
Direct ,  Incrementa l  Learn in g o f  F u z z y Proposit ion s 

Greg g C  O d e n 

Department s o f  Psycholog y an d Compute r  Scienc e 
Universit y oflowa ,  Iow a City ,  I A 5224 2 

oden@cs.  ui o w a .ed u 

Abstrac t 

To enable the gradual learning of symbolic 

representations ,  a  ne w fuzz y logica l  operato r  i s 

develope d tha t  support s th e expressio n o f  nega -

tio n t o degrees .  A s a  result ,  simpl e fuzz y 

proposition s becom e instantiabl e i n a  feedfor -

war d networ k havin g multiplicativ e node s an d 

tunabl e negatio n links .  A  backpropagatio n 

learnin g procedur e ha s bee n straightforwardl y 

develope d fo r  suc h a  networ k an d applie d t o 

effec t  th e direct ,  incrementa l  learnin g o f  fuzz y 

proposition s i n a  natura l  an d satisfyin g manner . 

Some results  o f  thi s approac h an d comparison s 

t o relate d approache s ar e discusse d a s wel l  a s 

direction s fo r  furthe r  extension . 

Introductio n 

Over the past couple of decades, a wide array of 

cognitiv e phenomen a hav e bee n successfull y 

modele d withi n a  fuzz y pro|X)sitiona l  theo -

retica l  framework ^  (se e Massaro ,  1987 ;  Oden , 

1984 ,  Oden ,  Rueckl ,  &  Sanocki ,  199 1 fo r 

reviews) .  Th e developmen t  o f  thi s approac h t o 

Ĥereafte r  referre d t o a s FuzzyPro p fo r  short .  Th e 

most  common FuzzyPro p mode l  i s  th e Fuzz y Logica l 

Model  o f  Perceptio n o r  FLM P (e.g. ,  Massar o &  Cohen , 

1991;  Ode n &  Massaro ,  1978) ,  whic h i s base d o n th e 

hypothesi s o f  independen t  evaluatio n o f  conjunctiv e 

terms . 

cognitiv e modelin g wa s motivate d b y man y o f 

th e sam e consideration s tha t  underli e curren t 

interes t  i n neura l  informatio n processin g 

systems :  i n particular ,  th e attainmen t  o f  robust -

nes s an d o f  gracefu l  degradatio n unde r  duress . 

I n eac h case ,  th e desire d en d i s achieve d largel y 

throug h relianc e o n coars e coding ,  automati c 

generalization ,  compensator y informatio n inte -

gration ,  an d othe r  consequence s o f  continuou s 

computation .  Thus ,  althoug h th e tw o 

approache s li e o n opposit e side s o f  th e 

symbolic/subsymboli c boundar y an d nugh t 

thereb y b e suppose d t o b e incompatible ,  the y 

can i n fac t  b e see n t o b e member s o f  th e same , 

mor e genera l  famil y o f  models .  Fro m thi s 

perspective ,  i t  i s  no t  surprisin g tha t  instance s o f 

eac h clas s o f  model s ca n b e show n t o b e 

formall y isomorphi c unde r  specifi c  commo n 

condition s (se e Massar o &  Cohen ,  198 7 an d 

Oden,  198 8 fo r  tw o suc h results) .  Indeed ,  fact s 

suc h a s thes e hav e bee n use d t o suppor t  th e 

argumen t  tha t  th e tw o approache s represent 

separat e necessar y level s o f  descriptio n o f  cogni -

tiv e system s (Oden ,  1988 ;  se e als o Clark ,  1989) . 

The presen t  pape r  extend s thi s argumen t  b y 

demonstratin g ho w a  connectionis t  learnin g 

procedur e ca n b e directl y an d naturall y applie d 

withi n th e fuzz y propositiona l  level .  Thi s 

speak s specificall y t o th e commo n criticis m 

made o f  symboli c approache s tha t  learnin g mus t 

be a n all-or-non e proces s tha t  woul d requir e a 

seemingl y magical ,  externa l  proces s t o wir e u p 

ne w connections . 
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L e a m a b l e Fuzz y Proposition s 

A fuzzy proposition is a logical expression 

havin g componen t  term s tha t  ma y b e mor e o r 

les s tru e o f  a n objec t  an d connective s tha t  ar e 

continuou s function s o f  thei r  componen t  term s 

reflectin g th e essentia l  logica l  propertie s o f 

conjunction ,  negation ,  an d s o on .  A s applie d t o 

th e modelin g o f  cognitiv e processes ,  fuzz y prop -

osition s represen t  th e knowledg e tha t  peopl e 

hav e abou t  pattern s an d categorie s an d the y 

provid e a  basi s fo r  evaluatin g stimul i  i n a  wa y 

tha t  full y  exploit s th e informatio n inheren t  i n 

th e systemati c continuou s variatio n o f  stimulu s 

properties .  Fo r  example ,  i n modelin g th e 

identificatio n o f  handwritte n word s (Ode n & 

Rueckl ,  i n preparation) ,  th e degre e t o whic h th e 

initia l  {X)rtio n o f  som e stimulu s constitute s a 

lowe r  cas e lette r  'e '  involve s a n evaluatio n o f  th e 

propositio n tha t  i t  i s a  loo p tha t  i s no t  to o tall : 

t[loop{x)^^tall(x) ]  = 

tlloopix) ]  x { \ -  tUalKx)] ] (1 

usin g (a s i n al l  o f  ou r  w o r k )  multiplicatio n t o 

represen t  fuzz y conjunction^ . 

^Multiplicatio n i s  conjunctiv e i n tha t  (a )  i t  yield s a 

valu e o f  tru e (1.0 )  onl y i f  bot h o f  it s  term s ar e tru e an d 

a valu e o f  fals e (0.0 )  i f  eithe r  o r  bot h ar e false ,  an d (b ) 

i t  ha s m a n y (arguabl y th e mos t  essential )  propertie s 

of  conjunctio n suc h a s associativity ,  commutativit y 

an d s o on .  Importantly ,  unlik e th e mor e c o m m o n 

fuzz y conjimctio n function ,  t[ A a  B J =  min{t[A] ,  [B)) , 

multiplicatio n i s  compensatory ,  meanin g tha t  i t 

allow s positiv e an d negativ e error s t o cancel .  M u c h 

of  th e robustnes s o f  FuzzyPro p result s fro m th e us e o f 

multiplicativ e conjunctio n an d thi s i s  wha t  distin -

guishe s i t  fro m mos t  othe r  fuzz y approache s 

includin g thos e tha t  ar e typicall y use d i n constructin g 

fuzzy/neura l  systems . 

- 1 -.2 5 

I t  woul d b e advantageou s i f  th e knowledg e 

respesente d b y suc h proposition s coul d b e 

learne d i n a  gradua l  o r  incrementa l  fashio n ove r 

th e cours e o f  experienc e wit h instance s o f  th e 

concep t  o r  relation .  T o mak e suc h proposition s 

incrementall y leamabl e require s som e mech -

anis m fo r  graduall y convertin g conjunction s 

int o disjunction s an d vic e versa .  Ther e ar e 

many possibl e way s t o d o this ,  bu t  mos t  see m 

ungainl y an d a d ho c (e.g. ,  b y definin g a  tunabl e 

generi c connectiv e a s th e weighte d averag e o f 

conjunctiv e an d disjunctiv e expressions) .  Th e 

presen t  approac h i s t o rel y o n th e expressabilit y 

of  disjunction s i n conjunctiv e for m throug h 

DeMorgan' s Law :  A v B =  -.(-,Aa-iB) .  Thi s 

convert s th e proble m int o on e o f  devisin g a 

tunabl e negatio n operator :  a  variabl e connectiv e 

tha t  allow s an y ter m t o b e negate d t o som e 

degree .  Again ,  ther e ar e man y possibilities .  Fo r 

reason s outline d below ,  th e presen t  wor k make s 

use o f  th e followin g rul e 

m^Aix) ]  = fl» (2 

w h e r e a  =  t[A{x)] ,  th e degre e t o w h i c h predicat e 

A i s tru e o f  objec t  x .  Thi s operato r  ha s a  n u m b e r 

of  attractiv e properties .  T h e m o s t  critica l  prop> -

erties ,  o f  course ,  ar e tha t  o f  reducin g t o th e 

identit y functio n fo r  i ;  =  1 ,  t o standar d fuzz y 

negatio n fo r  v  =  - 1 ,  t o a  nullin g valu e — a  valu e 

no t  dependen t  o n f[i4(x) ]  — fo r  y  =  0 ,  a n d t o 

reasonabl e intermediat e function s i n be tween . 

I n addition ,  a s a  b o n u s ,  th e operato r  yield s 

contras t  intensifie d function s fo r  v  value s 

b e y o n d ±1 .  T h u s ,  th e operato r  ca n bette r  b e 

though t  o f  a s a  generalize d transfe r  functio n 

tha t  r e m a p s inpu t  trut h value s ont o outpu t  trut h 

values .  Figur e 1  plot s thi s functio n fo r  severa l 

representativ e value s o f  v . 

v = 0 +.2 5 +1 -t- 4 

Figur e 1 .  Th e Nj ,  operato r  functio n fo r  variou s value s o f  v . 
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The operato r  i s a  natura l  extensio n o f  th e 

versio n o f  fuzz y logi c employe d her e (se e foot -

not e 2 )  i n th e sens e tha t  it s algebrai c structur e 

has a  direc t  natura l  interpretatio n i n term s o f 

basi c fuzz y component s (Oden ,  1984)̂ . 

B a c k p r o p i n F u z z y P r o p 

So far, we have established the instantiability of 

arbitrar y simpl e fuzz y proposition s i n a  multi -

laye r  feedforwar d networ k havin g conjunctiv e 

(multiplicative )  node s wit h tunabl e generalize d 

(negatable )  link s cormectin g node s o f  successiv e 

layers .  Suc h network s ar e directl y analogou s t o 

standar d feedforwar d network s (Rumelhart , 

Hinton ,  &  Williams ,  1986 )  wit h th e v  parameter s 

of  th e tunabl e link s correspondin g t o th e 

weight s (includin g thos e servin g a s nod e bia s 

terms )  o f  th e standar d model .  Accordingly ,  th e 

backwar d erro r  propagatio n learnin g procedur e 

fo r  fuzz y proposition s directl y follow s th e for m 

of  tha t  lai d ou t  b y Rumelhar t  e t  al :  Give n a 

trainin g se t  o f  tuple s o f  inpu t  an d desire d 

outpu t  values , 

1.  evaluat e th e proposition s o n th e inpu t 

2.  comput e a  measur e o f  erro r  betwee n 

obtaine d an d desire d outpu t 

3.  adjus t  eac h v  i n proportio n t o th e deriv -

ativ e o f  th e erro r  measur e wit h respec t  t o 

tha t  V ,  recursivel y computed . 

The calculatio n o f  th e derivative s i s jus t 

slightl y mor e complicate d i n th e presen t  cas e 

compare d t o th e standar d case ,  i n essenc e 

becaus e th e nonlinearit y i n th e fuzz y proposi -

tiona l  syste m occur s betwee n ever y pai r  o f 

node s fro m successiv e layer s wherea s i n stan -

dar d backpro p i t  occur s jus t  onc e fo r  eac h nod e 

i n th e for m o f  th e squashin g functio n applie d t o 

th e outpu t  fo r  tha t  node . 

Initia l  test s o f  thi s learnin g procedur e 

demonstrat e tha t  it ,  indeed ,  perform s a s i t 

should .  Fo r  example ,  whe n applie d t o th e eve r 

popula r  tes t  case ,  XOR,  i t  learn s th e functio n 

forthrightl y a s indicate d b y th e averag e learnin g 

curv e fo r  a  representativ e sampl e o f  run s show n 

i n Figur e 2 . 

06 _ 

^As discusse d i n Ode n (1992) ,  i t  i s  als o algebraicall y 

natura l  i n th e sens e tha t  i t  i s  th e powerin g operatio n 

fo r  th e Abelia n (commutative )  grou p define d o n (0..1 1 

by th e mappin g x  - » x/( x +  1 )  fro m th e multiplicativ e 

grou p o n (O..00] . 

0 10 0 20 0 30 0 40 0 SOO SOO 70 0 80 0 90 0 100 0 

Figure 2. The course of learning XOR for 10 test 
runs .  Th e roo t  mea n square d erro r  i s  plotte d agains t 
th e numbe r  o f  learnin g epochs . 

The overall form of this curve primarily 

reflect s th e fac t  tha t  mos t  o f  th e tes t  run s i n thi s 

particula r  sampl e resulte d i n complet e learnin g 

withi n a  fe w hundre d trainin g epoch s o r  so ,  a 

coupl e require d aroun d 80 0 epoch s an d on e di d 

not  complet e th e learnin g unti l  370 0 epoch s (bu t 

the n di d lear n i t  exactly) .  Th e media n numbe r 

of  trainin g epoch s require d t o reac h a  criterio n 

roo t  m e a n square d erro r  les s tha n .0 1 wa s abou t 

250 an d th e media n roo t  m e a n square d erro r 

afte r  30 0 epoch s wa s .008 .  Fo r  th e sak e o f 

comparison ,  not e tha t  thes e number s ar e clos e t o 

th e sam e numbe r  o f  epoch s reporte d (Rumel -

hart ,  Hinton ,  &  Williams ,  1986 )  t o b e require d 

by standar d bac k propagatio n t o reac h a  roo t 

m e an square d erro r  o f  abou t  . 1 Th e presen t 

syste m neede d onl y abou t  15 0 epoch s t o reac h . 1 

roo t  m e a n square d deviation . 

I n thes e tests ,  th e syste m i s provide d wit h 

tw o inpu t  nodes ,  on e outpu t  nod e an d tw o inter -

mediat e layer s havin g tw o an d on e nod e 

respectivel y (2-2-1-1) .  Thus ,  altogethe r  th e 

syste m i s allowe d seve n v  value s t o adjust , 

precisel y th e sam e a s th e m i n i m u m numbe r 

(an d tw o fewe r  tha n th e typica l  number )  o f  fre e 
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parameter s require d fo r  thi s proble m i n th e orig -

ina l  Rumelhar t  e t  a l  (1986 )  pape r  includin g bot h 

weight s an d bia s terms .  Thi s fuzz y proposi -

tiona l  networ k i s sufficien t  fo r  representin g X O R 

as ( A A  -iB )  V  (-l A A  B) .  Sometimes ,  however , 

X OR i s learn t  a s ( A v  B )  a  -.( A a  B )  b y th e 

system .  Thi s i s equivalen t  t o th e forme r  expres -

sio n wit h respec t  t o th e inpu t  an d outpu t  value s 

used ,  whic h ar e al l  (clos e to )  zer o an d one ,  bu t 

woul d no t  b e exactl y equivalen t  fo r  intermediat e 

trut h values .  Thi s for m o f  X O R i s actuall y mor e 

compact  an d onl y reall y need s si x parameters . 

Comparisons and Extensions 

The main distinctive feature of the current 

approac h i s learne d representation s tha t  ar e 

directl y interpretabl e logica l  function s o f  th e 

inpu t  variables .  I n addition ,  a s wit h othe r 

model s havin g multiplicativ e unit s suc h a s 

sigma-p i  network s (Rumelhart ,  Hinton ,  & 

McClelland ,  1986 )  o r  th e produc t  uni t  net s o f 

Durbi n an d Rumelhar t  (1989) ,  learnin g o f  logica l 

function s ma y b e faste r  i n th e presen t  syste m 

tha n v t̂ h standar d backprop .  Thi s i s du e i n 

par t  t o th e fac t  tha t  th e v  parameter s d o no t  hav e 

t o approac h ±< » i n orde r  t o yiel d output s clos e 

t o 0  an d 1 .  Indeed ,  wit h respec t  t o feedforwar d 

processin g i n th e system ,  input s an d output s ca n 

tak e o n th e value s o f  0  an d 1  exactly .  (Durin g 

th e erro r  backpropagatio n phase ,  thes e extrem e 

value s mus t  b e avoide d becaus e th e relevan t 

derivative s woul d b e undefined. ) 

On theoretica l  grounds ,  th e presen t  approac h 

i s interestingl y simila r  t o an d differen t  fro m 

eac h o f  th e approache s mentione d abov e i n a 

number  o f  ways .  Fo r  now ,  let' s  jus t  conside r  th e 

representatio n o f  a  conjunctio n o f  input s b y th e 

standar d backpropagatio n feedforwar d networ k 

i n compariso n wit h tha t  o f  th e presen t  system . 

Figur e 3  portray s thi s relationshi p i n a  coupl e o f 

ways .  O n th e lef t  i s  a  3 D plo t  an d a  contou r 

m ap showin g ho w th e standar d approac h 

manages t o b e conjunctive ,  basicall y b y apply -

in g a  on e dimensiona l  nonlinea r  cu t  acros s th e 

axi s correspondin g t o th e su m o f  th e input s (th e 

diagona l  o f  th e 'floor "  i n th e 3 D plot) .  O n th e 

righ t  ar e th e correspondin g representation s fo r 

th e fuzz y propositiona l  system ,  whic h revea l 

tha t  thi s approac h mor e directl y capture s th e 

notio n o f  conjunctio n a s encompassin g th e vicin -

it y o f  th e (1 ,  1 )  corner .  Thi s i s a  direc t  resul t  o f 

th e fac t  that ,  a s note d above ,  nonlinearit y i s 

more thoroughl y ingraine d i n thi s system .  I t  is , 

of  course ,  n o acciden t  tha t  th e fuzz y proposi -

tiona l  syste m i s mor e naturall y conjunctiv e i n 

thi s sense ,  sinc e i t  i s  fundamentall y logic-base d 

Figur e 3 .  Plot s an d contou r  map s o f  conjunctiv e function s o f  tw o input s fo r  standar d backpro p network s (lef t 
panels )  an d th e presen t  fuzz y propositiona l  syste m (righ t  panels) . 
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i n structur e b y design .  I n contrast ,  th e standar d 

networ k coul d b e though t  o f  a s onl y emulatin g 

th e logica l  function s withi n a  syste m tha t  doe s 

not  hav e a n inherentl y logic-base d structure . 

The curren t  wor k i s relate d i n quit e a  differ -

ent  fashio n t o approache s t o th e learnin g o f 

associativ e relation s betwee n fuzz y term s (e.g. , 

Jeniso n &  Oden ,  1989 ;  Kosko ,  1992) .  Suc h tech -

nique s ar e complementar y t o th e on e develope d 

her e an d migh t  serve ,  fo r  example ,  t o se t  u p th e 

analyse s necessar y fo r  th e evaluatio n o f  th e 

primitiv e term s i n th e proposition s o f  th e 

presen t  system . 

The schem e describe d her e ca n b e variousl y 

extended .  Inertia l  term s an d othe r  factor s anal -

ogou s t o thos e use d v\at h standar d backpro p ca n 

clearl y b e adde d an d othe r  learnin g roethod s 

fro m th e connectionis t  literatur e coul d b e simi -

larl y importe d int o thi s system .  Mor e 

interestingly ,  th e Nj ,  operato r  (Equatio n 2 )  ca n 

be generalize d i n a t  leas t  tw o reasonabl e ways : 

(a )  b y allowin g separat e v  value s fo r  th e positiv e 

and negativ e component s o f  th e relativ e rati o 

expression ,  an d (b )  b y includin g a n overal l  expo -

nentia l  weightin g factor .  Bot h o f  thes e 

generalization s hav e natura l  interpretation s i n 

fuzz y term s an d yiel d a  significan t  enrichmen t 

of  th e expressivenes s o f  th e resultin g fuzz y 

calculus .  Bot h ca n b e incorporate d i n th e back -

pro p learnin g schem e wit h ver y littl e 

complication .  Ye t  anothe r  straightforwar d 

extensio n o f  Nj ,  (se e Oden ,  1992 )  enable s i t  t o 

f)erfor m a  kin d o f  runnin g averag e o f  input s i n 

orde r  t o accoun t  fo r  processin g dynamic s a s i n 

Massar o an d Cohe n (1991) . 

Conc lus io n 

The overarching moral of this work is that one 

can hav e i t  all .  Tha t  is ,  i t  i s  no t  necessar y t o 

choos e betwee n havin g symboli c expression s 

and direct ,  incrementa l  learnin g procedures . 

The tw o ca n b e combine d i n a  natura l  an d 

harmoniou s fashion . 
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