)«/ac/(n-1)x n (neA/) ,  th e 
studen t  need s t o conside r  al l  th e subformulas ,  tacHk )  -  lact{k-\)x k 
(k> 2 n-1) ,  t o actuall y comput e tact{n) :  th e dat a allo w direc t 
generalizatio n b y converting ,  fo r  example ,  3  t o i  an d 2  t o n-1 ,  bu t 
he i s necessar y t o organiz e th e give n segment s o f  dat a t o acquir e 
th e recursiv e computationa l  procedure .  I t  ma y b e muc h mor e 
difficul t  tha n i n th e iterativ e case . 

However ,  w e ca n advanc e ou r  speculatio n on e mor e step .  Th e 
student ,  whil e h e i s engage d i n th e tas k o f  inducin g th e factoria l 
fro m th e iterativ e data ,  migh t  notic e th e regularit y o f  embedde d 
patter n i n th e data .  Th e lef t  colum n o f  Fig .  1  illustrate s i t  fo r  a n 
iterativ e dat a set .  I f  thi s kin d o f  structura l  emtieddin g wa s 
discovered ,  acquisitio n o f  th e iterativ e definitio n o f  th e factoria l 
may resul t  I n learnin g th e neste d procedura l  structur e o f  th e 
factorial .  Then ,  i f  th e neste d structur e a s show n i n th e lef t  o f  Rg .  1 
reside s i n memory ,  an d i f  recursiv e dat a ar e presented ,  th e dat a 
may matc h th e neste d structur e fairi y  eatsil y a s show n i n Fig .  1 . 
Thus ,  th e recursiv e procedur e ma y b e learne d b y th e successiv e 
presentatio n o f  th e iterativ e an d recursiv e dat a set s i n thi s order . 
'1 

iact(\}x 2 

f=^tact{2}A3 
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Neste d structur e emtiedde d i n a n iterativ e dat a se t 
and it s relatio n t o th e correspondin g recursiv e dat a se t 

The preceding simple discussion gives us the hypothesis that if 
a studen t  kne w non e o f  th e factoria l  function ,  o r  th e concep t  o f 
recursion ,  h e find s i t  easie r  t o lear n th e iterativ e procedur e fo r  th e 
factoria l  rathe r  tha n th e recursiv e one ,  bu t  afte r  h e learne d it ,  h e 
must  alread y b e read y t o assimilat e th e recursiv e procedure .  I n 
th e follovyin g rul e inductio n experiment ,  w e examin e thi s 
hypothesi s b y usin g middleschoo l  children . 

Experiment 

Subjects and procedure 

88 middleschool children (age about 14) participated in the 
experiment .  Th e rul e t o b e induce d wa s th e numerica l  functio n fo r 
computin g factorial s  o f  positiv e integers .  Tw o kind s o f  format s fo r 
exampl e dat a wer e considered .  O n e wa s th e iterativ e format ,  an d 
th e correspondin g to-be-induce d functio n wa s calle d WHIT E i n 
th e experiment .  Th e othe r  wa s th e recursiv e format ,  an d th e 
correspondin g functio n wa s name d BLACK . 

For  eac h format ,  a  sequenc e o f  thre e dat a set s wa s prepared . 
The firs t  dat a set s fo r  W H I T E an d B L A C K wer e give n a s follows : 

Firs t  dat a se t  fo r  W H I T E 
Let  u s thin k abou t  th e followin g computatio n fo r  a 

give n number .  Th e answe r  t o th e computatio n i s calle d 
"WHITE"  Fo r  example ,  "WHIT E o f  2 "  i s compute d a s 
follows : 

(1 )  Star t  wit h 1 . 

(2 )  Multipl y 1  b y 2 .  Th e resul t  i s  2 . 
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••WHITeof2"isZ . 

Now,  comput e 'WHIT S o f  <" .  (Writ e th e 
computatio n an d th e answer. ) 

Firs t  dat a se t  fo r  B L A C K 

Let  u s thin k abou t  th e followin g computatio n lo r  a 
give n number .  Th e answe r  t o th e compulatio n i s calle d 
'BLACK '  Fo r  example .  "BLAC K o f  2 "  i s  compute d a s 

followa : 
(1 )  'BLAC K o f  2 '  i s  "BLAC K o f  T  multiplie d b y 2 . 

(2)'BLAC K o f  r i s  1 . 

"BLACK o f  2-i s  Z 

Now.  comput e 'BLAC K o f  4' . 
computatio n an d th e answer. ) 

(Writ e th e 

I n eac h o f  th e abov e dat a sets ,  tw o segment s o f  information ,  (1 ) 
and (2) .  fo r  th e factoria l  o f  2 ,  an d th e valu e o f  i t  wer e supplied . 
Ther e wa s provide d a  proble m a t  th e las t  line ,  whic h wa s t o 
comput e th e factoria l  o f  4 .  I f  a  subjec t  gav e th e correc t  answe r  t o 
th e problem ,  the n h e wa s considere d t o hav e acquire d a  factorial -
computin g procedure ,  iterativ e o r  recursive ,  dependin g o n whic h 
dat a set ,  WHIT E o r  BLACK ,  wa s presente d t o him . 
The second data sets for WHITE and BLACK included three 
segment s o f  information ,  an d wer e designe d a s show n below : 

Secon d dat a se t  fo r  W H I T E 

Let  u s thin k abou t  th e followin g computatio n fo r  a 
give n number .  Th e answe r  t o th e computatio n i s calle d 
"WHITE"  Fo r  example .  "WHIT E o f  3 "  i s  compute d a s 
follows : 

(1 )  Star t  wit h 1 . 

(2 )  Multipl y 1  b y 2 .  Th e resul t  i s  2 . 

(3 )  Multipl y 2  b y 3 .  Th e resul t  i s  6 . 

"WHIT E o f  3'i s  6 . 

Now.  comput e "WHIT E o f  5" .  (Writ e th e 
computatio n an d th e answer. ) 

Second data set for BLACK 

Let  u s thin k abou t  th e followin g computatio n fo r  a 
give n number .  Th e answe r  t o th e computatio n i s calle d 
"BLACK' .  Fo r  example ,  'BLAC K o f  3 '  i s  compute d a s 
follows : 

(1 )  'BLAC K o f  3 "  i s  "BLAC K o f  2 '  multiplie d b y 3 . 

(2 )  'BLAC K o f  2 "  i s  "BLAC K o f  1 '  multiplie d b y 2 . 

(3 )  "BLAC K o f  1 "  i s  1 . 

"BLACK o f  3'i s  6 . 

Now,  comput e "BLAC K o f  S "  (Writ e th e 
computatio n an d th e answer. ) 

The thir d dat a sets ,  eac h o f  whic h containe d fou r  segment s o f 
information ,  wer e define d i n a  simila r  manner . 

The subject s wer e divide d int o tw o group s calle d G 1 (n 3 4S ) 
and G 2 ( n s43) .  Th e grou p G 1 wa s give n th e dat a i n th e orde r  o f 
W-l ,  W-2 .  W-3 .  B-1 ,  B- 2 an d B-3 .  wher e W- i  an d B- /  denot e th e /-t h 
dat a se t  fo r  WHIT E an d BLAC K respectively .  O n th e othe r  hand , 
G2 wa s give n th e dat a i n th e orde r  o f  B-1 ,  B-2 ,  B-3 ,  W-1 .  W- 2 an d 
W-3.  Bot h group s wer e give n five  minute s fo r  eac h dat a set ,  whic h 
wer e ampl e enoug h fo r  middleschoo l  children .  Th e dat a sheet s 
wer e collecte d fro m th e subject s fo r  eac h dat a set ,  an d n o direc t 
feedbac k o f  answer s wa s given . 
Results and discussion 

The results are tabulated in Table 1. The more data sets 
presented ,  th e greate r  numbe r  o f  subject s wh o answere d 
correctly ,  bot h fo r  WHIT E an d BLACK .  Th e percen t  correc t  wa s 
large r  fo r  Gl' s WHIT E (60 % fo r  th e thir d set )  tha n fo r  G2' s BLAC K 
(33 % fo r  th e thir d set) ,  bu t  eve n th e latte r  gav e fairl y goo d 

performance .  Also ,  i f  th e dat a fo r  B L A C K wer e presente d afte r 
WHITE a s fo r  th e grou p Gl ,  th e performanc e wa s bette r  tha n it s 
opposite :  G 1 fo r  B L A C K gav e 16% ,  2 9 % an d 6 4 % o f  percen t 
correc t  fo r  th e dat a set s wit h two ,  thre e an d fou r  segment s o f 
information ,  bu t  G 2 fo r  B L A C K provide d 0% ,  1 4 % an d 33% ,  whic h 
wer e relativel y smaller .  O n th e othe r  hand ,  th e performac e fo r 
WHITE wa s simila r  fo r  th e tw o groups ,  regardles s o f  th e orde r  o f 
presentation . 

The resul t  i s  ttiu s generall y i n agre e wit h ou r  expectations .  I t 
was easie r  fo r  th e childre n t o hav e worke d o n th e iterativel y 
generate d dat a sets ,  bu t  acquisitio n o f  th e recursiv e procedur e 
was facilitate d b y learnin g th e iterativ e one . 

Also ,  not e tha t  th e WHIT E dat a fo r  G l  an d G 2 sho w a  simila r 
tendency ,  an d th e B L A C K dat a fo r  th e tw o group s provid e a 
differen t  sor t  o f  simila r  tendency :  th e ral e o f  increas e o f  th e 
percen t  correc t  decrease d fo r  th e WHIT E dat a wit h respec t  t o th e 
number  o f  presente d dat a sets ,  whil e i t  increase d fo r  tti e B L A C K 
data .  Thi s particula r  tren d ma y hav e reflecte d th e subjects ' 
relativ e difficult y i n discoverin g regularit y i n a  smal l  numbe r  o f 
informatio n segment s i n a  recursiv e dat a set . 

Tabl e 1 
Percen t  correc t  fo r  th e inductio n experimen t 

Gl 
Dat a sa t  no .  WHIT E BLAC K 

62 
BLACK VIHIT E 

1 
2 
3 

11(« ) 
42 
80 

18 
29 
84 

0 
14 
33 

9 
30 
47 

No.  o f  subject s 46 43 

(Fo r  almos t  al l  th e subjects ,  i f  a  subjec t  gav e th e 
correc t  answe r  fo r  th e /-t h dat a set ,  h e wa s als o correc t 
fo r  al l  th e i-t b sets ,  wher e 1< ,  /</. ) 

Thus ,  w e thin k tha t  recursiv e computatio n ma y b e apparentl y 
difficul t  fo r  childre n t o learn ,  bu t  als o tha t  i t  ma y ti e acquire d b y 
inducin g th e neste d structure ,  an d interpretin g i t  a s a  procedure , 
base d o n th e recursiv e data .  Le t  u s provid e on e possibl e 
mechanis m tha t  generate s th e gros s characteristic s o f  th e 
experimenta l  results ,  whic h i s essentiall y  simila r  t o th e on e briefl y 
describe d i n th e previou s section .  Suppos e tha t  th e thir d dat a 
set s fo r  WHIT E an d B L A C K give n i n th e experimen t  wer e 
represente d a s follow K 

WHITE BLACK 

(equa l  (time s 1  2 )  2 )  (equa l  (blac k 4 ) 
(time s (blac k 3 )  4 ) ) 

(equal (times 2 3) 6) (equal (black 3) 
(time s (blac k 2 )  3) ) 

(equal (times 8 4) 24) (equal (black Z) 
(time s (blac k 1 )  2) ) 

(equal (white 4) 24) (equal (black 1) 1). 

Assume that successively emtsedding the segments in the 
WHITE dat a set ,  w e obtaine d th e neste d formula : 

(equa l  (whit e 4 )  (time s (time s (time s 1  2 )  3 )  4)) . 

Not e tha t  i f  w e identif y (time s (time s 1  2 )  3 )  wit h (blac k 3) .  an d 
als o identif y "white "  wit h "black" ,  the n th e formul a matche s th e 
firs t  segmen t  I n th e abov e B L A C K set : 

(equa l  (blac k 4 )  (time s (blac k 3 )  4)) . 

This kind of correspondence holds also for the first and second 
dat a sets .  Generalizatio n a t  thi s point ,  whic h yield s th e 
correspondenc e betwee n (time s (time s (.. .  (time s (time s 1  2 )  3)... ) 
n-1 )  n )  an d (blac k n) ,  provide s th e procedura l  basi s fo r  th e 
recursiv e definitio n o f  th e factoria l  function ,  whic h i s base d o n 
neste d arithmeti c calculation . 
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D i s c u s s i o n 

The relation between conceptual and procedural understanding 
i n proble m solvin g ha s raise d man y issue s comple x bu t  centra l  fo r 
cognitiv e science .  A t  som e deepe r  leve l  o f  understanding ,  a 
perso n ca n bot h handl e wit h knowledg e procedurally ,  an d 
appreciat e i t  declaratively .  Recursio n provide s a  simpl e exampl e 
fo r  thi s matte r  sinc e i t  i s  usuall y formulate d i n a  compac t  fortn ,  it s 
declarativ e representatio n ma y b e simple r  tha n th e correspondin g 
iterativ e form .  Bu t  suc h declarativ e representatio n mus t  b e 
accompanie d b y procedura l  knowledg e fo r  actua l  computation , 
an d thi s knowledg e migh t  b e cognitivel y complex .  Th e argumen t 
presente d i n thi s pape r  suggest s tha t  suc h knowledg e ca n b e 
acquire d no t  directly ,  bu t  b y workin g o n iterativ e data . 

An exampl e o f  th e proces s o f  learnin g a  recursiv e strateg y b y 
discoverin g a  neste d structur e i n knowledg e o f  result s obtaine d b y 
weaker ,  nonrecursiv e strategie s wa s presente d i n Anza i  &  Simo n 
(1979) .  Th e strateg y acquisitio n proces s reporte d ther e i s 
essentiall y  simila r  t o th e recursio n learnin g proces s discusse d i n 
thi s pape r  th e thesi s share d b y th e tw o studie s i s tha t  comple x 
recursiv e procedure s fo r  solvin g a  proble m m a y b e acquire d b y 
workin g o n th e problem ,  usin g alread y available ,  nonrecursiv e 
knowledge . 

Whic h wa y o f  learning ,  b y discover y o r  b y instruction ,  I s bette r 
has lon g bee n a  controversia l  proble m i n instructiona l  psychology . 
Learnin g b y doing ,  whic h i s alon g th e lin e discusse d her e an d i n 
Anzai  &  Simon ,  i s basicall y a  proces s o f  learnin g b y discovery .  I n 
thi s regard ,  a s suggeste d i n thi s paper ,  recursiv e procedure s ma y 
be learne d b y discovery .  Recursiv e computatio n ma y b e 
intrinsicall y mor e difficul t  tha n iterativ e one ,  sinc e executio n o f 
recursiv e procedure s ma y requir e mor e memor y resources .  Bu t  i t 
doe s no t  mea n tha t  the y ca n no t  b e acquire d b y discovery . 

However ,  o f  cours e w e d o no t  den y th e possibilit y  o f  learnin g 
recursiv e procedure s b y top-dow n instruction .  Th e tw o way s o f 
learnin g ar e actuall y complementar y i n th e rea l  world ,  an d bot h 
ways ma y pla y importan t  an d intertwine d roles .  Also ,  w e shoul d 
be cautiou s whe n w e tr y t o exten d th e consideratio n t o mor e 
comple x domain s suc h a s compute r  programming .  I t  i s  becaus e a 
comple x tas k necessaril y  involve s man y differen t  cognitiv e 
subprocesses ,  an d i t  i s  no t  alway s eas y t o extrac t  fro m the m onl y 
th e par t  playe d b y recursion . 
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