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ABSTRACT 

We propos e tha t  thre e qualitativel y differen t  strategie s hel p focu s attentio n durin g proble m solving . 
The first  strateg y i s t o appl y operator s tha t  wil l  lea d t o definit e progres s towar d th e goal .  Attentio n wil l  b e 
focusse d b y thi s strateg y a s lon g a s som e operato r  i n thi s clas s i s applicable ,  W h e n clea r  progres s ca n no t  b e 
achieved ,  th e proble m solve r  mus t  decid e h o w bes t  t o proceed .  I t  the n invoke s th e secon d strateg y t o selec t 
operator s tha t  preserv e importan t  characteristic s o f  th e curren t  problem .  Thes e operator s ar e likel y t o kee p 
th e proble m solve r  fro m divergin g sharpl y fro m th e goa l  whil e possibl y enablin g th e applicatio n o f  operator s 
by th e first  strategy .  W h e n th e proble m solve r  ca n follo w neithe r  o f  th e first  tw o strategies ,  i t  invoke s th e 
thir d strateg y o f  arbitraril y  applyin g lega l  operators .  W e se e th e secon d strateg y a s a n essentia l  differenc e 
betwee n novic e an d exper t  proble m solvers .  I t  i s  eas y t o recogniz e definit e progres s tô *'ar d a  goa l  an d i t  i s 
eas y t o recal l  whic h operator s ca n b e legall y applied .  Expertis e involve s knowin g whic h characteristic s o f  a 
situatio n shoul d b e preserve d (o r  created )  whe n n o w a y t o definitel y progres s towar d th e goa l  i s  known .  Thi s 
three-strateg y theor y ha s bee n implemente d an d teste d i n a  syste m tha t  perform s mathematica l  calculation s 
i n th e cours e o f  solvin g physic s problems .  W e describ e a  numbe r  o f  mathematica l  calculatio n operator s use d 
unde r  eac h strategy . 

INTRODUCTION 

A novic e proble m solve r  attack s a  proble m i n on e o f  tw o ways .  H e m a y immediatel y notic e a 

way t o progres s towar d th e solution .  Alternatively ,  h e m a y flounder  aroun d performin g legal ,  bu t 

aimless ,  operation s i n a n attemp t  t o transfor m th e proble m int o a  familia r  form .  A n expert ,  o n th e 

othe r  hand ,  ca n perfor m i n a  qualitativel y difi"eren t  manner .  I f  th e solutio n i s no t  immediatel y 

apparent ,  h e ca n focu s hi s effort s i n a  muc h mor e guide d way .  Instea d o f  simpl y thrashin g around , 

he ha s a n appreciatio n o f  wha t  kind s o f  transformation s ar e likel y t o chang e th e curren t  proble m 

int o a  solubl e problem . 

Conside r  th e proble m o f  evaluatin g th e expressio n 

mass 1 velocity i + mass 2 velocity 2 

when mass j and mass 2 are known but velocity , and velocity 2 are not. This expression cannot be 

evaluate d directly .  A  vali d approac h migh t  b e t o substitut e equivalen t  expression s fo r  th e 

u n k n o w n s .  A  novic e migh t  perfor m th e unappealin g substitution s o f  figure  1 .  Wh i l e thes e 

transformation s ar e valid ,  the y ar e unlikel y t o yiel d a  solution .  A n exper t  wil l  appreciat e this ,  an d 

be mor e likel y t o perfor m th e pleasin g proble m transformation s o f  figure  1 .  I n thi s example ,  ther e 

i s somethin g abou t  th e paralle l  structur e o f  th e proble m tha t  m a k e s a  paralle l  substitutio n m o r e 

appealing .  Ye t  paralle l  substitution s ar e no t  a lway s aestheticall y appealing .  Fo r  example ,  conside r 

th e substitution s o f  figure  2 .  I n thi s example ,  paralle l  substitutio n usin g Newton ' s thir d la w (ever y 

actio n ha s a n equa l  an d opposit e reaction )  misse s a  usefu l  variabl e cancellation .  I f  onl y on e 

instantiatio n o f  thi s formul a i s used ,  th e t w o force s ca n b e eliminate d f ro m th e calculation . 

*  Thi s researc h wa s partiall y  supporte d b y th e Nationa l  Scienc e Foundatio n unde r  gran t  NS F 1S T 85-11542 . 

^  Universit y o f  Illinoi s Cognitiv e Science/Artificia l  Intelligenc e Fellow . 
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mass,  velocity ,  +  mass 2 velocity 2 

mass,  -  position ,  +  mass 2 velocity 2 /  \  mass ,  -  position ,  +  mass 2 -  position 2 
dt  /  \  d t  d t 

mass,  -  position ,  +  mass 2 J  acceleratio n 2  d t  mass ,  J  acceleration ,  d t  +  mass 2 Jacceleration 2 d t 

Unappealing Substitutions Pleasing Substitutions 

Figure 1. Sample Mathematical Substitutions 

We propose three qualitatively different strategies for human problem solving. Attention is 

selectivel y focusse d accordin g t o on e o f  thes e strategies .  Strateg y 1  i s  hil l  climbing .  Attentio n i s 

focusse d o n thi s strateg y a s lon g a s som e operato r  move s th e proble m solve r  close r  t o it s  goal . 

Occasionall y th e proble m solve r  wil l  reac h a  loca l  m a x i m u m ;  ther e wil l  b t  n o w a y t o mov e close r 

t o th e goal .  A t  thes e times ,  th e proble m solve r  mus t  diverg e fro m hi s goal ,  i n th e hope s o f 

transformin g th e curren t  situatio n int o on e wher e hil l  climbin g ca n occur .  W e propos e ther e ar e 

tw o qualitativel y differen t  way s b y whic h a  proble m solve r  re-focusse s hi s attentio n durin g thi s 

divergen t  phase .  A  novic e proble m solve r  merel y select s a n arbitrar y lega l  operator .  Thi s ca n lea d 

t o aimles s floundering,  du e t o th e larg e numbe r  o f  possibl e combination s o f  operato r  sequences .  A n 

exper t  ca n ofte n wisel y choos e h o w t o transfor m th e curren t  situation .  Characteristic s tha t  ar e 

believe d t o b e o f  genera l  o r  domain-specifi c  problem-solvin g importanc e (e.g. ,  symmetry )  ar e t o b e 

maintaine d o r  introduced ;  introductio n o f  troublesom e characteristic s i s t o b e avoided .  Suc h 

motivate d diversion s compos e strateg y 2 .  However ,  whe n a n exper t  exhaust s hi s expertis e h e als o 

resort s t o an y lega l  operator .  Thi s unmotivate d applicatio n o f  operator s i s terme d strateg y 3 . 

AN APPLICATION OF THE MODEL IN MATHEMATICAL CALCULATION 

Our  three-strateg y theor y ha s bee n implemente d an d teste d i n a  syste m calle d Physic s 10 1 

[l] .  Thi s syste m perform s mathematica l  calculation s i n th e cours e o f  solvin g physic s problems . 

We hav e identifie d a  numbe r  o f  mathematica l  calculatio n operator s use d b y th e thre e strategies . 

Our  mode l  i s a  state-spac e model .  Th e proble m solve r  i s provide d a n initia l  stat e an d a  goa l 

description .  Th e rol e o f  th e proble m solve r  i s t o successivel y appl y lega l  transformation s t o th e 

curren t  stat e unti l  a  stat e satisfyin g th e goa l  descriptio n i s  reached .  Thi s proces s i n th e exampl e 

domai n o f  mathematica l  calculatio n i s  illustrate d i s  figure  3 .  Notic e tha t  mor e tha n on e 

J force 1 2 dt + J force 2 i dt 

i \ 

f (  force2, i  )d t  +  / (  force^2)d t 

Figure 2. Inappropriate Parallel Substitutions 
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subslilulion is allowed during the iranslornialion from one stale to the next. 

Strategy 1 - Definite Progress. 

I n ou r  Physic s 10 1 system ,  ofte n th e goa l  i s  t o produc e a n expressio n tha t  onl y contain s 

variable s whos e value s ar e known .  (Onc e i n thi s state ,  th e expressio n ca n easil y b e evaluated. )  Th e 

hill-climbin g measur e i s th e numbe r  o f  variable s i n th e expressio n whos e valu e i s no t  k n o w n 

(thes e variable s wil l  b e calle d unknown s fro m no w on) . 

Physic s 10 1 contain s tw o basi c technique s fo r  reducin g th e numbe r  o f  unknowns .  One , 

unknown s ca n b e replace d usin g know n formula e i f  thes e formula e introduc e known-value d term s 

or  lea d t o th e cancellatio n o f  unknowns .  A n exampl e o f  thi s techniqu e i s show n i n figure 4 

(discusse d below) .  T w o ,  value s o f  variable s ca n use d i f  doin g s o eliminate s unknowns .  I f  ou r 

curren t  expressio n i s A  *  B  *  C  ,  an d A  s  valu e i s zero ,  bot h B  an d C  ca n b e cancelle d b y replacin g 

A wit h it s numerica l  value .  Similarly ,  give n th e expressio n A * B * C — B * C .  wher e A  equal s 

one ,  a  numerica l  replacemen t  ca n lea d t o a  reductio n i n unknowns . 

A problem-solvin g operato r  applie d b y strateg y 1  i s illustrate d i n figure  4 .  Th e goa l  i s  t o 

evaluat e th e to p expression ,  bu t  th e value s o f  th e tw o inter-objec t  force s (forc e 1 2 an d force 2 0 

ar e no t  known .  A  "substitute-to-cancel-unknowns "  operato r  ca n detec t  tha t  th e tw o inter-objec t 

force s cance l  du e t o Newton' s thir d law .  Thi s operato r  i s a  comple x operator .  W e allo w operator s 

t o compris e a  sequenc e o f  problem-solvin g step s tha t  achiev e som e goal .  (Operator s comprisin g 

othe r  operator s hav e variousl y bee n calle d macro-operator s [2] ,  frame s [3] ,  script s [4] ,  an d 

schemat a [5]. )  Thes e "super "  operator s posses s th e desirabl e propert y tha t  onc e on e i s selected , 

severa l  problem-solvin g step s ca n b e carrie d ou t  withou t  th e nee d fo r  intervenin g search .  Th e 

"substitute-to-cancel-unknowns "  operato r  first  applie s Newton' s thir d la w t o replac e on e o f  th e 

inter-objec t  forces .  I t  the n bring s thes e potentia l  cancellin g term s int o a  positio n wher e cancellatio n 

can tak e place .  Thi s require s tha t  th e tw o integral s b e combined .  Finally ,  th e tw o troublesom e 

variable s ca n b e eliminated . 

Bundy' s mela-leve l  solutio n method s [6 ]  follo w strateg y 1 .  H e consider s solvin g complicate d 

equation s containin g a  singl e unknow n variabl e (ther e m a y b e multipl e occurrence s o f  th e 

unknown ,  however) .  Hi s attraction ,  collection ,  an d isolatio n method s alway s brin g on e close r  t o th e 

goal  o f  havin g th e onl y occurrenc e o f  th e unknow n isolate d o n th e left-han d sid e o f  a n equation . 

Calculatio n j  j  I  I 

Initia l  Expressio n 

Subititutiom 

Expressio n 1 

Expressio n N- 1 

CalcuUiioii  N 

Fina l  Expressio n 

Figur e 3 -  T h e Structur e o f  a  Calculatio n Sequenc e 
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Corisiider IMe Expressiori 

Jlorco^p dt • /•"•'<•<'2,1 ^* 

Chioose a Varlable-C^rioelling SLjt>stitution 

J( force 2^ )cJt + J* force 2 ^ dt 

Bring Cancellers TogelMer 

J* < force p., + force 2 , )dt 

Cancel Variables 

/Okgm / s2 dt 

Figure 4. Example of an Operator Applied by Strategy 1 

Strategy 2 - Motivated Diversions. 

Ther e ar e severa l  technique s use d i n Physic s 10 1 tha t  follo w th e secon d strategy .  Th e majo r 

one s ar e presente d below ,  i n th e orde r  the y ar e use d b y th e system . 

(1 )  Eliminatio n o f  variable s whos e value s ar e known .  Eve n whe n i s no t  possibl e t o reduc e th e 

number  o f  unknown s i n a n expression ,  i t  i s  a  goo d ide a t o cance l  terms ,  eve n thos e whos e 

value s ar e known .  Eliminatin g thes e term s m a y allo w productiv e cancellation s tha t  ha d bee n 

prevente d b y th e presenc e o f  known-value d terms .  Fo r  example ,  suppos e w e hav e th e 

followin g formulae ,  an d th e value s o f  A  an d C  ar e known . 

A =B /C and B =-D 

If our current expression is A * C + D . we cannot reduce the number of unknowns. 

However  i f  w e us e th e first  o f  th e abov e formulae ,  w e ca n cance l  som e terms ,  whil e 

momentaril y  increasin g th e numbe r  o f  unknowns .  Fortunately ,  i n th e nex t  ste p bot h o f  th e 

unknown s ca n b e cancelled . 

(2 )  Eliminatio n o f  integral s an d derivatives .  Performin g calculu s i s harde r  tha t  performin g 

algebra .  W h e n i t  i s  no t  possibl e t o eliminat e terms ,  i t  i s  ofte n a  goo d ide a t o eliminat e 

calculu s structure .  A n exampl e wher e Physic s 10 1 remove s calculu s fro m a n expressio n i s 

show n i n figure  5 .  Her e th e progra m detect s tha t  i t  ca n eliminat e th e derivativ e becaus e i t 

know s th e derivative s o f  al l  th e term s bein g differentiated .  Applyin g thi s operato r  add s fou r 

step s t o th e calculatio n sequence .  Afte r  thi s operato r  i s applied ,  direc t  progres s towar d th e 

goal  stat e ca n b e made .  Fo r  instance ,  objec t  I' s  mas s time s it s acceleratio n equal s th e ne t  forc e 

on i t  (b y Newton' s secon d law) .  Hence ,  tw o variable s ca n b e replace d b y one .  (Continue d 

calculatio n lead s t o thi s expressio n becomin g zero ,  a  consequenc e o f  th e principl e o f 

conservatio n o f  energy. ) 

(3 )  Preservatio n o f  expressio n type .  Assum e w e hav e th e followin g tw o equations . 

(i) A =(D * E) (ii ) A =(F +G ) 

If our current expression is A * B * C . equation (i) would be preferred as this would 

maintai n th e propert y tha t  th e expressio n i s a  produc t  o f  terms .  Conversely ,  give n 

A +  B  + C .  th e secon d equatio n i s preferred ,  becaus e n o w th e expressio n continue s t o b e a 

su m o f  terms .  Ther e i s a  stron g reaso n fo r  preservin g expressio n type ,  on e involvin g mor e 

tha n aesthetics .  I n th e first  exampl e w e ca n produc e 
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^  ((1/2 )  mast i  ,  velocity ,  ̂  +  rr«as a ,  u  potiilion ,  ) 
dt 

separateoaicuius - — ((i/2) mass , velocity, "^ y -^ ^ (rriaas , g position, ) 
dl  d t 

-̂t  ^  • 
constantsoutotcaicuiu s =  ( i /2 )  m a s s ,  — Velocity ,  +  m a s s ,  g  — position , 

dt  d t 

soivecaicuius =^ (1 /2) * 2 mass , velocity , — velocity , -• mass , g ^ position , 
dt  d t 

substcaicuius = (i/2) "2 mass, velocity, acceleration, + mass, g velocity. 

Figure S. An Application of the Substitute-C^alculus Operator 

D * E * B * C or iF +G)* B * C. 

In the result on the left, all the terms are equally accessible. Future substitutions involving 

B .  fo r  example ,  ca n cance l  D  o r  E .  (Recal l  tha t  cancellatio n o f  variable s i s th e mechanis m 

tha t  lead s t o th e goa l  state. )  Th e right-han d resul t  require s tha t  a  replacemen t  fo r  B  cance l  F 

and G  together . 

(4 )  Preservatio n o f  structura l  symmetry .  W h e n simila r  additiv e o r  multiplicativ e structur e i s 

present ,  th e sam e genera l  rul e shoul d b e use d repeatedl y wheneve r  possible .  Fo r  example . 

give n th e followin g expression ,  substitution s involvin g al l  thre e o f  th e A  s  o r  al l  thre e o f  th e 

B ' s woul d b e favored . 

AiBi +A2B2 + A3B3 

This accounts for the unpleasing quality of the first transformations of figure 1. It would be 

bette r  t o replac e bot h o f  th e velocitie s eithe r  b y th e derivative s o f  positio n o r  b y th e integral s 

of  acceleration .  Mixin g th e tw o doe s no t  see m right . 

The mathematica l  problem-solvin g method s learne d b y Silver' s L P progra m [7 ]  follo w 

strateg y 2 .  L P acquire s informatio n tha t  constrain s th e choic e o f  applicabl e operators .  Th e learne d 

operator s ar e no t  guarantee d t o brin g th e proble m solve r  close r  t o a  final  solution . 

Strategy 3 - Floundering Around. 

I n Physic s 10 1 strateg y 3  look s fo r  th e first  lega l  substitutio n an d applie s it .  Onl y on e 

substitutio n i s made ,  i n orde r  t o minimiz e thi s undirecte d perturbatio n o f  th e calculation . 

The L E X syste m o f  Mitchel l  [8 ]  acquire s heuristic s tha t  estimat e whe n i t  i s  wis e t o appl y a n 

integratio n operator .  I t  learn s h o w operator s previousl y use d onl y unde r  strateg y 3  ca n b e applie d 

by strateg y 2 .  Th e late r  L E X 2 syste m [9 ]  learn s unde r  wha t  condition s a  specifi c  integratio n 

operato r  wil l  lea d t o a  solution .  Thi s ca n b e viewe d a s learnin g h o w t o apply ,  unde r  strateg y 1 .  a n 

operato r  previousl y use d onl y unde r  strateg y 3 . 

CONCLUSION 

We propos e tha t  thre e qualitativel y differen t  strategie s hel p focu s attentio n durin g proble m 

solving .  Th e first  strateg y i s t o appl y operator s tha t  wil l  lea d t o definit e progres s towar d th e goal . 

Attentio n wil l  b e focusse d b y thi s strateg y a s lon g a s som e operato r  i n thi s clas s i s applicable . 

W h en clea r  progres s ca n no t  b e achieved ,  th e proble m solve r  mus t  decid e h o w bes t  t o proceed .  I t 

the n invoke s th e secon d strateg y t o selec t  operator s tha t  preserv e importan t  characteristic s o f  th e 

curren t  problem .  Thes e operator s ar e likel y t o kee p th e proble m solve r  fro m divergin g sharpl y 

fro m th e goa l  whil e possibl y enablin g th e applicatio n o f  operator s b y th e first  strategy .  W h e n th e 

proble m solve r  ca n follo w neithe r  o f  th e first  tw o strategies ,  i t  arbitraril y  applie s operators .  Thi s 

three-strateg y theor y ha s bee n implemente d an d teste d i n a  syste m tha t  perform s mathematica l 
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calculations in the course of solving physics problems. We have identified a number of 

mathematica l  calculatio n operator s use d b y th e thre e strategies . 

When several operators are seen as being equally viable, a problem solver must choose which 

t o apply .  Unde r  strateg y 3  th e choic e i s mad e arbitrarily .  I n th e othe r  tw o cases ,  th e choic e i s 

m a de b y usin g th e secon d strategy .  Fo r  example ,  i f  ther e ar e a  numbe r  o f  way s t o cance l  tw o 

unknowns ,  a  w a y tha t  preserve s th e symmetr y o f  th e situatio n i s preferred . 

These three strategies can be viewed in terms of simulated annealing problem-solving models 

[10 ,  ll] .  Progres s usin g strateg y 1  involve s th e movemen t  towar d a  solutio n spac e minima . 

Strateg y 2  i s analogou s t o slightl y increasin g th e syste m "temperature "  whe n stuc k a t  a  loca l 

minim a tha t  i s no t  a  goa l  state .  Her e i t  i s  hope d tha t  th e proble m solve r  doe s no t  drif t  to o fa r  i n 

th e proble m space .  Strateg y 3  potentiall y  involve s m u c h greate r  increase s i n syste m temperature , 

and .  hence ,  m u c h greate r  jump s i n th e proble m space . 

We see the second strategy as an essential difference between novice and expert problem 

solver s [12-14] .  I t  i s  eas y t o recogniz e definit e progres s towar d a  goa l  an d i t  i s  eas y t o recal l  whic h 

operator s ca n b e legall y applied .  Expertis e involve s knowin g whic h characteristic s o f  a  situatio n 

shoul d b e preserve d (o r  created )  whe n n o w a y t o definitel y progres s towar d th e goa l  i s  known . 
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