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Abstrac t 

The problem addressed In this paper is heurist-
Ically-guide d learnin g o f  finit e automat a fro m 
examples .  Give n positiv e sampl e string s an d nega -
tiv e sampl e strings ,  a  finit e automato n i s  genera -
te d an d incrementall y refine d t o accep t  al l  posi -
tiv e sample s bu t  n o negativ e samples .  Thi s pape r 
describe s som e experiment s i n applyin g hil l -
cllmbln g t o modif y finit e automat a t o accep t  a 
desire d regula r  language .  We sho w tha t  man y prob -
lem s ca n b e solve d b y thi s simpl e method . 

We restric t  ou r  proble m domai n t o b e onl y ove r 
{1,0}* .  Furthermore ,  sinc e ever y non-deterministi c 
finit e automato n ha s a n equivalen t  deterministi c 
finit e automato n (se e [7 ] ) ,  w e dea l  onl y wit h 
deterministi c finit e automata ,  tha t  Is ,  ther e i s  a t 
most  on e 1-arro w an d on e 0-arro w fro m eac h state . 
Thus ,  i n thi s paper ,  th e term s "finit e automaton" , 
"automaton "  o r  "machine "  al l  mea n "deterministi c 
finit e automaton" .  Give n a  strin g s ,  i f  ther e i s 
a transitio n fro m th e Initia l  stat e t o an y o f  th e 
fina l  states ,  the n s  i s  accepte d b y th e machine , 
otherwis e s  i s  rejected .  Fo r  example ,  th e machin e 
of  th e sampl e proble m I s show n i n figur e 1 . 1.  Introductio n 

Consider the following problem: 

Describe the property that all strings in the 
right-lis t  hav e bu t  n o strin g i n th e wrong-lis t 
has .  Doe s a  strin g ( 1 1 0 1 )  hav e thi s property ? 
You ma y answe r  th e questio n b y usin g an y o f  th e 
following :  English ,  a  regula r  expression ,  o r  a 
finit e automaton. ^ 

0 
(1) 
(0) 
(01 ) 
(11 ) 
( 0 0 ) 
(100 ) 
(110 ) 
(111 ) 
(000 ) 
(100100 ) 
(1 100000 1 1  100001 ) 

wrona-lig t 
(10 ) 
(101 ) 
(010 ) 
(1010 ) 
(1110 ) 
(1011 ) 
(10001 ) 
(111010 ) 
(1001000 ) 
(1 1  1  1  1000 ) 
(0 1 1  100 1 101 ) 
(1101 1 100 1 10 ) 

(11110 1 1 0 0 0 1 0 0 1 1  100 ) 

I t  migh t  b e possibl e t o construc t  th e machin e b y a 
"typical "  schema-fillin g metho d (i.e. ,  findin g 
roug h propert y i n th e sample s first ,  comparin g 
thes e string s carefully) .  However ,  i n thi s paper , 
^The answer is strings over (1 + 0)* without 
odd numbe r  o f  consecutiv e O' s AFTE R od d numbe r  o f 
consecutiv e I's .  Therefor e ( 1 1 0 1 )  ha s th e 
property . 
we try to construct the machine directly by search-
in g i n th e proble m spac e (i.e. ,  a  se t  o f  al l  finit e 
automata )  usin g hill-climbing ,  rathe r  tha n b y ana -
lyzin g th e sample s carefully . 
One of the biggest advantages of blll-climblng 
i s it s simplicity ,  tha t  is ,  w e d o no t  hav e t o kno w 
our  proble m spac e well ,  whil e a  "typical "  schema -
fillin g metho d require s u s t o provid e al l  possibl e 
schemas ,  an d therefor e t o kno w everythin g abou t 
our  proble m space . 
We shall see that hill-climbing works much bet-
te r  tha n expecte d i n ou r  proble m space ,  an d i n fac t 
solve d mos t  o f  th e problems . 

1.1 .  Th e finit e automat a use d i n thi s pape r 

Fig u r « 1 :  Th e machin e o f  th e sampl e proble m 

{  (g )  smfina l ) 

Each machin e wit h n  state s i s denote d b y th e followin g form : 

((A,.B,.F,)(A2.ayF2)....(A„.B„.F^). 

Each (Aĵ ,  Bĵ ,  Fĵ )  correspond s t o th e stat e 1 ,  an d 
A^  an d Bj ^  indicat e th e destinatio n state s o f  th e 
0-arro w an d th e 1-arro w fro m th e stat e 1 ,  respect -
ively .  I f  Aj ^  o r  B ^  i s  zero ,  the n ther e i s  n o 
0-arxo w o r  1-arro w fro m th e stat e 1 ,  respectively . 
F^  indicate s whethe r  stat e 1  i s  on e o f  th e fina l 
state s o r  not .  I f  Tj _ i s  equa l  t o 1 ,  th e stat e 1 
i s on e o f  th e fina l  states .  Th e initia l  stat e i s 
alway s stat e 1 .  Fo r  instance ,  figur e 1  i s  repre -
sente d a s follows : 

(( 1 2  1)( 3 1  1)( 4 0  0)( 3 4  D ) . 
1. 2 Th e proble m 

We now are ready to describe the problem pre-
cisely .  Give n a  right-lis t  ( a se t  o f  positiv e 
sampl e strings )  an d a  wrong-lis t  ( a se t  o f  nega -

.tiv e sampl e strings) ,  w e ca n thin k o f  th e follow -
in g thre e tasks : 

To fin d a  machin e tha t  accept s al l  string s 
i n th e right-lis t  bu t  non e i n th e wrong -
list . 
To find a machine with n states that 
accept s al l  string s i n th e right-lis t  bu t 
none i n th e wrong-list . 
To find the machine with fewest states 
(simples t  machine )  tha t  accept s al l 
string s i n th e right-lis t  bu t  non e i n 
th e wrong-list . 

The firs t  tas k i s  trivia l  becaus e on e ca n easil y 
construc t  a  trivia l  machin e tha t  accept s exactl y 
al l  string s i n th e right-lis t  bu t  nothin g else .  We 
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ca l l  th e secon d cas k c o n a c r u c d o n o f  f in i t e au to -
m a t a ,  an d th e thir d tas k s imp l i f i ca t io n o f  f in i t e 
au tomata . 

1.3 .  Sampl e Prob lem s 

Throughout this paper, we consider the parti-
cu la r  seve n prob lem s show n i n f igur e 2 . 
Figure 2: Sample Problems 

Ppobl« « 1 

(• > 
I  > ) 

(t  1  I I 
I I  1 
(1 

1 0 

1 1 
I ) 

I  I  I ) 
1111 ) 
1 I  1 1  I ) 
1 1 1 1 1 1 ) 

Probl M : 

U^ HI 
{  ' ) 
(1 0  1  0 1 
(1 »  1  «  1  1 ) 
(1 0  1  0  1  t  t  0 ) 
(1 «  1  t  1 0  1  0  1  «  1  0  1  0 1 

nf idi u 
0) 
1 1 
g 0 
0 1 
1 0  J ) 
1 0  o ( 

(1 0 0  1 0 10 ) 
110 110 ) 
(11 0 1 0 1 0 10 ) 

4.  an y strin g withou t  mor e tha n 2  consecutiv e O's . 

5. any string of even length which, making pairs, 
has a n od d numbe r  o f  ( 0 1 )  o r  ( 1 0)'s . 

6.  an y strin g suc h that  th e differenc e betwee n th e 
number s o f  I' s  an d O' s i s 3n . 

7. 0*1*0*1*. 

We also consider the Inverse problem of those In 
figur e 2 .  Th e invers e problem s ar e create d b y 
exchangin g th e right-lis t  an d th e wrong-list .  We 
us e thes e U  problem s I n ou r  experiment s an d refe r 
t o th e invers e proble m o f  proble m 1  a s 1- . 

2.  Constructio n o f  Finit e Automat a 

In this section, we describe an experiment In 
constructin g a  finit e automato n wit h n  state s fro m 
a give n right-lis t  an d a  wrong-list ,  usin g th e 
hlll-cllmbing .  I n particular ,  w e le t  n  equa l  8 . 
We shal l  se e tha t  eac h o f  th e 1 4 problem s ca n b e 
solve d I n a t  mos t  a  fe w thousand s steps . 

2.1 .  Algorith m 

Probl M 3 
(T M prMl M • •  l>tr<d«c« < t t  tI M Mtlii«la« l 

Problw i  4 

The hlll-cllmbin g algorith m o f  thi s experimen t 
I s show n I n figur e 3 . 

i n 
01 
1 01 
0 i ! 

(0 0 ) 
(1 0 0  1 0 0 ) 
(0 0  1  1  1  1 1 I  0  1  0  « ) 
(0 t  0  0  1 0  0  1  0  • ) 
l l  I  1  0  0 ) 
1» I  0 ) 

" - " n 

(1 I  0  0  0 ) 
(0 0 0  I I 
(0 0 0 0 0 0 0 0 0 ) 
j l  1  1  1  I  0 0  0 0  1  1 ) 
( I I O I O I O O O O O I O I 
(1 0 1 0 0  1 0 0  0  1 ) 
(• 0 0  0 ) 
(•  0  0  «  • ) 

R gu r e 3 :  Rowchar t  o f  th e HlllCllmbin g 

Probl M S 

1) 
0) 
0 0  1 ) 
1 0  1 ) 
0 1  0 1 
0 0  0  1  1 1  1  0  I I 
0 0  11 0 0  9 0  1 1 
1 1 1 1 1 ) 
0 0  0 1 

(01 
I I  I  l l 
10 1  0 ) 
(O 0 0 0 0 0 0 0 0 ) 
(1 0 0  0 ) 
10 1 ) 
I I  0 1 
1111 0 0  1 0 1 0 0 ) 
10 1  0  1  1  1  1  1  1  I  1  0 1 
0 0  0  1 ) 
« 11 ) 

ProblM i  9 

IJ? ! 
I I  I  0  0 | 
(1 0 1 0 10 ) 
(1 1  n 
(000000 ) 
M 0  1  1  I I 
10 1  1  1  1  0  1  1  1  n 
11 0  0  1  0  0  1  0  0 | 

'r7"i-i' n 

1 0  0  1 | 
1 I  l l 
0 0  0 0  0 0  0 ) 
I  0  1  1  11 
0 1  1  1 I 9  1  1  1  1 | 
0 0  1  0  0  1  0  0  11 

M :  3  remdo m 

M' :  =1 mutate(M ) 

M : > M 

Probl M 7 

(I  I  I 1  1 ) 
I f  g  I  I  0  0  I  I ) 
i t  1  •  I I 
( f O O O l O O O O t l l l 
(0 «  1  0  0 ) 
t  1  1  1  1  1  0  1  1  1 1  1 ) 
•  • ) 

Vil . rrr -  . 
(0 0  I  1  0  0  1  t  0  0  0 ) 
0 1 0 1 0 1 0 1 0 1 ) 
10 11 0 10 ) 
1 0  1  0  11 
0 1 0 1 0 0 ) 
I  0  I  0  0  1 ) 
1 9 0 1 0 0 1 1 0 1 0 1 ) 

We f i rs t  construc t  a  rando m mach in e w i t h 8  s ta tes . 
We nex t  mak e a  cop y o f  thi s mach ine ,  wher e th e cop y 
i s s l ight l y a l tere d f ro m th e or ig ina l  b y a n opera -
to r  mu ta te .  W e compar e th e ne w mach in e w i t h th e 
or ig ina l  b y a n eva lua t io n funct io n E .  T h e bette r 
mach in e i s  cal le d cur ren t  genera t io n an d w e mak e a 
cop y o f  th i s m a c h i n e ,  an d s o for th .  T h e wors e 
m a c h i n e I s s impl y d i sca rded .  T h e opera to r  muta t e 
an d th e eva lua t io n func t io n Z  a r e def ine d mor e 
prec ise l y i n th e fo l low ing . 

T h e so lu t i o n o f  thes e p rob lem s a r e : 

1. 1* 

2. (1 0)* 

any strin g withou t  a n od d numbe r  o f  consecu -
tiv e O' s AFTE R a n od d numbe r  o f  consecutiv e 
I's . 

Operato r  mutate :  Takin g a  machin e ((Ai,Bi,Fi ) 
.  .  .(Ag,Bg,Fg) )  a s It s argument ,  th e operato r 
mutat e choose s on e digi t  randomly ,  an d replace s i t 
by anothe r  digit .  Tha t  is ,  th e mutatio n i n ou r 
algorith m i s randoml y on e o f  th e following :  delet e 
an arrow .  Inser t  a n arrow ,  chang e th e destinatio n 
of  a n arro w t o anothe r  destination ,  mak e a  non -
fina l  stat e a  fina l  state ,  an d mak e a  fina l  stat e 
Int o a  non-fina l  state . 

106 



Evaluat io n Func t io n E :  Th e evaluat io n funct io n 
Z take s a  mach in e a s i t s  argumen t  an d return s r  -
w,  wher e £  i s th e numbe r  o f  s t r ing s i n th e r igh t -
l is t  accepte d b y th e mach ine ,  an d w  I s th e numbe r 
of  str ing s I n th e wrong- l i s t  accepte d b y th e 
mach ine .  I f  r  -  w  <  0  the n I t  return s 0 . 

2.2 .  Resul t 

We show In this section the result of our 
exper iments .  We f i rs t  sho v I n f igur e U  th e trac e 
of  th e exper imen t  o f  proble m 3 ,  t o se e ho w ou r 
algori th m gradual l y re f ine s a  rando m mach in e int o 
th e desire d mach ine . 

Figur e 6 :  Th e Resul t  o f  Constructio n 

I  . < A .  .<a; 0 .<a ,  ><8:and 0 .<f .  .<1 . 

R g u r e 4 :  Sampl e Trac e o f  Proble m 3 
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J ni l 
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1(1 1 
ni l 
((I I 
(11 1 
(11 1 
(11 1 4  1)( 0 
((I I  4  11( 0 
(11 1 4  11( 1 
ni l  <  ni l 
III !  4  11( 1 

t  4  1)( 1 
11( 1 4  1) 1 
ni l  4  1)( | 
((( 1 4  D d 

0 OHO 0 3 1)1 4 1 11( 4 0 OHO 1)( 4 5 0 OHO 11( 4 5 0 OHO 0 1 1 4 3 IH O 0 01( 0 3 !  1 ) 
3 !  1 ) 
3 !  1 | 

( 3 I  I ) 
0113 2 
01( 3 2  1 
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01( 3 i  1 
01 2  i 
0|( I  !  I 
»)( » 2  1 

1 1 )  4 0 01( 0 1 111 4 5 1)1 0 
1)1 0 
110 
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3 111 0 
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(( » !  111 6 9  1)1 1 9  011 7 9  011 4 I  oil s  7  1)( 8 3  11( 4 1  0 ) 
1( 1 6  111 0 0  1)1 2 4  1)1 3 7  0)( 0 5  111 )  6  1)1 7 9  1|( 4 2  1 ) 
1( 3 6  OHO 3  011 3 7  1)( 3 4  111 0 3  111 7 1  OHO 4  11( 0 0  0 | 
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»• 
134 
442 
179* 
277 
209 
300 
8« 
19 J » 
249 
1944 
9M 
32l i 

2.3 .  Discussio n 

To see how effectively our hlll-cllmblng 
algorith m ha s performed ,  w e compar e ou r  metho d wi t h 
an exhaustiv e search .  Ther e ar e ( 9 x  9  x  2) 8 « 
abou t  5  X  10^ 7 machine s i n ou r  proble m space .  We 
no w wan t  t o kno w th e numbe r  o f  th e desire d machine s 
i n ou r  proble m space ,  s o tha t  w e ca n calculat e th e 
expecte d numbe r  o f  step s unti l  th e exhaustiv e 
algorith m find s th e firs t  desire d machine .  Thi s 
ca n b e don e b y th e followin g "sampling "  method : 
tak e on e machin e I n th e proble m spac e randomly ,  an d 
tes t  i f  thi s machin e i s th e desire d machine ; 
repea t  thi s procedur e 10000 0 times . 
We show the expected number of steps using 
th e exhaustiv e searc h calculate d b y thi s proce -
dur e i n figur e 7 .  Althoug h th e exhaustiv e searc h 
work s bette r  o n "easy "  problems .  I t  i s  obviou s 
i n genera l  tha t  ou r  hlll-cllmbln g work s muc h 
bette r  tha n th e exhaustiv e search . 

Figur a 7 :  Th e numbe r  o f  Step s t o ge t  tti e desire d machin e 

ni l  9  1)1 5 0  0)( 4 B  1)( 0 0  0H 2 1  1|( 2 0  01( 9 7  1)( 9 0  1) )  12 20 M 
(11 1 5  1)1 5 0  01( 4 6  11( 0 0  0H 2 1  1)( 2 4  0|( 8 7  1)( 5 0  11 )  12 204 9 
(111 5  1)1 5 0  01( 4 6  11( 4 0  0H 2 1  l)( 2 4  0)( 9 7  I|( 5 0  ij )  12 209 0 
(1( 1 5  1)1 5 0  oi( 4 6  11( 4 0  0H 2 1  1)1 2 4  01( 2 7  1)( 9 0  1) )  12 209 1 
(11 1 5  1)| 7 0  01( 4 6  l)( 4 0  01( 2 1  1)( 2 4  0)( 2 f  1)( 5 0  1} )  13 209 2 

toti l  rwit1a » 12I.0U00 *  I K 

Eac h lin e correspoml s t o th e curren t  generatio n 
M.  Th e colum n E  indicate s E ( M ) ,  an d G  indicate s 
th e cumulativ e numbe r  o f  steps .  Th e fina l  machin e 
of  thi s trac e accept s al l  string s i n th e right -
lis t  bu t  non e i n th e wrong-lis t  o f  proble m 3 
(figur e 5 ) . 

Problo n 

PI 
Pi 
P3 
P« 
P« 
P8 
P7 
Pl-
n-
n-
P4-
P5-
p«-
P7-

Hin-Cllmbln g 

98 
134 

2052 
442 

1768 
277 
208 
300 
39 

1939 
246 

1844 
888 

3726 

Exhaustivs-Saarc h 

33 
316 

> 5000 0 
12600 
> 5000 0 
SOOOO 
90000 

187 
1862 

> SOOOO 
> 5000 0 
> 5000 0 
> 5000 0 
> 5000 0 

Figur e 5 :  Th e fina l  machin e o f  proble m 3 

3.  Simplificatio n o f  Finit e Automat a 

In the previous section, we saw that our hlll-
cllmbln g metho d successfull y produce d a  machin e 
tha t  accept s al l  positiv e sampl e string s bu t  n o 
negativ e sampl e strings .  However ,  th e fina l 
machin e o f  th e resul t  o f  proble m 2 ,  fo r  example , 
doe s no t  accep t  ou r  desire d regula r  se t  ( 1 0 ) * . 
For  instance .  I t  doe s accep t  a  strin g ( 1 1  0  0 ) , 
whic h i s no t  i n ( 1 0 ) * .  We therefor e wan t  th e 
machin e t o b e "generalized "  s o tha t  i t  accept s 
exactl y  ( 1 0 ) * .  I n fact ,  th e fina l  machine s o f  al l 
problem s excep t  proble m 1 ,  3  an d 7 ,  nee d t o b e 
generalized . We sho w th e resul t  o f  th e 1 3 othe r  probl e 

figur e 6 ,  onl y b y thei r  fina l  machines . 
i n 

We defin e th e generalit y o f  a  machin e I n term s 
of  it s  simplicity .  Th e simplicit y o f  a  machin e 
i s determine d b y th e numbe r  o f  state s th e machin e 
has ,  an d I f  tw o machine s hav e th e sam e numbe r  o f 
states ,  a  machin e wit h fewe r  arrow s an d fina l 
state s i s simpler . 

Our  tas k i s t o simplif y th e machine s w e hav e 
obtaine d i n th e previou s section,-s o tha t  th e 
machine s becom e th e simples t  o r  th e mos t  general . 
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We cal l  thi s cask ,  simplificatio n o f  finit e auto -
mata ,  an d I t  ca n b e als o don e b y usin g th e hil l -
clljnbln g metho d a s i n th e previou s section . 

3.1 .  Algorith m 

The algorithm of the simplification is essen-
tiall y  th e sam e a s th e algorith m describe d i n th e 
previou s section .  Th e majo r  difference s ar e a s 
follows :  th e evaluatio n functio n E(M )  return s a 
highe r  valu e i f  th e machin e M i s simpler ;  i f  M doe s 
no t  accep t  sem e string s i n th e right-list ,  o r  doe s 
accep t  som e string s i n th e wrong-list ,  E(M )  return s 
minu s Infinity ;  th e algorith m start s wit h th e 
resul t  o f  th e previou s experimen t  instea d o f  a 
rando m macliine . 
3.2. Result 

Le t  n  b e th e numbe r  o f  state s o f  th e desire d 
simples t  machine .  The n th e expecte d numbe r  o f  th e 
step s S q Is : 

*n'f^.lio».i"|l*(''„'(a»<"-')')J-
wher e U j  i s th e numbe r  o f  al l  possibl e machine s 
wit h j  states ,  tha t  is , 

^Tha number of steps using hill-climbing in 
thi s figur e i s th e su m o f  th e numbe r  o f  step s t o 
construc t  th e 8  stat e machin e an d th e numbe r  o f 
step s t o simplif y i t  int o th e simples t  machine . 

Although our problem domain has been regular 
languages ,  w e migh t  b e abl e t o exten d i t  t o 
context-fre e language s b y constructin g Push-Dow n 
automat a (finit e automat a wit h stack ,  se e [7 J 
usin g a  simila r  method . 

The fina l  machine s o f  thes e experiment s ar e 
shown i n figur e 8 . 
Figures: The Result of Simplification 
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1 0) )  36 3 
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(( 4 3  0j( 6 6  Oj( 6 2  lj( l  S  1)( 3 I  1)( 5 4  1) )  <IIOT-SIMPLEST > 
(( 2 3  0)( 3 1  1)( 1 2  1) )  4 4 
(( 1 5  0)( 4 6  a)( 4 2  l)( 4 3  1)( 5 2  0)( 4 0  0) )  <IK)T-SIMPLEST > 

3.3 .  Discussio n 

We compare our method with an exhaustive 
search .  Th e exhaustiv e searc h generate s al l 
machine s i n th e orde r  o f  simplicity ,  an d th e firs t 
machin e tha t  accept s al l  string s i n th e right-lis t 
bu t  non e i n th e wrong-lis t  i s  considere d th e 
simples t  machine .  Thu s w e ca n calculat e th e 
expecte d numbe r  o f  step s unti l  th e exhaustiv e 
searc h find s th e desire d machine^ .  Th e resul t  i s 
shown i n figur e 9.^  Th e symbo l  "  "  indicate s 
tha t  th e algorith m fail s t o fin d th e simples t 
machine .  Thi s ca n happe n whe n th e hill-climbin g 
algorith m climb s a  "loca l  hill" . 
Fi9u re 9: The Number of Steps to obtain the simplest machine 
Problen 
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4.  Concludin g Remar k 

Our new approach to construction of finite 
automat a fro m give n example s ha s bee n show n t o wor k 
successfully ,  althoug h I t  coul d no t  fin d th e 
simples t  machine s fo r  som e problems .  T o avoi d 
climbin g a  "loca l  hill" ,  i t  migh t  b e possibl e t o 
appl y adaptiv e searc h ([6] ,  [2J )  Instea d o f  ou r 
simpl e hill-climbing . 
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