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Abstrac t 

This paper describes POLYA, a computer 

progra m tha t  write s geometr y proofs .  P O L Y A 

activel y collect s feature s fro m a  geometr y 

diagra m o n th e basi s o f  whic h i t  recognize s an d 

applie s knowledg e fro m know n examples .  W e 

presen t  a  vocabular y o f  visua l  targets ,  results , 

and action s t o suppor t  incrementa l  parsin g o f 

diagrams .  W e als o sho w h o w script s ca n b e use d 

t o organiz e visua l  action s int o usefu l  sequences . 

We sho w h o w thos e sequence s ca n b e use d t o 

pars e diagram s an d instantiat e proofs .  Finally , 

we sho w h o w script s represen t  th e implici t 

spatia l  knowledg e conveye d b y examples . 

Introduction 

Anyone who has struggled in a math class knows 

th e differenc e betwee n understandin g th e solu -

tio n t o a  proble m an d knowin g ho w t o com e u p 

wit h tha t  solution .  I n H o w t o Solv e I t  [1957] , 

mathematicia n an d educato r  Georg e Poly a give s 

advic e t o th e studen t  havin g troubl e derivin g 

solutions .  H e break s th e problem-solvin g proces s 

int o fou r  steps : 
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1.  Understan d th e problem . 

2.  Devis e a  plan . 

3.  Carr y ou t  th e plan . 

4.  Loo k back . 

Most of the work occurs in the second step. 

Ther e Poly a recommend s drawin g o n experience : 

"...I t  i s ofte n appropriat e t o star t  th e wor k wit h 

th e question :  D o yo u kno w a  relate d problem? "  [p . 

9,  italic s i n original ] 

H ow t o Solv e I t  i s  peppere d wit h example s 

fro m geometry .  However ,  th e histor y o f  geom -

etr y theorem-provin g i n A I  an d Cognitiv e 

Scienc e contain s littl e tha t  resemble s Polya' s fou r 

step s (se e [Koedinge r  &  Anderso n 1990 ]  fo r  a 

review) .  Instead ,  nearl y al l  compute r  program s 

whic h construc t  geometr y theorem s d o s o usin g 

forwar d an d backwar d chainin g o f  if-the n rule s 

correspondin g t o th e traditiona l  theorem s an d 

axiom s o f  plan e geometry .  Th e program s hav e 

differe d fro m on e anothe r  mostl y i n th e heuristic s 

use d t o mak e th e chaimn g approac h tractable . 

Thi s pape r  describe s a  compute r  program , 

P O L Y A,  whic h construct s geometr y proof s i n th e 

way Georg e Poly a suggests .  I t  devise s a  pla n b y 

recognizin g sinrularit y t o know n examples ;  i t 

carrie s ou t  th e pla n b y mappin g significan t 

feature s o f  th e example s t o th e ne w case .  P O L Y A 

addresse s som e o f  th e limitation s o f  Koedinge r 

and Anderson' s Diagra m Configuratio n mode l 

(DC) ,  resultin g i n a  mor e cognitivel y plausibl e 

model  o f  geometr y theorem-proving . 
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Figur e 1 :  Selectin g an d executin g scripts . 

Overview of POLYA 

POLYA accepts as input a problem statement and 
a diagram .  Th e proble m statemen t  consist s o f  a 
shor t  lis t  o f  "givens "  an d a  goal .  Th e diagra m i s 

a bitma p drawing .  P O L Y A mark s th e diagra m t o 

reflec t  th e givens ,  an d the n begin s t o pars e th e 

diagram . 

P O L YA parse s th e diagra m incrementally , 

usin g visua l  action s t o shif t  it s  focu s o f  attentio n t o 

area s o f  likel y interes t  i n respons e t o wha t  i t  sees . 

POLYA' s knowledg e o f  ho w t o pars e diagrams , 

as wel l  a s it s knowledg e o f  ho w t o writ e proofs , 

i s  containe d i n scripts .  Searc h script s ar e 

sequence s o f  visua l  action s fo r  detectin g a 

particula r  usefu l  patter n o r  relationshi p i n th e 

diagram .  Proo f  script s contai n a  sequenc e o f 

visua l  action s fo r  verifyin g th e relevanc e o f  a n 

example ,  an d anothe r  sequenc e fo r  mappin g th e 

exampl e t o th e curren t  diagram . 

POLYA' s algorith m fo r  selectin g script s an d 

runnin g the m i s show n i n figur e 1 .  Th e step s are : 

1. 

2. 

3. 

4. 

5. 

Selec t  a  script . 
Perfor m eac h actio n i n th e script , 

obtainin g visua l  results .  A d d eac h 

resul t  t o a  lis t  o f  perceptions . 

Compar e th e visua l  resul t  t o th e 

predictio n mad e b y th e activ e script . 

Als o compar e th e lis t  o f  perception s t o 

th e triggerin g set s o f  inactiv e scripts . 

Updat e th e lis t  o f  suggeste d scripts , 

addin g one s whic h hav e ha d thei r 

triggerin g se t  satisfied . 

Repeat  unti l  ther e ar e n o mor e script s o r 

unti l  th e proo f  i s  complete . 

The res t  o f  thi s pape r  wil l  describ e POLYA' s 

visua l  system ,  it s visua l  searc h knowledge ,  an d 

it s proof-writin g knowledge .  W e wil l  illustrat e 

wit h a  workin g exampl e h o w thes e interac t  t o 

devis e an d carr y ou t  a  plan . 

POLYA's visual system 

The design of POLYA's visual system is 

influence d b y certai n fact s abou t  th e h u m a n 

visua l  system .  Th e huma n visua l  fiel d ha s a  ver y 

smal l  are a (abou t  3  degrees )  o f  hig h resolutio n a t 

th e fove a wit h muc h lowe r  resolutio n elsewhere . 

Thi s present s a  computationa l  advantag e fo r 

processin g retina l  images ,  bu t  present s challenge s 

fo r  gatherin g information .  Muc h o f  th e succes s o f 

human visio n i s du e t o ou r  abilit y  t o shif t  th e 

fove a rapidl y amon g area s o f  likel y interest ,  wit h 

additiona l  processin g relatin g thos e narro w per -

ception s [Carpente r  1988] .  Thes e advantage s an d 

challenge s hav e inspire d ne w researc h i n activ e 

visio n [Ballard ,  Clark ,  Schwartz ,  Swain ,  Tistarelli , 

etc.] . 

Focus of attention 

Matching configuration schema against a 

geometr y diagram ,  a s D C doe s i n it s firs t 

problem-solvin g phase ,  reduce s t o NP-complet e 

subgrap h isomorphism .  Th e additio n o f  a  singl e 

irrelevan t  lin e segmen t  t o a  diagra m ca n doubl e 

th e tim e D C require s t o pars e i t  [Koedinger , 

persona l  communication] .  Koedinge r  an d 

Anderso n [1990 ]  acknowledg e i n thei r  pape r  tha t 

an accurat e mode l  o f  huma n proble m solvin g 

woul d integrat e parsin g an d schem a search . 

Thi s i s wha t  P O L Y A does .  I t  parse s th e 

diagra m opportunistically ,  usin g wha t  i t  see s 

{visua l  results )  t o hel p i t  decid e wha t  t o loo k a t 

nex t  (visua l  targets) .  Figur e 2  contain s excerpt s 

fro m POLYA' s vocabular y o f  visua l  target s an d 

results .  Not e tha t  P O L Y A ca n focu s o n pair s o f 

objects ,  suc h a s tw o triangle s o r  a  poin t  an d a 

segment ,  a s wel l  a s o n individua l  objects .  I n 

focusin g o n pair s o f  objects ,  P O L Y A lose s specifi c 

informatio n abou t  th e individua l  object s whil e 

gainin g relationa l  information .  Fo r  example , 

lookin g a t  a  pai r  o f  triangle s yield s n o 

informatio n abou t  marking s o n th e individua l  tri -

angles ;  fo r  tha t  informatio n P O L Y A mus t  focu s 

on on e triangl e a t  a  time . 
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What  P O L Y A ca n loo k a t 

Singl e poin t 

pai r  o f  segment s 

triangl e 

triangl e pai r 

What  P O L Y A see s 

ray-patter n 

labe l 

no.  o f  angl e mark s 

rel .  length s 

rel .  extent s 

rel .  orientatio n 

number  o f  side s marke d 

no.  o f  angle s marke d 

no.  o f  interio r  line s 

basi c shap e 

symmetr y 

rel .  size s 

rel .  extent s 

Example s 

/ 
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\ y 
Figur e 2 :  Som e o f  POLYA' s visua l  target s an d visua l  results . 

Visua l  resul t 

X-HORIZ-U P 

LABEL- A 

1-ANGLE-MARK 

1<2 
DISJOIN T 
PARALLEL 

TWO-MARKED-SIDES 

ONE-MARKED-ANGLE 

0-INTERIOR-LlNE S 

OTHER-TRIANGLE-SHAPE 

T/B-SYMMETRIC 

APPROX-SAME-SIZE 

SHARED-SIDE 

Visua l  action s 

Currently, POLYA has three types of actions 

fo r  shiftin g it s focu s fro m on e targe t  t o another : 

H N D,  LOOK-AT ,  an d COMPARE.  Al l  thre e shif t 

th e focu s an d retur n a  descriptio n (visua l  result ) 

of  th e targe t  object(s) .  FIN D shift s th e focu s t o a 

hypothesize d objec t  whos e descriptio n i s (partly ) 

know n bu t  whos e locatio n i s no t  known .  FIN D 

m ay retur n ni l  i f  n o objec t  matchin g th e 

descriptio n exist s i n th e diagram .  LOOK-A T shift s 

th e focu s t o a n objec t  whos e locatio n i s know n 

but  whos e descriptio n i s no t  known .  C O M P A RE 

shift s th e focu s t o pair s o f  objects .  FIND -

MARKED-S E  G M E N T , L O O K-AT-LOWER-LEFT -

VERTEX,  an d COMPARE-TRIANGLES ar e instance s 

of  th e thre e actio n types . 

As on e reasonablenes s criterion ,  w e inten d 

tha t  P O L Y A shoul d b e abl e t o perfor m it s visua l 

action s directl y o n a  bitma p diagram .  Currently , 

however ,  P O L Y A compute s it s visua l  result s 

fro m coordinat e listing s o f  points ,  lines ,  an d 

segment  an d angl e marks . 

Geometiic planning knowledge 

POLYA's planning knowledge of where to look 

i n a  diagram ,  a s wel l  a s it s knowledg e o f  ho w t o 

writ e proofs ,  i s  containe d i n geometr y scripts . 

Thes e ar e modelle d afte r  th e script s describe d i n 

[Schan k &  Abelson ,  1977 ]  an d implemente d i n 

S A M fo r  understandin g newspape r  storie s 

[CuUingfor d 1978] .  Script s stor e routin e action s 

and sequence s o f  event s s o that ,  onc e a  scrip t  ha s 

been selected ,  inferencin g i s tightl y controlled . 

P O L YA ha s tw o kind s o f  scripts :  searc h script s 

and proo f  scripts .  Bot h kind s o f  script s hav e on e 

or  mor e triggerin g sets ,  sketch y list s o f  perceptua l 

feature s whic h sugges t  th e relevanc e o f  th e script . 

A scrip t  become s suggeste d w h e n th e 

accumulate d perception s contai n al l  element s o f 

th e triggerin g set . 

Search scripts 

Search scripts direct the focus of attention to 

potentiall y  salien t  part s o f  th e diagram .  The y 

themselve s d o nothin g wit h th e visua l  results ; 

thei r  purpos e i s t o gathe r  th e feature s neede d t o 

trigge r  proo f  scripts .  Th e prediction s usuall y 

serv e onl y a s a  chec k o n th e succes s o f  th e visua l 

actions .  ISOSC-LEG S searc h scrip t  (figur e 3 ) 

direct s th e focu s t o th e leg s o f  a  triangl e whic h 

appear s t o b e isosceles .  P O L Y A ha s another , 

simila r  scrip t  whic h direct s th e focu s t o th e bas e 

angles .  TTi e tw o script s represen t  POLYA' s 

knowledg e o f  th e importan t  part s o f  isoscele s 

triangles . 

Proof scripts 

Proof scripts may correspond to formal geometric 

facts—axioms ,  theorems ,  an d prop>erties—o r  t o 

part s o f  complet e proof s P O L Y A ha s seen .  The y 
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BOSC-LEGS searc h scrip t 

Triggmn g 9r t 
DIAGRAM [left-righ t  symmetry l 
TRIANGLE [typ e =  BOSC-UP) 

SequCTgt 
1.  Actio n =  [loo k a t  lef t  sid e o f  isosc .  triangle ) 

Predictio n =  [generi c segment ] 
2.  Actio n =  [loo k a t  right  sid e o f  isosc .  triangle ! 

Predictio n =  [generi c segment ] 
3.  Actio n =  [compar e th e tw o segments ) 

Predictio n =  [segment s shar e commo n endpoint ) 

Figur e 3 :  A  scrip t  t o loo k a t  isoscele s triangles . 

are similar to the Diagram Configuration 

schema s i n D C .  H o w e v e r ,  th e proof-writin g 

knowledg e o f  P O L Y A ' s proo f  script s i s ver y 

specifi c  an d uni-directional ,  wherea s D C s 

schema m a y packag e multipl e rule s fo r  forwar d 

or  backwar d inferencing . 

Proo f  script s hav e fou r  parts : 

1. A triggering set. 

2.  A  verificatio n sequence . 

3.  A  template-fille r  sequenc e fo r  locatin g 

object s neede d fo r  th e proof . 

4.  A  proo f  template . 

Once activated by a match against the 

triggerin g set ,  proo f  script s operat e i n thre e 

phases .  First ,  th e verificatio n sequenc e check s 

tha t  th e relevan t  object s i n th e diagra m ar e i n th e 
prope r  configuratio n fo r  th e proo f  scrip t  t o b e 

valid .  Second ,  th e template-fille r  sequenc e look s 

agai n a t  th e diagra m t o determin e variabl e 

binding s fo r  th e template .  Third ,  th e proo f  scrip t 

instantiate s it s templat e wit h th e variabl e 

binding s fro m th e previou s step . 

Th e SSS-SHARED-SID E proo f  scrip t  (figur e 4 ) 

ca n prov e tha t  tw o triangle s ar e congruen t  t o 

eac h othe r  i f  tw o pair s o f  side s ar e congruen t  an d 

i f  the y shar e a  thir d sid e (se e th e triangle-pai r 

exampl e i n figur e 2) .  I t  i s  triggere d o n th e basi s 

of  a  triangl e visua l  resul t  i n whic h tw o o f  th e 

triangle' s side s ar e marked ,  an d a  triangle-pai r 

resul t  i n whic h th e tw o triangle s shar e a  side . 

Becaus e thes e result s m a y b e separate d i n time , 

ther e i s n o guarante e tha t  the y hav e anythin g t o 

d o wit h eac h other ,  s o th e firs t  action s o f  th e SSS-

SHARED-S IDE scrip t  verif y tha t  eac h o f  th e 

triangle s whic h shar e a  sid e hav e tw o side s 

marked .  Additiona l  action s locat e th e 

correspondin g pair s o f  marke d sides ,  an d th e 

share d unmarke d side . 

A complet e proo f  generall y require s mor e tha n 

on e proo f  script ,  an d i s thu s a  composit e o f 

8ss-shared-8id e proo f  scrip t 

Trigggrip g ?e t 
DIAGRAM [som e symmetry ) 
TRIANGLE ( 2 side s marked ) 
TRIANGLE-PAI R [shared-side ) 

VgrificatJQ P sequgpc ? 
1.  Actio n =  [loo k a t  triangle l  o f  triangle-pair ) 

Predictio n =  [ 2 side s marked ) 
2.  Actio n =  [loo k a t  triangle 2 o f  triangle-pair ) 

Predictio n =  [ 2 side s marked ] 
3.  Actio n =  [loo k a t  share d sid e o f  triangle-pair ) 

Predictio n =  [vmmarke d segment ) 
Template-filler-sequenc e 
1.  Actio n =  [loo k a t  triangle l  o f  triangle-pair ] 

Predictio n =  [ 2 side s marked ] 
Bind-to :  ?rRiANGLE l 

2.  Actio n =  [loo k a t  triangle 2 o f  triangle-pair ) 
Predictio n =  [ 2 side s marked ] 
Bind-to :  ?triangle 2 

3.  Actio n =  [fin d marked-sid e o f  ?trianglel ) 
Predictio n =  [marked-segment ] 
Bind-to :  ?SIDEl A 

4.  Actio n =  [loo k a t  symmetri c partne r  o f  ?SlDE l  a ] 
Predictio n =  [marked-segment ] 
Bind-to :  ?SIDE2 a 

5.  Actio n =  [compar e ?side1 a &  ?side2a ) 
Predictio n =  [seg-pai r  similarl y marked ) 
Bind-to :  — 

Proo f  templat e 
1.  Statemen t  =  (?side1 a =  ?side2a ) 

Reason =  "A s marked " 
1 Statemen t  =  (?SIDE1 B =  ?side2b ) 

Reason =  "A s marked " 
3.  Statemen t  =  (?shared^id e =  ?shared-side ) 

Reason =  "Reflexiv e propert y (share d side). " 
4.  Statemen t  =  (?triangle 1 =  ?trl\ngle2 ) 
5.  Reaso n =  "SS S wit h share d side. " 

Figur e 4 :  A  scrip t  fo r  provin g tw o triangle s 

congruent ,  i f  the y hav e tw o side s congruen t  an d 

shar e a  thir d side . 

several instantiated templates. POLYA currently 

lack s a  mechan is m fo r  organizin g step s fro m 

multipl e template s i n logica l  order . 

Script selection 

When more than one script is suggested, which is 

frequently  th e case ,  P O L Y A choose s a  scrip t 

essentiall y  a t  random ,  excep t  tha t  preferenc e i s 

give n t o proo f  scripts .  Thi s i s adequat e fo r  th e 

curren t  m o d e l ,  sinc e th e orde r  i n wh i c h 

perceptions  ar e gathere d doe s no t  affec t  th e fina l 
solution . 
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Representin g example s wit h script s 

Scripts capture the visual search and proof-

writin g knowledg e implici t  i n example s an d 

sampl e problems .  Becaus e thi s knowledg e i s 

rarely ,  i f  ever ,  explicitl y  taught ,  w e hav e relie d o n 

a carefu l  stud y o f  textboo k example s t o tel l  u s 

what  POLYA' s script s shoul d contain . 

W h en th e triangl e congruenc e theorem s ar e 

introduce d i n on e tex t  (Rhoa d e t  al. ,  1986] ,  th e 

diagram s i n th e example s an d firs t  severa l 

problem s emphasiz e tw o type s o f  patterns : 

triangle s wit h tw o part s marke d (sides ,  angles ,  o r 

a combination) ,  an d triangle s wit h thre e part s 

marked .  Th e associate d skill s  are ,  respectively ,  t o 

identif y wha t  thir d sid e o r  angl e woul d hav e t o 

be marke d fo r  a  particula r  theore m t o appl y 

(alway s tw o possibl e theorems) ,  an d t o identif y 

whic h on e theore m (i f  any )  applie s t o th e give n 

case . 

To represen t  thes e skills ,  P O L Y A ha s searc h 

script s whos e triggerin g set s consis t  o f  triangle -

visual-result s wit h tw o angle s marked ,  o r  tw o 

side s marked ,  o r  on e sid e an d on e angle .  The y 

focu s attentio n o n th e additiona l  sid e o r  angl e 

whic h woul d b e neede d fo r  a  particula r  theorem , 

and compar e tha t  objec t  wit h it s symmetri c 

partne r  i n th e othe r  triangle .  Th e proo f  script s 

fo r  thi s sectio n ar e triggere d o n th e basi s o f  thre e 

mark s (o r  tw o mark s an d som e significan t  object -

pairing) .  Thei r  verificatio n sequence s chec k tha t 

th e marke d object s ar e i n th e prope r 

configuration . 

An example 

One problem POLYA can recognize is shown in 
figur e 5 ,  a  texttxxj k proble m fro m a  sectio n whic h 

introduce s isoscele s triangles .  T o recogniz e thi s 

proble m an d writ e it s  proo f  require s fou r  searc h 

script s an d tw o proo f  scripts .  Th e searc h script s 

ar e a  scrip t  whic h look s a t  th e dominan t  triangle , 

ISOSC-LEGS an d I  S O S C-ANGLES,  discusse d 

earlier ,  an d CONGRUENT-TRIANGLES.  C O N G-

RUENT-TRIANGLES focuse s POLYA' s attentio n 

on th e marke d triangle s i n th e lower-lef t  an d 

lower-righ t  comers . 

The feature s collecte d b y thos e fou r  searc h 

script s complet e th e triggerin g set s fo r  tw o proo f 

scripts :  SSS-SIMPL E an d a  proo f  scrip t  specifi c  t o 

thi s proble m (3.6-PROBLEM-3) .  O f  th e tw o proo f 

scripts ,  P O L Y A arbitraril y  choose s t o ru n 3.6 -

PROBLEM-3.  A s it s verificatio n sequence ,  thi s 

Given :  W S =  T Z 
WX =  Y 2 
SX =  T Y 

Prove :  "W R =1 2 

' A 

X Y 
Figur e 5 :  Th e example . 

script COMPARES the marked triangle with the 
dominan t  isoscele s triangle ,  predictin g (correctly ) 

tha t  the y wil l  shar e a n angle . 

The templat e contain s tw o proo f  step s relate d 

t o tw o geometr y rules : 

1. Statement = (7BASE-ANGLE1 = 7BASE-

ANGLE2) 

Reason =  "Correspondin g part s o f 

congruen t  triangle s ar e congruent. " 

2.  Statemen t  =  (7SIDE 1 =  7SIDE2 ) 

Reason =  "I f  tw o angle s o f  a  triangl e ar e 

congruent ,  the n th e side s opposit e the m 

ar e congruent. " 

The sequence of steps for binding the template 

symbol s is : 

1. LOOK-AT-BASE-ANGLEl-> ?BASE-

ANGLEl 

2.  (similari y fo r  7BASE-ANGLE2) 

3.  LOOK-AT-ISOSC-LEG l  - > 7SIDE 1 

4.  (sinrularl y fo r  7SIDE2 ) 

Step 1 in the template assumes that the smaller 

triangle s ar e congruent .  Thi s ha s no t  ye t  bee n 

proven ,  bu t  soo n wil l  be . 

N o w P O L Y A run s th e SSS-SIMPL E proo f  script , 

whic h represent s a n iconi c exampl e o f  side-side -

sid e triangl e congruence .  Th e templat e fo r  SSS-

SIMPLE look s lik e this : 

1. Statement = (7SIDE1A = 7SIDE2A) 

Reason =  "A s marked " 

2.  Statemen t  =  (7SIDE1 B =  7SIDE2B ) 

Reason =  "A s marked " 

3.  Statemen t  =  (7SIDE1 C =  7SIDE2C ) 

Reason =  "A s marked " 

4.  Statemen t  =  (7TRIANGLE 1 =  7TRIANGLE2 ) 

Reason =  "SSS " 

This template is filled in with the actions 

LOOK-AT-SIDEl ,  LOOK-AT-SIDE2 ,  an d LOOK-AT -

SIDE3 o n on e o f  th e come r  triangles ,  an d usin g 

H N D - S Y M M E T R I C - S E G M E NT t o locat e th e 

correspondin g sid e i n th e othe r  triangle .  Thi s 

templat e complete s th e proo f  fo r  thi s problem . 

n o 



Discussio n 

POLYA is not really "solving" the problem 

above ,  bu t  merel y recognizin g i t  a s a  proble m fo r 

whic h i t  know s tt\e  solution .  Thi s i s th e simples t 

typ e o f  reasonin g fro m examples .  Simpl e o r  not , 

however ,  th e exampl e show s tha t  POLYA' s 

visua l  vocabular y i s adequat e fo r  representin g 

bot h genera l  pattern s an d specifi c  solutions .  Th e 

exampl e als o suggest s tha t  searc h script s ca n b e 

use d fo r  efficien t  diagra m parsing .  Finally ,  th e 

exampl e show s show s h o w multipl e searc h 

script s an d proo f  script s ca n interac t  t o recogniz e 

and writ e th e proo f  o f  a  know n problem . 

Conclus io n 

This paper has presented a new model of 

geometr y theorem-provin g consisten t  wit h 

Georg e Polya' s step s o f  problem-solving . 

P O L YA construct s a  proo f  pla n an d carrie s i t  ou t 
throug h visua l  searc h an d recognition .  T o 

suppor t  thi s behavio r  w e hav e define d a  visua l 

system—a vocabular y o f  visua l  targets ,  results , 

and actions—fo r  representin g an d interactin g 

wit h diagrams .  W e hav e show n h o w searc h 

script s an d proo f  script s ca n b e use d t o direc t  a 

constraine d focu s o f  attenHo n fo r  efficien t  visua l 

parsin g an d fo r  writin g proofs .  W e hav e 

describe d a n algorith m tha t  allow s smoot h 

interactio n o f  searc h script s an d proo f  scripts . 

POLYA' s visua l  syste m i s stil l  evolving , 

especiall y th e vocabular y o f  visua l  actions .  A s 

we ad d example s w e fin d tha t  ne w action s ar e 

required ,  o r  a t  leas t  ne w way s o f  describin g 

them .  Generall y th e ne w action s ste m directl y 

fro m ne w geometri c concepts .  Fo r  instance ,  t o 

handl e isoscele s triangle s require s knowledg e o f 

ho w t o focu s o n th e bas e angles .  A  ful l  domai n 

knowledg e o f  geometr y wil l  compris e a  larg e se t 

of  suc h context-specifi c visua l  actions . 

We ar e anxiou s t o tes t  ou r  mode l  o n a  muc h 

large r  se t  o f  example s wit h a  muc h large r  se t  o f 

scripts .  W e expec t  tha t  additiona l  example s wil l 
revea l  gap s i n ou r  vocabular y o f  visua l  actions . 

We expec t  th e se t  o f  visua l  action s t o gro w 

quickl y fo r  awhile ,  the n leve l  of f  t o a  stabl e 

vocabular y o f  th e visua l  skill s  require d t o pars e 

plan e geometr y diagrams . 

Thus fa r  th e emphasi s o f  ou r  researc h ha s bee n 

on reasonin g fro m th e diagram ;  P O L Y A currentl y 

ignore s th e goa l  i n th e proble m input .  However , 

we pla n t o incorporat e som e goal-directe d 

reasonin g i n POLYA.  Certainl y thi s i s  somethin g 

peopl e do ,  an d P O L Y A wil l  nee d i t  t o solv e mor e 

complicate d problems . 

Finally ,  w e ar e intereste d i n th e expandin g 

P O L YA int o a  case-base d syste m whic h ca n lear n 

ne w case s i n respons e t o difficultie s experience d 

durin g problem-solving . 
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