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Learnin g t o progran n recursiv e function s i n language s lik e LIS P i s notoriousl y difficult .  Indeed , 

a primar y mar k o f  expertis e i n suc h language s i s th e abilit y  t o pla n an d cod e recursiv e functions . 

Recently ,  w e hav e performe d protoco l  studie s o f  student s learnin g t o progra m recursio n i n LIS P 

and LOGO a s wel l  a s controlle d experiment s o n learnin g recursio n i n a  simpl e programmin g 

language .  W e hav e use d th e GRAPES productio n syste m mode l  (Anderson ,  Farrel l  &  Sauers ,  1984 ) 

t o addres s thes e results .  GRAPES no t  onl y model s programmin g performanc e bu t  als o learnin g 

by doin g b y th e mechanis m o f  knowledg e compilation .  Knowledg e compilatio n summarize s 

extensiv e problem-solvin g operation s int o ne w compac t  productio n rule s (se e Anderson ,  Farrell , 

& Sauers ,  1984 ;  Neve s &  Anderson ,  198 1 fo r  details) . 

Characteristics of Learning to Program Recursion 

In Anderson ,  Piroll i  an d Farrel l  (1983) ,  w e hypothesize d tha t  initia l  performanc e an d learnin g 

i n recursiv e programmin g i s primaril y drive n b y learnin g fro m examples ,  sinc e student s hav e 

littl e relevan t  prio r  knowledge .  W e furthe r  hypothesize d tha t  suc h learnin g consist s o f  tw o 

components .  First ,  student s ca n us e th e solutio n t o a  give n exampl e a s a n outlin e whic h mus t 

be modifie d i n orde r  t o solv e a  curren t  proble m (probeim-solvin g b y analogy) .  Second ,  learnin g 

(knowledg e compilation )  mechanism s ca n summariz e thes e analog y operation s int o ne w 

problem-solvin g operator s whic h ca n appl y t o futur e problem s (learnin g fro m analogy) . 

To illustrat e problem-solvin g b y analog y an d learnin g fro m analog y w e presen t  a  GRAPES 

simulatio n o f  a  subject ,  SS ,  i n he r  initia l  encounter s wit h codin g recursiv e LIS P functions .  A t  th e 

time ,  S S ha d abou t  1 5 hour s o f  tutorin g an d programmin g experienc e i n LISP .  Th e firs t  functio n 

tha t  S S wrot e wa s SETDIFF ,  whic h returne d al l  th e element s o f  th e on e lis t  no t  containe d i n a 

secon d list .  I n codin g SETDIFF ,  S S analogize d fro m a  textboo k exampl e function ,  INTERSECTIONI , 

whic h returne d al l  element s tha t  wer e commo n t o tw o inpu t  lists .  Th e primar y structur e o f 

SETDIFF an d INTERSECTI0ISI 1 consist s o f  a  serie s o f  if-the n conditiona l  statement s (se e Figur e 1) . 

The GRAPES simulatio n (Figur e 2 )  o f  S S whe n provide d wit h a  representatio n o f  th e 

INTERSECTIONI  cod e a t  multipl e level s o f  abstraction ,  a  specificatio n o f  th e SETDIF F relatio n an d 

a goa l  t o cod e SETDIF F use d followin g analog y production : 

PI: IF the goal is to write a function 

and ther e i s a  previou s exampl e 

THEN se t  a s subgoal s 

1)  t o compar e th e exampl e t o th e functio n 

2)  ma p th e example' s solutio n ont o th e curren t  proble m 

PI sets goals to first check the similarity of the specifications of INTERSECTIONI and SETDIFF 

and the n ma p th e cod e structur e o f  INTERSECTIONI  ont o th e SETDIF F code .  A  se t  o f 

compariso n production s the n foun d tha t  bot h INTERSECTIONI  an d SETDIF F tak e tw o inpu t  set s 

and ca n b e cod e recursively . 

Next ,  structure-mappin g production s ma p conditiona l  clause s fro m INTERSECTIONI  t o 

SETDIFF S S gav e clea r  evidenc e i n he r  protoco l  o f  performin g th e sam e mappmg.  Fo r  eac h 

INTERSECTIONI  conditiona l  clause ,  S S (an d GRAPES)  mappe d th e conditio n o f  th e claus e ont o 

SETDIFF an d determine d wha t  actio n shoul d tak e place .  Lik e SS ,  GRAPES fluctuate d th e leve l  o f 

abstractio n a t  whic h thes e conditiona l  clause s wer e mapped .  Fo r  instance ,  initiall y  GRAPES 

attempte d t o ma p th e conditio n 'tes t  i f  a n elemen t  shoul d b e adde d t o th e result "  Whe n thi s 
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failed ,  i t  mappe d a  mor e litera l  translation :  "tes t  i f  th e firs t  elemen t  o f  th e firs t  lis t  i s  a  member 

of  th e secon d list" . 
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Figur e 1 :  Abstrac t  cod e 

specification s 

Figur e 2 :  Par t  o f  th e GRAPES solutio n 

fo r  SETDIF F 

A numbe r  o f  ne w GRAPES production s wer e produce d b y knowledg e compilatio n i n codin g 

SETDIFF.  Howeve r  o f  primar y interes t  i s  a  rul e whic h wa s produce d b y compilin g th e analog y 

processes : 

CI: IF the goal is to code 

a recursiv e relatio n o n tw o set s SET 1 an d SET 2 

THEN cod e a  conditiona l  an d se t  a s subgoal s t o 

1)  Refin e 4  cod e a  claus e 

t o dea l  wit h th e cas e whe n SET 1 i s empt y 

2 )  Refin e 4  cod e a  claus e 

t o dea l  wit h th e cas e whe n SET 2 i s empt y 

3)  Refin e 4  cod e a  claus e 

t o dea l  wit h th e cas e whe n th e firs t 

elemen t  o f  SET 1 i s a  member  o f  SET 2 

4)  Refin e 4  cod e a  claus e 

t o dea l  wit h th e els e cas e 

In the SETDIFF example we see both problem-solving by analogy and learning by analogy. 

First ,  th e solutio n o f  SETDIF F wa s heavil y guide d b y th e INTERSECTION!  exampl e an d secon d w e 

se e th e acquisitio n o f  a  ne w production ,  CI .  summarizin g thi s analog y process .  Thi s operato r 

can onl y b e successfull y applie d t o a  smal l  domai n o f  recursiv e functions .  Bot h GRAPES an d S S 

successfull y use d thi s productio n o n th e nex t  functio n attempted ,  SUBSET,  whic h determine s 

whethe r  on e lis t  i s  a  subse t  o f  anothe r  b y recursion .  However ,  bot h S S an d GRAPES ha d grea t 

difficult y i n solvin g th e nex t  recursiv e functio n i n th e instructiona l  series ,  POWERSET,  whic h 

compute s th e se t  o f  al l  subset s o f  a  se t  Thi s difficult y result s fro m th e inapplicabilit y  o f 

productio n C I  i n th e POWERSET case .  Th e analog y processe s execute d i n SETDIF F wer e a t  a 

sufficientl y abstrac t  leve l  tha t  the y generalize d t o SUBSET whe n compile d int o C I  Howeve r 
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they were not abstract enough to generalize to POWERSET. This leads to the conjecture that 

transfe r  o f  learnin g fro m analog y i s limite d b y th e leve l  o f  abstractio n a t  whic h th e analog y i s 

initiall y  carrie d out . 

TO TUNNEL : X 

SQUARE : X 

IF : X =  5 0 THE N STO P 

TUNNEL : X +  1 0 

TO CIRCLE S : X 

RCIRCLE : X 

IF : X =  5 0 THE N STO P 

CIRCLES : X +  1 0 

Figur e 3 ;  Th e TUNNEL functio n Figur e 4 :  CIRCLE S functio n 

A further illustration of how the level of abstraction of an analogy impacts on generalization 

comes fro m a  protoco l  o f  a n eigh t  yea r  ol d studen t  (J )  codin g he r  firs t  recursiv e progra m i n 

LOGO.  Th e student' s backgroun d consiste d o f  a  semeste r  an d a  hal f  o f  weekl y LOG O lessons . 

J' s firs t  proble m wa s a  function ,  TUNNEL,  whic h dre w concentri c square s o n th e compute r 

scree n (Figur e 3) .  He r  codin g wa s guide d b y a n exampl e functio n CIRCLE S whic h dre w 

concentri c circle s (Figur e 4) .  Unlik e subjec t  S S wh o basicall y mappe d th e conditiona l  structur e 

of  INTERSECTION!  ont o SETDIFF ,  subjec t  J  basicall y mappe d th e actua l  cod e o f  CIRCLE S ont o 

TUNNEL.  Th e onl y portion s o f  th e CIRCLE S cod e tha t  J  di d no t  ma p a t  th e litera l  leve l  wa s th e 

name o f  th e functio n (CIRCLE S change d t o TUNNEL)  an d a  subfunctio n calle d b y th e progra m 

(CIRCLE S call s a  circl e drawin g progra m whil e TUNNEL call s a  squar e drawin g program .  Th e 

productio n rul e produce d b y GRAPES b y compilatio n o f  th e CIRCLE S -  TUNNEL analog y is : 

02: IF the goal is to code a figure 

and th e functio n fo r  figur e i s calle d <NAME> 

and a  repeate d subfigur e o f  th e figur e i s code d b y <SUBFUNCTION> 

THEN writ e 

TO <NAME> : X 

<SUBFUNCTION> : X 

I F : X =  4 2 THE N STOP 

<NAME> : X +  1 0 

In contrast to production CI, the condition of production C2 matches to relatively spurious 

progra m specification s an d it s action s largel y specif y litera l  cod e rathe r  tha n a n abstrac t  pla n 

The fac t  tha t  subjec t  J  ha d grea t  difficult y writin g subsequen t  recursiv e program s seem s t o 

corroborat e th e vie w tha t  sh e ha d faile d t o lear n an y operator s o f  eve n limite d generalit y fo r 

codin g recursio n fro m thi s analog y episode . 

The GRAPES simulation s o f  programmin g recursio n als o sugges t  tha t  learnin g t o progra m 

recursio n occur s b y a  proces s o f  piecemea l  approximation .  Fo r  example ,  th e operato r  producin g 

cod e fo r  a  tail-recursiv e cal l  i s  compile d whe n codin g SETDIFF ,  whil e a n operato r  fo r  combinin g 

th e resul t  o f  a  recursiv e cal l  wit h anothe r  resul t  i s  no t  learne d unti l  GRAPES code s POWERSET 

The protocol s o f  subjec t  S S suppor t  thi s analysis :  afte r  codin g SETDIFF ,  S S ha s n o proble m 

codin g a  tail-recursiv e cal l  i n SUBSET,  bu t  doe s no t  initiall y  kno w ho w t o combin e result s o f 

recursiv e call s wit h othe r  result s i n POWERSET.  However ,  afte r  codin g POWERSET,  S S 

successfull y wrot e cod e combinin g recursiv e result s wit h othe r  results . 

Conceptua l  Model s o f  Recursio n 

Our  protocol s o f  LIS P subject s sugges t  tha t  novice s typicall y vie w recursiv e function s wit h a 

"flo w o f  control "  menta l  mode l  (se e als o Kahney ,  1982) .  I n attemptin g t o pla n cod e fo r  a 

recursiv e function ,  subject s wil l  frequentl y simulat e o r  trac e th e flo w o f  contro l  o f  th e functio n 

and it s recursiv e calls .  Usin g suc h a  mode l  generall y lead s t o error s becaus e suc h tracm g i s 
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often complicated and involves keeping track of many partial results. In addition, such a model 

doe s no t  readil y ma p ont o progra m generatio n sinc e i t  i s  no t  specificall y a  mode l  o f  ho w t o 

writ e a  recursiv e function :  th e flo w o f  contro l  mode l  describe s ho w alread y writte n function s ar e 

evaluated . 

We hav e modelle d i n GRAPES wha t  i s arguabl y a n idea l  strateg y fo r  codin g recursiv e 

functions .  Thi s strateg y ha s th e followin g "forma l  model "  o f  cod e generatio n fo r  recursiv e 

programs :  " A recursiv e functio n consist s o f  (a )  on e o r  mor e terminatin g case s i n whic h a  simpl e 

answe r  i s returne d an d (b )  on e o r  mor e recursiv e case s i n whic h th e answe r  t o th e curren t 

proble m i s solve d b y assumin g tha t  th e answe r  t o a  simple r  versio n o f  th e sam e proble m ( a 

recursiv e call )  ha s bee n solved. " 

We hypothesize d tha t  subject s instructe d wit h th e forma l  mode l  woul d lear n t o cod e 

recursiv e function s faste r  tha n thos e usin g th e flo w o f  contro l  model .  W e conducte d a n 

experimen t  i n whic h subject s initiall y  learne d th e basi c functions ,  predicates ,  conditionals ,  an d 

definitiona l  form s o f  a  simpl e programmin g languag e modelle d afte r  LISP .  On e grou p o f  subject s 

was the n introduce d t o recursiv e function s usin g th e forma l  model ,  anothe r  group' s instruction s 

fo r  recursio n emphasize d th e flo w o f  contro l  model .  Al l  subject s wer e the n presente d wit h fou r 

recursiv e progra m specification s (on e a t  a  time )  fo r  whic h the y ha d t o writ e code .  Subject s 

wer e re-presente d wit h specification s unti l  the y ha d writte n a  correc t  progra m fo r  eac h 

specification .  Th e forma l  mode l  grou p too k significantl y les s tim e ( M =  344 4 seconds )  tha n th e 

flo w o f  contro l  grou p ( M =  511 6 seconds )  t o cod e al l  function s correctly . 

Implication s fo r  Intelligen t  Tutorin g System s 

Our  effort s t o desig n intelligen t  computer-aide d instructio n (ICAI )  syste m fo r  programmin g 

(an d especiall y recursion )  ha s bee n influence d b y th e curren t  results .  First ,  ou r  ICA I  syste m 

avoid s example s sinc e ou r  GRAPES mode l  suggest s tha t  althoug h problem-solvin g b y analog y 

ca n facilitat e initia l  performanc e i t  ma y no t  necessaril y  facilitat e learning .  Second ,  ou r  mode l 

suggest s tha t  student s lear n recursio n i n a  piecemea l  fashion .  Th e ICA I  syste m thu s present s a 

wid e variet y o f  recursio n problem s t o expos e student s t o a  larg e rang e o f  codin g patterns . 

Finally ,  ou r  GRAPES idea l  mode l  an d experimenta l  result s indicat e tha t  a  forma l  menta l  mode l  o f 

recursiv e program s facilitate s learnin g becaus e i t  reduce s workin g memor y loa d an d mor e 

directl y map s ont o progra m generatio n tha n th e flo w o f  contro l  mode l  typicall y use d b y novices . 

Thi s conceptua l  mode l  an d th e idea l  programmin g mode l  ar e employe d b y th e ICA I  syste m i n 

teachin g recursion . 
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In this paper a model of knowledge representation is presented along with 
psychologica l  researc h supportin g thi s model .  Thi s i s followe d b y a  genera l  discussio n 

of  th e mode l  an d it s possibl e applicatio n t o th e constructio n o f  compute r  knowledg e 
bases . 

Psychologica l  researc h ha s demonstrate d tha t  peopl e d o no t  us e necessar y an d 
sufficien t  feature s t o determin e th e membershi p o f  instance s i n natura l  categorie s 
(Hampton ,  1979 ;  Rosc h an d Mervis ,  1975) .  I n plac e o f  necessar y features ,  o r  a  se t  o f 
features ,  tha t  ar e common t o al l  member s o f  a  category ,  Rosc h an d Mervi s (1975 ) 
propose d tha t  categor y instance s bea r  a  "famil y resemblance "  t o eac h other .  I n suppor t 
of  thi s proposa l  the y foun d tha t  th e degre e o f  membershi p (o r  "typicality" )  o f  instance s 
i s relate d t o th e numbe r  o f  feature s instance s shar e wit h othe r  member s o f  tha t  category , 
and conversely ,  tha t  instance s tha t  ar e mor e typica l  o f  a  categor y shar e fe w feature s 
wit h (bea r  les s "famil y resemblance "  to )  member s o f  othe r  categories . 

An alternative model was constructed for the present research, using a deontic 
modal  logi c (Wright ,  1963) .  Whil e thi s mode l  ca n dea l  wit h th e phenomen a o f  typicalit y 
gradient s o f  membershi p an d th e famil y resemblanc e structurin g o f  categor y features ,  i t 
at  th e sam e tim e show s ho w feature s ca n b e take n t o b e common t o al l  member s o f  a 
categor y an d definin g o f  thes e memberships .  Thi s i s don e withi n th e framewor k o f 
extensiv e cross-classification s an d greate r  taxonomi c dept h tha n ha s commonl y bee n 
examine d i n categor y research .  I t  i s  als o propose d tha t  thi s hierarchica l  an d cross -
classifie d organizatio n o f  categorie s an d featura l  informatio n i s accesse d i n term s o f 
least-upper-boun d share d memberships ,  whe n retrievin g informatio n relevan t  t o th e 
compariso n o f  instances . 

In the proposed model, the deontic features are taken as "Obligatory", "Permissible", 
or  "Impermissible "  i n definin g th e membershi p o f  instance s Cse e Figur e 1  fo r  example s 
fo r  th e categor y Clothing) .  Th e relation s o f  thes e feature s t o th e categorie s ca n b e 
expresse d i n term s o f  quantificatio n an d th e "ideal "  world s the y represent .  Obligator y 
feature s ma y b e take n a s definin g th e membershi p o f  "all "  instances .  Permissibl e 
feature s a s definin g th e membershi p o f  "some "  instances ,  an d Impermissibl e feature s a s 
definin g th e membershi p o f  "none "  o f  th e instances .  I n contras t  t o necessar y features . 
Obligator y feature s ar e generi c norm s tha t  ca n b e take n a s common t o al l  members ,  bu t 
ar e no t  invalidate d b y individua l  cases .  Fo r  example ,  th e featur e "Worn "  ca n b e applie d 
t o al l  instance s o f  Clothing ,  includin g a  leas t  typica l  instanc e lik e purs e (se e Figur e 
1) .  Or ,  thi s featur e ma y no t  b e applie d t o th e instanc e purse ,  whe n purs e i s bein g use d 
as a n instanc e o f  th e categor y Ba g i n contras t  t o th e categor y Clothin g an d th e featur e 
"Hold s Items "  i s bein g applie d t o it .  I n thi s wa y th e sens e o f  deonti c feature s ca n b e 
shifte d (delimite d o r  extended )  t o handl e th e "fuzzy "  boundarie s o f  natura l  categorie s 
and t o adjus t  t o th e comparison s bein g mad e o f  categorie s and/o r  instances . 
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