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Abstrac t 

This work describes an approach for inferring De-
terministi c Context-fre e ( D C F )  Grammar s i n a 
C!onnectionis t  pjiradig m usin g a  Recurren t  Neu -
ra l  Networ k Pushdow n Automato n ( N N P D A ) .  Th e 
N N P DA consist s o f  a  recurren t  neura l  networ k con -
necte d t o a n externa l  stac k memor y throug h a  com -
mon erro r  function .  W e sho w tha t  th e N N P D A i s 
abl e t o lear n th e dynamic s o f  a n underlyin g push -
down automato n fro m example s o f  grammatica l 
and non-grammatica l  strings .  No t  onl y doe s th e 
networ k lear n th e stat e transition s i n th e automa -
ton ,  i t  als o learn s th e action s require d t o contro l 
th e stack .  I n orde r  t o us e continuou s optimiza -
tio n methods ,  w e develo p a n analo g stac k whic h 
revert s t o a  discret e stac k b y quantizatio n o f  al l 
activations ,  afte r  th e networ k ha s learne d th e tran -
sitio n rule s an d stac k actions .  W e furthe r  sho w 
an enhancemen t  o f  th e network' s learnin g capa -
bilitie s b y providin g hints .  I n addition ,  a n initia l 
comparativ e stud y o f  simulation s wit h first,  secon d 
and thir d orde r  recurren t  network s ha s show n tha t 
th e increase d degre e o f  freedo m i n a  highe r  orde r 
network s improv e generalizatio n b u no t  necessaril y 
learnin g speed . 

Introduction 

Considerabl e interes t  ha s bee n show n i n languag e in -
ferenc e usin g neura l  networks .  (Fo r  mor e traditiona l 
approache s t o inferenc e o f  grammar s se e [Micle t  90]. ) 
Recurren t  network s i n particulzur ,  wit h variou s train -
in g algorithms ,  hav e prove d successfu l  i n learnin g reg -
ula r  languages ,  th e simples t  i n th e Chomsk y hierarchy . 
Work b y [Elma n 90] ,  [Gile s 90] ,  [Moze r  90] .  [Pollac k 91 ] 
[Servan-Schreibe r  91] ,  [Watrou s 92] ,  an d [William s 8 9 
hav e demonstrate d tha t  th e recurren t  natur e o f  thes e 
network s i s  abl e t o captur e th e dynamic s o f  th e un -
derlyin g computatio n automaton .  [Gile s 92a ]  an d [Wa -
trou s 92 ]  hav e use d highe r  orde r  (highe r  dimensiona l 
weights )  recurren t  neura l  network s wit h n o hidde n laye r 
and showe d tha t  suc h model s ar e capabl e o f  learnin g 
stat e machine s an d appea r  t o b e a t  leas t  a s powerfu l 

as an y multilaye r  network .  Usin g a  heuristi c clusterin g 
method ,  [Gile s 92a ]  showe d tha t  finit e stat e automat a 
coul d b e extracte d fro m th e neura l  network s bot h dur -
in g an d afte r  training .  [Gile s 92b ]  successfull y demon -
strate d a  metho d fo r  learnin g a n unknow n grammar . 

Thi s wor k i s concerne d wit h inferenc e o f  D C F gram -
mar s -  movin g u p th e Chomsk y hierarchy .  Thi s re -
curren t  neura l  networ k model ,  previousl y describe d b y 
[Su n 90 ]  an d [Gile s 90] ,  ha s a n externa l  stac k m e m o r y 
integrate d throug h a  hybri d erro r  function ,  henc e mak -
in g i t  powerfu l  enoug h t o lear n D C F grammars .  Previ -
ous wor k b y [William s 89 ]  showe d that ,  give n bot h th e 
trainin g se t  an d actio n informatio n o f  th e read/writ e 
hea d o f  a  Turin g Machine ,  a  recurren t  networ k i s capa -
bl e o f  learnin g th e finit e stat e machin e par t  o f  th e Tur -
in g Machin e tha t  recognize s th e trainin g set .  Th e mode l 
describe d her e learn s bot h th e stac k contro l  {pushin g 
an d popin g o f  th e stack )  an d th e stat e transition s o f  th e 
underlyin g finit e stat e automato n o f  th e pushdow n au -
tomaton .  Thi s i s performe d b y extractin g informatio n 
onl y fro m th e trainin g data .  Th e learnin g capabilitie s 
of  th e inferre d Pushdow n Automato n i s  enhance d b y 
providin g mor e information ,  hints ,  abou t  th e trainin g 
strings .  Fo r  othe r  wor k o n th e us e o f  recurren t  neura l 
network s fo r  D C F inference ,  se e [Alle n 90 ]  an d [Pollac k 
90] . 

Th e stac k i s externa l  an d continuous .  T h e reaso n fo r 
usin g a n externa l  stack ,  a s oppose d t o a n interna l  one , 
[Pollac k 90] ,  i s  tha t  th e externa l  stac k require s lesse r 
resource s fo r  training .  Th e continuou s par t  permit s th e 
use o f  a  continuou s optimizatio n method ,  i n ou r  cas e 
gradient-descent .  W e presen t  a  brie f  descriptio n o f  th e 
model ,  discus s th e dynamic s o f  th e stac k actio n ein d 
giv e simulatio n result s o f  learnin g performance . 

Neural Network Pushdown Automaton 
( N N P D A) 

Th e networ k consist s o f  a  se t  o f  full y  recurren t  neu -
rons ,  calle d Stat e Neuron s whic h represen t  th e state s 
and permi t  classificatio n an d trainin g o f  th e N N P D A. 
One o f  th e stat e neuron s i s  designate d a s th e Outpu t 
Neuron .  T h e Stat e Neuron s ge t  inpu t  (a t  ever y tim e 
step )  fro m thre e sources ,  namely ,  fro m thei r  o w n re -
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Tabl e 1 :  Lef t  colum n indicate s th e conten t  o f  th e stack ; 
Righ t  colum n indicate s th e quantit y o f  eac h alphabe t  o n 
stack .  To p o f  th e stac k i s a . 
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Tabl e 2 :  Afte r  pushin g 0. 6 o f  c  ont o stac k show n i n 
Tabl e 1 . 

curren t  connections ,  fro m th e Inpu t  Neuron s an d fro m 
th e Rea d Neurons .  Th e Inpu t  Neuron s registe r  externa l 
input s t o th e system .  Thes e externa l  input s consis t  o f 
sequence s o f  character s o f  string s fe d i n on e characte r  a t 
a time .  Th e Rea d Neuron s kee p trac k o f  th e symbols ) 
on to p o f  th e stack .  On e non-recurren t  neuron ,  calle d 
th e Actio n Neuro n indicate s th e stac k actio n (push ,  po p 
or  no-op )  a t  an y instance .  Th e continuou s vajue d acti -
vatio n o f  thi s neuro n i s use d t o perfor m analo g action s 
(namel y pus h jui d pop )  o n th e stack .  Th e architectur e 
of  th e Neura l  Networ k i s show n i n Figur e 1 . 

Many appropriat e erro r  function s coul d b e devised . 
The on e w e chos e t o trai n th e networ k consist s o f  tw o er -
ro r  functions :  on e fo r  lega l  string s an d th e othe r  fo r  ille -
gal  strings .  Fo r  lega l  string s w e requir e 1) .  th e N N P DA 
must  reac h a  fina l  stat e an d 2) .  th e stac k mus t  b e empty . 
Thi s criterio n csu i  b e reache d b y minimizin g th e error : 

Erro r  =  1/2[{1-Soil))' + L{1)' ] (1 ) 

wher e Soil )  i s  th e activatio n o f  a n OutputNeuro n wit h 
it s targe t  valu e fo r  lega l  string s a s 1. 0 an d Z,(/ )  i s  th e 
stac k length ,  al l  afte r  a  strin g o f  lengt h /  ha s bee n pre -
sente d a s inpu t  a  chauracte r  a t  a  time .  Fo r  illege d strings , 
th e erro r  functio n i s modifie d as : 

Error = Soil) - LH) t/(5„(/) - L(/)) > 0.0 (2) 

otherwise Error = 0.0. Equation (2) reflects the cri-
terio n that ,  fo r  a n illega l  patter n w e requir e eithe r  th e 
fina l  stat e Soil )  =  0. 0 o r  th e stac k lengt h L(/ )  t o b e 
greate r  tha n 1.0 . 

Stack Control 

The analo g stac k i s externa l  t o th e networ k an d i s 
manipulate d b y th e actio n neuro n wit h continuou s acti -
vatio n values .  Sinc e th e activatio n o f  th e actio n neuro n 
i s continuou s valued ,  th e pushin g an d poppin g i s als o 
continuous .  Associate d wit h eac h elemen t  o n th e stac k 
i s a n analo g value .  A n exampl e o f  th e stac k woul d b e 
th e on e show n i n Tabl e 1 .  I t  hei s 0. 4 o f  a  stacke d ove r 
0. 5 o f  6  an d s o on .  Operation s o n th e stac k ar e de -
termine d b y th e activatio n o {  Actio n Neuron ,  Sa -  Th e 
valu e o f  S a i s allowe d t o var y betwee n -|- 1 an d —1.  Th e 
operation s wil l  b e describe d a s follows : 

PUSH:  I f  th e activatio n o f  ActionNeuron ,  S a i s sig -
nificantl y positiv e th e actio n take n i s push .  I n ou r 
simulation s w e performe d pus h whe n th e magnitud e o f 
Sa >  0.1 .  I n cas e ofpus h th e curren t  inpu t  i s  pushe d o n 
th e stac k an d it s valu e i s determine d b y th e magnitud e 
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Tabl e 3 :  Afte r  popin g 0. 9 fro m th e stac k i n Tabl e 2 . 

of  th e activatio n o f  ActionNeuron .  Therefore ,  fo r  th e 
stac k show n i n Tabl e 1 ,  S a =  0. 6 an d th e curren t  inpu t 
i s c ,  then ,  afte r  th e operation ,  th e stac k woul d appea r 
as show n i n Tabl e S . 

POP:  I f  activatio n o f  ActionNeuro n i s sufficientl y 
negative ,  th e actio n take n i s pop .  I n thi s case ,  quantitie s 
store d o n th e stac k air e remove d u p t o a  dept h denote d 
by th e magnitud e o f  Sa .  Therefore ,  fo r  th e stac k i n 
Tabl e 2  an d S a =  —0.9 ,  afte r  th e po p operatio n stac k 
woul d appea r  a s show n i n Tabl e S .  Fo r  ou r  simulation s 
we performe d po p i f  S a <  —0.1 . 

R E A D I NG fro m th e stack :  A t  ever y tim e ste p (o r 
wit h processin g o f  ever y elemen t  o f  th e inpu t  string) , 
th e informatio n o n to p o f  th e stac k ha s t o b e update d 
ever y tim e a n actio n i s taken .  Thi s i s don e a s follows . 
Al l  th e element s o n th e to p o f  th e stac k u p t o a  dept h 
of  1. 0 (i.e. ,  al l  th e symbol s whos e quantitie s ad d u p t o 
1. 0 fro m th e top )  ar e considered .  The n thei r  individua l 
quantitie s o n th e stac k ar e use d a s th e correspondin g 
activation s o f  th e Rea d Neuron s i n th e nex t  tim e step . 
For  example ,  th e Rea d informatio n o f  th e stac k show n 
i n Tabl e S  woul d b e R a =  0.1 ;  R i  =  0.5 ,  R e =  0. 4 i f  w e 
conside r  onl y thre e inpu t  symbols .  I t  shoul d b e note d 
tha t  ou r  goa l  i s  t o trai n th e networ k t o tak e th e correc t 
actions ,  an d a s trainin g proceed s al l  magnitude s o f  S a 
shoul d approac h 1  o r  0 .  Hence ,  th e quantitie s o f  symbo l 
pushe d an d poppe d o n th e stac k woul d als o approac h 
1.  Thus ,  afte r  training ,  a  specifi c  readin g o f  th e stac k 
shoul d contai n onl y on e symbo l  an d th e performanc e o f 
th e analo g stac k shoul d approximat e tha t  o f  a  discret e 
one. 

NO O P E R A T I O N:  I f  th e magnitud e o f  5 a i s signifi -
cantl y small ,  n o operatio n i s taken .  Fo r  ou r  simulation s 
we performe d a  no-operatio n i f  -0. 1 <  S a <  0.1 . 

Training of the NNPDA 

The activation of State Neurons (and Action Neuron) 
may b e writte n a s 

Si t  +  l )  =  FiSit),Iit),Rit),W ) (3 ) 
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wher e /  i s  th e activatio n o f  th e Inpu t  Neuron s an d R  i s 
th e activatio n o f  th e Rea d Neuro n an d W i s th e weigh t 
matri x o f  th e network .  W e us e a  localize d represen -
tatio n fo r  Inpu t  an d Rea d symbol s (thus ,  a  symbo l  i s 
uniquel y represente d b y a  vecto r  whic h ha s onl y on e 1 
and al l  othe r  element s 0) .  W e no w describ e th e differ -
ent  form s equatio n (3 )  tak e fo r  differen t  order s o f  th e 
State ,  Rea d an d Inpu t  Neurons . 
For  Firs t  Order ,  le t  V(t )  represen t  a  concatenatio n o f 
vector s I{t) ,  R{t )  an d S{t) ,  i.e. ,  V{t )  =  I{t )  ©  R{t )  8 
S{t) .  The n equatio n (3 )  become s 

Si{t + l) = 9i^WijVjit)) (4) 

For Second Order, let V(t) represent concatenation of 
vector s I{t )  an d R{t) ,  i.e. ,  V{t )  =  I(t)eR(t) .  Equatio n 
(3 )  become s 

Si{t-^l) = 9C£^WijuSiV,{t)) (5) 

For Third Order equation (3) becomes 

Siit + 1) = <7(E E E ^«i*'5; it)h{t)Riit)) (6) 

where g{z) = 1/(1 + exp{—x)). 
At  th e en d o f  eac h inpu t  sequenc e o f  alphabet s 

ao,01,0 2 a/_i ,  a  distinc t  symbo l  calle d th e end -
marke r  i s presente d t o th e network .  Th e activatio n o f 
th e Outpu t  Neuro n a t  thi s poin t  i s  compare d wit h th e 
Target .  Th e en d symbo l  i s usefu l  becaus e ther e m a y 
be mor e tha n on e fina l  stat e an d w e w«mt  t o accep t  a 
strin g wheneve r  th e strin g reache s som e fina l  state .  Th e 
end symbo l  facilitate s computatio n b y effectivel y con -
structin g a n extr a hidde n layer .  Adjustin g th e weight s 
connecte d t o th e en d symbo l  neuro n (sinc e th e inpu t 
has a  loca l  representation ,  onl y on e inpu t  neuro n turn s 
on t o represen t  a  symbol )  correspond s t o th e trainin g 
of  a  super-fina l  state . 

Ther e ar e tw o couple d function s tha t  th e networ k 
needs t o lear n i n th e proces s o f  training :  th e stat e 
transitio n functio n an d th e stac k manipulatio n func -
tion .  Durin g training ,  inpu t  sequence s ar e presente d 
one a t  a  tim e an d activation s ar e allowe d t o propagat e 
unti l  th e en d o f  th e strin g i s reached .  Onc e th e en d i s 
reache d th e Targe t  i s  matche d wit h th e Outpu t  Neuro n 
and weight s ar e update d i n accordanc e wit h th e learn -
in g rule .  Th e learnin g rul e use d i n th e N N P D A i s a 
significantl y enhance d extensio n t o Rea l  Tim e Recur -
ren t  Learnin g [William s 89] . 

For  th e First-orde r  network ,  usin g th e objec -
tiv e functio n define d b y equatio n (1 )  an d (2 )  i n a 
gradient-descen t  weigh t  updat e expressio n A W i j  = 
-T]dError/dWij ,  th e weigh t  updat e rul e become s 

AWij  = 

ViiTarge t  -  So{l))dSoil)/dWij -
L{l)dL{l)ldWij )  fo r  equatio n 1 

-T]{dSo{i)/dWij-dL{i)/dWij ) 
fo r  equatio n 2 

(7 ) 

wher e x }  i s th e learnin g rate .  Then ,  dSo(l)/dWi j  ca n 
be calculate d fro m th e followin g recurrenc e relatio n b y 

settin g dSmiO)/dWi j  =  0.0 . 

dSmit + lydWij = 

g'iSmiViit) + E WmndSn{t)/dWij + 

E^^'nna/?„(t)/aVVy) (8) 

where 6mi = lif m = i, g = d{g{x))/dx. 
H ow d o w e obtai n dR{t)/dWij ? Sinc e th e curren t 

stac k readin g depend s o n it s entir e history ,  n o simpl e 
recurrenc e relatio n ca n b e found .  However ,  th e follow -
in g approximatio n appear s valid .  I t  m a y b e note d tha t 
we ar e abl e t o differentiat e R  onl y becaus e th e stac k i s 
continuous .  Also ,  afte r  th e networ k ha s bee n traine d 
sufficientl y an d actio n value s ar e larg e ( > 0.5) ,  eac h 
readin g m a y no t  contai n muc h informatio n o f  th e past . 
We obtai n a n approximat e valu e o f  dR{t)/dWi j  a s fol -
lows : 

dR{t)idWii = (dRit)/dSa(tmdSa(t)/dWij) 

where Sa{t) is the activation of the Action Neuron. 
Durin g pus h an d pop ,  an y incrementa l  (o r  decremen -

tal )  chang e o f  A S a i n S a woul d caus e a n increas e (o r 
decrease )  o f  R  i n th e to p o f  th e stac k wit h th e sam e 
amount .  Therefore , 

dRi/dSa = 1 

if Ri corresponds to the symbol on top of the stack. 
Also ,  sinc e th e tota l  readin g lengt h (equa l  t o 1 )  i s  fixed , 
any incrementa l  (o r  decremental )  chang e o f  A S a i n ̂ o 
woul d als o caus e a  decreas e (o r  increase )  o f  R  i n th e 
botto m o f  th e stack .  Hence , 

dRi/dSa = -1 

if Ri corresponds to the symbol at the bottom of the 
stack .  I t  m a y b e note d that ,  thes e ar e onl y firs t  orde r 
approximation s wit h th e assumptio n tha t  th e networ k 
has bee n traine d sufficientl y s o tha t  action s ar e larg e i n 
magnitud e (clos e t o 1.0) . 

Therefor e dRm{t)/dWi j  m a y b e approximate d as : 

dRmitydWij « (^„.r. - 6mr,)dSait)/dWij) (9) 

where rj and r2 are the indices of the symbols on top 
and botto m o f  th e stac k respectively ,  an d 6mr ,  =  1  i f 
m =  ri .  Havin g define d dR{t)/dWi j  an d assumin g al l 
partia l  derivative s a t  tim e =  0  t o b e 0 ,  dSm{l)/dWi j 
ca n b e evaluated ,  wher e /  i s  th e lengt h o f  th e inpu t 
strin g bein g processed . 

Sinc e th e stac k lengt h L{t )  m a y b e recursivel y eval -
uate d b y 

L{ t  +  l )  =  Lit )  +  Sa(t )  (10 ) 

th e secon d partia l  derivative ,  dL{l)/dWij ,  i n equatio n 
(7 )  m a y b e expresse d a s 

dut -h \)idWij = dL{t)/dWij + dSa{t)/dWij (ii) 
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For  a n initia l  conditio n le t  dHO)/dWi j  =  0.0 ,  the n 
dL{l)/dWi j  ca n b e evaluate d b y th e abov e recursion . 
Therefore ,  b y imposin g th e "on-line "  learnin g algo -
rithm ,  th e derivative s o f  th e weight s ar e propagate d 
forwar d usin g th e recursiv e formul a an d th e fina l  cor -
rectio n AWi j  i s mad e a t  th e end ,  afte r  on e whol e inpu t 
strin g ha s bee n presented .  Th e learnin g rule s fo r  sec -
ond an d thir d orde r  network s ar e exactl y th e sam e i n 
natur e bu t  var y i n th e typ e o f  interconnection s o r  th e 
W matrix . 

To determin e th e tim e complexit y o f  th e learnin g 
algorithm ,  le t  S  an d /  b e respectivel y th e numbe r 
of  fully-connecte d recurren t  an d inpu t  neuron s an d 
/  th e lengt h o f  th e inpu t  string .  The n th e numbe r 
of  operation s require d pe r  tim e ste p i s o f  th e orde r 
l * { S + i y *{ S +  R)* i l  +  S  +  R )  fo r  a  first-orde r 
recurren t  networ k (primaril y dominate d b y th e compu -
tatio n o f  th e parti d derivative s i n equatio n (8) )  Th e 1 
i n S-l- 1 take s int o accoun t  th e actio n neuron .  Similarl y 
a secon d an d a  thir d orde r  networ k requir e respectivel y 
/  *  5 2 *  ( 5 - H ) ^ (/- h i2) 2 an d /  •  S' •  (5-I-1) 2 */ 2 */e2 . 

Not e tha t  fo r  larg e 5 ,  th e complexit y goe s a s 0(5^) . 

Learning with Hints 

Our  trainin g set s containe d bot h positiv e an d neg -
ativ e strings .  On e proble m wit h trainin g o n incorrec t 
string s i s that ,  onc e a  characte r  i n th e strin g i s reache d 
tha t  force s th e strin g t o a  rejec t  state ,  n o furthe r  infor -
matio n i s gaine d b y processin g th e res t  o f  th e string . 
For  example ,  i f  w e ar e trainin g th e networ k o n lan -
guag e a"6 "  an d w e com e acros s a  strin g tha t  begin s 
wit h aaaaba... ,  n o matte r  wha t  follow s th e las t  a  i n th e 
string ,  i t  i s unnecessar y t o pars e an d trai n th e networ k 
on res t  o f  th e strin g an y further .  I n orde r  t o incorpo -
rat e thi s ide a w e hav e introduce d th e concep t  o f  a  Dea d 
State . 

Durin g training ,  w e assume d tha t  ther e i s a  teache r 
or  a n oracl e wh o ha s som e knowledg e o f  th e gramma r 
and i s abl e t o identif y th e point s o n th e string s (o f  neg -
ativ e examples )  tha t  take s th e string s t o a  rejec t  state . 
When suc h a  poin t  i s  reache d i n th e inpu t  string ,  fur -
the r  processin g o f  th e strin g i s stoppe d an d th e networ k 
i s traine d s o tha t  on e designate d Stat e Neuro n calle d 
th e Dea d Stat e Neuro n i s "on" .  T o accommodat e th e 
ide a o f  a  Dea d Stat e i n th e learnin g rule ,  th e followin g 
chang e i s made :  i f  th e networ k i s bein g traine d o n ille -
gal  string s tha t  en d u p i n a  Dea d Stat e the n th e lengt h 
L{1 )  i n th e erro r  functio n i n equatio n (1 )  i s ignore d an d 
simpl y become s Erro r  =  l/2{Targe t  -  5<,(/))2 .  Sinc e 
suc h string s hav e a n illega l  sequence ,  the y canno t  b e a 
prefi x t o an y lega l  string .  Therefor e a t  thi s poin t  w e d o 
not  car e abou t  th e lengt h o f  th e stack . 

For  string s tha t  ar e eithe r  lega l  o r  illega l  bu t  d o no t  g o 
t o a  dea d stat e (a n exampl e o f  suc h a  strin g woul d b e a 
prefi x  o f  a  lega l  strings ,  tha t  end s prematurely) ;  th e ob -
jectiv e functio n remain s th e sam e a s describe d earlie r  i n 
equatio n (1 )  an d equatio n (2) .  Hint s i n thi s for m mad e 
learnin g faster ,  helpe d i n learnin g o f  exac t  pushdow n 

automat a an d mad e bette r  generalizations .  Fo r  certai n 
languages ,  thes e hint s actuall y mad e learnin g possible . 
Ther e ar e method s fo r  insertin g hint s (rules )  directl y 
int o recurren t  neura l  network s [Omli n 92] ;  i t  woul d b e 
interestin g t o se e th e effec t  o f  usin g thes e method s i n 
trainin g a  N N P D A. 

Simulations 

The trainin g dat a consiste d o f  sequenc e o f  string s 
generate d i n alphabetica l  orde r  fro m th e inpu t  alphabe t 
set .  Incremental ,  real-tim e learnin g wa s use d t o trai n 
th e N N P D A.  I n othe r  words ,  th e lengt h o f  th e string s i n 
th e trainin g se t  wa s increase d i n steps ,  graduall y  a s th e 
networ k learne d th e smalle r  ones .  A t  th e beginnin g o f 
each ru n th e weight s wer e initialize d wit h a  se t  o f  ran -
do m value s chose n betwee n [-1.0 ,  1.0] .  Trainin g bega n 
wit h th e shortes t  possibl e string s (o f  lengt h one) . 

Once th e networ k learne d t o recogniz e th e string s i n 
th e curren t  trainin g set ,  longe r  string s (o f  lengt h on e 
more tha n th e longes t  strin g i n th e curren t  set )  wer e 
adde d t o th e trainin g set .  Longe r  string s wer e adde d 
when eithe r  o f  th e tw o criteri a wa s satisfied :  (1 )  a 
threshol d numbe r  o f  epoch s wer e completed ,  (2 )  net -
wor k learne d t o recogniz e al l  string s i n th e trainin g 
set  befor e completin g th e threshol d numbe r  o f  epochs . 
Epoch s her e impl y on e pas s ove r  th e trainin g set .  A 
trainin g se t  wa s considere d t o b e successfull y learne d 
when al l  th e string s i n th e se t  wer e recognize d correctly . 
I n general ,  fo r  ever y languag e trained ,  thi s threshol d 
was varie d unti l  th e performanc e (i n term s o f  tota l  num -
ber  o f  epoch s neede d fo r  training )  coul d no t  b e furthe r 
increased .  Fo r  mos t  simulations ,  th e threshol d fo r  th e 
number  o f  epoch s range d betwee n 2 0 an d 40 . 

I f  th e correc t  stac k action s ar e learne d b y th e 
N N P D A,  the n addin g longe r  string s woul d no t  increas e 
th e error .  Thi s wa s use d t o estimat e a n uppe r  boun d 
fo r  th e msLximu m lengt h o f  trainin g string s t o b e used . 
The maximu m lengt h o f  th e string s require d fo r  train -
in g wa s usuall y limite d t o ten .  Fo r  simpl e language s 
lik e a "  6" ,  trainin g string s o f  lengt h u p t o si x wer e suf -
ficient  t o trai n th e N N P D A.  Fo r  a  particula r  length , 
sinc e th e numbe r  o f  positiv e string s wa s muc h smalle r 
tha n th e numbe r  o f  possibl e negativ e strings ,  a  positiv e 
strin g o f  th e sam e lengt h wa s place d ever y thir d strin g 
i n th e trainin g set .  Thus ,  a  smal l  se t  o f  positiv e string s 
wer e repeate d man y time s i n th e trainin g set .  Onc e 
th e networ k wa s trained ,  th e action s an d state s wer e 
quantize d s o a s t o extrac t  a  perfec t  pushdow n automa -
ton .  Thi s extracte d pushdow n automato n ca n recogniz e 
string s o f  arbitrar y length .  Fo r  a  discussio n o f  thi s ex -
tractio n method ,  se e [Su n 90 ]  an d [Gile s 90 ]  and ,  mor e 
recently ,  fo r  finite  stat e automat a [Gile s 92a] . 

The sam e simulatio n criteri a an d initia l  condition s 
describe d abov e wer e use d fo r  treiinin g N N P DA o f  vari -
ous orders .  A  comparativ e performanc e o f  th e network s 
of  first,  secon d an d thir d order s i n term s o f  numbe r  o f  it -
eration s required ,  generalizatio n capabilit y  an d numbe r 
of  neuron s ar e show n i n Table s 4 ,  5  an d 6 .  Th e value s i n 
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th e table s wer e typica l  one s obtaine d i n ou r  simulations ; 
changin g th e initia l  condition s resulte d i n value s o f  sim -
ila r  order s o f  magnitude .  Thes e table s sho w statistic s 
fo r  th e minima l  machine s learned . 

Conclusions 

A neura l  networ k pushdow n automato n (NNPDA ) 
was constructe d b y connectin g a  recurren t  neura l  net -
work stat e controlle r  t o a n externa l  stac k memor y 
throug h a  join t  erro r  function .  Thi s N N P DA wa s show n 
t o b e capabl e o f  learnin g a  rang e o f  small ,  bu t  inter -
esting ,  deterministi c context-fre e (DCF )  grammars .  A 
continuou s externa l  stac k wa s constructe d tha t  permit -
te d th e successfu l  us e o f  continuou s optimizatio n meth -
ods (gradient-descent) .  Th e N N P DA learne d t o mak e 
efRcien t  us e o f  thi s stack .  Whe n i t  wa s traine d o n regu -
la r  languages ,  e.g .  {singl e parity ,  wher e th e od d o r  eve n 
occurrenc e o f  a  singl e symbo l  i s  checke d fo r  acceptance) , 
th e networ k learn s th e stat e transition s withou t  makin g 
use o f  th e stack .  However ,  a  languag e lik e parit y coul d 
have bee n learne d usin g a  stack ,  tha t  is ,  i t  coul d hav e 
used th e stac k b y pushin g a  symbo l  o n ever y od d oc -
currenc e o f  a  characte r  an d poppin g th e stac k o n ever y 
even occurrence .  Bu t  th e N N P DA erro r  functio n ap -
parentl y allow s th e networ k t o selectivel y avoi d usin g 
th e stac k whe n th e languag e ca n b e learne d withou t  it . 

Simulation s varyin g th e orde r  o f  th e recurren t  net -
work showe d that ,  i n general ,  th e highe r  th e orde r  o f 
th e net ,  th e easie r  i t  wa s t o lear n grammars .  (Fo r  som e 
grammars ,  highe r  orde r  prove d t o b e a  necessit y  fo r  suc -
cessfu l  training! )  However ,  i t  prove d possibl e t o lear n 
a simpl e D C F Languag e suc h a s th e parenthesi s match -
in g grammei r  b y usin g onl y first-order  networks .  W e 
als o observe d tha t  th e stac k wa s abl e t o lear n t o chang e 
it s stac k actions .  Fo r  example ,  i n learnin g th e languag e 
a"6"c6'"a'" ,  th e stac k ha d t o lear n t o pus h a' s an d pus h 
6' 8 whe n i t  sa w a n a  an d the n revers e tha t  process . 
Thir d orde r  network s d o no t  necessaril y  perfor m muc h 
bette r  tha n secon d orde r  networks .  On e possibl e expla -
natio n i s tha t  i n th e highe r  orde r  network s th e increas e 
i n th e degree s o f  freedo m slow s dow n convergence .  O f 
cours e th e networ k ha s onl y learne d smal l  D C F gram -
mars;  large r  grammar s shoul d b e muc h mor e difficult . 
However ,  th e N N P DA wa s abl e t o lear n ho w t o effi -
cientl y contro l  an d us e a n externa l  stac k whil e a t  th e 
same tim e learnin g it s neura l  networ k stat e machin e 
controller . 
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push 

State(t ) 

pop o r  no-o p 

Top-or-SUck(t ) 

Actio n 
Externa l 
suc k 

abet  o n stac k 

highe r  orde r 
weight s 

Stat e Neuron s 

SUte(t-l) 

Inpu t  Neuron s 

Input(t-1) 

Read Ncuion s 

Top-or-SUck(t-l) 

^*Flo w o f  Informatio n 

Figur e 1 :  Th e figure  show s th e architectur e o f  a  third-orde r  N N P D A .  Eac h weigh t  relate s th e produc t  o f  Input(t-l) , 
State(t-l )  an d Top-of-Stac k informatio n t o th e State(t) .  Dependin g o n th e activatio n o f  th e Actio n Neuron ,  stac k 
actio n (namely ,  push ,  po p o r  nooperation j  i s  take n an d th e Top-of-Stac k (i.e .  valu e o f  Rea d Neurons )  i s updated . 

Orde r 
of  N N 

1st 
2nd 
3r d 

parenthesi s 
liint s 

50-10 0 
50-8 0 
50-8 0 

w / o hint s 
** * 

80-10 0 
50-8 0 

a"  6 " 
hint s 

300-50 0 
150-30 0 
150-25 0 

w / o hint s 
** * 

30 0 
150-25 0 

a"  6 "  06" *  a" " 
hint s 

50 0 
150 

w / o hint s 
a"+'"6"c' " 

hint s 

200-25 0 
150-25 0 

w/ o hint s 

** * 
** * 

Tabl e 4 :  Iteration s require d b y first ,  secon d an d thir d orde r  network s t o lear n variou s language s wit h an d withou t 
hint s an d unde r  sam e initia l  conditions ,  namely ,  sam e initia l  learnin g rate ,  sam e initia l  valu e o f  stat e neurons ,  sam e 
rando m numbe r  an d sam e inpu t  se t  ("*** "  i n th e tabl e implie s tha t  th e simulatio n di d no t  converge) . 

Orde r 
of  N N 

1st 
2nd 
3r d 

parenthesi s 
hint s 

0. 0 
0. 0 
0. 0 

w/ o hint s 
** * 

3.0 7 
0. 0 

a"  6 " 
hint s 

8. 9 
0. 0 
0. 0 

w/ o hint s 

2.6 7 
1.0 3 

a"b"cb"*a" ' 
hint s 
+* * 

5.5 6 
3.9 8 

w / o hint s 
++* 
** * 
** * 

a"+"'6"c' " 
hint s 

0. 0 
0. 0 

w / o hint s 
** * 
** * 
** * 

Tabl e 5 :  Generalizatio n (i n 
strings) . 

erro r  o n al l  possibl e string s u p t o lengt h 15 ,  startin g fro m lengt h 1 ,  tha t  is ,  wit h 6553 4 

Orde r 
o fN N 

1st 
2nd 
3r d 

parenthesi s 
hint s 

34- 1 
1-1- 1 
1+1 

w/ o hint s 

2 
2 

a"  6 " 
hint s 

3- H 
1-1- 1 
1+1 

w/ o hint s 

3 
2 

a"6"c6'"a' " 
hint s 
+++ 

1+1 
1+1 

w/ o hint s 

•• • 

a"+"'6"c' " 
hint s 
+++ 
1+2 
1+1 

w/ o hint s 

Tabl e 6 :  Min ima l  numbe r  o f  Stat e Neuron s require d t o lear n th e language s i n variou s order s (fo r  th e simulation s 
with  hint s on e neuro n wa s require d explicitl y  fo r  dea d stat e an d henc e th e "+l"s) . 
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