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A b s t r a c t 

Isomoqjhi c problem s ar e t o cognitio n wha t  opti -
cal  illusion s ar e t o perception .  B y drawin g atten -
tio n t o anomalie s suc h a s problem s whic h ar e 
identica l  i n for m bu t  var y widel y i n difficult y 
the y highligh t  cognitiv e processe s normall y hid -
den amon g th e minutia e o f  ou r  theories .  Result s 
ar e reporte d fro m a n experimen t  i n whic h sub -
ject s solve d a  thre e dis k Towe r  o f  Hano i  proble m 
and it s  Monste r  Glob e chang e isomorp h usin g 
direc t  manipulatio n tableau s o r  pape r  an d pencil . 
Subject s usin g direc t  manipulatio n wer e foun d t o 
solv e th e Monste r  Glob e proble m i n hal f  th e tim e 
take n b y pape r  an d penci l  subjects .  A n explana -
tio n revolvin g aroun d attunemen t  t o environmen -
ta l  constraint s i s  advance d t o accoun t  fo r  thi s 

difference . 

In t roduc t io n 

Scientifi c  visualization ,  direc t  manipulatio n inter -
faces ,  an d othe r  visua l  medi a rel y o n intuitio n 
rathe r  tha n logica l  inferenc e t o conve y meaning . 
Th e menta l  processe s involve d see m t o rel y mor e 
on ou r  abilit y t o follo w th e cours e o f  event s i n 
th e worl d tha n t o reaso n abou t  them .  T o accoun t 
fo r  th e centra l  rol e intuitio n appear s t o pla y eve n 
i n forma l  pursuit s suc h a s mathematics ,  w e nee d 
t o acknowledg e th e significanc e o f  ou r  abilit y t o 
apprehen d an d affec t  event s an d state s o f  th e 
worl d direcUy .  Non-inferentia l  cognitio n i s ofte n 
ascribe d t o menta l  models ,  bu t  whe n examine d 
mor e closel y (Rous e &  Morri s 1986 )  th e ter m 
fragments ,  seemin g t o mea n al l  thing s t o al l  peo -
ple .  Menta l  model s ten d t o b e genera l  rathe r 
tha n specific .  So ,  fo r  example ,  i f  1  understan d 
th e behavio r  o f  on e pulle y system ,  I  a m fikely  t o 
understan d th e behavio r  o f  others .  The y ofte n 
involv e analogy ,  fo r  example ,  thinkin g abou t 
electrica l  circuit s a s a  for m o f  fluid flow  (Gentne r 
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1983) .  The y see m implicate d i n c o m m o n sens e 
reasonin g an d understandin g o f  physica l  dynam -
ics .  The y see m closel y allie d an d integrate d wit h 
othe r  mor e tractabl e form s o f  cognitio n suc h a s a 
circui t  designe r  w h o migh t  trea t  a  circui t  a s bot h 
an instanc e o f  fluid flow  an d a n electrica l  entit y 
subjec t  t o O h m ' s an d Kirchoff s Laws .  Conven -
tionally  th e presenc e o f  element s o f  propositiona l 
inferenc e suc h a s mentio n o f  electrica l  law s i s 
take n a s evidenc e tha t  a  cognitiv e proces s i s 
entirel y propositiona l  ignorin g th e possibilit y o f 
heterogeneou s reasonin g involvin g bot h menta l 
simulatio n an d inference .  Th e contradictio n 
betwee n purel y propositiona l  Uiough t  an d dat a i s 
reveale d b y isomorphi c problem s whic h ar e logi -
call y equivalen t  ye t  diverg e widel y i n difficulty . 
Kotovsky ,  Hayes ,  an d Simo n (1985 )  propos e a 
five  pron g explanatio n attributin g effect s of :  rul e 
learning ,  externa l  memory ,  rul e application ,  spa -
tial  m e m o r y loa d an d rea l  worl d knowledg e t o 
th e accretio n o f  sufficien t  influenc e t o shif t  prob -
le m difficult y b y order s o f  magnitude .  Accordin g 
t o thi s accoun t  dat a resid e i n th e worl d an d rule s 
i n th e head .  Proposition s abou t  state s o f  affair s 
ca n b e extracte d from  th e worl d (externa l 
memory)  an d worldl y (o r  imagined )  dat a involv -
in g spatiall y  adjacen t  element s ca n b e extracte d 
mor e easil y (spatia l  memor y load) .  Th e learnin g 
of  rule s fo r  operatin g o n thes e dat a (rul e learn -
ing ,  rul e application )  the n determine s proble m 
difficulty .  Rea l  worl d knowledg e serve s a s a n 
erro r  term ,  accountin g fo r  difference s no t  con -
venienti y o r  completel y explaine d b y th e othe r 
factors .  Ecologica l  explanation s o f  isomorp h 
difference s (Zhang ,  1990 ,  Lewi s &  Toth ,  1992 ) 
switc h th e emphasi s t o rea l  worl d knowledge , 
and partitio n "rules "  int o thos e whic h resid e i n 
th e head ,  an d thos e whic h resid e "i n th e world " 
(ar e cognitivel y inseparabl e fro m th e representa -
tion).  A n exampl e o f  wha t  Zhan g refer s t o a s 
externa l  constraint s woul d b e th e Towe r  o f  Hano i 
"rule "  prohibitin g movin g a  dis k fro m th e botto m 
of  a  stack .  Thi s constrain t  i s  externa l  i n th e 
sens e tha t  i t  exist s fo r  an y perso n interactin g wit h 
thi s typ e o f  physica l  situatio n independen t  o f 
explici t  rules ,  goals ,  o r  proble m setting .  Anothe r 
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exampl e woul d b e th e rule s o f  ches s prohibitin g 
player s fro m changin g pieces '  size ,  shape ,  o r 
color .  Thes e externa l  constraints ,  referre d t o a s 
nomi c attunement s b y Barwis e an d Perr y (1983 ) 
ar e notabl e i n tha t  the y g o universall y unotice d 
yet  provid e th e lion' s shar e o f  constrain t  i n mos t 
of  th e situation s w c encounter .  I n thi s scheme ,  a 
menta l  mode l  i s simpl y a  cognitiv e situatio n con -
straine d b y nomi c attunements .  Th e ecologica l 
accoun t  attribute s isomorp h difference s t o rul e 
learnin g an d rul e applicatio n jus t  a s Kotovsk y e t 
al  do .  bu t  onl y fo r  suc h rule s a s neede d t o sup -
plemen t  th e menta l  model .  Th e presen t  experi -
ment  gre w ou t  o f  a  stud y testin g thes e ecologica l 
hypotheses .  I n ou r  experiment s subject s solv e 
problem s b y manipulatin g tableau s o n a  worksta -
tio n rathe r  tha n usin g pape r  an d penci l  unde r 
"thin k aloud "  instructions .  W e wer e surprise d t o 
find  tha t  ou r  subject s ha d substantiall y  les s 
differenc e betwee n solutio n time s fo r  eas y an d 
har d problem s tha n reporte d elsewher e (Haye s 
an d Simon .  1977 ,  Kotovsky ,  Hayes .  &  Simon . 
1985) .  Thi s experimen t  supplement s thes e dat a 
wit h tw o additiona l  contro l  condition s designe d 
t o eliminat e th e possibilit y  tha t  th e observe d 
speed-u p fo r  difficul t  problem s wa s du e t o eithe r 
a methodologica l  artifac t  o r  difference s i n subjec t 

populations . 

Tower of Hanoi and its Isomorphs 

The classic description of the Tower of Hanoi 
an d othe r  problem s (Newel l  &  Simo n 1972 ) 
characterize s a  proble m a s a  pai r  o f  state s (initia l 
an d goal) ,  a  se t  o f  operator s fo r  transformin g 
states ,  an d a  se t  o f  rule s governin g th e applica -
tio n o f  thes e operators .  Th e proble m solvin g tas k 
i s depicte d a s a  proble m spac e i n whic h state s 
ar e th e vertice s an d edge s ar e (legall y applied ) 
operators .  Proble m solvin g i s modele d a s a 
searc h o f  thi s grap h t o identif y som e sequenc e o f 
operator s (edges )  whic h transform s th e initia l 
stat e int o th e goa l  state .  Th e mode l  predict s tha t 
subject s wil l  find  problem s wit h large r  space s t o 
search ,  mor e distan t  goals ,  o r  mor e choice s t o 
make,  mor e difficult .  I t  ignores ,  however ,  cogni -
tiv e difficultie s whic h m a y aris e i n traversin g 
eve n relativel y simpl e spaces .  I n th e thre e dis k 
Tower-of-Hano i  proble m disk s o f  thre e size s ar e 
moved betwee n thre e pegs .  A  proble m rul e 
specifie s tha t  a  large r  dis k canno t  b e move d o n 
to p o f  a  smalle r  one .  Subject s ar e presente d wit h 
th e tas k o f  reachin g a  goa l  stat e from  a n initia l 
stat e b y determinin g a  sequenc e o f  moves .  I n 
th e Monster-Glob e (change )  proble m disk s ar e 
replace d b y monster s an d peg s b y globes .  M o n -
ster s ar e allowe d t o chang e th e size s o f  thei r 

globe s accordin g t o rule s o f  etiquett e whic h 
requir e tha t  i f  tw o monster s hav e th e sam e size d 
glob e onl y th e large r  monste r  i s allowe d t o 
chang e (onl y th e dis k a t  th e to p o f  a  stac k ca n b e 
moved)  an d a  smalle r  monste r  canno t  chang e it s 
glob e t o a  siz e hel d b y a  large r  monste r  ( a large r 
dis k canno t  b e place d o n a  smalle r  one) .  Sub -
ject s lin d Monster-Glob e problem s muc h mor e 
difficult .  Haye s an d Simo n (1977) ,  fo r  example , 
repor t  difference s i n averag e solutio n time s o f 
les s tha n tw o minute s fo r  th e thre e dis k Towe r  o f 
Hanoi  problem ,  an d hal f  a n hou r  fo r  th e 
correspondin g Monster-Glob e (change )  problem . 
Th e Towe r  o f  Hano i  proble m involve s a  poten -
tiall y  large r  proble m spac e becaus e i t  distin -
guishe s th e orderin g o f  disk s o n pegs .  Thi s 
result s i n a n unconstrainte d spac e o f  6 0 state s 
and 46 8 transitions .  Th e unconstraine d M G 
space ,  b y contrast ,  ha s onl y 2 7 state s an d 8 1 
transitions .  Th e Towe r  o f  Hano i  situatio n how -
eve r  simplifie s it s spac e i n tw o ways .  H u m a n 
attunement s t o situation s involvin g th e movemen t 
of  physica l  object s prevent s u s from  imaginin g 
tha t  disk s migh t  dematerializ e from  thei r  peg s t o 
reappea r  a t  arbitrar y location s o n othe r  pegs . 
Thi s nomi c constrain t  simplifie s th e spac e t o 10 8 
transition s an d 6 0 states .  Becaus e th e presenc e o f 
a large r  dis k o n to p o f  a  smalle r  dis k i s a  fac t 
whic h ca n b e determine d b y inspectin g th e 
involve d peg ,  complianc e o f  a n actio n wit h th e 
secon d rul e ca n als o b e determine d withou t  addi -
tiona l  processing .  Thes e ar e effect s associate d 
wit h rul e applicatio n an d spatia l  m e m o r y loa d i n 
th e th e Kotovsk y e t  a l  taxonomy .  Thi s reduce s 
th e proble m t o a  searc h o f  a  spac e o f  5 0 state s 
and 7 5 transition s i n whic h eac h o f  th e 3 6 prohi -
bite d move s ca n b e immediatel y rule d ou t  b y 
inspectio n a t  a n illega l  pat h lengt h o f  1 .  Th e 
Monster-Glob e proble m spac e ha s a  2 7 state s an d 
81 tfansitions.  Althoug h i t  ha s 2 3 fewe r  state s 
and onl y 6  mor e transition s i t  i s  m u c h mor e 
difficult .  W e attribut e thi s difficult y t o th e 
absenc e o f  a  viabl e menta l  model .  W e assum e 
tha t  situation-type s involvin g tangibl e object s 
hav e availabl e som e ver y genera l  attunement s 
whic h appl y t o physica l  situation s includin g suc h 
thing s as : 

• object constancy- physical objects and their 
propertie s remai n constan t 

• movement- an object can be moved frx)m one 
spatia l  locatio n t o anothe r  an d b y nomi c 
attunement ,  i n it s ne w stat e i t  wil l  b e locate d 
at  th e secon d spatia l  locatio n an d no t  b e 
locate d a t  th e first  spatia l  location . 

• extension- two objects cannot occupy the same 
spac e a t  th e sam e tim e Problem s suc h a s 
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Monster-Glob e (change )  canno t  b e supporte d 
b y menta l  model s becaus e the y violat e objec t 
constancy ,  a  basi c attunemen t  whic h play s a 
primar y rol e i n theorie s o f  psycholog y ranging 
fro m cognitiv e developmen t  t o perception . 
T h e m o v e m e n t  o f  disk s o r  othe r  objects ,  b y 
contrast ,  i s  supporte d b y a  mcnli d mode l 
becaus e thei r  situation s ancho r  objec t  proper -
lie s (objec t  constancy )  an d obe y ou r  attune -
ment s t o constraint s aî fectin g m o v e m e n t .  A s a 
consequence ,  w e ca n imagin e mov in g a  dis k 
fro m on e pe g t o anothe r  an d th e state s whic h 
resul t  withou t  effor t  bu t  canno t  d o th e s a m e 
fo r  situation s whic h violat e thes e attunements . 
We hypothesiz e tha t  fo r  difficul t  problem s 
suc h a s Monste r  G lob e (change )  th e easil y 
manipulate d tablea u supplie s a n externa l 
mechan is m fo r  updatin g states .  Becaus e sub -
ject s ar e n o longe r  require d t o imagin e 
"unimaginable "  events ,  th e proble m spac e ca n 
be searche d m o r e rapidly . 

M e t h o d 

Display s 

The Towe r  o f  Hano i  an d Monster-Glob e (change ) 
problem s wer e implemente d a s interactiv e 
tableau s i n th e X  windo w system .  Subject s 
interacte d wit h proble m tableau s b y manipulatin g 
proble m object s directly .  Th e interfac e di d no t 
itsel f  constrai n th e problem .  I n th e T O H tableau , 
fo r  instance ,  th e subjec t  coul d perfor m an y actio n 
whic h resulte d i n a  singl e chang e i n th e proble m 
stat e eve n i f  thi s involve d a n "illegality "  suc h a s 
movin g a  dis k fro m th e botto m o f  a  stack .  Prob -
le m tableau s wer e drive n b y a  contro l  progra m 
whic h tracke d state s an d errors ,  terminatin g th e 
progra m onl y afte r  a  lega l  sequenc e o f  move s 
fro m th e initia l  stat e t o th e goa l  stat e ha d bee n 
observed ,  an d th e "finish "  butto n pushed .  But -
ton s fo r  viewin g proble m rules ,  an d tas k instruc -
tion s wer e als o available .  Th e displa y fo r  th e 
Monste r  Glob e (change )  proble m i s show n i n 

Figur e 1 . 

Experimental Conditions 

In computer tableau conditions subjects were 
presente d wit h th e problem' s cove r  stor y an d 
allowe d t o interac t  wit h th e tablea u unti l  th e 
proble m wa s solved .  I n th e rese t  t o las t  lega l 
stal e conditio n a  subject' s tablea u wa s rese t  t o 
th e las t  lega l  stat e reache d prio r  t o th e first  erro r 
when th e "finish "  butto n wa s presse d i n th e goa l 
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Figur e 1 .  P rob le m tablea u 

state .  I f  th e goa l  stat e ha d no t  bee n reache d 
when th e "finish "  butto n wa s presse d a  messag e 
t o tha t  effec t  wa s displayed .  Becaus e thi s pofic y 
migh t  hav e allowe d subject s t o "solve "  th e prob -
le m b y ratchetin g betwee n lega l  states ,  rathe r 
tha n completin g a n integrate d sequenc e o f 
actions ,  a  secon d rese t  t o initia l  stat e conditio n 
was run .  I n th e rese t  t o initia l  conditio n tableau s 
wer e rese t  t o thei r  initia l  rathe r  tha n las t  lega l 
state .  Unde r  thes e circumstance s i t  i s  assure d 
tha t  eac h subjec t  successfull y reachin g comple -
tio n ha s performe d th e ful l  sequenc e o f  action s 
neede d t o solv e th e problem .  Subject s i n th e 
third ,  pape r  an d penci l  condition ,  receive d 
"think-aloud "  instructions .  Completio n time s 
wer e determine d fro m tap e recording s o f  thei r 
verba l  protocol s an d validit y o f  final  solutio n 
pat h wa s verifie d b y a n experimente r  presen t  i n 
th e room .  Count s an d classification s o f  move s 
wer e base d jointl y o n th e verba l  protocol s an d 
accompanyin g sketche s obtaine d fro m eac h sub -

jec t  i n thi s condition . 

Procedure 

Subjects were 26 University of Pittsburgh under-
graduat e student s w h o participate d fo r  pay .  Sub -
ject s i n th e rese t  t o las t  lega l  conditio n wer e par t 
of  a  contro l  grou p o f  a n experimen t  conducte d i n 
th e Sprin g o f  199 2 an d reporte d i n Lewi s an d 
Tot h (1992) .  Subject s i n th e rese t  t o initia l  an d 
pape r  an d penci l  condition s participate d i n Janu -
ar y o f  thi s year .  Subject s i n th e compute r 
tablea u condition s wer e presente d wit h u p t o five 
problem s i n a n experimenta l  sessio n whic h wa s 
terminate d b y eithe r  completio n o f  th e proble m 
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set  o r  expiratio n o t  ;u i  hour .  Th e first  tw o o f 
thes e problem s wer e alway s Towe r  o f  Hano i  o r 
Monste r  Glob e (change )  presente d i n counte r  bal -
luice d order .  T w o problem s havin g seve n ste p 
solutio n path s wer e counterbalance d s o tha t  sub -
ject s receive d problem s havin g differen t  solutio n 
path s o n alternatin g trials .  Proble m orde r  an d 
solutio n pat h wer e counterbalance d i n th e sam e 
w ay fo r  pape r  an d penci l  subjects .  Dat a i s 
presente d fo r  1 0 subject s i n eac h o f  th e tablea u 
group s an d 6  subject s fo r  th e pape r  an d penci l 
tas k fo r  whic h substantia l  corroboratin g dat a ca n 

be foun d i n th e literature . 

Results 

Differences were found among solution times for 
problem s ( p <  .001 )  an d fo r  experimenta l  condi -
tion s ( p <  .02) .  N o differenc e wa s foun d 
betwee n solutio n time s fo r  th e tw o tablea u condi -
tions ,  althoug h i t  i s  apparen t  fro m Figur e 2  tha t 
difference s presen t  ar e i n th e directio n predicte d 
by th e ratchetin g hypothesis .  Difference s wer e 
als o foun d i n th e numbe r  o f  move s precedin g 
solutio n fo r  proble m ( p <  .005 )  an d fo r  experi -
menta l  condition s ( p <  .06) .  Again ,  n o differenc e 
was foun d betwee n tablea u condition s althoug h 
as Figur e 3  show s subject s w h o rese t  t o th e ini -
tia l  stat e m a d e somewha t  mor e moves .  Figur e 4 
show s th e distributio n o f  solutio n time s fo r 
tablea u subject s solvin g th e Monster-Glov e 
chang e problem .  Althoug h ther e i s a  stron g m o d e 
at  20-2 6 minutes ,  th e distributio n i s highl y 
skewe d wit h mos t  subject s achievin g relativel y 
rapi d solution s ( < 1 5 min )  an d tw o requirin g 

Number  o f  Move s 
Solulio n Tim e 

Solutjo n Tun e 

40.00 -

Proble m Solutio n Time s 

-  Monste r  CHobc 

30.00 -

20.00 -

0.00 -
Uslleg2 l  inma l  pape r 

Figure 2. Solution times 
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Figur e J .  Numbe r  o f  move s 

Direc t  Manipulatio n Solutio n Time s fo r  Monste r  Glob e 
NUbjecu 

I -

7-

6-

S-

I I 
0.5 5  1 0 10.1 5 2 0 2 6 «H54 5 5 0 """" • 

Figure 4. Solution times for tableau 

almost the entire session to solve the problem. 

Discussion 

On first blush, the average solution time of sub-
ject s i n th e rese t  t o initia l  condition ,  2 3 minutes , 
appear s roughly  comparabl e t o th e 1 9 minut e 
averag e solutio n tim e reporte d b y Kotovsky ,  e t 
al .  fo r  Monster-Glob e (change )  subject s solvin g 
th e proble m usin g a  physica l  model .  Althoug h 
our  sampl e o f  si x pape r  an d penci l  subject s i s 
to o smal l  t o dra w stron g conclusions ,  th e 
differenc e betwee n thei r  solutio n time s an d thos e 
of  Kotovsk y e t  al.' s  contro l  grou p i n thei r  experi -
ment  (4 2 vs .  1 4 min )  i s larg e enoug h t o sugges t 
difference s i n subjec t  populations .  Ou r  pape r 
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an d penci l  subjects '  time s mor e closel y resembl e 
th e 2 9 minut e solution s reporte d b y Haye s an d 
Simo n (1977) .  Withi n ou r  experimen t  subject s 
interactin g wit h th e Monste r  Glob e (change ) 
proble m throug h tableau s showe d dnunali c 
improvement s i n performanc e relativ e l o ihei r 
cohor t  deprive d o f  a  direc t  manipulatio n mode l 
of  th e problem .  A s show n i n Figure s 2  an d 3 
thes e advantage s di d no t  exten d t o th e Towe r  o f 
Hanoi  wher e longe r  solutio n time s an d a  greate r 
number  o f  move s wer e associate d wit h th e us e o f 
tableaus .  I n bot h problem s direc t  manipulatio n 
le t  t o mor e exploratio n wit h mor e tha n twic e a s 
many move s examine d tha n i n th e pape r  an d 
penci l  condition .  Thi s bia s towar d exploratio n 
hold s eve n fo r  th e eas y Towe r  o f  Hano i  proble m 
i n whic h pape r  an d penci l  subject s wer e nea r  th e 
optima l  seve n m o v e sequenc e wit h 10. 5 move s 
but  tablea u subject s average d ove r  40 .  I n con -
tras t  t o Kotovsk y e t  al.' s  physica l  monster s wit h 
pneumati c balloon s whic h reduce d th e numbe r  o f 
moves ,  th e relativ e eas e o f  th e tableau' s poin t 
and clic k interfac e serve d t o increas e the m 
dramatically .  Thes e result s len d suppor t  t o ou r 
thesi s tha t  interactio n wit h th e environmen t  play s 
an activ e rol e i n cognition .  I n Kotovsk y e t  al.' s 
experimen t  wher e operatio n o f  valve s t o inflat e 
and deflat e balloon s interpose d substantia l  dis -
tanc e betwee n intention ,  action ,  an d effect ,  th e 
presenc e o f  a n externa l  mode l  di d littl e t o ai d 
untraine d subjects .  W e argu e tha t  thi s no t 
becaus e th e monster s wer e failin g a s a  memor y 
ai d bu t  becaus e lac k o f  memor y i s no t  wha t 
makes thi s proble m hard .  Becaus e th e problem' s 
dynamic s violat e attunement s involvin g objec t 
constanc y th e proble m doe s no t  suppor t  a  menta l 
model .  A s a  consequenc e i t  i s  no t  th e stat e o f 
th e proble m tha t  i s har d t o remembe r  bu t  it s  pos -
sibl e state s an d thei r  relatio n t o actions .  Th e 
direc t  manipulatio n tableau s hel p bridg e thi s ga p 
by providin g a n externa l  mode l  whic h i s eas y t o 
manipulat e an d observe .  A s a  consequence ,  sub -
ject s nee d no t  contemplat e move s o r  ruminat e 
abou t  thei r  effects .  Instead ,  the y simpl y click , 
observe ,  an d retrac t  thei r  move s t o explor e th e 
spac e muc h a s the y migh t  a  mode l  i n thei r  ima -
gination . 
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