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1. Introduction 

One of the tnajor prerequisites for intelligent computer aided instruction (ICAI) is the ability to 

construc t  a  mode l  o f  th e student' s knowledge .  S o m e progres s i n thi s cire a ha s bee n mad e throug h 

carefull y studyin g students '  behavior ,  an d derivin g c o m m o n "bugs "  o r  "inal-rules "  tha t  lea d t o errors . 

Unfortunately ,  thi s approac h require s tha t  eac h new /  domai n b e analyze d i n detai l  befor e a n intelligen t 

tuto r  fo r  tha t  domai n ca n b e undertaken .  Mor e recently ,  researcher s hav e attempte d t o develo p 

generativ e theorie s t o explai n th e origi n o f  suc h bugs .  Suc h theorie s v̂ /oul d hel p predic t  bug s i n ne w 

domains ,  an d la y th e foundatio n fo r  mor e genera l  ICA I  systems . 

However ,  recen t  A !  learnin g researc h suggest s a n alternat e approac h t o studen t  modeling .  I n 

thi s pape r  w e describ e SAGE,  a  syste m tha t  learn s searc h heuristics ,  an d discus s it s applicatio n t o 

constructin g model s o f  students '  behavio r  o n mathematic s problems .  S A G E i s state d a s a  productio n 

system ,  an d learn s b y determinin g th e condition s unde r  whic h variou s operator s shoul d b e applied .  I n 

modelin g students '  strategies ,  th e syste m instea d determine s th e condition s unde r  whic h student s 

appl y thes e sam e operators ,  whethe r  correctl y o r  incorrectly . 

2. Learning Search Heuristics 

One o f  th e centra l  insight s o f  A l  i s  tha t  intelligenc e involve s search ,  an d a  corollar y o f  thi s 

insigh t  i s  tha t  learnin g ofte n involve s th e acquisitio n o f  heuristic s fo r  directin g searc h dow n profitabl e 

paths .  W e hav e explore d th e proces s o f  learnin g searc h heuristic s throug h SAGE,  a  progra m tha t 

begin s a  tas k wit h weak ,  genera l  methods ,  an d tha t  acquire s domai n specific ,  powerfu l  method s a s a 

functio n o f  experience .  Th e syste m ha s bee n teste d o n a  numbe r  o f  puzzle-solvin g task s suc h a s th e 

Tower  o f  Hano i  an d Slide-Jump ,  a s wel l  o n simpl e algebr a problem s (Langley ,  1982) . 

S A GE i s state d a s a n adaptiv e productio n system .  I n othe r  words ,  it s  procedure s ar e cas t  a s 

condition-actio n rules ,  an d i t  modifie s it s behavio r  b y constructin g ne w condition-actio n rules .  Th e 

syste m consist s o f  tw o mai n components .  Th e firs t  o f  thes e contain s ver y genera l  rule s fo r  assignin g 

credi t  an d generatin g ne w rules ;  thi s componen t  i s responsibl e fo r  learnin g fro m mistakes .  Th e 

secon d componen t  i s domain-specific ,  bu t  alway s take s th e for m o f  rule s fo r  proposin g move s 

throug h som e proble m space .  Initially ,  thes e rule s contai n onl y th e lega l  condition s fo r  makin g a 

move.  A s a  result ,  S A G E sometime s make s goo d move s an d sometime s make s ba d moves ;  i n othe r 

words ,  a t  th e outse t  th e syste m mus t  searc h fo r  a  solution .  However ,  a s experienc e i s gained ,  S A G E 

generate s mor e conservativ e version s o f  it s  move-proposin g rule s wit h additiona l  conditions . 

Eventually ,  th e progra m arrive s a t  a  se t  o f  heuristic s tha t  propos e onl y usefu l  move s an d tha t  avoi d 

bad move s entirely ;  tha t  is ,  S A G E learn s t o direc t  it s  searc h dow n desirabl e paths . 

S A GE incorporate s a  numbe r  o f  method s fo r  assignin g credi t  t o desirabl e move s an d blam e t o 

undesirabl e ones .  Thes e includ e technique s fo r  notin g loops ,  unnecessaril y  lon g paths ,  dea d ends , 

and illega l  moves .  However ,  i n thi s pape r  w e wil l  focu s onl y o n th e mos t  genera l  credi t  assignmen t 

heuristic :  learnin g fro m complet e solutio n paths .  Thi s metho d i s straightforward .  S A G E employ s it s 

initia l  move-proposin g rule s t o searc h a  proble m space ,  eventuall y findin g on e o r  mor e optima l 

solutio n paths .  Th e syste m the n retrace s it s steps ,  markin g thos e move s lyin g o n th e path s a s goo d 

instance s o f  th e heuristic s i t  i s  tryin g t o learn .  I n addition ,  move s tha t  lea d on e of f  th e pat h ar e labele d 

as ba d instances ,  sinc e the y d o no t  lea d t o a  solution .  A s goo d an d ba d instance s ar e identified ,  thi s 



informatio n i s  passe d t o S A G E ' s learnin g mechanism ,  whic h attempt s t o generat e heuristic s fo r 

directin g search . 

S A GE learn s throug h a  proces s o f  discrimination .  Give n a  ba d instanc e fo r  a  move-proposin g 

rule ,  th e syste m retrieve s th e las t  goo d instanc e o f  th e s a m e rul e an d searche s fo r  difference s 

betwee n th e tw o situation s i n whic h th e rul e w a s applied .  S A G E find s al l  difference s betwee n thes e 

tw o situations ,  an d construct s a  mor e conservativ e varian t  o f  th e rul e fo r  eac h differenc e tha t  i t  finds , 

wit h th e n e w condition s base d o n thos e differences .  Sinc e m a n y difference s m a y occur ,  an d sinc e 

s o me o f  thes e m a y b e spurious ,  S A G E doe s no t  automaticall y a s s u m e tha t  al l  o f  thes e variant s ar e 

useful .  Instead ,  i t  require s tha t  a  varian t  b e relearne d i n a  numbe r  o f  differen t  context s befor e i t  i s 

allowe d t o direc t  search .  Thi s i s  accomplishe d b y associatin g a  strengt h wit h eac h rule .  Thes e 

strength s ar e initiall y low ,  bu t  the y ar e increase d wheneve r  a  varian t  i s  relearned ;  onc e a  variant' s 

strengt h exceed s tha t  o f  it s  parent ,  th e varian t  i s  applie d wheneve r  i t  matches .  O f  course ,  eve n 

variant s base d o n relevan t  difference s m a y stil l  b e overl y genera l  an d lea d t o furthe r  errors .  I n suc h 

cases ,  th e discriminatio n proces s i s  applie d recursivel y an d stil l  mor e specifi c  rule s ar e constructed . 

Thi s proces s continue s unti l  S A G E ca n solv e th e problem s i t  i s give n withou t  search . 

3 .  M o d e l i n g S u b t r a c t i o n S t r a t e g i e s 

The applicatio n o f  SAGE t o modelin g students '  strategie s i s straightforward .  Give n a  student' s 
answer s t o a  se t  o f  problem s an d th e lega l  operator s fo r  tha t  domain ,  SAGE shoul d b e abl e t o fin d 
solutio n path s whic h giv e th e sam e answer s a s di d th e student .  Fro m thes e solutio n path s i t  shoul d 
be abl e t o determin e th e condition s unde r  whic h tha t  studen t  applie d th e operators ,  usin g it s 
discriminatio n learnin g algorithm .  I n othe r  words ,  th e progra m shoul d b e abl e t o lear n a  strateg y tha t 

mimic s th e student' s behavior ,  an d th e resultin g se t  o f  rule s woul d b e equivalen t  t o a  mode l  o f  tha t 

student' s strategy . 

We hav e performe d initia l  test s o f  S A G E ' s studen t  modelin g capabilitie s i n th e subtractio n 

domain ,  drawin g upo n earlie r  analyse s b y Brow n an d Burto n (1978) ,  B row n an d VanLeh n (1980) ,  an d 

Y o u n g an d O'She a (1981) .  Thes e researcher s hav e identifie d an d modele d a  variet y o f  subtractio n 

errors ,  suc h as ;  (1 )  alway s borrowing ,  whethe r  necessar y o r  not ;  (2 )  borrowin g w h e n th e to p n u m b e r 

i s larger ,  bu t  no t  w h e n i t  i s  smaller ;  (3 )  subtractin g th e smalle r  numbe r  fro m th e larger ,  regardles s o f 

position ;  an d (4 )  patter n errors ,  suc h a s 0  •  N  = 0 an d 0  -  N  =  N .  Ou r  approac h t o modelin g thes e 

error s i s  mos t  simila r  t o tha t  o f  Youn g an d O'Shea ,  w h o explaine d m a n y bug s i n term s o f  missin g 

rules . 

T h e applicatio n o f  S A G E t o studen t  modelin g i s  bes t  understoo d throug h a n example .  T h e 

syste m i s give n a n initia l  se t  o f  rule s incorporatin g operator s fo r  a  domain .  Tabl e 1  s h o w s th e system' s 

initia l  rule s fo r  subtraction. ^  Thes e includ e operator s fo r  findin g th e differenc e betwee n tw o number s 

i n a  column ,  fo r  decrementin g a  numbe r  b y one ,  fo r  addin g te n t o a  number ,  an d s o forth .  However , 

th e rule s i n whic h thes e operator s occu r  contai n onl y th e mos t  genera l  conditions .  W h e n th e syste m 

i s give n a  subtractio n proble m an d a  students '  answe r  t o th e s a m e problem ,  i t  mus t  searc h i n orde r  t o 

arriv e a t  a  simila r  answer .  O n c e i t  ha s foun d a  solutio n pat h t o th e s a m e answer ,  S A G E employ s it s 

discriminatio n proces s t o determin e th e condition s o n variou s operator s tha t  wil l  produc e simila r 

behavio r  i n th e future . 

For  example ,  suppos e th e syste m i s give n th e proble m 3 4 - 2 1 ,  alon g wit h th e student' s 

(correct )  answe r  o f  13 .  Base d o n th e solutio n pat h leadin g t o thi s answer ,  S A G E woul d giv e th e 

difference-findin g operato r  precedenc e ove r  th e decremen t  an d add-te n operator s (sinc e the y wer e 

We hav e chose n t o paraphras e th e rule s i n Englis h fo r  th e sak e o f  clarity .  Eac h lin e i n th e tabl e correspond s t o a  singl e 
conditio n o r  actio n i n th e actua l  productions .  Word s i n italic s correspon d t o variable s i n th e actua l  rules . 



neve r  applied) .  I n addition ,  th e syste m woul d not e tha t  tli e difference-findin g operato r  wa s calle d 

upo n t o fin d th e differenc e betwee n 4  an d 1 ,  bu t  no t  th e invers e differenc e betwee n 1  an d 4 . 

Comparin g thes e tw o situations ,  th e discriminatio n routin e woul d finc J tw o differences .  I n th e goo d 

instance ,  4  i s large r  tha n 1 ,  whil e i n th e ba d instance ,  1  i s no t  large r  tha n 4 .  Similarly ,  i n th e goo d 

instance ,  4  i s abov e 1 ,  whil e i n th e ba d instance ,  1  i s no t  abov e 4 .  Accordingly ,  S A G E woul d construc t 

tw o variants ,  on e includin g a  conditio n base d o n th e large r  relation ,  an d th e othe r  containin g a 

conditio n base d o n th e abov e relation . 

Table 2. Initial production system for subtraction. 

find-difference 

I f  yo u ar e processin g column , 

an d number l  i s  i n column , 

an d number 2 i s i n column , 

the n fin d th e differenc e betwee n number l  an d number2 , 

an d writ e thi s differenc e a s th e resul t  fo r  column . 

add-ten 

If  yo u ar e processin g column , 

an d number l  i s  i n column , 

an d number 2 i s i n column , 

an d number l  i s  abov e number? , 

the n ad d te n t o numberl . 

decrement 

I f  yo u ar e processin g column , 

an d column 2 i s lef t  o f  column , 

an d number s i s i n column2 , 

an d number s i s abov e number4 , 

the n decremen t  number s b y 1 . 

shift-column 

If  yo u ar e processin g column , 

an d yo u hav e a  resul t  io i  column , 

an d column 2 i s lef t  o f  column , 

the n proces s column2 . 

At this point, one can infer that the student employs at least one of these conditions in deciding 

when t o appl y th e difference-findin g operator ,  bu t  w e canno t  tel l  whic h o f  th e condition s (o r  both )  i s 

used .  However ,  suppos e w e nex t  examin e a  proble m i n whic h borrowin g i s required ,  suc h a s 4 3 -  25 . 

If  th e studen t  give s th e correc t  answe r  o f  18 ,  the n S A G E woul d infe r  (afte r  findin g a  solutio n pat h an d 

discriminating )  tha t  th e student' s differencin g rul e contain s bot h o f  th e abov e conditions .  However ,  i f 

th e studen t  give s th e answe r  2 2 instead ,  the n th e varian t  includin g th e large r  relatio n woul d b e 

retaine d i n favo r  o f  th e varian t  includin g th e abov e relation .  Th e resultin g mode l  woul d alway s 

subtrac t  th e large r  numbe r  fro m th e smalle r  regardles s o f  position ,  an d woul d explai n th e student' s 

failur e t o borro w i n term s o f  th e missin g abov e condition .  W e hav e describe d onl y a  smal l  par t  o f  th e 

model-buildin g process ,  sinc e th e condition s o n othe r  operator s mus t  als o b e determined ;  however , 

thi s exampl e shoul d giv e th e reade r  a n ide a o f  th e basi c approach . 



4 .  D i r e c t i o n s fo r  F u t u r e R e s e a r c h 

Althoug h SAGE ha s bee n teste d i n a  numbe r  o f  domain s a s a  strateg y learnin g system ,  ou r 

applicatio n o f  th e progra m t o studen t  modelin g i s stil l  i n it s initia l  stages .  Th e mos t  obviou s priorit y i s 
t o tes t  th e syste m mor e full y i n th e subtractio n domain .  Afte r  ou r  anal/si s o f  subtractio n error s ha s 

progressed ,  w e pla n t o tes t  SAGE i n th e domain s o f  algebr a an d symboli c integration .  Lik e 

subtraction ,  thes e area s ar e mainl y procedural ,  bu t  the y ar e sufficientl y differen t  t o provid e a n 
interestin g tes t  o f  th e system' s generality .  Finally ,  w e hop e t o provid e SAGE wit h th e abilit y  t o 

generat e diagnosti c problems .  Give n a  se t  o f  competin g hypothese s a s t o wh y a n erro r  ha s occurred , 

th e syste m woul d the n b e abl e t o desig n critica l  experiment s t o determin e whic h hypothesi s bes t 
explaine d th e student' s behavior .  Togethe r  wit h SAGE' s technique s fo r  discoverin g th e appropriat e 
condition s o n operators ,  thi s metho d shoul d lea d t o a  genera l  an d robus t  syste m fo r  constructin g 
model s o f  students '  mathematic s strategies .  I n conclusion ,  thoug h ou r  researc h i s stil l  i n th e initia l 

stages ,  w e ar e confiden t  tha t  i t  wil l  lea d t o insight s abou t  th e natur e o f  studen t  modeling ,  th e natur e o f 
strateg y learning ,  an d th e relatio n betwee n them . 
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