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Abstract 

X is a production system model of the acquisition of programming skill. Skilled 
programmin g i s modelle d b y th e goal-drive n applicatio n o f  productio n rule s (productions) . 
Knowledg e compilatio n mechanism s produc e ne w production s tha t  summariz e successfu l 
proble m solvin g experiences .  Analogica l  proble m solvin g mechanism s us e representation s o f 
exampl e solution s t o overcom e proble m solvin g impasses .  Th e interactio n o f  thes e tw o 
mechanism s yield s production s tha t  generaliz e ove r  exampl e an d targe t  proble m solutions . 
Simulation s o f  subject s learnin g t o progra m recursiv e function s ar e presente d t o illustrat e th e 
operatio n o f  X . 

Introduction 

Theoretica l  progres s i n cognitiv e scienc e hinge s cruciall y o n th e abilit y  o f  theorie s t o 
addres s issue s o f  knowledg e acquisition .  I n turn ,  theorie s o f  knowledg e acquisitio n hav e direc t 
bearin g o n theoretica l  an d practica l  issue s i n instruction .  I  presen t  a  mode l  o f  analogica l 
proble m solvin g an d skil l  acquisition ,  calle d X ,  develope d a s a n extensio n o f  th e ACT *  theor y 
(Anderson ,  1983 )  fo r  th e domai n o f  learnin g t o progra m recursiv e functions .  Thi s mode l  wa s 
develope d t o explor e th e notio n insightfu l  conceptua l  understanding s o f  exampl e solution s ar e 
instrumenta l  i n skil l  acquisition .  Analogica l  proble m solvin g make s us e o f  goal-relevan t  an d 
plan-relevan t  informatio n tha t  i s encode d i n a  menta l  representatio n o f  a n exampl e solution . 
The conten t  an d detai l  o f  thi s informatio n ha s a n impac t  o n th e succes s o f  analogica l  proble m 
solving .  I n turn ,  skil l  acquisitio n mechanism s transfor m thes e analogica l  proble m solvin g 
experience s int o skills .  Ultimately ,  th e qualit y o f  th e skill s  acquire d fro m analog y rest s upo n 
th e conten t  an d detai l  o f  th e goal-relevan t  an d plan-relevan t  informatio n i n th e exampl e 
representation .  Analog y thu s serve s a s a  mean s toward s effectin g repair s (Brow n &  Va n Lehn , 
1980 )  t o domain-specifi c  proble m solvin g procedures . 

Analogy is a term with many denotations and connotations in cognitive science as well as 
everda y language .  Th e particula r  analogica l  proble m solvin g mechanism s implemente d i n X 
work fro m representation s o f  exampl e solution s tha t  migh t  b e presente d b y a  textboo k o r 
teacher .  Basically ,  thes e representation s constitut e a n explanatio n o f  th e structur e an d 
functionalit y o f  component s o f  th e solutio n structur e alon g wit h constraint s o n th e condition s 
under  whic h suc h component s apply .  I n thi s respect ,  th e X  analogica l  proble m solvin g 
mechanism s ar e simila r  t o machin e learnin g wor k o n explanation-base d learnin g (DeJon g & 
Mooney,  1986 ;  Mitchell ,  Kellar ,  &  Kedar-Cabelli ,  1986) .  Th e invocatio n o f  analogica l 
proble m solvin g an d th e selectio n o f  relevan t  analog s i s drive n b y activ e proble m solvin g goals . 
Thi s aspec t  o f  X  i s simila r  t o machin e learnin g wor k o n purpose-drive n analog y (Kedar -
Cabelli ,  1985) .  Althoug h simila r  i n spiri t  t o thes e cluster s o f  machin e learnin g research ,  X 
evolve d fro m th e ACT *  productio n syste m theor y o f  proble m solvin g an d i s a  mino r  varian t  o f 
anothe r  descenden t  o f  ACT* ,  th e PUP S productio n syste m (Anderso n &  Thompson ,  1986) .  Lik e 
othe r  member s o f  th e ACT *  family ,  accountin g fo r  phenomen a o f  huma n cognitio n i s on e majo r 
impetu s fo r  developin g X .  Anothe r  motivatio n fo r  developin g X ,  i s th e notio n tha t  riche r 
theorie s o f  learnin g wil l  lea d t o richer ,  mor e effective ,  an d mor e efficien t  mean s o f  instruction . 
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Programming Recursion 

An Idea l  Mode l 

The X  mode l  wa s initiall y  develope d t o addres s observation s o f  peopl e learnin g t o 
progra m recursiv e functions .  Recursio n i s usuall y a  nove l  concep t  fo r  introductor y 
programmin g student s an d consequentl y serve s a s a  usefu l  domai n fo r  studyin g knowledg e 
acquisition ,  A  typica l  exampl e o f  a  recursiv e functio n i n LIS P i s th e definitio n o f  th e functio n 
FACT t o comput e factorial s presente d i n Tabl e 1 .  Lik e al l  recursiv e functions ,  FAC T i s define d 
i n term s o f  itself .  Th e bod y o f  th e definitio n fo r  FAC T consist s o f  a  conditiona l  structur e 
containin g a  serie s o f  conditiona l  clauses .  Th e conditiona l  structur e i s implemente d b y th e LIS P 
for m C O ND an d eac h conditiona l  claus e i s represente d a s a  lis t  withi n th e C O ND structur e ( a lis t 
i n LIS P i s anythin g enclose d i n parentheses ;  e.g. ,  ( A B  C )  i s a  list) .  Eac h conditiona l  claus e 
contain s tw o parts .  Th e firs t  par t  i s  a  lis t  tha t  specifie s a  conditio n an d th e secon d par t 
specifie s a n actio n t o tak e i f  th e conditio n doe s no t  evaluat e t o NIL ,  whic h stand s fo r  "false. "  Th e 
firs t  claus e i n FAC T state s tha t  i f  th e inpu t  N  i s equa l  t o zero ,  the n th e resul t  o f  FAC T wil l  b e 1 . 
The secon d clause ,  state s tha t  i n al l  othe r  cases ,  th e resul t  o f  FAC T wil l  b e N  time s th e resul t  o f 
FACT applie d t o N  -  1 . 

Tabl e 1 

A recursive LISP function to compute factorials 

Definitio n Comment s 

(DEFUN FAC T (N )  ;  defin e n l 
(COND ((ZERO P N )  1 )  ;l f  n  =  0  the n retur n 1 

( T (TIME S N  (FAC T (SUB 1 N))))) )  ;Els e retur n n  x  ( n -  1) 1 

I n previou s studie s o f  exper t  an d novic e programmin g (Piroll i  &  Anderson ,  1985 )  w e 
identifie d concept s tha t  appeare d t o b e crucia l  t o efficientl y learnin g genera l  skill s  fo r 
programmin g recursion .  A  prescriptiv e mode l  o f  programmin g skill s  fo r  recursion ,  calle d a n 
idea l  model ,  ha s bee n implemente d i n th e G R A P ES productio n syste m an d use d a s th e basi s fo r 
instructio n o n recursio n i n a n intelligen t  tutorin g syste m (Pirolli ,  i n press) .  G R A P ES i s a 
syste m tha t  emulate s a  subse t  o f  th e ACT *  theor y (Anderson ,  1983) . 

Recursive functions, in general, have a conditional structure consisting of two types of 
cases .  Th e recursiv e case s comput e a  resul t  b y usin g th e result s o f  on e o r  mor e recursiv e call s 
t o th e function .  Fo r  example ,  th e las t  conditiona l  claus e o f  th e FAC T functio n presente d i n Tabl e 
1 i s a  recursiv e cas e tha t  involve s computin g th e resul t  o f  th e recursiv e call ,  (FAC T (SUB 1 
N)) ,  an d use s tha t  resul t  t o comput e th e resul t  o f  (FAC T N) .  Th e terminatin g case s terminat e 
th e recursiv e process .  I n Tabl e 1  th e terminatin g cas e i s th e firs t  conditiona l  clause ,  whic h 
return s th e valu e 1  whe n th e inpu t  N  =  0 . 
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The recursive relation holds between the value of the function and the value of a 
recursiv e cal l  t o th e function .  I n FACT ,  th e recursiv e relatio n i s th e relatio n betwee n betwee n 
th e resul t  o f  n \  an d ( n -  1)l"tha t  is .  n l  -  n  x  ( n -  1)1 .  Student s ofte n hav e a  grea t  dea l  o f 
difficult y identifyin g an d plannin g ou t  th e recursiv e case s o f  recursiv e functions .  Base d o n ou r 
analyse s o f  exper t  proble m solvin g wit h recursiv e function s (Pirell i  &  Anderson ,  1985 )  th e 
genera l  metho d fo r  determinin g th e recursiv e relatio n i s to :  (a )  assum e tha t  th e resul t  o f  a 
recursiv e cal l  ca n b e achieved ,  the n (b )  determin e ho w t o achiev e th e resul t  o f  th e functio n 
usin g th e resul t  o f  th e recursiv e call . 

GRAPES productions, in general, decompose programming goals into subgoals until some 
actio n ca n b e achieved ,  formin g a  hierarchica l  goa l  tree .  A  typica l  productio n fo r  programmin g 
LIS P migh t  be : 

PI: IF the goal is to write a function definition in LISP 
and th e nam e o f  th e functio n i s give n 
and th e argument s t o th e functio n ar e give n 

THEN writ e "(DEFU N <name > <arguments > <body>) " 
wher e <name > i s th e nam e o f  th e functio n 
and <arguments > ar e th e argument s t o th e functio n 
and se t  a  subgoa l  t o cod e th e <body > o f  th e functio n 
whic h implement s a  proces s tha t  achieve s th e functio n 

Some observations on analogical problem solving 

Instruction in problem solving domains usually includes descriptions of the entities In 
th e domain ,  genera l  rule s fo r  proble m solving ,  an d exampl e solutions .  Protoco l  studie s (Piroll i 
& Anderson ,  1985 )  hav e indicate d tha t  subject s hav e a  toug h tim e derivin g solutio n method s 
fro m genera l  definition s o r  rule s o f  thum b fo r  a  domai n an d tur n t o exampl e solution s fo r 
guidanc e i n earl y proble m solvin g attempt s .  Thes e subject s ar e usuall y successfu l  i n producin g 
some solutio n b y analog y t o a n exampl e onc e th e exampl e ha s bee n selecte d (se e als o Gic k & 
Hoyoak ,  1980 ;  Reed ,  Dempster ,  an d Ettinger ,  1985 ;  Reed ,  Ernst ,  an d Banerji ,  1974) .  W e 
als o observe d (Piroll i  &  Anderson ,  1985 )  tha t  proble m solvin g procedure s ar e learne d fro m 
suc h analogica l  proble m solvin g (se e als o Gic k &  Holyoak ,  1983 ;  Swelle r  &  Cooper ,  1985) . 
However ,  subject s sometime s conceptualiz e example s i n a  shallo w an d litera l  manne r  an d 
sometime s conceptualiz e example s i n a  dee p an d insightfu l  manne r  (Piroll i  &  Anderson ,  1985) . 
Thes e variation s hav e a n impac t  o n th e proble m solvin g behavio r  generate d b y analog y t o 
examples .  I n som e case s subject s basicall y cop y progra m cod e tha t  the y d o no t  understan d an d i n 
othe r  case s the y produc e solution s base d o n th e mor e principle d method s the y se e embodie d i n 
th e exampl e programs .  Thes e variation s i n earl y proble m solvin g experience s involvin g th e us e 
of  example s i n tur n hav e a n impac t  o n earl y skil l  developmen t  (Piroll i  &  Anderson ,  1985) . 

The pervasiveness of analogical problem solving in the early stages of skill acquisition is 
born e ou t  b y a n experimen t  i n whic h subject s ha d acces s t o a n onlin e exampl e o f  a  recursiv e 
function ,  tha t  ha d bee n par t  o f  thei r  instruction .  Whil e codin g thei r  firs t  recursiv e function , 
subject s spen t  approximatel y 3 0 % o f  thei r  tim e lookin g a t  th e example .  Analysi s o f  targe t 
proble m solution s reveale d tha t  portion s tha t  wer e simila r  t o th e exampl e accounte d fo r  fewe r 
errors .  Later ,  whe n subject s wer e codin g thei r  fourt h recursiv e function ,  lookin g a t  th e 
exampl e solutio n onl y accounte d fo r  abou t  5 % o f  thei r  proble m solvin g time . 

The impact on skill acquisition of the particular manner in which an example is encoded 
i s illustrate d b y anothe r  experimen t  i n whic h th e sam e exampl e progra m wa s presente d t o on e 
grou p o f  subject s (structur e group )  i n th e contex t  o f  a n explanatio n o f  ho w recursiv e function s 
ar e writte n (base d o n th e G R A P ES idea l  model )  an d t o anothe r  grou p (proces s group )  i n th e 
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context of how recursive functions execute (the typical pedagogical approach). The structure 
grou p too k les s trainin g tim e tha n th e proces s grou p I n achievin g th e sam e leve l  o f  proficienc y 
Indicatin g tha t  knowin g ho w a n exampl e recursiv e functio n i s writte n yield s mor e efficien t 
learnin g tha n knowin g ho w a  recursiv e functio n works .  A  simulatio n o f  a  structur e grou p 
subjec t  i s  presente d late r  i n thi s paper . 

The X Model 

The X model of analogical problem solving was Implemented as an extension of the 
G R A P ES productio n system .  Th e X  mode l  i s als o a  subse t  o f  a  productio n syste m architectur e fo r 
analogica l  proble m solvin g an d skil l  acquisition ,  calle d PUPS,  tha t  i s  bein g develope d b y 
Anderso n an d Thompso n (1986) .  Basically ,  X  take s severa l  idea s develope d I n P U P S abou t 
analogica l  proble m solvin g an d instantiate s the m i n th e G R A P ES architecture . 

Like several other proposals for problem solving by analogy (e.g., Carbonell, 1986; 
GIc k &  Holyoak ,  1980 ,  1983 )  th e X  analog y mechanism s suppl y a  metho d fo r  proble m solvin g 
when domain-specifi c  method s ar e lackin g o r  Inadequate .  Th e genera l  notio n i s tha t  th e learne r 
has som e declarativ e knowledg e o f  ho w th e structure ,  Sq ,  o f  a n exampl e achieve s variou s 

functions ,  Fg ,  unde r  certai n preconditions ,  C©,  an d i s face d wit h achievin g goal s Gf,unde r 

condition s C f  i n a  targe t  problem .  Th e tas k i n analogica l  proble m solvin g i s t o com e u p wit h a 

targe t  solutio n S f  b y solvin g th e analog y SQiF^-S t  :Gf .  subjec t  t o th e constrain t  tha t  th e mappin g 

of  S q ont o S f  transform s Cg ^  int o a  se t  o f  precondition s tha t  ar e i n C f  o r  satisfiabl e i n th e targe t 

solution . 

Representation 

The X system makes use of a representation scheme for declarative knowledge that 
capture s th e functionality ,  structure ,  an d conditionality ,  o f  concept s o r  action s i n a  proble m 
solvin g domain .  Thi s knowledg e representatio n schem e i s crucia l  t o th e workin g o f  analog y an d 
i s a n importan t  additio n t o th e ACT *  theory .  Th e principl e component s o f  thi s schem e ar e 
schemati c knowledg e structure s calle d unit s tha t  hav e slot s tha t  ar e fille d o r  instantiate d b y 
particula r  values .  Althoug h arbitrar y slot s ar e allowed ,  ther e ar e thre e type s o f  slot s tha t  hav e 
preeminanc e i n th e representation :  (a )  functionalit y whic h describe s th e purpos e o r  goal s 
achieve d b y a  unit ,  (b )  structur e whic h describe s th e compositio n o f  a  uni t  fro m othe r  units , 
and (c )  conditionalit y whic h describ e constraint s o n th e unit . 
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Table 2 

Examples of X representations 

The P O W ER program . 

power-definition 
functionality :  defines(power-functio n arg s power-result ) 
preconditions :  implemented-in(power-functio n LISP ) 
structure :  steps(defu n power-nam e arg s body ) 

The Factorial Problem. 

fact-definition 
functionality :  defines(fact-functio n x-ar g fact-result ) 

preconditions :  implemented-in(fact-functio n LISP ) 

Some example s o f  th e representatio n ca n b e see n i n Tabl e 2 ,  whic h present s a 
declarativ e descriptio n o f  par t  o f  a n exampl e progra m an d a  targe t  proble m i n LISP .  Th e 

exampl e i s a  recursiv e definitio n o f  a  function ,  P O W E R,  tha t  compute s m "  .  Th e targe t  progra m 
i s th e factoria l  functio n presente d i n Tabl e 1 .  Unit s thu s provid e a  knowledg e representatio n 
scheme tha t  capture s importan t  goal-relevan t  an d plan-relevan t  informatio n fo r  us e i n 

proble m solving .  A  uni t  ca n b e though t  o f  a s rul e o f  th e for m 

conditlonailty a structure => functionality 

So,  power-definitio n i n Tabl e 2  ca n b e translate d int o th e rul e 

steps(defun power-name args body) 

A implemented-in(power-functio n L ISP ) 

=>defines(power-functio n arg s power-result ) 

Problem solving 

Goals in the X system are to-be-achieved units that have functionality but no structure. 
An exampl e o f  a  to-be-achieve d goa l  i n th e Tabl e 2  i s fact-definition .  Th e X  syste m consider s 
one goa l  a t  a  tim e an d consider s onl y production s tha t  ar e applicabl e t o tha t  goal .  Th e 
proposition s o n th e structur e slot s represen t  orderings ,  partia l  orderings ,  an d hierarchica l 
relationship s amon g th e action s represente d b y units .  Th e agend a fo r  goa l  processin g i s achieve d 
by production s tha t  searc h throug h th e structura l  link s fro m a  curren t  activ e goal .  Unit s 
encountere d i n thi s searc h tha t  hav e a  specifie d functionalit y bu t  n o structur e ar e place d o n th e 
goal  agenda .  Analogica l  proble m solvin g i s invoke d b y X  a t  proble m solvin g impasses-i n othe r 
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words, when a goal is activated and no production matches, analogical problem solving is 
invoked .  X  select s a n analo g fo r  furthe r  processin g base d o n a  specificit y principle .  I n theory , 
thi s i s a n associativ e memor y retrieva l  achieve d b y th e spreadin g activatio n mechanism s o f 
ACT*  (Anderson ,  1983 ;  Anderso n &  Pirolli ,  1985) .  I n th e compute r  implementatio n o f  X ,  th e 
effect s o f  spreadin g activatio n ar e approximate d b y a  specificit y principl e base d o n th e numbe r 
of  correspondence s an d identica l  element s tha t  hol d betwee n th e th e exampl e an d target .  Sinc e 
th e goa l  o f  analogica l  proble m solvin g i s t o ma p a n existin g solutio n structur e fro m a n analo g 
uni t  t o a  targe t  unit ,  on e constrain t  o n th e selectio n o f  a n analo g uni t  i s  tha t  i t  mus t  hav e a 
filled-i n structur e slot .  Ther e ar e thre e majo r  subprocesse s involve d i n solvin g a  targe t 
proble m b y analogy : 

• Function matching, the first step taken by X is to place the target goal unit into 
correspondenc e wit h th e functionalit y o f  potentia l  analog s an d t o selec t  th e bes t 
analog .  Tw o functio n proposition s ca n b e place d int o correspondenc e i f  th e predicate s 
i n bot h function s ar e identical .  Th e argument s o f  on e functio n propositio n ar e place d 
int o correspondenc e wit h a  anothe r  functio n propositio n b y virtu e o f  th e slot s the y 
fil l  withi n th e propositions .  Thes e correspondence s ar e use d t o ma p informatio n 
abou t  th e analo g ont o ne w informatio n i n th e target .  Functio n matchin g als o check s 
tha t  th e condition s o n th e analo g uni t  ar e no t  violate d i n th e targe t  problem .  I f  ther e 
i s a  violatio n the n ther e i s n o match . 

Structure mapping. This involves mapping an analog structure onto a new target 
structure .  However ,  ther e i s n o guarante e tha t  th e correspondenc e se t  wil l  b e 
elaborat e enoug h t o permi t  suc h a  mapping . 

• Function elaboration. This occurs when an element of an analog's structure has no 
correspondence .  Ther e ar e a  numbe r  o f  way s tha t  functio n elaboratio n ca n b e carrie d 
out  i n orde r  t o ma p a  particula r  structura l  elemen t  e ^  o f  a n analo g ont o a  ne w 

structura l  elemen t  e f  i n a  target .  First ,  th e functionalit y o f  e ^  ma y matc h th e 

functionalit y o f  som e existin g targe t  uni t  ê .  Th e correspondenc e se t  ca n b e 

elaborate d wit h thi s correspondenc e plu s th e correspondence s resultin g fro m th e 
functio n matc h o f  e^an d ef .  Second ,  a  ne w targe t  uni t  ca n b e create d an d assigne d a 

functionalit y mappe d fro m e ^  an d thi s ma y recursivel y invok e furthe r  functio n 

elaboration .  Third ,  additiona l  correspondence s ca n b e foun d b y elaboratin g th e matc h 
of  a n analo g uni t  t o a  targe t  unit .  Thi s i s achieve d b y recursivel y matchin g th e 
function s o f  element s alread y place d int o correspondence .  Thi s ma y lea d t o a n 
elaborate d se t  o f  correspondence s tha t  permit s e ^  t o b e mappe d ont o a  ne w ef . 

Learning from Analogy 

One major outcome of analogical problem solving is the induction of new production 
rule s b y a  se t  o f  knowledg e compilatio n mechanism s tha t  generaliz e ove r  informatio n presen t  i n 
th e declarativ e unit s representin g analo g an d targe t  problem s an d thei r  solutions .  Knowledg e 
compilatio n mechanism s creat e ne w production s tha t  summariz e th e proble m solvin g involve d 
i n analog y (fo r  th e detail s o f  knowledg e compilatio n se e Anderson ,  1983) .  Thes e ne w 
production s appl y i n situation s simila r  t o thos e tha t  invoke d analogica l  proble m solvin g i n th e 
firs t  place .  Th e compilatio n o f  solution s produce d b y analog y yiel d genera l  proble m solvin g 
operator s an d thu s th e interactio n o f  analog y an d knowledg e compilatio n offer s a n alternativ e 
procedur e fo r  th e generalizatio n o f  cognitiv e skill s  i n ACT *  (Anderson ,  1986) . 
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To see how skills are acquired from analogy, consider that analogical problem solving in 

X consist s o f  tw o things :  (a )  matchin g condition s an d functionalitie s o f  th e analo g an d target ,  an d 

(b )  creatin g targe t  conditions ,  functionalities ,  an d structure s base d o n th e analog .  Knowledg e 

compilatio n create s n e w production s wit h condition s tha t  specif y th e targe t  function s an d 

condition s tha t  wer e matche d i n th e analog y proces s an d tha t  hav e action s tha t  specif y th e 

structures ,  functions ,  an d condition s tha t  wer e create d i n th e targe t  b y analogy .  Th e condition s 

create d b y compilatio n retai n th e component s o f  th e targe t  tha t  matche d exactl y t o th e analo g an d 

variablize s ove r  targe t  Informatio n tha t  mismatched .  Thus ,  a  compilatio n o f  th e analogica l 

proble m solvin g involve d i n achievin g th e goa l  uni t  fact-definitio n base d o n th e examplepower -

definitio n produce s th e production : 

L1: IF the goal is to achieve 

^definitio n 

functionality :  defines(=functio n =argument s =result ) 

precondition :  implemented-in(=functio n LISP ) 

and 

= n a me 

functionality :  name-of(=function ) 

T H EN th e structur e o f  =definitio n i s 

steps(defu n = n a m e =argument s =body ) 

an d th e functionalit y o f  =bod y i s 

implements{= f  unction ) 

where the items preceded by the equal sign denote variables. Production L1 applies when the 

goal  i s  t o achiev e a  functio n definitio n i n LIS P whe n th e n a m e o f  th e functio n ha s bee n decide d on . 

The actio n specifie d b y L I  lay s ou t  a  templat e fo r  th e cod e t o defin e th e function .  Productio n L 1 

has th e sam e semantic s a s productio n P 1 presente d earlier . 

Example Simulations 

Previous protocol analyses and experiments on learning recursion (Pirolli, 1985; 

Piroll i  &  Anderson ,  1985 )  indicat e tha t  subject s wit h riche r  representation s o f  h o w recursiv e 

function s ar e writte n lear n mor e efficientl y an d effectivel y tha n subject s w h o eithe r  jus t 

understan d h o w recursiv e function s operat e o r  w h o hav e a  encode d a  rathe r  litera l 

representatio n o f  examples .  Wit h X  i t  i s  possibl e t o explor e i n greate r  detai l  wha t  knowledg e 

promote s efficien t  an d effectiv e learning .  T w o simulation s o f  X  ar e presente d here .  Thes e 

simulation s addres s verba l  protoco l  dat a analyse d an d modelle d previousl y (Piroll i  &  Anderson . 

1985 )  i n a  mor e genera l  manner .  Th e firs t  simulatio n illustrate s h o w a  rathe r  litera l 

representatio n o f  a n exampl e ca n lea d t o a  successfu l  solutio n b y analogica l  proble m solving , 

wit h ver y littl e gai n i n skil l  acquisition .  Th e secon d simulatio n illustrate s a  cas e o f  analogica l 

proble m solvin g tha t  lea d t o effectiv e proble m solvin g skill s  fo r  programmin g recursion . 

Literal Analogy 

The first simulation addressed the data gathered from subject JP, an eight year old 

learnin g recursio n i n L O G O.  He r  firs t  programmin g proble m w a s t o writ e a  functio n tha t  woul d 

recursivel y dra w a  se t  o f  square s o f  increasin g size .  JP' s fina l  solution ,  calle d T U N N L E [sic ] 

was 
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TOTUNNLE -̂  
SQUARE i < 
I F : X =  4 2 T H E N S T O P 
T U N N L E : X + 10 
END 

In coding TUNNLE, JP used an example program, CIRCLES, to guide her analogical 
proble m solving .  Afte r  writin g T U N N L E (whic h works) ,  J P wa s unabl e t o cod e eve n sligh t 
variant s o f  T U N N L E (e.g. ,  drawin g mor e squares) . 

The analysis of protocol data and interview data suggested that JP has a very literal 
representatio n o f  th e CIRCLE S progra m an d largel y copie d tha t  solutio n ont o th e TUNNLE [sic ] 
solution .  Figur e 1  present s th e representatio n o f  CIRCLE S tha t  i s encode d initiall y  i n X  fo r  th e 
simulatio n o f  JP .  I n Figur e 1 ,  litera l  cod e fro m th e exampl e i s i n uppercase .  Th e structur e o f 
th e CIRCLE S cod e i s no t  represente d a t  an y deepe r  leve l  (e.g. ,  a s a  tre e structur e representin g 
th e differen t  L O G O structures ,  terminatin g cases ,  recursiv e cases ,  etc.) .  Th e functionalit y o f 
onl y som e o f  th e progra m symbol s ar e elaborate d (e.g. ,  CIRCLE S i s th e nam e o f  th e function , 
"50 "  i s th e maximu m siz e o f  th e circles) . 

n a m e - o f 

circles-functio n 

circles-definitio n 

defin e 

circles-functio n 

inpu t 

ircles-figur e 

size-of 

circles-figur e 

C I R C L ES 

D r a w 

R C I R C LE 

T O circle s inpu t 

rcircl e 

I F inpu t  =  m a x - s i ^ e J H E N S T O P 

_^ s 

circle input + 10 

Figur e 1 :  JP' s representatio n o f  th e CIRCLE S example .  Arrow s labelle d s 
Indicat e structur e slots ;  f  Indicate s functio n slots .  Boxe s indicat e structure s 
tha t  fil l  structur e slots . 
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Analogica l  proble m solvin g world s i n thi s cas e becaus e th e targe t  proble m i s simila r 

enoug h t o th e exampl e representatio n t o permi t  successfu l  mappings .  Th e followin g matche s ar e 

made i n th e simulation : 

• Both definitions define a function talking an input and produce a composite figure 

•  Th e proces s implemente d b y bot h function s i s t o repeatedly  dra w a  figur e o f 

increasin g siz e 

•  R C I R C L E draw s a n elemen t  o f  th e composit e circle s figur e an d S Q U A RE draw s a n 

elemen t  o f  th e composit e square s figur e 

•  5 0 i s th e m a x i m u m siz e o f  th e circle s figur e an d 4 2 i s th e m a x i m u m siz e o f  th e 

squar e figur e 

•  Th e functionalit y o f  th e input s matc h 

Knowledge compilation of this analogical problem solving yields the following production 

L2: IF the goal is to define a function =name with input =x 

tha t  draw s a  =composite-figur e 

by repeatedl y drawin g a  figur e wit h a  functio n =figure-drawe r 

up t o m a x i m u m siz e =numbe r 

THEN writ e 

T O =nam e = x 

=figure-drawe r 

I F = x =  =numbe r  T H E N S T O P 

= n a me = x +  1 0 

Production L2 will basically code other fuctions that draw composite figures of increasing size 

lik e CIRCLES ,  bu t  i s no t  effectiv e fo r  codin g recursiv e function s i n general . 

Insightful Analogy 

The second simulation addressed data gathered from subject AD, a college student 

learnin g recursio n i n S I M P L E (Shrage r  &  Pirolli ,  1983) .  AD' s programmin g task s centere d o n 

writin g function s tha t  searche d an d gathere d selection s fro m a  databas e o f  librar y entries . 

Thes e librar y entrie s coul d b e identifie d b y a  numbe r  o r  title ,  an d S I M P L E predicate s wer e 

availabl e t o tes t  whethe r  entrie s belonge d i n on e o f  thre e categorie s (science ,  religion ,  o r 

fiction) .  Th e recursio n problem s assigne d t o A D involve d collectin g librar y entrie s o f  variou s 

categorie s int o list s wit h differen t  ordering s place d o n th e lis t  items .  AD' s instructio n o n 

recursio n w a s identica l  t o tha t  give n t o th e structur e grou p i n th e experimen t  discusse d 

earlier--tha t  is ,  i t  emphasize d ho w recursiv e function s ar e written .  Th e exampl e discusse d i n 

thi s instructio n w a s S O R T,  a  functio n tha t  sorte d a  lis t  o f  entrie s suc h tha t  scienc e book s wer e a t 

th e beginnin g o f  th e lis t  resul t  o f  S O R T. 

From AD's protocol gathered as she read instructions out loud and wrote her first 

recursiv e function ,  i t  wa s clea r  tha t  sh e ha d encode d a  ric h representatio n o f  th e S O R T example . 

Afte r  writin g he r  firs t  recursiv e function ,  A D code d a n additiona l  1 9 recursiv e function s 

withou t  error .  Par t  o f  th e encodin g o f  S O R T give n t o X  i n simulatin g A D i s presente d i n Figur e 

2,  whic h depict s th e representatio n o f  a  recursiv e cas e o f  S O R T .  Th e representatio n include s 

th e notio n tha t  th e recursiv e cas e i s a  conditiona l  structur e an d tha t  th e actio n i n thi s cas e 

involve s a  recursiv e relation .  Th e recursiv e relatio n i s achieve d b y determinin g th e resul t  o f  a 

recursiv e cal l  t o S O R T an d the n comparin g i t  t o th e resul t  o f  S O R T . 
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sort-case 2 

recursive-relatio n 

conditiona l 

I F test 2 T H E N action 2 

sort-resul t 

resuit-o f 

sort-recursive-relatio n reduce-differenc e 

sort-recursive-resul t  sort-difference-reductio n 

sort-proces s 

sort-next-ste p 

S O RT rest-lis t 

first-elemen t  P R E sort-recursive-resul t 

Figur e 2 :  AD' s representatio n o f  th e recursiv e cas e o f  th e S O R T example . 
Arrow s labelle d s  indicat e structur e slots ;  f  indicate s functio n slots .  Boxe s 
indicat e structure s tha t  fil l  structur e slots . 

Knowledge compilation of AD's analogical problem solving yield the following productions 

L3: IF the goal is to code the action of a conditional clause 
of  a  functio n tha t  place s al l  element s 
of  a  specifie d typ e int o a  resul t  i n a  specifie d orde r 

THEN se t  a  goa l  t o cod e th e recursiv e relatio n 
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L4:  I F th e goa l  i s t o cod e a  recursiv e relatio n 
THEN se t  subgoal s t o 

1.  refin e th e recursiv e cal l 
2.  achiev e th e resul t  o f  th e functio n usin g th e recursiv e cal l 

L5: IF the goal is to code a recursive call to a function 
and a  valu e tha t  i s on e ste p close r 
t o th e terminatin g cas e tha n th e curren t  functio n inpu t  I s knov̂ ^ n 

THEN writ e th e nam e o f  th e functio n followe d b y tha t  valu e 

L6: IF the goal is to achieve a value that is one step closer 
t o th e terminatin g cas e tha n th e curren t  functio n inpu t 
and th e functio n inpu t  i s a  numbe r 

THEN se t  a  goa l  t o writ e cod e tha t  wil l  subtrac t  1  fro m th e inpu t 

Production L3 specifies that the action of a conditional clause that is supposed to place all 
element s o f  a  certai n typ e i n a n outpu t  lis t  ca n b e solve d b y codin g th e recursiv e relation . 
Productio n L 4 lay s ou t  a  pla n fo r  inducin g a  recursiv e relatio n t o satisf y th e constraint s o f  th e 
program .  Productio n L 5 code s a  recursiv e call .  Productio n L 6 specifie s tha t  th e argumen t  t o a 
recursiv e cal l  i n a  functio n tha t  ha s a  numeri c inpu t  shoul d b e on e les s tha n th e input .  Th e ke y 
poin t  t o b e mad e i n thi s simulatio n o f  subjec t  A D i s tha t  havin g a n abstrac t  representatio n o f  th e 
underlyin g structur e an d functionalit y o f  a  recursio n exampl e tha t  encode d ho w recursiv e 
function s ar e writte n facilitate d th e learnin g o f  production s tha t  ar e simila r  t o thos e o f  th e idea l 
model  implemente d i n G R A P E S.  Th e generalit y o f  th e production s acquire d b y X  i n simulatin g 
subjec t  A D account s fo r  th e eas e wit h whic h A D code d he r  subsequen t  recursio n problems . 

Summary 

The X model of analogical problem solving and skill acquisition was developed as an 
extensio n o f  ACT *  (Anderson ,  1983 )  t o dea l  wit h th e pervasiv e phenomen a o f  analogica l 
proble m solving .  A  majo r  difficult y wit h ACT *  ha s bee n wit h it s abilit y  t o dea l  wit h th e 
structurin g o f  proble m solvin g performanc e whe n encounterin g a  nove l  domai n (e.g. ,  Anderson , 
1983 ,  ch .  6) .  Th e analogica l  proble m solvin g mechanism s i n X  (an d PUPS,  Anderso n & 
Thompson,  1986 )  compris e a  wea k proble m solvin g metho d tha t  appear s t o serv e thi s functio n 
i n a  numbe r  o f  domain s suc h a s programming ,  geometr y (Anderson ,  Greeno ,  Kline ,  &  Neeves , 
1981) ,  an d algebr a (Ree d e t  al. ,  1985 ;  Swelle r  &  Cooper ,  1985) .  Th e interactio n o f  analog y 
and knowledg e compilatio n yield s generalize d production s fro m a  singl e proble m solvin g episode . 
Thi s appear s t o mor e accuratel y fi t  th e phenomen a o f  earl y skil l  acquisitio n (e.g. ,  Kiera s & 
Bovair ,  1986 )  bette r  tha n th e ACT *  mechanis m o f  productio n generalizatio n whic h require s 
two simila r  productio n applications . 

The major gap in X is that it does not address the process of comprehending example 
solution s t o for m th e representatio n tha t  serve s a s th e basi s fo r  late r  analogica l  proble m 
solving .  Curren t  wor k i s focuse d o n fillin g thi s gap .  I t  i s  assume d tha t  understandin g a n 
exampl e i s drive n b y a  proces s o f  attemptin g t o explai n (b y instantiatin g declarativ e schemati c 
knowledg e abou t  plan s an d goals )  ho w a n exampl e solutio n achieve s variou s goal s (of .  DeJon g & 
Mooney,  1986) .  Th e goa l  o f  thi s effor t  i s  t o wor k toward s a  mode l  tha t  addresse s som e aspect s 
of  ho w variation s i n prio r  knoweledg e abou t  plan s an d goal s interac t  wit h variation s i n 
instructio n usin g examples . 

619 



Analog y an d Learnin g i n Programmin g 

R e f e r e n c e s 

Anderson, J.R. (1983). The architecture of cognition. Cambridge, MA: Harvard University 
Press . 

Anderson, J.R. (1986). Knowledge compilation: The general learning mechanism. In R.S. 
Mickalski ,  J.G .  Carbonell ,  an d T.M .  Mitchel l  (Eds. )  Machin e Learning ,  Volum e 2 .  (pp . 
289-310) .  Lo s Altos ,  CA :  Morga n Kaufmann . 

Anderson, J.R., Greeno, J.G., Kline, P.J., and Neves, D.M. (1981). Acquisition of problem-
solvin g skill .  I n J.R .  Anderso n (Ed.) ,  Cognitiv e sl<ill s  an d thei r  acquisitio n (pp .  191 -
230) .  Hillsdale .  NJ :  Lawrenc e Eribaum . 

Anderson, J.R. and Pirolli, P.L. (1984). Spread of activation. Journal of Experimental 
Psychology :  Learning ,  Memory ,  an d Cognition ,  10 ,  791-798 . 

Anderson, J.R. and Thompson, R. (1986). Use of analogy in a production system architecture. 
Unpublishe d manuscript ,  Carnegie-Mello n University ,  Departmen t  o f  Psychology , 
Pittsburgh ,  PA . 

Brown, J.S. and VanLehn, K. (1980). Repair theory: A generative theory of bugs in procedural 
skills .  Cognitiv e Science ,  4 ,  379-426 . 

Carbonell, J.G. (1986). Derivational analogy: A theory of reconstructive problem solving and 
expertis e acquisition .  I n R.S .  Mickalski ,  J.G .  Carbonell ,  an d T.M .  Mitchel l  (Eds. ) 
Machin e Learning ,  Volum e 2 .  (pp .  371-392) .  Lo s Altos ,  CA :  Morga n Kaufmann . 

DeJong, G. and Mooney, R. (1986). Explanation-based learning: An alternative view. Machine 
Learning ,  1 ,  145-176 . 

Gick, M. L. and Holyoak, K. J. (1980). Analogical problem solving. Cognitive Psychology, 12, 
306-355 . 

Gick, M. L. and Holyoak, K. J. (1983). Schema induction and analogical transfer. Cognitive 
Psychology ,  15 ,  1-38 . 

Kedar-Cabelli, S. (1985). Purpose-directed analogy. In Proceedings of the Cognitive Science 
Society .  Irvine ,  CA :  CSS . 

Kieras, D.E. and Bovair, S. (1986). The acquisition of procedures from text: A production-
syste m analysi s o f  transfe r  o f  training .  Journa l  o f  Memor y an d Language ,  25 ,  507 -
524 . 

Mitchell, T.M., Kellar, R.M., and Kedar-Cabelli, S.T. (1986). Explanation-based 
generalization :  A  unifyin g view .  Machin e Learning ,  1 ,  47-80 . 

Pirolli, P.L. (1985). Problem solving by analogy and skill acquisition in the domain of 
programming .  Unpublishe d doctora l  dissertation ,  Carnegie-Mello n University . 

Pirolli, P. (in press). A cognitive model and computer tutor for programming recursion. 
Human-Compute r  Interaction . 

620 



Analog y an d Learnin g i n Programmin g 

Reed, S.K.. Dempster, A., and Ettinger. M. (1985). Usefulness of analogous solutions for 
solvin g algebr a wor d problems .  Journa l  o f  Experimenta l  Psychology :  Learning , 
Memory,  an d Cognition ,  11 ,  106-125 . 

Reed, S.K., Ernst, G.W., and Banerji, R. (1974). The role of analogy in transfer between 
simila r  proble m states .  Cognitiv e Psychology ,  6 ,  436-450 . 

Pirolli, P.L, and Anderson, J.R. (1985). The role of learning from examples in the acquisition 
of  recursiv e programmin g skills .  Canadia n Journa l  o f  Psychology ,  39 ,  240-272 . 

Shrager, J. & Pirolli, P. L. (1983). SIMPLE: A simple language for research in programmer 
psycholog y [Compute r  program] .  Pittsburgh :  Carnegie-Mello n University ,  Departmen t 
of  Psychology , 

Sweller, J, and Cooper, G.A. (1985). The use of worked examples as a substitute for problem 
solvin g i n learnin g algebra .  Cognitio n an d Instruction ,  2 ,  59-89 . 

621 


	cogsci_1987_609-621



