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Abstract 
Childre n us e a  wid e variet y o f  strategie s whe n dealin g wit h numbers .  Thi s 
diversit y ha s previousl y bee n approache d throug h a  stud y o f  "bugs" ,  strategie s 
tha t  ar e flawe d i n variou s ways .  However ,  w e hav e uncovere d a  variet y o f 
vali d strategie s whic h differen t  childre n brin g t o bea r  whe n dealin g wit h 
number s i n simpl e additio n an d subtractio n tasks .  B y observin g thes e 
strategie s i n computer-base d estimatio n games ,  w e hav e identifie d som e o f  th e 
component s o f  exper t  mathematica l  knowledge . 

Introduction 
What  make s a  perso n a n exper t  mathematica l  proble m solver ? Th e 

uniformit y o f  th e curren t  mathematic s curriculu m an d man y o f  th e curren t 
psychologica l  model s o f  mathematica l  proble m solvin g impl y tha t  ther e i s on e 
way t o represen t  number s an d on e se t  o f  processe s fo r  solvin g a  give n 
mathematica l  problem. 

Our observations of children dealing with a computer math microworld 
hav e highlighte d instea d th e diversit y o f  approache s the y brin g t o bear . 
Some o f  th e approache s ar e "buggy" ,  suc h tha t  th e result s the y produc e ar e 
systematicall y incorrect .  However ,  other s ar e quit e differen t  fro m th e 
standar d approache s childre n ar e taugh t  i n school ,  ye t  ar e equall y vali d 
representation s o f  numbe r  an d numerica l  operations . 

Shar k Shootin g 
One compute r  microworl d w e hav e develope d an d use d i s calle d "Movin g 

Shark" .  I n thi s world ,  childre n se e th e fi n o f  a  shar k o n th e vide o screen , 
the n th e fi n disappear s beneat h th e water ,  leavin g a  se t  o f  ripples .  Th e 
childre n se e a  "digita l  readout "  a t  th e to p o f  th e scree n whic h tell s ho w fa r 
th e shar k ha s move d underwater .  The y ar e t o typ e i n a  numbe r  sayin g wher e t o 
thro w a  harpoo n t o hi t  th e hidde n shark . 
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Figur e l :  Movin g Shar k Microwor l d 
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Thi s exampl e i s a n additio n task :  th e playe r  ha s t o ad d th e movemen t 
amount  t o th e initia l  positio n i n orde r  t o comput e th e ne w position .  On e common 
approach ,  whic h mos t  adult s employ ,  goe s lik e this :  1 )  estimat e th e numbe r 
specifyin g th e initia l  positio n (i n thi s case ,  perhap s 55) ,  2 )  ad d t o tha t 
number  th e movemen t  number ,  an d 3 )  typ e i n th e sum . 

This approach is so natural and obvious that we might dismiss all others 
as "buggy "  unles s w e kep t  a n ope n mind .  Anothe r  approach ,  whic h we'v e see n 
childre n appl y t o thi s proble m is :  1 )  estimat e th e lengt h o f  movemen t 
represente d b y th e movemen t  number ,  2 )  appl y tha t  lengt h o n th e scree n t o th e 
initia l  location ,  3 )  estimat e th e numbe r  specifyin g th e ne w positio n (i n thi s 
case ,  perhap s 85) . 

In this little microworld, there are two very different representations 
of  numbers :  a s decima l  digit s an d a s positio n o n a  numbe r  line .  Th e goal s 
embedded i n th e gam e requir e dealin g wit h bot h o f  thes e way s o f  thinkin g abou t 
th e sam e thing .  I n fact ,  simple r  version s o f  thi s gam e mainl y requir e 
translatin g fro m positio n o n a  numbe r  lin e t o digit s ( a gam e w e develope d 
calle d Harpoon )  o r  fro m digit s t o positio n o n a  numbe r  lin e ( a gam e w e 
develope d calle d Sonar) .  We hav e foun d tha t  childre n diffe r  o n thei r  facilit y 
i n eac h o f  thes e tw o way s o f  thinkin g abou t  number . 

With each way of thinking about numbers, there are corresponding 
numerica l  processe s fo r  manipulatin g numbers .  So ,  additio n o f  digit s i s th e 
multi-ste p right-to-lef t  symboli c algorith m tha t  w e al l  learne d a s "addition" . 
However ,  additio n o f  tw o number s ca n b e carrie d ou t  b y representin g th e tw o 
number s a s position s o n a  numbe r  line ,  the n translatin g th e lin e lengt h 
representin g on e numbe r  t o th e en d o f  th e other .  Galto n (1907 )  reporte d thi s 
techniqu e a s th e wa y tha t  on e o f  hi s subject s standardl y di d additio n an d 
subtraction .  Simila r  estimatio n technique s hav e bee n discovere d wit h subject s 
doin g multiplicatio n (Lopes ,  1976) . 

What we have discovered is a variety of "non-standard" (but 
mathematicall y valid )  way s o f  representin g number s an d numerica l  operations . 
Ar e thes e non-standar d way s jus t  curiosities ,  illustratin g th e wonderfu l 
perversit y o f  huma n natur e i n buckin g twelv e o r  mor e year s o f  th e bes t  effort s 
of  th e educationa l  establishment ? 

We find these variations non-trivial for two important reasons: 
1)  The y ar e consisten t  wit h clos e observation s o f  th e way s tha t  adult s 

actuall y dea l  wit h numbers . 
2)  The y ma y hol d th e ke y t o th e natur e o f  mathematica l  expertise . 

Mathematical expertise 
Lav e an d he r  associate s hav e bee n carryin g ou t  carefu l  studie s o f  ho w 

"jus t  plai n folks "  i n Souther n Californi a dea l  wit h number s i n thei r  everyda y 
live s (Lave ,  Murtaugh ,  &  d e l a Rocha ,  1983) .  Fo r  example ,  the y observe d 
housewive s doin g thei r  grocer y shopping .  The y foun d littl e us e o f  th e standar d 
multi-plac e algorithm s learne d i n school .  Instead ,  the y foun d a n extensiv e 
us e o f  a  divers e se t  o f  specialize d estimatio n strategies .  I n man y cases ,  th e 
peopl e wer e somewha t  embarrasse d t o hav e thes e specialize d strategie s 
observed ,  sinc e the y fel t  the y "should "  us e th e standar d algorithms . 
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Thes e finding s hav e bee n reinforce d b y th e studie s o f  Scribner ,  observin g 

th e arithmeti c o f  warehous e worker s (Scribner ,  1983) .  Again ,  thes e worker s 
use a  divers e se t  o f  specialize d approache s fo r  performin g arithmeti c 
operation s i n servic e o f  thei r  work .  Befor e w e dismis s thes e finding s wit h a 
cavalie r  conclusio n tha t  peopl e ar e lazy ,  le t  u s examin e som e studie s o f 
exper t  physic s proble m solvers . 

Larkin and her associates (Larkin, McDermott, Simon, & Simon, 1980) have 
been studyin g th e way s tha t  expert s an d novice s diffe r  i n solvin g physic s 
problems .  When a  physic s teache r  demonstrate s i n a  clas s ho w t o solv e a 
problem ,  s/h e ofte n describe s th e problem ,  the n immediatel y write s dow n a  se t 
of  equations ,  which ,  whe n applie d i n th e correc t  order ,  lea d t o th e desire d 
solution .  Novices ,  takin g thi s a s a  model ,  star t  solvin g th e problem s give n 
t o the m b y writin g equations .  The y the n ge t  stuc k i n a  quagmir e o f  details . 

A close examination of expert solvers solving unfamiliar problems shows 
tha t  ther e ar e severa l  preliminar y step s tha t  the y tak e whic h ar e no t  ofte n 
reveale d t o novices .  Expert s initiall y  represen t  th e proble m t o themselve s 
i n a  qualitative ,  globa l  way ,  ofte n b y drawin g a  diagra m tha t  abstract s ou t 
th e majo r  factors .  A t  thi s point ,  the y ca n the n classif y th e proble m a s 
bein g a n instanc e o f  som e genera l  type .  Thes e preliminar y step s the n guid e 
th e expert s i n writin g th e appropriat e equation s an d usin g the m i n a n orde r 
tha t  lead s directl y t o a  solution . 

The hallmark of an expert is the ability to think about a problem in 
thei r  domai n o f  expertis e i n multipl e ways ,  an d t o dra w upo n thes e multipl e 
point s o f  vie w i n a  sequenc e tha t  lead s straightforwardl y t o a  solution . 
Thi s kin d o f  "orchestration "  o f  multipl e representation s o f  th e proble m 
element s i s jus t  wha t  w e fin d distinguishe s expert s i n ou r  estimatio n 
raicroworld  fro m novices . 

When a  playe r  misse s th e shark ,  s/h e get s severa l  kind s o f  informatio n a s 
feedback .  Firs t  o f  all ,  th e harpoo n "splashes "  int o th e water ,  leavin g a  se t 
of  ripple s t o mar k th e spot .  Secondly ,  th e playe r  get s textua l  feedback , 
eithe r  "Smaller" ,  "Bigger" ,  o r  "Righ t  On!" .  Thirdly ,  a n arro w appear s tha t 
indicate s whic h wa y t o g o i n makin g th e nex t  guess . 
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Figur e 2 :  Movin g Shark ,  Firs t  Gues s 
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Some o f  th e novic e player s onl y pa y attentio n t o th e textua l  feedbac k o r 
t o th e arro w feedback ,  effectivel y turnin g th e gam e int o a  bisectio n strateg y 
game lik e Hurkle .  Othe r  player s us e thi s sam e feedback ,  bu t  instea d o f 
bisection ,  the y incremen t  o r  decremen t  thei r  gues s b y a  fixe d amoun t  (ofte n 
some multipl e o f  ten) .  Stil l  othe r  player s us e th e "splash "  feedbac k t o 
calibrat e th e previou s locatio n o f  th e shark ,  an d the n reevaluat e thei r 
additio n estimation .  Exper t  player s ofte n us e severa l  strategies ,  withi n game s 
or  betwee n games .  Withi n a  game ,  som e expert s us e differen t  strategie s fo r 
th e firs t  gues s an d fo r  subsequen t  guesses .  Some eve n us e multipl e strategie s 
withi n a  singl e harpoo n thro w decision . 

Theoretical implications 
What  ar e th e theoretica l  implication s o f  thi s vie w o f  expertise ? Th e 

notio n o f  coordinatin g multipl e simultaneou s approache s t o a  proble m i s ver y 
much i n th e spiri t  o f  th e curren t  wor k o n paralle l  distribute d processin g 
(Hinto n &  Anderson ,  1981) .  Bu t  wha t  kin d o f  representatio n ca n w e hav e fo r 
number s tha t  allow s u s t o captur e ver y differen t  way s o f  thinkin g abou t 
number s an d thei r  representation ? Mos t  cognitiv e model s hav e propose d 
relativel y limite d representation s fo r  numbers ,  ofte n finessin g th e entir e 
issu e b y representin g number s b y rea l  numbers .  Other s hav e propose d multiple , 
independen t  representation s fo r  th e differen t  aspects .  Shepard ,  Kilpatri c & 
Cunningha m (1975) ,  fo r  example ,  propos e severa l  independen t  multidimensiona l 
scalin g space s t o represen t  th e number s les s tha n 10 . 

We have proposed a "landmark representation" for continua (Levin, 1981; 
Hutchin s &  Levin ,  1981) .  I n thi s representation ,  ther e ar e a  se t  o f 
"landmark "  concept s fo r  particula r  discret e numbers .  An y particula r  numbe r  i s 
the n represente d b y th e differentia l  "activation "  o f  on e o r  mor e o f  thes e 
landmarks .  Thi s framewor k allow s a  substantia l  diversit y o f  representationa l 
types ,  eac h wit h it s ow n se t  o f  landmar k concepts .  Thes e differen t  type s ar e 
the n coordinate d b y th e interactio n o f  th e landmark s o f  th e type s whe n 
simultaneousl y activated . 

The particular types of number manipulation processes (such as addition 
or  subtraction )  ar e cognitiv e processe s tha t  ar e define d t o operat e o n 
one o r  mor e o f  thes e type s o f  numbe r  landmarks .  So ,  fo r  example ,  th e multi -
plac e right-to-lef t  digit-base d algorith m i s define d i n term s o f  th e landmark s 
of  th e digits ;  th e quantit y manipulatio n algorith m i s define d i n term s o f  th e 
spatia l  landmark s fo r  numbers ;  etc . 

Now we have a way of thinking systematically about the diversity 
tha t  seem s t o characteriz e exper t  functionin g i n ric h environments .  S o what ? 
Well ,  eve n a t  thi s preliminar y stage ,  w e ca n deriv e fro m thi s vie w som e desig n 
principle s fo r  educationa l  software .  I f  exper t  functionin g depend s upo n th e 
coordinatio n o f  man y differen t  point s o f  vie w o n a  problem ,  the n i t  ma y b e 
valuabl e t o presen t  t o learner s differen t  view s o f  a  proble m simultaneously , 
so tha t  the y ca n lear n ho w th e differen t  point s o f  vie w coordinat e wit h eac h 
other .  Thi s i s a  featur e w e hav e buil t  int o man y o f  ou r  educationa l  tool s an d 
educationa l  games ,  an d thi s featur e seem s t o hav e pedagogica l  power . 



Levin ,  Borut a &  Petitt o Ho w d o childre n thin k abou t  numbers ? 
5 

References 

Galton, F. Inquires into human faculty and its development. New York: E.P. 
Dutto n &  Co. ,  1907 . 

Hinton, G. E., & Anderson, J. A. Parallel models of associative memory. 
Hillsdale ,  NJ :  Erlbaum ,  1981 . 

Hutchins, E. L., & Levin, J. A. Point of view in problem solving. 
ProceedinR S o f  th e Thir d Annua l  Conferenc e o f  Th e Cognitiv e Scienc e 
Society .  Berkeley ,  California ,  198 1 

Larkin, J. H., McDermott, J., Simon, D. P., & Simon, H. A. Expert and novice 
performanc e i n solvin g physic s problems .  Science ,  1980 ,  208 ,  1335-1342 . 

Lave, J., Murtaugh,M., & de la Rocha, 0. Recounting the whole enchilada: The 
dialectica l  constitutio n o f  arithmeti c practice .  I n B .  Rogof f  &  J .  Lav e 
(Eds.) ,  Everyda y cognition :  It s developmen t  i n socia l  context .  Cambridge : 
Harvar d Universit y Press ,  198 3 i n press . 

Levin, J. A. Continuous processing with multilevel memory representations. La 
Jolla ,  CA:  Laborator y o f  Comparativ e Human Cognition ,  1981 . 

Lopes, L. L. Model-based decision and inference in stud poker. Journal of 
Experimenta l  Psychology :  General ,  1976 ,  105 ,  217-239 . 

Scribner, S. Studying working intelligence. In B. Rogoff & J. Lave (Eds.), 
Everyda y cognition :  It s developmen t  i n socia l  context .  Cambridge :  Harvar d 
Universit y Press ,  198 3 i n press . 

Shepard, R. N., Kilpatric, D. W., & Cunningham, J. P. The internal 
representatio n o f  numbers .  Cognitiv e Psychology ,  1975 ,  2 > 82-138 . 

This research was supported by the National Science Foundation, Research 
i n Scienc e Educatio n Gran t  SED-8112645 .  An y opinions ,  findings ,  conclusion s 
or  recommendation s expresse d ar e thos e o f  th e author s an d d o no t  necessaril y 
reflec t  th e view s o f  th e Nationa l  Scienc e Foundation .  Man y thank s t o Rober t 
Rowe an d Kare n Johnson ,  t o th e Oceansid e Unifie d Schoo l  District ,  an d t o th e 
Laborator y o f  Comparativ e Human Cognitio n fo r  providin g socia l  support . 




	cogsci_1983_84-89

