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INTRODUCTION 

Neural networks have received much attention re-

centl y a s plausibl e model s fo r  studyin g th e com -

putationa l  propertie s o f  massivel y paralle l  systems . 

Learnin g algorithm s hav e bee n develope d (Rumel -

har t  e t  al. ,  1986 ;  Ackle y e t  al. ,  1985 )  tha t  enabl e 

thes e network s t o lear n interna l  representations ,  al -

lowin g the m t o represen t  comple x non-linea r  map -

pings .  T w o distinc t  type s o f  network s hav e bee n 

studie d quit e extensively .  T h e first  o f  thes e use s 
analo g (continuous-valued )  unit s wit h a  sigmoida l 

I/ O functio n (Hopfiel d an d Tank ,  1985) ,  an d a n er -

ro r  propagatio n algorith m fo r  updatin g th e weight s 

t o minimiz e a n erro r  functio n (Plan t  e t  al. ,  1986 ; 

Plau t  an d Hinton ,  1987) .  Mos t  o f  thes e studie s 

hav e focuse d o n strictl y feedforwar d networks .  Th e 

secon d typ e o f  networ k employ s stochasti c binar y 

unit s an d symmetri c connections .  Fro m a n initia l 

stat e thes e network s approac h a  lo w temperatur e fix-

poin t  (stabl e state) ,  whic h represent s a  loca l  mini -

m u m o f  a  globa l  energ y function .  Th e weight s i n 

suc h network s m a y b e update d b y examinin g th e 

diflferenc e i n statistic s betwee n th e state s wit h in -

put s clampe d an d u n d a m p e d a t  therma l  equilibriu m 

(Ackle y e t  al. ,  1985) . 

Recent work has shown some interesting relation-

ship s betwee n thes e tw o distinc t  models .  Peterso n 

an d Anderso n (1987b )  hav e develope d a  continuou s 
approximatio n t o th e Boltzman n machin e algorithm , 

i n whic h th e stochasti c binar y unit s o f  th e Boltz -

m a nn machin e ar e replace d wit h analo g unit s whos e 

state s ar e m e a n field  approximation s t o th e averag e 

state s o f  correspondin g stochasti c binar y unit s a t 

equilibrium .  The y hav e show n significan t  speedu p 

i n convergenc e an d improve d generalizatio n fo r  in -

terestin g problem s (Peterso n an d Anderson ,  1987a)." ' 

Hopfiel d (1987 )  ha s show n tha t  fo r  a  certai n clas s o f 

statistica l  estimatio n problems ,  th e statistica l  net -
wor k an d th e analo g networ k hav e ver y closel y re -

late d propertie s an d learnin g algorithms .  Provide d 

tha t  fou r  condition s ar e met ,  th e erro r  propagatio n 

updat e rul e fo r  th e weight s i n a n analo g feedforwar d 

networ k i s a  mea n field  approximatio n t o th e ui> -

dat e rul e fo r  a  statistica l  networ k usin g th e Boltz -

m a nn machin e algorithm .  Thes e fou r  condition s are : 

th e analo g networ k mus t  us e a  symmetri c diver -

genc e (Pearlmutte r  an d Hinton ,  1986 )  rathe r  tha n 

th e mor e c o m m o n mea n squar e erro r  function ;  th e 

statistica l  averagin g i n th e tw o stat e networ k i s per -

forme d ove r  th e hidde n an d outpu t  units ,  bu t  no t 

th e inpu t  units ;  th e tw o network s hav e a  smal l  num -

ber  o f  outputs ;  an d th e network s hav e onl y a  singl e 

laye r  o f  non-interactin g hidde n units^ . 

This work explores another parallel between statis-

tica l  an d analo g networks .  Recurren t  analo g net -

work s ofte n sho w bette r  convergenc e i f  a  globa l  gai n 

ter m i s introduce d whic h m a y b e varie d ove r  a  singl e 

settlin g (Hopfield ,  1984) .  Th e resul t  i s a  procedur e 

simila r  t o simulate d annealin g (Kirkpatric k e t  al. , 

1983) .  A n erro r  propagatio n schem e i s  presente d 

whic h allow s a n analo g networ k t o "learn "  it s ow n 

gai n variatio n schedule ,  an d experimenta l  result s fo r 

a constrain t  satisfactio n tas k sho w a n orde r  o f  mag -

nitud e speedu p i n learnin g whe n thi s approac h i s 

used . 

E R R OR P R O P A G A T I ON I N 
R E C U R R E NT A N A L OG N E T W O R KS 

Th e recurren t  analo g network s tha t  ar e considere d 

her e us e a  synchronou s updatin g procedure ,  an d 

plac e n o restriction s o n th e natur e o f  th e connec -

tivit y matrix .  Th e activatio n leve l  o f  a  uni t  a t  tim e 

/  i s a  non-linea r  functio n o f  th e inpu t  t o th e uni t  a t 

tim e t : 

yj, t  =  9ixj.t )  (1 ) 

One possibilit y  fo r  g ,  use d i n ou r  simulations ,  i s th e 

logisti c function ,  g{x )  =  1/( 1 +  6'") .  Th e inpu t  i s a 

weighte d s u m o f  th e state s o f  unit s i n th e previou s 

tim e step : 

Xj. t  =  (^t'^Wjiyij- i  (2 ) 
i 

Th e ter m G t  i s a  globa l  gai n ter m whic h premulti -

plie s th e inpu t  fo r  ever y unit .  Ther e ar e als o tw o 

distinguishe d subset s o f  units :  I  th e se t  o f  inpu t 

unit s an d O  th e se t  o f  outpu t  units .  Th e state s o f 

unit s i n I  ar e determine d b y th e environment . 

*Th e autho r  i s cturentl y visitin g th e Universit y o f  Toronto , 
whil e completin g a  Ph.D .  a t  C«imegie-MeUo n Universit y 

'Thi s mean s tha t  t o firs t  orde r  th e hidde n unit s hav e n o 
effec t  o n eac h other . 
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Multiplicativ a 
gai n term s fo r 
aact i  iteratio n 

w. 

C X Z 3 0 0 0 

A simpl e iterativ e ne t  tha t 
i s ru n (o r  ttire e iteration s An equivalen t  layere d ne t 

Figur e 1 :  A  recurren t  networ k an d th e equivalen t  layere d network .  Correspondin g weight s 
i n layer s mus t  b e identica l  (i.e .  w i  ha s th e sam e valu e i n al l  layers) ,  bu t  th e gai n term s 
{Gi )  var y betwee n layers .  Eac h laye r  correspond s t o th e stat e o £ th e recurren t  networ k a t  a 
differen t  poin t  i n time . 

T h e stat e vecto r  fo r  th e recurren t  networ k a t  tim e t 
ca n b e treate d a s th e vecto r  o f  state s o f  th e t" "  laye r 
i n a n equivalen t  layere d networ k (figur e 1) .  T h e tra -
jector y o f  th e stat e vecto r  fo r  th e recurren t  networ k 

i s the n represente d b y th e stat e vector s o f  successiv e 
layer s i n th e equivalen t  network .  Sinc e th e weight s 

i n th e recurren t  networ k ar e stationar y (fixe d durin g 

th e settlin g o f  th e network) ,  th e se t  o f  weight s be -

twee n successiv e layer s i n th e layere d representatio n 
must  b e identical . 

The dynamics for these networks can be expressed by 
finding  th e continuou s differentia d equation s equiva -
len t  t o th e discret e differenc e equation s (1 )  an d (2) . 

Thi s produce s th e followin g se t  o f  couple d differen -
tia l  equations : 

wher e 

(3 ) 

(4 ) 

I j  i s  define d t o b e zer o fo r  al l  unit s no t  i n I .  Equa -
tio n (3 )  i s  a  simpl e transformatio n o f  a n equatio n 
tha t  ha s bee n studie d b y bot h Amar i  (1972 )  an d 

Hopfiel d (1984) .  A m a r i  showe d tha t  i n randoml y 

connecte d network s wit h th e dynamic s o f  (3 )  th e at -

tractor s wer e eithe r  stabl e o r  bistable . 

W h en th e attractor s ar e fixpoints ,  on e ca n us e suc h 
network s t o perfor m constrain t  satisfactio n searches . 

T h e activitie s o f  unit s encod e th e value s o f  th e pa -
rameter s o f  a  problem ,  an d th e weight s o n th e con -

nection s encod e th e constraint s betwee n th e param -
eters .  Thi s approac h ha s bee n use d fo r  classi c op -

timizatio n problem s (Hopfiel d an d Tank ,  1985 )  an d 

fo r  parsin g (Selma n an d Hirst ,  1987) .  Codin g th e 

constraint s int o th e weight s b y han d become s a 
formidabl e tas k fo r  larg e problems .  Thi s raise s th e 
possibilit y  o f  devisin g learnin g algorithm s whic h wil l 

manipulat e th e weight s o f  a  recurren t  networ k t o 

model  th e constraint s o f  a  specifi c  proble m throug h 
some trainin g procedure . 

There are several ways in which to pose the problem 
of  modifyin g th e weights .  O n e approac h woul d b e 

t o conside r  th e fixpoin t  o f  th e networ k fo r  a  specifi c 
input ,  an d comput e som e erro r  measur e base d o n 
th e distanc e o f  thi s fixpoin t  fro m a  desire d fixpoint . 

O ne coul d the n us e gradien t  descen t  t o modif y th e 
weight s t o minimiz e thi s erro r  measur e (Pineda , 
1987) .  A n alternativ e i s t o conside r  no t  jus t  th e fix -
point ,  bu t  th e entir e trajector y o f  th e network .  Thi s 

approac h wa s first  suggeste d b y Rumelhar t  an d Hin -

to n (1986 )  am d i s th e approac h take n here . 

Consider a trajectory of length k for a recurrent net-
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work .  Ther e i s a n equivalen t  layere d representatio n 

of  thi s trajector y whic h ha s i b distinc t  layer s (figur e 

1) .  T h e standair d back-propagatio n algorith m m a y 
be applie d t o thi s layere d representation ,  i f  w e defin e 

ju i  erro r  measur e E  fo r  th e final  state s o f  unit s i n O . 

Usin g thi s approac h w e ca n deriv e partial s fo r  th e 

weights : 
d E ^  d E „  .. . 

Note that the back-propagation proceeds through 

th e sequenc e o f  state s i n th e trajectory ,  an d i n par -

ticula r  tha t  th e partia l  o f  E  wit h respec t  t o Wj i 

wil l  vai y alon g tha t  trajectory .  Sinc e th e weight s 

ar e stationary ,  som e for m o f  tim e averagin g i s re -

quired .  Equatio n (5 )  use s a  unifor m tim e averag -

ing ,  althoug h version s whic h favou r  th e term s nea r 

th e en d o f  th e trajector y coul d als o b e used. ^  Thu s 

th e weight s ar e bein g update d base d o n th e aver -
age derivativ e ove r  th e trajectory .  T h e disadvantag e 

of  usin g thi s approac h t o modifyin g th e weight s i n 

th e networ k i s  tha t  i t  become s necessar y t o stor e 

th e entir e trajector y fo r  th e bac k propagatio n phase . 

However ,  th e advantag e i s tha t  th e networ k ca n b e 

traine d no t  jus t  t o hav e certai n limi t  behaviour ,  bu t 
als o t o hav e certai n behaviou r  alon g th e trajector y 

followe d t o th e limit .  O n e obviou s exampl e i s t o 

forc e th e networ k t o lear n fixpoints  a s attractors , 

by penalizin g bistabl e behaviou r  durin g th e las t  fe w 

state s o f  th e trajectory .  T o allo w contro l  ove r  th e 
trajectory ,  th e bac k propagatio n procedur e i s modi -

fied  slightl y t o allo w directl y observed  erro r  term s i n 

tim e step s othe r  tha n th e las t  t o b e adde d t o th e bac k 

propagate d term s fo r  unit s i n O .  (Thi s i s equivalen t 

t o specifyin g desire d state s fo r  intermediat e layer s i n 

a layere d network. ) 

The term Gt in equation (5) determines the steep-
nes s o f  th e non-linearit y i n th e recurren t  network , 

an d ha s bee n referre d t o a s th e syste m gai n (Hop -

field  an d Tank ,  1985) .  Thi s ter m m a y b e allowe d t o 

var y durin g th e settlin g o f  th e network .  Fo r  exam -

ple ,  a n increasin g gai n i n a  networ k wit h mutuall y 

inhibitor y connection s ca n implemen t  a  winner-take -

al l  networ k tha t  converge s quickly .  Hopfiel d an d 

Tan k (Hopfiel d an d Tank ,  1985 )  foun d tha t  increas -

in g th e gai n slowl y a s thei r  analo g networ k settle d 

increase d th e qualit y o f  th e solutio n foun d b y th e 

network .  The y suggeste d tha t  increasin g th e gai n i n 

thi s fashio n wa s analogou s t o followin g th e effectiv e 

field  solutio n fro m a  hig h temperature ,  resultin g i n 

•'Th e G t  term s actuall y d o weigh t  th e derivatives ,  s o th e 
tim e averagin g i s no t  tnil y  uniform . 

a final  stat e nea r  th e thermodynami c groun d stat e 

of  th e system . 

Rather than determining a gain schedule in advance, 

an erro r  propagatio n schem e ca n b e use d t o decid e 

ho w G t  shoul d var y ove r  th e trajector y o f  th e net -

work .  G t  i s  optimize d b y performin g gradien t  de -

scen t  i n th e erro r  measure : 

d E 

dGt = E E 
d E 

•Wjiyi,t- i (6 ) 

Once agai n averagin g i s necessary ,  i n thi s cas e ove r 

al l  unit s i n th e network ,  sinc e G t  i s a  globa l  premul -

tiplier . 

Equations (5) and (6) can be combined to produce 
an algorith m tha t  wil l  allo w network s t o exhibi t  de -
sire d trajectorie s fro m initia l  states .  Thes e trajecto -

rie s correspon d t o a  constrain t  satisfactio n searc h vi a 

relaxation .  A n algorith m o f  thi s for m i s describe d b y 

Nowla n (Plan t  e t  al. ,  1986) . 

PERFORMANCE ON A CONSTRAINT 
SATISFACTION P R O B L EM 

The author investigated the performance of the gain 

variatio n erro r  propagatio n algorith m throug h simu -

lation s o n som e smal l  problem s (Plan t  e t  al. ,  1986) . 

For  simpl e codin g an d sequencin g task s a  networ k 

tha t  learn s a  variabl e gai n schedul e learn s t o solv e 

a proble m severa l  time s faste r  tha n a  simila r  net -

wor k wit h fixed  gain .  I n addition ,  th e learne d gai n 

variatio n schedule s outperforme d severa l  han d de -

signe d schedule s o n th e sam e tasks .  Thes e task s ar e 

al l  expresse d i n term s o f  I/ O mappings ,  a  prespeci -

fied  outpu t  wa s require d fo r  eac h input .  Thi s make s 
th e dynamic s t o b e learne d quit e a  bi t  easier .  I t  i s 

possibl e fo r  th e networ k t o lear n a  trajector y fro m 
eac h inpu t  t o th e desire d outpu t  withou t  construct -

in g a  tru e attracto r  ( a stabl e stat e wit h lo w erro r  an d 

a regio n o f  attractio n aroun d it )  fo r  tha t  output.' * 
A tas k i n whic h i t  i s  necessar y t o construc t  robus t 

attractor s whic h represen t  th e proble m constraint s 

provide s a  muc h riche r  domai n i n whic h t o stud y 

th e performanc e o f  gai n variation . 

The problem selected is the n queens problem. This 

i s a  classica l  constrain t  satisfactio n proble m tha t  wa s 

studie d extensivel y b y earl y A l  researcher s (Nilsson , 

*  Additiona l  simulation s showe d tha t  thi s wa s i n fac t  th e 
cas e fo r  severa l  o f  th e experiment s discussed . 
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1980;  Feigenbau m an d Barr ,  1981) .  Th e genera l 
proble m i s t o plac e n  queen s o n a n n  b y n  gri d o f 

squares ,  suc h tha t  ther e i s n o vertical ,  horizontal , 

or  diagonzi l  lin e throug h th e gri d tha t  contain s mor e 

tha n 1  queen .  Thi s proble m i s  easil y mappe d int o 

a network :  Eac h cel l  o f  th e gri d i s represente d b y a 

uni t  i n th e network ,  an d eac h uni t  i s  full y  connecte d 

t o ever y othe r  uni t  includin g itself. ^  I n addition , 

eac h uni t  ha s a n externa l  inpu t  lin e t o carr y envi -

ronmenta l  input .  I n thi s specia l  cas e ever y uni t  i s 

bot h a n inpu t  an d a n outpu t  uni t  { I  =  O ) .  O n e 

nic e featur e o f  thi s proble m i s tha t  i t  ca n b e easil y 

scaled . 

Given a random initial state vector, the network is 

require d t o settl e int o a  final  stat e whic h represent s 

a vali d solutio n t o th e n  queen s problem .  A  vali d so -
lutio n i s on e i n whic h n  unit s m c abov e th e o n leve l 
(0.9) ,  an d al l  th e res t  ar e belo w th e of f  leve l  (0.1) . 

I n addition ,  n o tw o o n unit s ca n li e o n th e sam e 

vertical ,  horizontal ,  o r  diagona l  line .  T o solv e thi s 

problem ,  th e networ k mus t  construc t  stabl e attrac -
tor s fo r  th e vali d solution s t o th e proble m an d th e 

set  o f  attractio n basin s mus t  spa n th e entir e inpu t 

space . 

Since this task differs from the typical I/O mapping 
task s give n t o erro r  propagatio n algorithms ,  som e 
car e mus t  b e take n i n decidin g o n a n erro r  measure . 
Give n a  rando m initia l  inpu t  state ,  ther e ar e i n gen -
era l  m a n y final  state s whic h ar e equall y acceptabl e a s 

solutions .  O n e possibilit y  i s t o measur e th e distanc e 

of  th e actua l  outpu t  fro m eac h o f  thes e final  solu -
tions ,  an d tak e th e m i n i m u m distanc e a s th e erro r 
t o b e propagated .  Thi s result s i n a  for m o f  neares t 
neighbou r  erro r  measure . 

An even more sophisticated training method, a form 

of  shaping ,  m a y b e use d t o produc e goo d result s an d 
reduc e th e trainin g time .  Th e networ k i s  first  pre -

sente d wit h nois y version s o f  solutio n vector s a s in -
put .  A  solutio n i s chose n a t  random ,  an d the n nois e 
uniforml y distribute d betwee n 0  an d t )  (initiall y 0.2 ) 
i s adde d t o unit s tha t  ar e of f  an d subtracte d fro m 

unit s tha t  ar e on .  Thi s nois y vecto r  i s  clampe d t o 
th e externa l  inputs ,  an d th e networ k allowe d t o set -

tl e fo r  7  cycles .  Durin g th e las t  thre e cycles ,  th e 
mean squar e distanc e betwee n th e outpu t  vecto r  an d 
th e solutio n vecto r  use d t o generat e th e inpu t  i s  cal -

culate d a s th e erro r  measure .  T h e erro r  i s  take n ove r 
th e las t  thre e cycle s t o forc e th e networ k t o lear n at -

*Th e networ k mus t  leeu n whic h o f  thes e connection s ar e 
reall y neede d t o solv e th e task . 

tractor s whic h ar e fbq)oints .  T h e networ k i s traine d 

i n thi s fashio n unti l  it s  averag e erro r  (normalize d b y 

th e vecto r  lengths )  i s les s tha n 2 0 percen t  ove r  th e 

las t  5 0 trials .  A t  thi s point ,  th e sam e trainin g regim e 
i s continued ,  excep t  tha t  th e inpu t  i s presente d dur -

in g th e first  cycl e only ,  rathe r  tha n bein g clamped . 

Durin g thi s secon d phas e r f  i s  graduall y increase d 

t o 0.4 .  Onc e th e averag e erro r  ove r  5 0 trial s i s  les s 

tha n 1 0 percent ,  a  final  trainin g phas e i s performe d 

i n whic h initia l  state s ar e randoml y generated ,  an d 

th e neares t  neighbou r  erro r  measur e i s use d ove r  th e 

las t  thre e trials .  T h e first  phas e o f  trainin g estab -

lish s th e attractors ,  th e secon d phas e stabilize s th e 

attractor s independan t  o f  externa l  input ,  an d th e 
thir d phas e ensure s robustnes s o f  th e attractors . 

The simulation results are summarized in Table 1. 
O ne obviou s anomal y i n th e tabl e i s th e differenc e 

betwee n th e 5  queen s an d 6  queen s problems .  T h e 
gai n variatio n techniqu e sho\v. s a  clea r  advantag e fo r 

th e 5  queen s proble m (a n orde r  o f  magnitud e im -

provement) ,  bu t  th e performanc e wit h an d withou t 
gai n variatio n i s  nearl y identica l  fo r  th e 6  queen s 

problem .  Th e answe r  lie s i n th e secon d colum n o f 

th e table .  Ther e ar e onl y 4  solution s fo r  th e 6  queen s 

problem ,  an d tw o o f  thes e solution s ar e simpl e mirro r 
image s o f  th e othe r  two .  I t  i s  quit e eas y fo r  th e net -
wor k t o se t  th e uni t  biase s t o favou r  th e smal l  se t  o f 
unit s whic h appea r  i n thes e 4  solutions .  Thi s "trick " 
makes establishin g stabl e attractor s quit e easy .  O n 
th e othe r  han d fo r  th e 5  queen s problem ,  an d th e 
large r  problems ,  ther e ar e sufficientl y m a n y solu -
tion s s o tha t  almos t  ever y uni t  i s  activ e i n a t  leas t 
one solution ,  s o th e biase s alon e canno t  b e use d t o 
giv e th e networ k a  hea d start .  Unde r  thes e circum -
stances ,  th e dynamica l  behaviou r  o f  th e networ k be -

comes muc h mor e important ,  an d s o a  muc h stronge r 

advantag e i s show n b y th e gai n variatio n algorithm . 

The set of weights learned by the network for one ex-
ampl e o f  th e 5  queen s proble m (figur e 2 )  show s tha t 
i n it s solutio n th e networ k ha s extracte d th e essen -

tia l  constraint s o f  th e task .  Eac h uni t  ha s learne d 
t o develo p a  positiv e weigh t  t o itself ,  an d negativ e 

weight s alon g al l  horizontal ,  vertica l  an d diagona l 
line s whic h th e uni t  lie s on .  Thi s mean s tha t  al l  o f 

th e unit s hav e a  natura l  tendenc y t o tur n on ,  an d 

alon g eac h lin e (i n an y orientation )  a  winner-take -

al l  networ k ha s formed ,  s o tha t  th e stabl e state s ar e 

thos e i n whic h onl y on e uni t  o n a  particula r  lin e i s 

on .  Thi s i s a  ver y natura l  representatio n o f  th e orig -
ina l  proble m constraints ,  whic h stipulate d tha t  n o 
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a 
4 
5 
6 
7 
8 

Solution s 

2 
10 
4 

40 
92 

N oG 
Phase 1 

115 
6371 
371 

20600 
50000 

ai n Variatio n 

Phas e 2 

420 
1104 8 

104 8 

5748 0 
— 

Tota l 

677 
1982 0 

142 0 

8320 0 

5000 0 

e 
0. 1 
0.0 1 

0. 1 
0.0 1 

0.0 1 

Gai n Variatio n 

Phas e 1 

70 
371 
397 

128 0 

196 0 

Phas e 2 

232 
104 8 

698 
416 0 

1260 0 

Tota l 

350 
154 0 

124 2 

608 0 

1620 0 

7-« 
1. 0 X  10- * 

1. 0 X  10- " 

1. 0 X  10- 3 

1. 0 X  lO-- * 

1. 0 X  10- " 

Tabl e 1 :  Simulatio n result s fo r  variou s size s o f  th e n  queen s problem .  (  i s  th e si2 e o f  th e 
weigh t  step ,  y- t  i s  th e siz e o f  th e gai n update .  Th e number s unde r  th e column s Phas e 1 , 
Phas e 2 ,  an d Tota l  ar e th e numbe r  o f  weigh t  update s performe d i n eac h trainin g phas e (se e 
text )  an d i n total .  On e updat e wa s performe d afte r  ever y 2 0 trainin g examples .  Th e result s 
for  th e 4  queen s proble m ar e average d ove r  5 0 runs ,  fo r  th e 5  an d 6  queen s problem s th e 
average s ar e ove r  2 0 runs .  Onl y 2  run s ar e reporte d fo r  th e 7  queens ,  an d 1  ru n fo r  th e 8 
queens .  Th e algorith m wit h n o gai n variatio n wa s no t  abl e t o mee t  th e 2 0 percen t  erro r 
criteri a fo r  phas e 1  fo r  th e 8  queen s proble m an d wa s terminate d afte r  5000 0 updates . 

Figur e 2 :  Weight s learne d fo r  th e 5  queen s problem .  Th e weigh t  displa y i s recursive ,  eac h 
larg e gre y squar e represent s on e unit .  Withi n eac h larg e gre y squar e i s a  5  b y 5  gri d o f 
square s whic h represen t  th e weigh t  o f  th e connectio n fro m tha t  uni t  t o ever y othe r  uni t 
i n th e network .  Blac k square s represen t  negativ e weights ,  whit e square s represen t  positiv e 
weights ,  an d th e siz e o f  th e squair e represent s th e magnitud e o f  th e weight .  Weigh t  deca y 
was applie d t o driv e al l  non-essentia l  weight s t o zero ,  t o simplif y th e weigh t  display . 
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Figoi e 3 :  Displa y o f  th e dynamic s o f  th e 5  queen s proble m fo r  5  differen t  initia l  states .  Eac h 
colum n represent s th e settlin g o f  th e networ k fo r  on e case .  Th e larg e blac k square s contai n 
th e activit y level s o f  al l  2 5 unit s i n th e network ,  arrange d i n a  5  b y 3  grid .  Th e siz e o f  th e 
whit e squar e i n eac h gri d positio n i s proportiona l  t o th e activit y o f  th e correspondin g unit . 
I n al l  case s th e stat e reache d a t  th e en d o f  6  cycle s i s a  stabl e iixpoint . 

tw o queen s coul d li e o n th e sam e horizontal ,  vertica l 

or  diagona l  line . 

The dynamic behaviour of a 5 queens network can 
be see n i n figure  3 .  I n th e thir d o f  th e 5  example s w e 
ca n se e th e networ k placin g a  quee n i n th e thir d ro w 
when th e initia l  configuratio n contain s n o dominan t 

uni t  i n thi s row .  I n th e fifth  exampl e w e ca n se e 

competitio n betwee n tw o initiall y  dominan t  unit s i n 
bot h th e first  an d secon d rows ,  am d als o th e creatio n 
of  a  dominaji t  uni t  i n th e thir d row .  Th e perfor -

mance o f  th e networ k i s quit e robust ,  eve n o n highl y 

ambiguou s inputs . 

Our experiments with the simple I/O mapping net-

work s showe d a  tendenc y fo r  th e learne d gai n sched -
ule s t o b e "annealing "  schedules ,  startin g a t  a  lo w 
gadn an d increasin g i t  a s th e networ k settle d (Plau t 

et  al. ,  1986) .  Thi s sam e effec t  i s  observe d i n th e 
simulation s fo r  th e n  queen s problem . 

DISCUSSION 

Varyin g th e gai n fo r  a  recurren t  networ k a s i t  settle s 
has bee n suggeste d elsewher e (Hopfiel d an d Tank , 

1985 ;  Pineda ,  1987) ,  a s ha s a n amalog y betwee n gai n 

i n recurren t  analo g networks ,  an d temperatur e i n 

statistica l  network s (Amari ,  1972 ;  Hopfield ,  1984 ; 
Pineda ,  1987) .  T h e uniqu e aspec t  o f  thi s wor k i s 

th e us e o f  a n erro r  propagatio n schem e t o simuUa -
neoiisl y optimiz e th e weight s an d gai n schedul e fo r  a 
recurren t  network .  T h e empirica d result s presente d 

her e sho w tha t  fo r  constrain t  satisfactio n problem s 
i n whic h a  comple x attracto r  structur e mus t  b e de -
veloped ,  th e paralle l  optimizatio n o f  th e weight s 

and gai n schedul e ca n produc e a n orde r  o f  magni -
tud e speed-u p i n th e convergenc e o f  th e optimiza -

tion .  W h a t  i s no t  clea r  i s whethe r  thi s speed-u p i s 
obtaine d b y followin g a  shorte r  pat h t o th e sam e 

weigh t  regio n tha t  woul d b e reache d b y optimizin g 

th e weight s alone ,  o r  whethe r  a  qualitativel y differ -

ent  regio n o f  weigh t  spac e i s reache d b y th e combine d 
optimization . 

Some simple simulations tend to support the lat-
te r  hypothesis .  I f  a n n  queen s networ k tha t  ha s 
bee n traine d wit h gad n variatio n ha s it s gai n sched -

ul e modifie d s o tha t  th e gai n i s a  constan t  vadu e 

(fo r  exampl e th e m e a n o f  th e gai n schedule) ,  quali -
tativel y differen t  behaviou r  i s observe d fro m th e net -

work .  Additiona l  stabl e state s ar e observed ,  whic h 
do no t  correspon d t o solution s t o th e n  queen s prob -

lem ,  an d whic h ar e no t  stabl e whe n th e networ k i s 
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allowe d t o settl e usin g th e origina l  gai n schedule . 

Thi s behaviou r  i s expected .  Annezdin g th e analo g 

networ k wit h th e gad n schedul e wil l  forc e th e net -

wor k int o stâ te s neare r  th e globa l  erro r  m i n i m u m , 

an d awa y fro m loca l  m in im a wit h relativel y hig h er -

ror .  I t  woul d appea r  tha t  th e us e o f  gai n variatio n 

allow s th e networ k t o find a  se t  o f  weight s tha t  ha s a n 

attracto r  structur e wit h m a n y hig h erro r  spuriou s at -

tractors ,  i n additio n t o th e lo w erro r  attractor s tha t 

correspon d t o solution s t o th e task .  I t  i s  apparentl y 

m u ch easie r  t o find a  se t  o f  weight s wit h a n attracto r 

structur e o f  thi s form ,  rathe r  tha n on e wit h attrac -

tor s whic h correspon d onl y t o tas k solutio n points . 

Thi s lead s t o th e hypothesi s tha t  th e speed-u p i n 

convergenc e i s obtJiine d b y allowin g a  m u c h large r 

regio n o f  weigh t  spac e t o satisf y th e problem ,  an d 

tha t  th e combine d optimizatio n lead s t o a  qualita -

tivel y differen t  regio n o f  weigh t  spac e tha n b y opti -

mizatio n o f  th e weight s alone . 

There is an additioned factor which may account 

fo r  som e o f  th e speed-u p i n learnin g observe d wit h 

th e paralle l  optimizatio n o f  th e weight s an d gai n 

schedule. ^  T h e erro r  surfac e fo r  msui y problem s tha t 

bac k propagatio n i s applie d t o i s characterize d b y 

ravine s wit h stee p side s i n mos t  directions ,  bu t  a 

shallo w descen t  i n on e direction .  Onc e th e weigh t 
vecto r  i s aligne d wit h th e floor  o f  th e ravine ,  on e 

ca n m o v e quit e rapidl y adon g th e floor  o f  th e ravin e 

by simpl y adjustin g a  globa l  gai n term .  T o exam -

in e thi s effect ,  severa l  o f  th e 5-queen s simulation s 

wer e repeate d wit h a  gai n ter m tha t  wa s learne d b y 

erro r  propagation ,  bu t  wa s constraine d t o b e con -

stan t  durin g a  settlin g (a s th e weight s wer e con -

strained) .  Thi s algorith m wa s a  facto r  o f  tw o t o 

thre e faste r  tha n th e simpl e back-propagatio n algo -

rithm ,  bu t  stil l  five  t o si x time s slowe r  tha n th e par -

alle l  optimizatio n o f  th e weight s an d gai n schedule , 

suggestin g tha t  th e abilit y  t o scal e al l  o f  th e weight s 

accounte d fo r  a  smal l  par t  o f  th e speed-u p observe d 

i n th e n-queen s problem .  Nevertheless ,  th e speed -

u p wa s significan t  enoug h t o sugges t  usin g a  similzi r 

scal e facto r  i n layere d networks . 
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