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ABSTRACT 

A computationa l  mode l  o f  learnin g i n a  comple x domai n i s describe d an d it s implementatio n i s discussed .  Th e mode l 
support s knowledge-base d acquisitio n o f  problem-solvin g concept s fro m observe d examples ,  i n th e domai n o f  physic s 
proble m solving .  Th e syste m currentl y learn s abou t  m o m e n t u m conservation ,  i n a  psychologicall y plausibl e fashion ,  fro m a 
backgroun d knowledg e o f  Newton' s law s an d th e calculus .  Th e backgroun d knowledg e i s consisten t  wit h th e mathematica l 
abilitie s o f  a  colleg e studen t  w h o ha s bee n expose d t o calculus .  I n it s contributio n t o machin e learning ,  thi s researc h i s 
importan t  fo r  artificia l  intelligence .  Fro m a  psychologica l  perspectiv e i t  demonstrate s th e computationa l  consistenc y o f  a 
mechanis m tha t  m a y underli e h u m a n learnin g i n a  comple x domain .  Thi s wor k als o ha s implication s fo r  computer-aide d 
instruction ,  i n tha t  i t  advance s a  learnin g mode l  fo r  a  complicate d domai n involvin g bot h symboli c an d numerica l  reasoning . 

INTRODUCTION 

I n comple x domain s lik e physics ,  peopl e see m t o understan d genera l  rule s bes t  i f  the y ar e 

accompanie d b y illustrativ e examples .  A  larg e par t  o f  mos t  physic s text s i s uke n u p b y example s 

and exercises .  Indeed ,  ther e i s psychologica l  evidenc e tha t  a  perso n w h o discover s a  rul e fro m 
example s learn s i t  bette r  tha n on e wh o i s taugh t  th e rul e directl y [Egan74 ]  an d tha t  illtistrativ e 
example s provid e a n importan t  reinforcemen t  t o genera l  rule s [Bransford76 .  Gick83] . 

Solvin g physic s problem s require s complicate d an d divers e reasoning .  Simpl y knowin g al l  o f 

th e formula e i s insufficient .  A  studen t  mus t  understan d th e physic s behin d eac h formul a -

knowin g how ,  when ,  an d w h y i t  applies .  Furthermore ,  a  skille d physicis t  i s  abl e t o mak e quic k 

judgement s concernin g whic h aspect s o f  a  situatio n ar e irrelevan t  o r  hav e negligibl e effect .  W e ar e 
investigatin g th e proces s b y whic h a  mathematically-sophisticate d studen t  acquire s thes e skills . 

Physic s problem-solvin g wa s selecte d a s a  domai n fo r  severa l  reasons .  First ,  i t  i s  concerne d 

wit h adul t  learnin g an d s o doe s no t  suffe r  th e confoundin g influenc e o f  maturation .  Second ,  i t 
force s u s t o addres s th e ver y importan t  bu t  neglecte d proble m o f  combinin g symboli c an d numeri c 
reasoning .  Finally ,  one  o f  u s (Shavlik )  ha s ha d extensiv e experienc e a s a  teachin g assistan t 

observin g huma n student s strugglin g throug h thei r  first  physic s class . 

I n it s initia l  stat e th e implementatio n o f  ou r  mode l  i s capabl e o f  performin g man y o f  th e 
mathematica l  manipulation s expecte d o f  a  colleg e freshma n w h o ha s encountere d th e calculus . 
Throug h tutorin g wit h examples ,  th e syste m acquire s concept s taugh t  i n a  first  semeste r  colleg e 
physic s course :  henc e th e nam e o f  th e system .  Physic s 101 .  Newton' s law s -  whic h ar e provide d t o 
th e syste m -  suffic e t o solv e al l  problem s i n classica l  mechanic s (se e pag e 10- 1 o f  [Feynman63]) ,  bu t 
th e genera l  principle s tha t  ar e consequence s o f  Newton' s law s ar e interestin g fo r  thei r  eleganc e a s 

wel l  a s thei r  abilit y  t o greatl y simplif y th e solutio n process .  Sinc e th e system' s physica l 

knowledg e rest s o n th e stron g foundatio n o f  Newton' s laws ,  onl y it s mathematica l  abilitie s wil l 
limi t  th e physica l  concept s  i t  ca n acquire . 

Explanation-base d learnin g [DeJongSl .  DeJong83] ,  i s  a  computer-base d knowledg e acquisitio n 

metho d tha t  utilize s sophisticate d domai n representations .  I n thi s typ e o f  learnin g a  compute r 

generalize s a  proble m solutio n int o a  for m tha t  ca n b e late r  use d t o solv e conceptuall y simila r 
problems .  Th e generalizatio n proces s i s drive n b y th e explanatio n o f  w h y th e solutio n worked .  I t 

i s  th e dee p knowledg e abou t  th e domai n tha t  allow s th e explanatio n t o b e develope d an d the n 
extended .  W e ar e applyin g thi s paradig m t o th e learnin g o f  classica l  physics .  Thi s approac h t o 
learnin g ha s muc h i n commo n wit h [Mitchell85 ,  Silver83 ,  Winston83] .  Se e [DeJong85 ]  fo r  a  ful l 

discussion . 

•  Thi s researc h wa s partiall y  supporte d b y th e Ai r  Forc e OfBc e o f  Scientifi c  Researc h unde r  gran t  F49620-82-K-000 9 
and partiall y  b y th e Nationa l  Scienc e Foundatio n unde r  gran t  NSF-IST-83-17889 . 
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D E S C R I P T I ON O F T H E M O D EL 

Our  learnin g mode l  i s inspire d b y ou r  intuition s concernin g th e importanc e o f  concret e 

experience s whe n acquirin g abstrac t  concepts .  W e ar e implementin g thi s psychologicall y plausibl e 

model  a s a  experimen t  t o tes t  i f  i t  i s computationall y consistent . 

Figur e 1  contain s th e model .  Afte r  a  physica l  situatio n i s describe d an d a  proble m i s posed . 

th e studen t  attempt s t o solv e th e problem .  W e ar e intereste d i n th e proces s o f  learnin g durin g a 

successfu l  solution ;  ou r  attentio n i s currentl y focusse d o n learnin g fro m a  teacher' s example . 

W h en th e studen t  canno t  solv e a  problem ,  h e request s a  solutio n fro m hi s instructor .  Th e solutio n 

provide d mus t  the n b e verified ;  additiona l  detail s ar e requeste d whe n step s i n th e teacher' s solutio n 

canno t  b e understood .  W e divid e th e proces s b y whic h th e studen t  understand s a n exampl e int o 

tw o phases .  First ,  usin g hi s curren t  knowledg e abou t  mathematic s an d physics ,  th e studen t  verifie s 

tha t  th e solutio n i s valid .  A t  th e en d o f  thi s phas e th e studen t  know s tha t  bi s instructor' s solutio n 

solve s th e curren t  problem ,  bu t  h e doe s no t  hav e an y understandin g o f  wh y hi s teache r  chos e thes e 

step s t o solv e th e problem .  Durin g th e secon d phas e o f  understanding ,  th e studen t  determine s a 

reaso n fo r  th e structur e o f  eac h expressio n i n th e teacher' s solution .  Especiall y importan t  i s 

understandin g ne w formula e encountere d i n th e solution .  Afte r  thi s phas e th e studen t  ha s a  firm 

understandin g o f  h o w an d w h y thi s solutio n solve d th e proble m a t  hand .  A t  thi s poin t  h e i s abl e 

t o profitabl y generaliz e an y ne w principle s tha t  wer e use d i n th e solutio n process ,  thereb y 

increasin g hi s knowledg e o f  classica l  physics . 

/"cî t Pwanl  ^  y « / ^ C ^ n Ih n curr f  n l 
-\wdbl« m M solvad̂ / ' 

Raqunt  an d Varif y 
Taaehar' i  Solutio n 

Explai n Solutio n 

Ganarali M Resul t 

I  Updat a Knoviladg a | 

Figure 1. A Model of Learning Classical Mechanics 

In our model, physical situations are represented as worlds, which comprise a number of 

objects .  Figur e 2  present s th e representatio n o f  th e generi c world ,  worldN .  whic h i s use d t o 

instantiat e specifi c  physica l  situations .  Object s hav e fou r  measurabl e attributes ;  mass ,  position , 

velocity ,  an d acceleration .  Th e relationship s amon g thes e attributes ,  wit h respec t  t o symboli c 

difi"erentiatio n an d integration ,  ar e known ,  althoug h the y ar e no t  show n i n thi s figure.  Onl y th e 

algebrai c relationship s ar e shown . 

Newton' s secon d an d thir d law s als o appea r  i n figure  2 .  (Newton' s first  la w i s a  specia l  cas e 

of  hi s secon d law. )  Th e secon d la w say s tha t  th e ne t  forc e o n a n objec t  equal s it s mas s time s it s 

acceleration .  Th e ne t  forc e i s decompose d int o tw o components ;  th e externa l  force s an d th e 

interna l  force s betwee n object s i n th e world .  A n externa l  forc e result s fro m an y externa l  fields 

tha t  ac t  upo n a n object .  Objec t  i' s  interna l  forc e i s th e su m o f  th e force s th e othe r  object s exer t  o n 

objec t  i .  "Thes e inter-objec t  force s ar e constraine d b y Newton' s thir d law ,  whic h say s tha t  ever y 

actio n ha s a n equa l  an d opposit e reaction . 

The curren t  implementatio n o f  th e mode l  learn s th e physica l  concep t  o f  momentu m 

conservatio n b y analyzin g it s teacher' s solutio n t o a  simpl e collisio n problem .  A  fulle r  descriptio n 

of  th e learnin g proces s ca n b e foun d i n [Shavlik85] .  Th e sampl e proble m i s show n i n figure  3 .  I n 

thi s one-dimensiona l  proble m ther e ar e tw o object s movin g i n fre e space ,  withou t  th e influenc e o f 

any externa l  forces .  (Nothin g i s know n abou t  th e force s betwee n th e tw o objects .  Beside s thei r 
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Figure 2. The Generic Representation of a Physical Situation 

mutual gravitational attraction, there could be, for example, a long-range electrical interaction and 

a ver y complicate d interactio n durin g th e collision. )  I n th e initia l  stat e (stat e A )  th e first  objec t  i s 

mov in g towar d th e second ,  wh ic h i s stationary .  S o m e t im e late r  (stat e B )  th e first  objec t  i s 

recoilin g f r o m th e resultin g collision .  T h e tas k i s t o determin e th e velocit y o f  th e secon d objec t 
afte r  th e collision . 

First ,  Phys ic s 10 1 unsuccessfull y attempt s t o solv e th e prob le m usin g it s initia l  physica l 

knowledge .  T h e syste m canno t  solv e thi s problem ,  though ,  a s th e forc e exerte d o n objec t  t w o b y 

objec t  on e i s no t  k n o w n .  A t  thi s poin t  th e syste m request s a  solutio n f r o m it s teacher .  T h e 
solutio n provide d ca n b e see n i n figure  4 .  W i t h o u t  explicitl y  statin g it ,  th e instructo r  take s 

advantag e o f  th e principl e o f  conservatio n o f  m o m e n t u m ,  a s th e m o m e n t u m (mas s X  velocity )  o f 

th e wor l d a t  t w o difî eren t  time s i s equated .  Afte r  that ,  variou s algebrai c manipulation s lea d t o th e 
answer .  I n orde r  t o accep t  th e answer .  Physic s 10 1 ha s t o verif y eac h o f  th e step s i n thi s solution . 

8tat « A 

m =  3 K 

v= 5  m/ s 
a= '  tn/s 2 

Ob| 2 
m =  8 k 

:  ' m 
Om/» 

;  'ni/s 2 

2 m/ s 
?m/s 2 

Sta t e B 

v= ?m/ s 
a= ?in/s 2 

mass,kj,,,„t< A vetocltŷ j,,,,.,,* ^ 

+ mass^j2,,t«t.A velocity^jj_,„,,i_x 

= mass^ji,,t.t*e velocity^j,^„„^,x 

• nnassMi2,,t.t«a velocity .^jj^,,,,^,, 

3h,6» /. = 3h»-2m /. + 8k,velocity^p.„,^j5 

ISkgM / • s -6k,m / » + 8k, velocity^jj_,,„^_, 

velocity ^ji^,„rt,x = 2.63-. / . 

Figur e X  A  Two-Bod y Collisio n Proble m Figur e 4 .  Th e Teacher' s Solutio n 

Fou r  possibl e classification s o f  a  teacher' s solutio n step s hav e bee n identified .  Beside s bein g 

mathematicall y correct ,  th e instructor' s calculation s m u s t  b e physicall y consistent . 

(1) A known formula could have been used; force = mass x acceleration is of this type. 

(2) New variables can be defined in order to shorten later expressions. 
A formul a suc h 2i s m o m e n t u m =  mas s X  velocit y w o u l d fal l  i n thi s category . 

(3) Equations can be algebraic variants of previous steps. The replacement of variables by 
thei r  value s als o fall s  int o thi s category . 
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(4 )  T h e teache r  ca n specif y a n eqxialio n tha i  state s a  relationshi p a m o n g k n o w n variables , 

ye t  th e syste m k n o w s o f  n o algebraicall y equivalen t  formula .  Thes e step s requir e ful l 

justification ,  whic h th e syste m doe s b y usin g it s abilitie s t o symbolicall y reaso n wit h cal -

culus .  On l y th e equation s fallin g i n thi s categor y ar e candidate s fo r  generalization . 

The last three steps in figure 4 are easily verified in our model, as they are simple algebraic 

manipulations .  T h e har d par t  i s  determinin g a  physica l  justificatio n fo r  th e first  equatio n i n th e 

teacher' s solution .  Sinc e th e t w o side s o f  thi s initia l  equatio n onl y diffe r  a s t o th e stat e i n whic h 

the y ar e evaluated ,  a n attemp t  i s m a d e t o determin e a  lime-dependen t  expressio n describin g th e 

genera l  f o r m o f  on e sid e o f  th e equation .  Usin g it s physica l  an d mathematica l  knowledge . 

Phys ic s 10 1 determine s tha t 

mass I velocity I^{t ) + mass2yelocity2_x^^^ ~ constant ^ (1) 

Thi s resul t  validate s th e first  equatio n i n th e teacher' s solution ,  a s th e left-han d sid e o f  thi s 

equatio n ca n b e equate d fo r  an y t w o times . 

A t  thi s poin t  th e syste m ha s ascertaine d tha i  th e teacher' s solutio n doe s indee d solv e th e 

collisio n problem .  I n th e nex t  step ,  i t  trie s t o understan d w h y th e newly-experience d formul a i s 

structure d th e w a y i t  is .  Thi s formul a ha s bee n validate d -  tha t  is .  Physic s 10 1 k n o w s i t  i s 

mathematicall y an d physicall y correc t  bu t  th e syste m mus t  determin e w h y th e instructo r  use d 

thi s equation . 

I n th e initia l  equatio n o f  figure  4 ,  th e teache r  use d fou r  variable s t o determin e th e valu e o f 

objec t  two' s velocity .  Th e syste m analyze s it s teacher' s solutio n an d detect s tha t  s u m m i n g th e tw o 

objects '  m o m e n t a eliminate s f ro m th e calculatio n th e forc e eac h objec t  exert s upo n th e other , 

regardles s o f  th e detail s o f  thes e forces .  (Thi s i s a  consequenc e o f  Newton' s thir d law. )  Smc e eac h 

objec t  i n a  physica l  situatio n potentiall y  exert s a  forc e o n ever y othe r  object ,  i n th e genera l  cas e 

cancellin g th e ne t  inter-objec t  forc e upo n a n objec t  require s s u m m i n g th e m o m e n t a o f  al l  th e 

objects . 

Equatio n 2  present s th e resul t  Physic s 10 1 obtain s b y extendin g it s instructor' s solutio n 

techniqu e t o a  worl d wit h a n arbitrar y n u m b e r  o f  objects . 

£ masSi velocity ^ = J Z force external .i dt (2) 
1 = 1 1 = 1 

Thi s formul a says :  Th e tota l  m o m e n t u m o f  a  collectio n o f  object s i s determine d b y th e integra l  o f  th e 

s u m o f  th e externa l  force s o n thos e objects .  A  secon d problem ,  whic h involve s thre e bodie s unde r 

th e influenc e o f  a n externa l  force ,  ha s bee n solve d b y Physic s 10 1 usin g thi s generalize d result . 

M u c h researc h o n learnin g involve s relaxin g constraint s o n th e entitie s i n a  situation ,  rathe r 

tha n generalizin g th e n u m b e r  o f  entitie s themselves .  Nonetheless ,  m a n y importan t  concept s requir e 

generalizin g number .  Explanation-base d learnin g provide s a  solutio n t o a  majo r  problem ,  namely , 

h o w d o y o u k n o w w h e n i t  i s  vali d an d prope r  t o generaliz e th e n u m b e r  o f  entities ? Fo r  example , 
compar e th e concep t  o f  tripo d wit h bicycl e wheel .  Bot h concept s contai n a  n u m b e r  o f  repeate d 

components .  Suppos e a  three-legge d tripo d an d a  25-spoke d whee l  ar e observed .  A n explanation -

base d syste m ca n buil d a  genera l  concep t  fo r  each .  T h e genera l  tripo d concep t  wil l  contai n 

precisel y thre e legs ,  a s an y othe r  n u m b e r  o f  leg s i s unstable .  T h e genera l  whee l  concept ,  however . 

wil l  allo w a  variabl e n u m b e r  o f  spokes .  T h e explanatio n o f  a  component' s functionalit y dictate s 
w h e n i t  i s  vali d an d prope r  t o generaliz e it s number . 
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C O N C L U S I ON 

By analyzin g a  worke d example ,  th e curren t  implementatio n o f  Physic s 10 1 i s abl e t o deriv e 

a formul a describin g th e tempora l  evolutio n o f  th e momentu m o f  an y arbitrar y collectio n o f 

objects .  Thi s formul a ca n b e use d t o solv e a  collectio n o f  complicate d collisio n problems .  Othe r 

physica l  concept s t o b e learne d b y th e syste m includ e work ,  friction ,  conservatio n o f  energy , 

simpl e harmoni c motion ,  an d conservatio n o f  angula r  momentum .  A s thes e additiona l  concept s ar e 

learned ,  previously-learne d concept s wil l  hav e t o b e refined .  Thi s wor k wil l  als o investigat e ho w 

th e syste m ca n lear n t o estimat e whic h feature s o f  a  proble m ca n b e ignore d whe n solvin g th e 

problem ,  a n importan t  trai t  possesse d b y experts . 

We hav e develope d a  mode l  fo r  learnin g i n a  comple x domai n requirin g bot h symboli c an d 

numeri c reasoning .  Ou r  approac h i s knowledge-based :  th e syste m require s an d applie s detaile d 

knowledg e abou t  th e ĉ Jculu s an d Newton' s laws .  Onc e a  ne w concep t  i s learned ,  i t  i s adde d t o th e 

system' s knowledg e bas e an d i s thereb y availabl e t o hel p solv e futur e problem s an d a s a  steppin g 

ston e towar d acquirin g mor e diflBcul t  concepts .  Thi s researc h contribution s t o machin e learnin g 

and psychologica l  modeling .  I t  als o ha s implication s fo r  intelligen t  computer-aide d instructio n i n 

ric h domain s wher e sophisticate d learnin g model s ar e necessary . 
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