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1.  Introductio n 

intelligen t  Tutorin g System s (ITSs )  forc e thei r  implementor s t o b e explici t  abou t  domai n knowledge , 

tutorin g rules ,  likel y studen t  misunderstanding s fo r  a  particula r  domain ,  etc .  Althoug h thi s 

explicitnes s i s demandin g i t  doe s hav e th e advantag e tha t  i f  th e syste m behave s differentl y tha n 

expected ,  th e implemento r  ca n determin e th e reason s fo r  this ,  modif y th e suspecte d rule/knowledg e 

and reru n th e system. ^  Furthe r  onc e on e ha s identifie d misunderstanding s whic h on e believe s aris e 

prett y consistentl y i n a  subjec t  domain ,  b y thi s o r  mor e conventiona l  techniques ,  the n a  serie s o f 

additiona l  investigation s ar e possible .  Thes e include : 

1. hypothesizing the nature of the processes used by students to solve tasks given the 

incorrect/buggy/mal-rules . 

2. building a remedial subsystem which exploits the inferred student model (this will involve 

furthe r  analysi s o f  teacher-studen t  remedia l  dialogues) . 

3. undertaking studies aimed at improving the initial instruction in the domain so as to avoid 

(som e of )  th e observe d difficulties . 

In this article I discuss the first of these points in the context of extensive studies undertaken with 

14-  t o 15-year-ol d algebr a students .  Th e Leed s Modellin g System ,  LMS ,  wa s implemente d an d a 

databas e o f  examples ,  correct -  an d incorrect ,  o r  mal -  rule s ha d bee n establishe d whic h wa s sufficien t 

t o diagnos e th e majorit y o f  difficultie s encountere d b y 15-yea r  ol d students ,  Sleema n [1982] .  Th e 

same databas e wa s the n use d wit h 2 4 14-yearol d student s an d th e outcom e wa s ver y different .  A 

hig h percentag e o f  th e studen t  error s wer e no t  diagnose d b y LMS .  Th e investigato r  analyse d thes e 

protocol s i n som e detai l  an d the n carrie d ou t  individua l  interview s t o determin e th e natur e o f  th e 

students '  difficulties ,  Sleema n [1983a] .  Th e pertinen t  observation s fro m thi s latte r  experimen t  are : 

1. Students appear to regress under cognitive load. That is they are often able to use a 

particula r  rul e correctl y i n th e contex t  o f  simpl e tasks ,  bu t  mak e error s wit h thi s sam e rul e 

when th e task s ar e mor e complex. ^  Se e Sleema n [1983a ]  fo r  examples . 

The approac h use d withi n (h e Exper t  System s parndiym . 

2 
Thi s analysi s assume s tha t  domai n lulo s ar e independen t  an d on e tu! o doe s no t  subsum e another . 
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2.  Ther e appear s t o b e a  numbe r  o f  clearl y identifiabl e type s o f  error ,  (sectio n 2) . 

3. Students use a number of alternative "metfiods" to solve tasks of tfie same type, (section 

3) . 

2 .  O b s e r v e d t y p e s o f  s t u d e n t  e r ro r s 

From the protocols and the interviews I concluded that in this domain errors could be classified as: 

manipulative ,  parsing ,  execution/clerica l  an d random .  Th e firs t  tw o topic s wil l  b e deal t  wit h i n som e 

detai l  i n th e res t  o f  thi s section ;  se e Sleema n [1983b ]  fo r  detail s o f  th e others . 

2. 1 M a n i p u l a t i v e E r ro r s 

I define a manipulative mal-rule to be a variant on a correct rule which has one substage either 

omitte d o r  replace d b y a n inappropriat e o r  incorrec t  operation ,  c.f. ,  Youn g &  O'She a [1981] .  Fo r 

example ,  M N T O R H Ŝ  i s a  mal-rul e whic h capture s th e movemen t  o f  a  numbe r  t o th e othe r  sid e o f  th e 

equation ,  wher e th e studen t  omit s t o chang e th e sig n o f  th e number .  IvIXTOLH S i s th e mal-rul e whic h 

correspond s t o th e analogou s X-to-lh s rule .  (Mos t  o f  th e error s note d wit h 15-year-ol d student s wer e 

of  thi s form. )  Not e tha t  thi s schem a woul d A L S O generat e man y mal-rules ,  whic h w e hav e N O T ye t 

observed ;  i n th e nex t  paragrap h w e giv e a n explanatio n wh y som e o f  th e possibl e mal-rule s ar e no t 

observed . 

a) Analysis of some manipulative mal-rules: A schema for generating manipulative mal-rules 

I n a  recen t  experimen t  w e note d thre e (additional )  mal-rule s whic h ca n b e explaine d b y thi s 

mechanism .  T w o o f  the m wil l  b e analyse d i n som e detail : 

1. A variant on SOLVE. The variant on SOLVE transformed: 

4*X = 6toX = 6 

whereas SOLVE would change the same expression to X = 6/4. It is suggested that the 

studen t  realize s h e ha s a  tas k i n whic h th e S O L V E rul e shoul d b e activate d an d forget s t o 

appl y on e o f  th e operations ,  namel y dividin g b y Ivl .  S O L V E ha s thre e principa l  actions : 

notin g dow n N ,  th e divid e symbo l  an d Ivt ,  an d s o thi s mal-rul e coul d b e sai d t o b e omittin g 

some o f  th e principa l  steps .  Furthermore ,  i t  appear s tha t  student s hav e a n ide a abou t  th e 

acceptabl e F O R M o f  answer s an d s o give n th e abov e tas k w e hav e no t  see n X  =  6 /  o r 

X =  /4 . 

2. A variant on SItvlPLIFY. Examples of the two mal-rules noted here, which have occurred 

reasonabl y frequentl y are : 

X = 6/4 = > X = 3/4 

3 
M N T O R HS i s shor t  fo r  mal-number-to-rh s rule . 
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X =  6/ 4 =  >  X  =  6/ 2 

(Th e SIMPLIF Y rul e transform s th e sam e expressio n t o X  =  3/2) . 

Again we argue that the above observations can be explained if we assume that this rule 

has severa l  principa l  step s including ,  calculat e th e c o m m o n factor ,  divid e "top "  b y 

c o m m on factor ,  divid e botto m b y c o m m o n factor ,  writ e dow n th e components ,  an d tha t 

eac h o f  thes e mal-rule s correspond s t o on e ste p bein g omitted . 

bl  "Grai n size "  an d manipulativ e mal-rules . 

Ther e i s a  sens e i n whic h detaile d analyse s o f  manipulativ e mal-rule s allow s on e t o infe r  th e subste p 

processe d b y students ,  an d thi s i n tur n allow s on e t o predic t  th e se t  o f  mal-rule s tha t  wil l  b e 

encountere d i n a  domain .  (Bearin g i n min d th e ide a o f  acceptabl e for m outline d above) .  Further ,  on e 

migh t  argu e tha t  th e representatio n o f  th e task s shoul d b e a t  thi s "lower "  level ;  th e justificatio n fo r  th e 

representatio n chosen ,  i s  tha t  thi s appear s t o b e mor e consisten t  wit h th e collecte d verba l  an d writte n 

protocol s fo r  student s solvin g thes e tasks .  Th e schem a discusse d abov e fo r  generatin g manipulativ e 

mal-rule s b y omitting ,  o r  modifying ,  on e subste p i s thu s consisten t  wit h Youn g an d O'Shea' s 

modellin g o f  subtraction . 

2. 2 Incor rec t  R e p r e s e n t a t i o n o f  t h e T a s k o r  P a r s e E r ro r s 

I assert that many of the students whom we interviewed carried out steps of the computations in 

ways whic h woul d no t  fal l  withi n th e definitio n give n earlie r  fo r  manipulativ e mal-rules .  Below ,  I  giv e 

typica l  protocol s fo r  tw o student s workin g th e tas k 6* X =  3* X +  12 : 

I : 6* X =  3* X 
9* X =  1 2 

X =  12/ 9 
X =  4/ 3 

+ 1 2 I I :  6* X =  3* X +  1 2 

2*X = 9 
X =  9/ 2 

W h en I  presse d th e "first "  studen t  fo r  a n explanatio n o f  ho w th e origina l  equatio n wa s transforme d 

int o th e second ,  i.e. ,  9* X =  12 ,  th e studen t  talke d abou t  movin g th e 3* X ter m acros s t o th e lef t  han d 

side .  Thu s th e interviewe r  conclude d tha t  thi s wa s a n instanc e o f  a  studen t  usin g a  varian t  o f  th e 

correc t  rule ,  namel y a  manipulativ e mal-rule .  W h e n th e "second "  studen t  wa s presse d h e simpl y 

asserte d tha t  th e chang e fro m th e origina l  equatio n t o th e secon d lin e "wa s al l  don e i n on e step" . 

Hence th e interviewe r  conclude d i t  wa s a  ver y differen t  typ e o f  mal-rul e involve d an d no t  a  simpl e 

varian t  o n th e correc t  rule .  Thu s th e interview s provide d essentia l  additiona l  informatio n as ,  o f 

course ,  th e secon d student' s protoco l  coul d b e explaine d b y th e us e o f  M X T O L HS an d th e mal-rule : 

M'X => M + X 

•^which some people might wish to argue constitutes a manipulative mal-rule (replacing the * operator 

by th e +  operator) .  Eve n i f  w e di d no t  hav e th e additiona l  experimenta l  evidence ,  thi s investigato r 

woul d maintai n tha t  suc h a  transformatio n belay s a  profoun d misunderstandin g o f  algebrai c notatio n 

and s o shoul d b e considere d a s a  parsin g malrule .  Se e Sleema n [1983b ]  fo r  additiona l  discussio n o f 

thi s issue . 

Where M stand s fo r  a n integer ,  an d wher e i n th e abov e exampl e G* X =  >  6  +  X  an d 3* X =  >  3  +  X . 



3.  B u g Migratio n o r  Usin g Alternativ e M e t h o d s 

Repair theory gives a neat explanation for the ohserved phenomena of bug migration in the domain 

of  multi-colum n arithmetic ,  Brow n &  VanLeh n [1980] ,  namel y tha t  th e studen t  wil l  us e a  relate d famil y 

of  mal-rules ,  an d possibl y th e correc t  rule ,  durin g a  singl e sessio n wit h on e particula r  tas k set . 

There seems to be an alternative explanation which should also be considered. Although a task-

set  ma y hav e bee n designe d t o highligh t  on e particula r  feature ,  th e studen t  ma y spo t  completel y 

differen t  feature(s )  an d thes e ma y dominat e hi s solution. ^  Repai r  theor y account s fo r  som e bug s b y 

hypothesizin g tha t  th e studen t  ha d no t  encountere d th e appropriat e teachin g necessar y t o perfor m 

th e task .  Suppos e w e mak e th e convers e assumption ,  tha t  th e appropriat e teachin g ha d bee n carrie d 

out ,  an d furthe r  suppos e tha t  som e students ® d o no t  gai n competenc e i n thi s domai n b y bein g tQl d 

th e rule s bu t  rathe r  b y inferrin g rule s fo r  themselve s b y notin g th e transformation s whic h ar e applie d 

t o task s b y th e teache r  an d i n texts. ^  I t  seem s reasonabl e tha t  th e student' s inferenc e procedur e 

shoul d b e guide d b y hi s previou s knowledg e o f  th e domain ,  i n thi s cas e th e numbe r  system ,  an d tha t 

th e studen t  wil l  normall y infe r  severa l  rule s v/hic h ar e consisten t  wit h th e example ,  an d no t  jus t  th e 

"correct "  rule .  Indee d du e t o som e missin g knowledg e th e "correct "  rul e ma y no t  b e inferred .  (An d 

so th e fac t  tha t  th e studen t  neve r  use s th e "correct "  metho d alon g wit h severa l  "buggy "  method s i s 

not  evidenc e tha t  h e ha s NO T encountere d th e materia l  before) .  W e shal l  refe r  t o thi s proces s a s 

Knowledg e Directe d Inferenc e o f  Multipl e rules ,  o r  mis-generalizatio n fo r  short . 

Suppose, the student saw the following stages in an algebraic simplification: 

3*X = 6 =>X = 6/3 

Then h e migh t  infe r 

X =  R H S number/LH S numbe r  O R X  =  LARGER number/SMALLE R numbe r 

We will surmise how a student would use such a rule-set. We will suppose that the abler students 
activel y experimen t  wit h differen t  "methods" ,  an d us e thei r  ow n earlie r  examples ,  example s worke d 

by th e teache r  an d i n th e tex t  t o provid e discriminator y feedback .  Fro m ou r  experimen t  wit h 14-year -

ol d student s w e hav e direc t  evidenc e tha t  som e student s ar e awar e o f  havin g a  rang e o f  applicabl e 
rule s an d bein g unsur e o f  whe n t o selec t  a  particula r  method ,  Sleema n [1983a] .  Tha t  stud y di d no t 

provide d an y insight s int o th e rule-selectio n processe s use d b y thes e students .  W e coul d sugges t  th e 

common default ,  i.e. ,  tha t  th e proces s i s random .  However ,  studie s i n cognitiv e modellin g hav e 

Earlie r  Sleema n an d Brow n [1982 ]  hav e argued :  "  Perhap s mor e immediately ,  i t  suggest s tha t  a  Coac h must-pa y 
attentio n t o th e sequenc e o f  worke d examples ,  an d encountere d tas k states ,  fro m whic h th e studen t  i s ap t  t o abstrac t  (invent ) 
functiona l  invariances .  Thi s suggest s tha i  n o matte r  ho w carefull y a n instructiona l  designe r  plan s a  sequenc e o f  examples ,  h e 
ca n neve r  kno w al l  th e intermediat e step s an d abstracte d structure s tha t  a  studen t  wil l  generat e whil e solvin g a n exercise . 
Indeed ,  th e studen t  ma y wel l  produc e illega l  step s i n hi s solutio n an d fro m thes e inven t  illega l  (algebraic )  "principles" . 
Implementin g a  syste m wit h thi s leve l  o f  sophisticatio n stil l  present s a  majo r  challeng e t o th e ITS/Cognitiv e Scienc e 
community.. .  " 

Note I am not claiming that there is a single mechanism. 

Independently, VanLehn has come to a similar conclusion, the Sierra system described in his thesis relies heavily on 
inference ,  VanLeh n [1983] . 
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alread y discredite d thi s explanatio n man y times ,  s o w e wil l  postulat e tha t  th e proces s i s deterministi c 

but  currentl y "undetermined" .  I t  i s  furthe r  suggeste d tha t  task s whic h sho w a  rul e i s inadequat e wil l 

weake n belie f  i n th e rule ,  bu t  onc e a  (nial )  rul e i s create d i t  ma y no t  b e completel y eliminate d 

-  particularl y  i f  th e "counter-examples "  ar e no t  presente d t o th e studen t  fo i  som e period .  Thu s give n 

thi s vie w point ,  th e phenomen a o f  bu g migratio n occur s becaus e th e (les s able )  studen t  ha s inferre d 

a whol e rang e o f  rule s an d select s a  rul e usin g a  "blac k box "  process. .  Give n a  furthe r  task ,  h e agai n 

choose s a  metho d an d henc e select s th e sam e o r  a n alternativ e algorithm ,  influence d partl y b y th e 

relativ e strength s o f  th e rules .  Tha t  i s  i f  th e relativ e weight s ar e comparable ,  i t  i s  mor e likel y tha t  th e 

studen t  wil l  selec t  a  differen t  metho d fo r  eac h task .  I f  on e weigh t  "dominates "  the n i t  i s likel y tha t  th e 

correspondin g metho d wil l  b e selecte d frequently .  Further ,  i f  onl y on e (mal )  rul e i s generate d b y th e 

inductio n proces s the n thi s approac h predict s tha t  th e studen t  wil l  consistentl y us e tha t  rule . 

We suggest that many of the bugs encountered in the subtraction domain can be accounted for by 

thi s (inference )  mechanism .  Fo r  instanc e th e Smaller-from-Large r  bug ,  wher e th e smalle r  numbe r  i s 

subtracte d fro m th e large r  independen t  o f  whethe r  th e large r  numbe r  i s o n to p o r  th e botto m row , 

seems on e suc h example ,  Brow n &  Burto n [1978 ]  an d Youn g &  O'She a [1981] .  Brow n &  VanLeh n 

[1980 ]  repor t  tha t  becaus e borrowin g wa s introduced ,  wit h on e grou p o f  students ,  usin g onl y task s 

wit h 2  columns ,  thes e student s inferre d tha t  wheneve r  borrowin g wa s involve d the y shoul d borro w 

fro m th e left-mos t  column ,  thei r  "Always-Borrow-Left "  bug .  S o i t  appear s importan t  t o ensur e tha t  th e 

exampl e se t  include s som e example s t o counte r  previousl y experience d mal-rules .  Indee d i t  seem s 

as i f  task-set s ca n b e damagin g i f  the y ar e to o preprocesse d an d contai n to o littl e "intellectua l 

ruffage" ;  Michene r  [1978 ]  put s a  simila r  argument .  Additionally ,  Ginsbur g [1977] ,  quote s severa l 

instance s o f  youn g childre n inferrin g th e nam e "three-ty "  fo r  30 ,  give n th e name s fo r  "3" ,  "4" ,  "5" , 

"40" ,  "50" ,  "60" .  S o give n th e wealt h o f  experimenta l  evidenc e thi s alternativ e explanatio n shoul d 

be give n seriou s consideration . 

Further, I have two philosophical reservations about repair theory. Firstly, that by some mechanism 

not  articulate d al l  student s acquir e a  c o m m o n se t  o f  impasses ,  an d moreove r  the y consistentl y 

observ e these .  Secondly ,  repai r  theor y whic h set s ou t  t o explai n majo r  individua l  difference s a t  th e 

tas k level ,  itsel f  propose s a  specifi c  mechanis m c o m m o n t o al l  students. ^  O n th e othe r  hand ,  mis -

generalizatio n predict s tha t  th e individual' s initia l  knowledg e profoundl y influence s th e knowledg e 

whic h i s subsequentl y inferred ,  an d capture s th e sens e i n whic h learner s ar e activ e theor y builder s 

tryin g t o fin d patterns ,  makin g sens e ou t  o f  observations ,  formin g hypotheses ,  an d testin g the m out . 

4 .  S u m m a r y 

Firstly, there are two hypotheses which explain bug-migration the one given by repair theory and 

th e on e pu t  forwar d here ,  namel y mis-generalization .  O f  cours e i t  i s  possibl e tha t  eac h ma y b e 

applicabl e i n differen t  situations .  Secondly ,  severa l  "algorithms "  hav e bee n presente d fo r  creatin g 

studen t  models .  I  believ e thes e ar e suggestiv e abou t  th e processe s use d whe n a  studen t  solve s 

(these )  tasks .  Repai r  theor y suggest s tha t  i t  ca n b e explaine d b y makin g "repairs "  t o incomplet e 

core-procedures ,  wherea s Youn g an d O'She a sugges t  tha t  i t  i s adequat e t o tak e a  correc t  procedur e 

and merel y delet e components .  Th e dat a fo r  th e algebr a manipulativ e mal-rule s ca n b e adequatel y 

explaine d b y either .  However ,  Youn g an d O'Shea' s approac h seem s inadequat e t o explai n th e 

o 
Indee d I  a m concerne d tha t  man y theorie s o f  (child )  developmen t  d o not  accep t  th e possibilit y  o f  ther e bein g significan t 

individua l  diffeience s i n development ,  bu t  merel y i n th e individual' s rat e o f  progres s an d th e leve l  o f  hi s fina l  maturation . 
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parsin g mal-rules .  Indeed ,  w e hav e t o exten d revise d repai r  theor y befor e th e result s reporte d her e 

can b e accommodated .  Thi s pape r  claim s tha t  ther e ar e Wj o ver y differen t  type s o f  malrule s a t  larg e 

wit h algebr a student s -  namel y manipulativ e an d parsin g mal-rules .  An d tha t  thi s secon d categor y o f 

algobr a errors ,  an d muc h o f  th e dat a collecte d i n othe r  areas ,  appear s t o b e bes t  explaine d b y a 

furthe r  mechanism ,  namel y mis-generalization .  However ,  onc e inferre d I  believ e rule s ar e additionall y 

applie d incorrectly ,  an d tha t  th e mechanism{s )  describe d i n Youn g &  O'Shoa ,  repai r  theor y an d 

sectio n 2.1 ,  ar e appropriat e fo r  thi s stage . 
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