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Abstrac t 

We report analyses of the construction and 
interpretatio n o f  mathematica l  symbol s tha t  refe r  t o 
quantitativ e propertie s an d relation s o f  a  physica l 
system .  Middle-schoo l  student s solve d problem s tha t 
involve d contractin g tables ,  equation s an d graph s t o 
represen t  linea r  function s o f  a  devic e wher e block s ar e 
moved varyin g distance s b y turnin g a  handl e tha t 
wind s strin g aroun d spool s o f  differen t  sizes .  Previou s 
researc h analyze d activitie s o f  reasonin g abou t 
quantitie s o f  thi s syste m a s attunemen t  t o constraint s 
and affordances ,  a  characterizatio n o f  students '  imphci t 
understandin g o f  concept s o f  variabl e an d linea r 
functions .  Thi s repor t  concern s activitie s o f 
representin g quantitativ e propertie s an d relation s usin g 
mathematica l  notations .  W e ar e developin g analyse s 
of  constructin g an d interpretin g tables ,  equations ,  an d 
graph s i n term s o f  attunemen t  t o constraint s an d 
affordance s o f  th e represente d system ,  th e syste m o f 
notations ,  an d relation s betwee n th e constraint s o f  th e 
notation s an d th e represente d domain .  W e presen t 
example s tha t  illustrat e concept s o f  semanti c clumps , 
groups ,  an d morphisms ;  descriptiv e an d demonstrativ e 
representations ;  multipl e referen t  domains ;  an d 
construction s o f  meaning  i n contribution s t o 
conversationa l  discourse . 

Introductio n 

We are analyzing how humans understand concepts and 
th e meaning s o f  symboli c representations .  Ou r 
approach ,  whic h w e cal l  situativit y theory ,  focuse s 
theoretica l  attentio n o n interaction s betwee n agents , 
othe r  people ,  an d materia l  system s i n thei r 
environmen t  (Greeno ,  1992 ;  Green o &  Moore ,  1993) . 
We dra w o n concept s an d method s o f  ethnographi c 
studie s o f  everyda y activit y (Lave ,  1988 ;  Suchman , 
1987) .  ecologica l  psycholog y (Gibson ,  1979/1986 ; 
Turvey ,  1990 ;  1992) ,  an d philosophica l  situatio n 
theor y (Barwis e &  Perry ,  1983 ;  Devlin ,  1991 )  alon g 
wit h man y precursor s (Dewey ,  1929/1958 ;  Mead , 
1934) . 

Previou s studie s (Greeno ,  Moore,  &  Mather ,  1992 ; 
Moor e &  Greeno ,  1991 )  hav e analyze d implici t 
understandin g o f  mathematica l  concept s b y middle -  an d 
high-schoo l  student s reasonin g abou t  quantitativ e 
propertie s o f  a n apparatu s tha t  w e cal l  th e winch , 
adapte d fro m a n apparatu s use d b y Piaget ,  Grize , 

Szeminska ,  &  Ban g (1968/1977) ,  show n i n Figur e 1 . 
Student s answere d question s suc h a s wher e a  bloc k 
woul d b e afte r  som e numbe r  o f  turns ,  o r  ho w man y 
turn s i t  woul d tak e fo r  on e o f  th e block s l o catc h u p 
wit h th e other .  Thei r  succes s indicate d tha t  the y 
implicitl y  understoo d variable s an d linea r  functions , 
althoug h ther e wa s n o evidenc e tha t  thes e concept s 
wer e know n explicitly .  I n thes e studies ,  students ' 
understandin g coul d b e characterize d i n term s o f 
attunemen t  t o constraint s an d (fiordances ,  suc h a s thei r 
attunemen t  t o th e constrain t  tha t  ther e i s a  constan t 
distanc e th e bloc k move s eac h tim e th e handl e i s 
turne d an d th e affordanc e tha t  a  rule r  provide s fo r 
reasonin g abou t  numerica l  values . 

Our  curren t  wor k focuse s o n h o w peopl e understan d 
symboli c representation s o f  mathematica l  variable s an d 
functions .  W e gav e student s problem s involvin g 
table s an d equation s i n on e experimen t  an d graph s i n 
anothe r  experiment .  The y wer e aske d t o construc t  an d 
us e thes e symboli c representation s t o mak e inference s 
abou t  th e winc h system .  Ou r  theoretica l  tas k wa s t o 
characteriz e h o w student s understoo d th e symboli c 
representation s the y constructe d an d t o describ e th e 
processe s throug h whic h thos e understanding s wer e 
achieved . 

T h e o r y 

Characterizin g Meaning s 

Our analysis describes how symbols are constructed 
and interprete d an d ho w conceptua l  understandin g 
result s fro m thi s activity .  W e us e Clar k an d Wilkes -
Gibbs' s (1986 )  ide a tha t  referenc e i s a  collaborativ e 
achievemen t  i n conversation ,  an d a n extensio n o f 
Clar k an d Schaefer' s (1989 )  metho d fo r  analyzin g 
conversationa l  turn s t o identif y episode s i n whic h a 
meanin g fo r  a  symboli c expressio n i s achieve d i n th e 
conversationa l  c o m m o n ground .  W e emplo y a 
modificatio n o f  Barwis e an d Perry' s (1983 )  relationa l 
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theor y o f  meanin g t o characteriz e event s i n whic h a 
symboli c expressio n i s give n meaning .  I n thi s theory , 
meanin g i s a  relatio n betwee n a  situatio n wher e a 
symboli c expressio n i s spc^en ,  written ,  o r  drawn ,  an d 
th e situatio n tha t  th e expressio n refer s to . 

Constraint s o f  Representin g 

Understanding symbolic representations is an activity 
tha t  involve s attunemen t  t o constraint s an d affordance s 
abou t  (a )  th e domai n tha t  i s  referre d to ,  (b )  th e domai n 
of  notationa l  expressions ,  an d (c )  th e meanin g 
relation s betwee n notation s an d thei r  referents . 
C o - c o n s t r a i n e d p rope r t i es .  I n th e referen t 
domain ,  attunemen t  t o constraint s make s i t  possibl e t o 
refe r  t o co-constraine d propertie s o f  a  situation .  Fo r 
example ,  i n th e winc h syste m th e labele d siz e o f  eac h 
spoo l  i s  equa l  t o it s circumferenc e i n inches ,  whic h 
equal s th e distanc e tha t  a  bloc k move s eac h tim e th e 
handl e i s turne d wit h tha t  spool .  Thi s mean s tha t 
sayin g o r  writin g a  numera l  ca n b e interprete d a s 
referrin g t o th e siz e o f  a  spool ,  a  distanc e pe r  turn ,  o r 
both .  Further ,  i f  a  phras e i s use d tha t  specifie s on e o f 
thes e (e.g. ,  "th e 'four '  spool" )  it s  referen t  ca n b e 
extende d t o includ e th e distanc e pe r  tur n o f  a  bloc k 
wit h tha t  spool ,  i f  th e speake r  an d listener(s )  ar e 
attune d t o th e constrain t  tha t  thes e quantitie s ar e equal . 
Similarly ,  symbol s hav e co-constraine d propertie s tha t 
provid e alternativ e way s o f  referring .  Fo r  example ,  i n 
th e grap h o f  a  linea r  functio n throug h th e origin ,  th e 
steepnes s o f  th e lin e an d it s y-coordinat e a t  x=l ,  ar e 
distinguishabl e visua l  feature s whic h bot h correspon d 
t o th e slop e o f  th e function .  W h e n a  propert y o f  th e 
lin e i s interprete d a s referrin g t o th e slop e o f  th e 
function ,  eithe r  it s steepness ,  o r  a  y-coordinate ,  o r 
both ,  ma y b e th e focu s o f  attention . 
S y n t a x ,  s e m a n t i c s ,  a n d s y m b o l i c 
communication .  Constraint s o f  th e notation s ca n 
be considere d th e synta x (i n a  broa d sense )  o f  th e 
representationa l  system .  Fo r  example ,  i n equation s 
ther e ar e constraint s o n th e sequenc e o f  numerals , 
letters ,  an d operatio n sign s tha t  student s learn ,  an d 
ther e i s a  simpl e gramma r  tha t  determine s a  phras e 
structur e fo r  an y algebrai c expression .  I n graphs ,  ther e 
ar e constraint s suc h a s th e continuit y o f  a  lin e tha t  i s 
considere d a s a n objec t  an d affordance s suc h a s 
considerin g an y segmen t  o f  a  lin e a s a n object . 

Constraint s an d affordance s o f  th e interpretiv e 
proces s involv e th e way s i n whic h notation s ar e use d 
as symbols .  Thes e ar e th e semanti c convention s o f  th e 
representationa l  system .  Fo r  example ,  i n a n equation , 
tw o adjacen t  symbol s (e.g. ,  "3x" )  represen t  tw o 
number s o r  quantitie s tha t  ar e combine d b y 
multiplication .  I n a  two-dimensiona l  graph ,  a  lin e 
represent s a  functio n o f  tw o variable s wit h an y point' s 
coordinate s representin g a  pai r  o f  variabl e value s 
include d i n th e function . 

S o me Concept s a n d Distinction s 

Cognitive analyses often reveal unexpected 
complexities .  Ou r  stud y ha s le d u s t o realiz e tha t 
relation s betwee n symbol s an d thei r  referent s ar e 
complicate d i n severa l  ways . 
C l u m p s ,  g r o u p s ,  a n d m o r p h i s m s .  Th e 
structur e o f  students '  use s an d interpretation s o f 
symbol s varie d considerably .  The y varie d t o th e degre e 
t o which :  (a )  differen t  symbols ,  concept s o r 
interpretation s wer e differentiate d fro m eac h othe r  an d 
(b )  relation s betwee n the m wer e specifie d 
systematically .  W e us e th e ter m "clump "  t o 
characteriz e case s i n whic h symbol s o r  concept s wer e 
use d interchangabl y wit h littl e specificatio n o f  h o w 
the y ar e related .  A t  th e othe r  extrem e wer e highly -
structure d "groups "  i n whic h distinc t  symbol s o r 
concept s wer e systematicall y relate d usin g composabl e 
and invertibl e operations .  A  furthe r  leve l  o f 
structurin g occurre d whe n th e operation s o f  a  grou p i n 
one domai n (e.g .  makin g 3  turn s wit h a  4-spoo l  an d 
seein g ho w fa r  th e bloc k moves )  wer e systematicall y 
relate d t o th e operation s o f  a  grou p i n anothe r  domai n 
(e.g .  computin g 3  time s 4) .  Suc h inter-domai n 
structure s ar e referre d t o a s 'morphisms" . 
D e s c r i p t i v e a n d d e m o n s t r a t i v e 
r e p r e s e n t a t i o n s .  Symboli c expression s lik e 
equation s ca n b e interprete d a s descriptions ;  tha t  is ,  a s 
proposition s abou t  a  situatio n tha t  ar e eithe r  tru e o r 
false .  Interpretin g a n expressio n a s a  descriptio n 
involve s identifyin g objects ,  properties ,  an d relation s 
tha t  th e expressio n designate s a s trut h condition s an d 
determinin g whethe r  thos e condiUon s hol d i n a 
situatio n o r  situatio n type .  I n a n equation ,  variable s 
ar e generall y interprete d descriptivel y whil e th e entir e 
equatio n assert s a  relatio n amon g quantitie s o r 
number s tha t  ma y b e tru e o r  false . 
Symboli c expression s lik e line s i n graph s an d picture s 
i n othe r  type s o f  diagrams ,  ca n b e interprete d a s 
demonstrativ e representations ,  tha t  is ,  a s object s wit h 
propertie s an d relation s tha t  correspon d t o propertie s 
and relation s o f  object s i n th e situatio n o r  domai n tha t 
th e expressio n represents .  Interpretin g a n expressio n 
demonstrativel y involve s (a )  identifyin g object s i n th e 
referen t  situatio n o r  domai n tha t  correspon d t o th e 
object s i n th e representation ,  (b )  identifyin g propertie s 
and relation s o f  represente d object s tha t  ar e lik e 
propertie s an d relation s o f  th e symboli c objects ,  an d 
(c )  determinin g whethe r  th e represente d situatio n o r 
clas s o f  situation s ha s th e propertie s an d relation s tha t 
i t  shoul d hav e fo r  th e representatio n t o b e correct .  I n a 
graph ,  line s ar e generall y interprete d demonstrativel y 
whil e numeral s tha t  mar k distance s alon g axe s ar e 
generall y interprete d descriptively . 
M u l t i p l e referen t  d o m a i n s .  Mathematica l 
expression s (tables ,  equations ,  an d graphs )  ca n b e 
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interprete d a s referrin g t o number s an d thei r  properties , 
or  t o th e quantitativ e propertie s an d relation s o f  materia l 
systems .  Quantitativ e an d numerica l  propertie s ca n b e 
integrate d m o r e o r  les s strongl y i n people' s 
understanding .  W e observe d difference s i n students ' 
use s an d interpretation s o f  symbol s a s referrin g t o 
eithe r  number s an d numerica l  operations ,  t o quantitie s 
and thei r  relations,  o r  t o bot h i n a n integrate d fashion . 
Conversat iona l  construction s o f  m e a n i n g . 
Interpretation s o f  symbol s ar e bot h socia l  an d 
cognitiv e achievements .  I n ou r  studies ,  interpretation s 
occurre d durin g socia l  interaction s a s pair s o f  student s 
worke d o n problem s presente d i n workbooks .  I n thes e 
settings ,  meaning s o f  symbol s wer e component s o f 
th e c o m m o n groun d constructe d durin g conversation . 
We ca n describ e event s o f  constructin g meanin g a s 
contribution s t o conversatio n (Clar k &  Schaefer , 
1989) ,  involvin g presentation s tha t  functio n a s 
propose d interpretation s whic h ar e the n accepted , 
questioned ,  modified ,  o r  rejecte d i n subsequen t 
conversationa l  turns . 

Example s 

In order to illustrate these distinctions and concepts, 
we presen t  som e example s fro m tw o studie s usin g th e 
winc h syste m (Figur e 1 )  wit h tw o differen t  kind s o f 
workbooks . 

Example 1 

The table-and-equations workbook included problems 
fo r  whic h student s constructe d an d explaine d table s tha t 
showe d position s o f  th e bloc k afte r  differen t  number s 
of  turn s wit h differen t  spoo l  sizes ,  an d als o constructe d 
and explaine d equation s fo r  calculatin g value s o f 
variables ,  suc h a s flnding  th e positio n o f  a  bloc k o r 
number  o f  turn s give n al l  othe r  relevan t  value s 
(startin g position ,  spoo l  size ,  etc. )  W e examin e ho w a 
pai r  o f  eighth-grad e students ,  w h o m w e cal l  Juli e an d 
Paula ,  solve d problem s i n thi s workboo k afte r  the y 
had complete d al l  item s involvin g table s an d ha d 
constructe d som e equations . 
C l u m p s ,  g r o u p s a n d m o r p h i s m s .  W e ar e 
fmdin g tha t  th e relation s betwee n set s containin g 
symbo ls ,  thei r  referent s an d interpretiv e 
correspondence s var y ove r  tw o dimensions :  th e degre e 
t o whic h item s ar e differentiate d fro m eac h othe r  an d 
th e exten t  t o whic h relation s betwee n item s ar e 
specifie d systematically .  Thi s i s illustrate d b y th e 
developmen t  o f  Juli e an d Paula' s us e o f  th e ter m 
"distance" ,  symbolize d i n thei r  equation s b y D , 
especiall y a s the y distinguis h i t  fro m en d position . 

Befor e Ite m 8 ,  al l  calculation s involve d situation s 
wher e th e bloc k starte d a t  zero .  I n thos e cases ,  th e 
distanc e tha t  a  bloc k move s i s equivalen t  t o it s en d 
position ,  an d eithe r  o f  thos e quantitie s i s equa l  t o th e 

number  o f  turn s time s th e spoo l  size .  Paul a an d 
Julie' s reference s t o variou s propertie s o f  distanc e an d 
end positio n appea r  t o hav e bee n linke d int o a  clump . 
Throughou t  th e firs t  8  items ,  th e term s "distanc e 
moved"  an d "en d position "  wer e use d interchangeably . 
"Clumping "  i s als o evidence d b y Juli e an d Paula' s us e 
of  a  hybri d phras e "th e distanc e a  bloc k move s to " 
whic h incorporate s conceptua l  aspect s o f  bot h distanc e 
moved an d en d position .  Als o ther e wa s n o evidenc e 
tha t  Juli e an d Paul a understoo d th e relatio n tha t  mad e 
distanc e an d en d positio n equivalen t  i n thi s case . 

Paul a an d Julie' s lac k o f  differentiatio n betwee n 
distanc e an d en d positio n becam e problemati c i n Ite m 
8b whe n startin g positio n wa s n o longe r  assume d t o 
be zero .  The y wer e aske d t o "writ e you r  wor d equatio n 
so tha t  yo u takin g int o accoun t  wher e th e bloc k wa s 
befor e an y turn s wer e made. "  Juli e propose d tha t  "yo u 
subtract, "  the n the y worke d o n a n exampl e ( 4 turn s o f 
a 3-spoo l  wit h a  nonzer o startin g point )  unti l  Paul a 
finall y agreed ,  "S o yo u hav e to—subtract.... "  The y 
wer e abl e t o subtrac t  1 2 fro m th e en d position s o f  1 5 
and 1 8 an d recogniz e tha t  th e result s woul d equa l 
starlin g position s o f  3  an d 6 .  However ,  becaus e the y 
clumpe d differen t  distanc e term s together ,  the y ha d 
troubl e convenin g thei r  algorith m int o a n equation . 
For  example ,  Paul a originall y propose d th e equatio n 
" T X  S  = D  •  D  =  th e origina l  distance. " 
meanin g t o substitut e differen t  value s fo r  eac h distanc e 
variable .  Afte r  severa l  trial s the y eventuall y derive d 
th e equation  " D - ( 7 x 8 )  =  th e startin g point, " 
whic h w e characteriz e a s stil l  involvin g som e 
clumpin g a s en d positio n value s rathe r  tha n distanc e 
moved value s wer e substitute d fo r  D . 

I n item s 9  an d 10 ,  Paul a an d Juli e wer e give n a n 
equatio n whic h introduce d Y  a s a  symbo l  fo r  en d 
position .  A s the y followe d th e convention s se t  u p b y 
thi s equation ,  D  an d th e concep t  o f  distanc e move d 
playe d onl y a  minima l  rol e i n thei r  reasoning . 

I n ite m 11 ,  Juli e an d Paul a bega n examinin g wha t 
the y mean t  b y differen t  term s an d symbols .  Thi s le d 
the m toward s a  grou p structur e tha t  distinguishe d en d 
positio n (Y )  an d distanc e move d (D )  whil e specifyin g 
th e relatio n betwee n them .  Ironically ,  thei r  progres s 
was prompte d b y a n oversight .  W h e n aske d t o writ e 
an equatio n "t o fin d ou t  h o w man y time s th e handl e 
was turned...[using ]  th e sam e letter s yo u use d i n you r 
las t  equation "  i n Ite m 1  la ,  Juli e an d Paul a wrot e dow n 
"D/ s =  t," ,  th e equatio n the y ha d derive d i n Ite m 7 
befor e non-zer o startin g point s wer e considered . 
However ,  ite m 1  l b aske d the m t o appl y thei r  equatio n 
t o a  proble m wit h a  non-zer o startin g point : 

"Th e winc h ha s a  6-spoo l  o n i t  wit h th e bloc k 
startin g a t  2 .  Th e bloc k ha s ende d u p a t  14 .  H o w 
many lime s wa s th e handl e turned. " 

T o solv e th e problem ,  the y woul d hav e t o eithe r 
modif y thei r  equatio n o r  reinterpret  i t 

Thi s proces s bega n whe n ihe y starte d listin g th e 
variable s t o use .  Afte r  the y wrot e d o w n " D = 
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distance ,  S  =  spoo l  size ,  t  =  turns, "  Paul a 
propose d tha t  Y  b e included :  "an d Y  equal s endin g 
point ,  eve n thoug h w e don' t  us e i t  w e shoul d jus t  pu t 
...oh ,  w e don' t  us e it ,  w e don' t  nee d to. "  Juli e 
propose d t o instea d us e P ,  whic h sh e adde d wit h 
Paula' s implici t  agreement ,  "oh ,  P  i s startin g 
position. "  TTie n Juli e said , 

" D divide d b y S  equal s T ,  an d w e hav e t o 
subtrac t  2 " 

Paul a rejecte d thi s proposa l  b y protestin g agains t 
Julie' s us e o f  a  specifi c  valu e fo r  P : 

"Minu s 2 ,  it' s  no t  alway s 2  though " 
Juli e the n change d he r  proposa l  t o "minu s P "  (makin g 
thei r  equatio n ( D /  S  )  -  P  =  T  ) ,  bu t  Paul a rejecte d 
thi s b y makin g a  proposa l  o f  he r  own : 

" I  kno w tha t  Y  i s th e endin g poin t  h o w abou t  that ? 
[pause ]  us e Y  [pause ]  I  don' t  thin k w e nee d a  ne w 
variable... " 

Juli e expresse d he r  disagreemen t  b y no t  writin g 
Paula' s suggestio n down ,  arguin g tha t  Y  wa s no t  on e 
of  th e variable s o n thei r  list .  Afte r  nin e repeate d 
directive s fro m Paul a sh e eventuall y wrot e i t  down . 
N o w thei r  equatio n wa s ( D /  S  )  -  Y  =  T . 

However ,  whe n the y trie d t o substitut e value s int o 
th e equation ,  the y followe d thei r  earlie r  clumpin g o f  D 
wit h en d positio n an d substitute d th e en d position ,  14 , 
fo r  D .  Thi s lef t  the m wit h n o numbe r  t o substitut e fo r 
Y.  Thi s proble m cause d Paul a t o reinterpre t  distance : 

"Hol d o n caus e n o w th e distanc e i s 1 4 minu s 2 
whic h i s 1 2 that' s th e distanc e tha t  i t  travele d s o w e 
hav e t o pu t  1 2 no t  14 " 

Juli e agreed ,  erasin g 1 4 an d writin g i n 12 .  Th e degre e 
t o whic h thi s reinierpretatio n ha d bee n incorporate d i n 
thei r  schem e i s evidence d b y th e fac t  tha t  the y di d no t 
conside r  i t  necessar y t o writ e ou t  thei r  decompositio n 
of  distanc e traveled :  A s Paul a summe d i t  up : 

"well ,  th e distance ,  I  mea n peopl e ca n figur e tha t 
out  caus e yo u hav e t o d o th e endin g poin t  minu s 
th e beginnin g point " 

Thi s reinterpretatio n form s a  grou p structur e b y 
distinguishin g distanc e move d fro m en d positio n whil e 
enc£^sulatin g th e exac t  relationshi p betwee n them . 
Conversationa l  constructio n o f  meaning .  B y 
analyzin g conversationa l  turn s i n term s o f 
presentation s an d acceptance s (Clar k &  Schaefer ,  1989 ) 
we ca n identif y episode s i n whic h meaning s ar e 
proposed ,  considered ,  modified ,  an d accepte d b y eac h 
pai r  o f  students .  I n man y cases ,  a  studen t  coul d simpl y 
use a  symbo l  sinc e it s interpretatio n wa s apparentl y 
clea r  an d acceptabl e t o th e othe r  student .  I n othe r 
cases ,  a  studen t  woul d propos e a  symbo l  o r 
interpretatio n t o b e accepted .  I n som e cases ,  th e othe r 
studen t  questione d o r  objecte d t o th e proposal ,  wit h 
subsequen t  conversationa l  turn s neede d t o arriv e a t  a n 
agreed-tt )  meanin g t o contribut e t o c o m m o n ground . 

O ne exampl e wa s i n th e proposa l  b y Juli e tha t 
"yo u subtract, "  whic h wa s use d durin g th e discussio n 
of  example s an d eventuall y accepte d explicitl y  b y 

Paula ,  "S o yo u hav e to—subtract "  Anothe r  exampl e 
was Paula' s proposa l  t o includ e th e variabl e Y  i n thei r 
variabl e hs t  fo r  Ite m 1  lb .  whic h wa s rejecte d b y Juli e 
wit h a  counterproposa l  t o includ e P  tha t  Paul a 
accepte d sayin g "Oh ,  p  i s startin g position. "  A  mor e 
comple x exampl e wa s a  proposa l  b y Paul a t o evaluat e 
th e expressio n "D/ S =  T, "  askin g " H o w m u c h i s 
distance? "  Th e proposa l  t o engag e i n thi s projec t  wa s 
accepte d b y Julie ,  w h o said ,  "14. "  Thre e turn s later , 
Paul a rejecte d Julie' s propose d interpretatio n o f  D , 
sayin g "Hol d o n caus e n o w th e distanc e i s 1 4 minu s 2 
whic h i s  12 ;  that' s th e distanc e tha t  i t  traveled. " 
Multipl e referen t  domains .  I t  seem s t o u s tha t 
fo r  thes e students ,  equation s referre d bot h t o quantitie s 
i n th e winc h syste m an d t o number s an d arithmeti c 
operations ,  wit h thei r  focu s shiftin g bac k an d fort h 
betwee n thes e comfortably .  Othe r  student s interprete d 
referent s o f  equation s i n a  les s integrate d way ,  relatin g 
quantitie s t o variable s bu t  interpretin g th e 
combination s o f  symbol s i n a n equatio n a s 
correspondin g t o numerica l  operation s dia t  wer e no t 
integrate d wit h combination s o f  quantities . 

E x a m p l e 2 

This example comes from the triangles-and-graphs 
workboo k wher e student s constructe d an d explaine d 
graph s representin g th e motio n o f  block s wit h give n 
spoo l  size s an d startin g positions .  Student s use d a 
larg e grap h boar d wit h th e absciss a labele d "Turns " 
and th e ordinat e labele d "Bloc k position" .  The y wer e 
give n plasti c right  triangle s o f  thre e differen t  color s 
and sizes :  gree n triangle s 1  inc h wid e an d 3  inche s 
high ;  blu e triangle s 1  inc h wid e an d 4  inche s high ;  an d 
re d triangle s 1  inc h wid e an d 6  inche s high .  W h e n 
triangle s wer e place d o n th e grap h boar d a s show n i n 
Figur e 2 ,  a  triangle' s hypotenus e forme d a  lin e tha t 
represent s a  block' s positio n ove r  on e tur n usin g on e 
of  th e spools .  Placin g severa l  triangle s s o thei r 
hypotenuse s wer e aligne d forme d a  lin e representin g 
h o w th e block' s positio n change s ove r  severa l  turns . 
Item s 1  an d 2  wer e question s abou t  propertie s o f  th e 
winch ,  whil e Item s 3  an d 4  involve d constructin g 
representations .  Ite m 1  said ,  "Connec t  th e blac k bloc k 
t o th e 3-spoo l  an d th e whit e bloc k t o th e 6-spool . 
Wit h th e block s a t  zero ,  lin k th e handle s together . 
Withou t  actuall y doin g it ,  wha t  d o yo u predic t  woul d 
happe n i f  yo u turne d th e handle s severa l  times? "  Ite m 
2 specifie d a  3-spoo l  an d a  4-spoo l  wit h th e 3-spoor s 
bloc k startin g ahead ,  an d als o aske d student s t o predic t 
what  woul d happe n whe n th e handl e wa s turned .  Ite m 
3 presente d th e diagra m show n i n Figur e 2  an d asked , 
"What  d o yo u thin k thes e gree n triangle s ar e a  pictur e 
of ? Y o u ca n us e th e winc h i f  yo u want. "  Item  4 
presente d a  blan k gri d wit h th e sam e label s a s Figur e 2 
and asked ,  "Imagin e [tha t  a  block ]  i s  a t  zer o an d 
connecte d t o th e 4-spool .  S h o w u s h o w yo u coul d us e 
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Figur e 2 

the blue triangles to figure out where the block would 
be afte r  2  turns .  Chec k you r  answe r  o n th e winc h i f 
yo u want. " 

O ne pai r  o f  students ,  w h o m w e cal l  Iren e an d 
Janna .  answere d Ite m 1  b y writing ,  "Th e whil e bloc k 
woul d m o v e mor e tha n th e blac k on e becaus e th e si x 
spoo l  i s  large r  tha n th e 3  spoo l  an d woul d tak e mor e 
strin g whe n turned. "  Fo r  Ite m 2 ,  the y predicte d tha t  th e 
bloc k connecte d t o th e 4-spoo I  woul d catc h up .  The y 
di d no t  arriv e a t  a n answe r  t o Ite m 3  initially .  The y 
mentione d tha t  th e triangle s o n th e grap h wer e " a 
pictur e o r  a  flag ,  sunglasses ,  an d a  Christma s tre e 
befor e decidin g t o g o t o th e nex t  item . 

I n wOTkin g o n Ite m 4 ,  Iren e an d Jann a wer e attune d 
t o th e labe l  "Turns "  o n th e x-axi s o f  th e printe d grap h 
and interprete d i t  a s a  symbo l  fo r  turn s o f  th e winc h 
handle : 
Irene :  [Restatin g th e question ]  Figur e ou t  wher e th e 
bloc k woul d b e afte r  2  turns . 
Janna :  O h ,  yeah ,  thes e ar e th e turn s [poin t  alon g th e 
X-axis] . 
Irene :  O h ,  yeah ,  se e turns ,  2  turn s it' s  o n th e 4-spool , 

maybe? Afte r  2  turn s i t  woul d b e there ? Wherever , 
whCTever  ther e i s [move s finger  fro m (0,4 )  t o (2,0 ) 
t o (2,4 )  t o (0,0) 1 
Iren e an d Jann a the n place d th e blu e triangle s (4 -

spools )  o n th e grap h pape r  i n th e sam e wa y th e gree n 
triangle s wer e place d i n Figur e 2 .  The y notice d tha t  a 
blu e triangl e "goe s u p t o th e 4. "  The y associate d thi s 
informatio n wit h thei r  knowledg e abou t  turns : 
Irene :  O h ,  yeah ,  becaus e i t  goe s u p t o th e 4 .  T w o 
turns ,  yeah ,  se e that' s right 
Janna :  It' s  no t 
Irene :  See ,  caus e it ,  tha t  shows... . 
Janna :  T w o turns . 
Irene :  I n tw o turns ,  i t  woul d g o (inaudible) . 

At  thi s point ,  Iren e an d Jann a returne d t o Ite m 3 
and wrote ,  "Afte r  on e turn ,  th e bloc k i s a t  3  an d afte r  2 
turn s i t  i s  6. "  Iren e said ,  "Se e differen t  triangle s ar e 
differen t  shapes ,  differen t  lengths .  That' s wh y w e hav e 
t o us e blu e f w tha t  one .  Y o u see? "  Workin g o n Ite m 4 
again ,  Iren e an d Jann a concluded : 
Janna :  O k ,  s o it' d b e — 

Irene :  So .  afte r  1  tur n it'l l  b e a t  4  an d 2  turn s i t  woul d 
be a t  8 . 
The y the n dre w th e line s o n th e grap h show n i n 
Figur e 3 . 

Th e morphis m the y constructe d betwee n size s o f 
triangle s an d spool s wa s apparen t  i n th e nex t  item : 
Janna :  Wel l  i f  thi s i s a  4-spoo l  [hold s u p a  blu e 
triangle] ,  w e hav e t o find a  6-spool .  [Pic k u p a  re d 
triangle. ]  Thi s mus t  b e a  6-spool . 

T wo othe r  seventh-grad e students ,  w h o m w e cal l 
Kath y an d Helen ,  wer e no t  attune d t o th e co -
constraine d propertie s o f  th e winch ,  spoo l 
circumferenc e an d distanc e pe r  tum .  T o explai n wh y a 
bloc k attache d t o a  4-spoo l  passe d th e bloc k attache d 
t o a  3-spoo l  i n Ite m 2 ,  the y wrote ,  "Becaus e th e on e a t 
zer o ha d a  heavie r  block. "  The y di d no t  recogniz e tha t 
th e distanc e a  bloc k move s an d th e siz e o f  it s  spoo l  ar e 
co-constraine d properties .  Consequently ,  thei r  result s 
di d no t  revea l  a n implici t  understandin g o f  linea r 
functions .  Instead ,  the y wer e constraine d b y th e tota l 
distanc e move d b y th e bloc k an d th e numbe r  o f  turn s 
necessar y t o reach  th e block' s en d positio n irrespectiv e 
of  th e spool' s circumferenc e a s a  co-constraine d 
propert y o f  thes e events . 

Thu s th e graphica l  constraint s the y wer e attune d t o 
wer e "Turns "  (th e abscissa )  an d th e tota l  lengt h o f  th e 
combine d triangles .  Co-constraint s betwee n thes e 
propertie s i s evidence d b y thei r  demonstrativ e 
representatio n o f  th e winch .  A s see n i n Figur e 4 ,  th e 
triangle s wer e treate d a s arbitrar y shapes ,  th e prope r 
combinatio n o f  whic h allowe d the m t o represen t  th e 
tota l  distanc e move d b y th e block .  Thi s interpretatio n 
of  th e triangle-grap h representationa l  syste m i s als o 
see n i n thei r  conversation s abou t  th e winch : 
Kathy :  Ok ,  w e g o t o 2 0 [startin g thei r  measurement s 

at  1 6 wit h a  blu e triangl e o n th e winc h grid ,  Kath y 
turn s th e handl e 11/ 2 turns] .  O k ,  tw o turn s i s hal f 
a,  it' s  hal f  a  thin g away .  It' s  hal f  a  triangl e 
[referrin g t o th e positio n o f  th e bloc k pointe r  i n 
relatio n t o th e to p o f  th e triangle] . 

Helen :  S o 2  turn s i s lik e abou t  on e an d a  blu e an d a 
green ,  almos t  [stac k a  blu e an d gree n triangl e o n 
th e table] .  Caus e this ,  I  think ,  i f  I' m right,  i s  abou t 
half ,  [measurin g th e gree n triangl e i n relatio n t o th e 
blu e triangle ]  S o it' s  lik e a  blu e an d a  green . 
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C l u m p s ,  groups ,  an d m o r p h i s m s wit h 
demonstrativ e representations .  Thes e example s 
diffe r  i n th e students '  attunement s t o constraint s an d 
affordance s o f  th e winc h system ,  whic h probabl y 
account s fo r  ho w the y differentiall y  us e th e triangle s a s 
representations .  Iren e an d Jann a wer e attune d t o th e 
consuain t  tha t  linke d th e circumference s o f  spool s t o 
th e distance s block s move d o n eac h turn .  The y 
apparentl y graspe d th e significanc e o f  th e individua l 
Uiangle s i n Figure s 2  an d 3—tha t  is ,  tha t  eac h triangl e 
afforde d representatio n o f  a  singl e tur n o f  th e handl e 
and tha t  combination s o f  triangle s afforde d 
representation s o f  set s o f  turns .  I n contrast ,  Kath y an d 
Hele n ha d a  les s differentiate d attunemen t  t o 
constraint s o f  th e winches ,  recognizin g onl y tha t 
difference s i n tota l  distanc e resulte d fro m difference s 
betwee n th e spools .  Thei r  us e o f  triangle s reflecte d thi s 
more globa l  attunement .  The y use d arbitrar y 
combination s o f  triangle s t o construc t  a  representatio n 
wit h a  tota l  heigh t  tha t  wa s approximatel y equa l  t o th e 
tota l  distanc e tha t  the y judge d a  bloc k woul d mov e i n 
tw o turns . 

Discussio n 

Our results are encouraging for analyzing the 
constructio n an d interpretio n o f  symboli c 
representation s i n term s o f  attunement s t o constraint s 
and affordances .  I t  i s  clea r  fro m thes e preliminar y 
result s tha t  learnin g a  representationa l  syste m involve s 
more tha n acquirin g referentia l  correspondence s 
betwee n symbol s an d thei r  referents .  A  situativity -
theor y analysi s base d o n attunemen t  t o constraint s an d 
affordance s explain s ho w reasonin g abou t  th e 
represente d system ,  constructin g an d usin g symboli c 
expressions ,  an d creatin g correspondence s betwee n 
symbol s an d thei r  referent s al l  contribut e interactivel y 
t o conceptua l  understanding . 

We chos e th e domai n tha t  w e ar e studyin g partl y 
becaus e o f  it s  educationa l  importance .  W e believe d tha t 
by constructin g a  physica l  syste m i n whic h 
quantitativ e relation s ar e easil y understood ,  w e coul d 
provid e a  semanti c interpretatio n o f  symboli c 
representation s tha t  coul d b e learne d mor e 
meaningfully .  Th e result s o f  ou r  stud y suppor t  thi s 
idea .  Student s di d lear n t o construc t  an d interpre t 
symboli c representation s o f  quantitativ e propertie s o f 
th e winc h system . 
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