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A b s t r a c t 

We have developed principles integrating connec-

tionis t  an d symboli c computatio n b y establish -

in g mathematica l  relationship s betwee n tw o lev -

el s o f  descriptio n o f  a  singl e computationa l  sys -

tem :  a t  th e lowe r  level ,  th e syste m i s  formall y 

describe d i n term s o f  highl y distribute d pattern s 

of  activit y ove r  connectionis t  units ,  an d th e dy -

namic s o f  thes e units ;  a t  th e highe r  level ,  th e 

same syste m i s  formall y describe d b y symboli c 

structure s an d symbo l  manipulation .  I n thi s pa -

per ,  w e propos e a  specifi c  treatmen t  o f  recur -

sio n wher e comple x symboli c operation s o n re -

cursiv e structure s ar e m a p p e d t o massivel y par -

alle l  manipulatio n o f  distribute d representation s 

i n a  connectionis t  network . 

1 Integration of Connectionist 

a n d S y m b o l i c C o m p u t a t i o n 

This paper concerns the computational backbone 
supportin g th e Sub-Symboli c Paradig m researc h pro -

gra m [Smolensky ,  1988] :  researc h studyin g ho w sym -

boli c computatio n ca n aris e naturall y a s a  higher -

leve l  virtua l  machin e realize d i n appropriatel y de -

signe d lower-leve l  connectionis t  networks . 

1.1 The Principles 

We begi n b y briefl y presentin g th e curren t  formula -

tio n o f  tw o o f  th e fundamenta l  computationa l  prin -

ciples ,  on e concernin g th e natur e o f  menta l  repre -

sentatio n an d on e concernin g th e natur e o f  menta l 

processin g operatin g o n th e representation .  W e the n 

procee d i n subsequen t  section s t o presen t  a  concret e 

implementatio n o f  thes e principles .  Thes e principle s 

ar e hypothesize d t o operat e i n highe r  cognitiv e do -

mains ,  wher e cognitiv e theor y ha s posite d symboli c 

representation s tha t  pla y a  centra l  role . 

1.1.1 Integrated Representation. 

a. When analyzed at the lower level, mental rep-

resentation s ar e distribute d pattern s o f  connec -

tionis t  activity ;  whe n analyze d a t  a  highe r  level , 

thes e sam e representation s constitut e symboli c 
structures . 

b. Such a symbolic structure s is a set oi filler/role 

binding s { f  ,/r,} ,  define d b y a  collectio n o f  struc -
tura l  role s {r, }  eac h o f  whic h m a y b e occupie d 

by a  filler  f ,— a constituen t  symboli c structure . 

c. The corresponding lower-level description is an 

activit y vecto r  s  =  ,̂ -  U^^ i  whic h i s th e su m 

of  vector s representin g th e filler/role  bindings . 

I n thes e tenso r  produc t  representations ,  th e pat -

ter n fo r  th e whol e i s th e superpositio n o f  pat -

tern s fo r  al l  th e constituents .  T h e patter n fo r 

a constituen t  i s th e tenso r  produc t  o f  a  patter n 

fo r  th e filler  an d a  patter n fo r  th e structura l  rol e 

i t  occupies. ^ 

'Th e tenso r  produc t  ®  generalize s th e oute r  produc t 
of  matri x algebra .  I f  u  =  (wi,«2); v =  (vi,W2 )  the n 
thei r  tenso r  produc t  u ® v i s a  second-ran k tensor ,  a  vec -
to r  whos e element s ar e normall y labeUe d wit h tw o sub -
scripts :  (u(8iv), j  =  WiVj ;  th e element s o f  u(gi v ar e thu s 
(uit)i,Uii;2,«2fi,U2t;2) .  I n general ,  a  tenso r  o f  ran k n 
has element s labelle d wit h n  subscripts ,  an d th e tenso r 
produc t  extend s i n th e obviou s wa y t o tensor s o f  arbi -
trar y rank ;  e.g. ,  th e tenso r  produc t  o f  a  rank- 2 tenso r  S 
and a  rank- 3 tenso r  T  i s a  rank- 5 tenso r  R  =  S ® T wit h 
element s Rijki m =  Si,Tkim -  Th e recursiv e constructio n 
of  tenso r  produc t  representation s require s th e us e o f  ten -
sor s o f  ran k highe r  tha n two ,  whic h i s wh y simple r  matri x 
algebr a doe s no t  suffice . 
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d.  I n certai n cognitiv e domain s suc h a s languag e 

an d reasoning ,  th e representation s ar e recursive : 

filler s whic h ar e themselve s comple x structure s 

ar e represente d b y vector s whic h i n tur n ar e re -

cursivel y define d a s tenso r  produc t  representa -

tions .  T h e se t  o f  fillers  i s  the n th e sam e a s th e 

set  o f  whol e structures . 

Tensor product representations [Smolensky, 1987b, 

Smolensky ,  1990 ]  generaliz e m a n y o f  th e traditiona l 

kind s o f  connectionis t  representations ,  an d whil e th e 

generi c tenso r  produc t  representation s ar e full y  dis -

tributed ,  specia l  case s reduc e t o semi -  o r  full y  loca l 

representations. '  T h e unit s i n tenso r  produc t  repre -

sentation s ca n sometime s b e interprete d a s th e con -

junctio n o f  a  featur e o f  a  filler  an d a  featur e o f  it s  role ; 

i n thes e Ccises ,  th e approac h i s a  formalizatio n o f  th e 

ide a o f  conjunctiv e codin g [Hinto n e t  al. ,  1986 ]  Psy -

chologica l  model s o f  h u m a n m e m o r y hav e als o em -

ploye d tenso r  produc t  o r  closel y relate d representa -

tion s (e.g. ,  [Anderso n e t  ad. ,  1984]) .  Tenso r  calculu s 

(unlik e matri x algebra )  allow s suc h representation s 

t o b e define d recursively ;  i n thi s paper ,  w e wil l  de -

scrib e a n analysi s o f  th e recursiv e capabilitie s o f  ten -
sor  produc t  representations . 

1.1.2 Integrated Processing. 

a. When analyzed at the lower level, mental pro-

cesse s consis t  i n massivel y paralle l  spreadin g o f 

numerica l  activation ;  whe n analyze d a t  a  highe r 

level ,  thes e sam e processe s constitut e a  for m o f 

symbo l  manipulatio n i n whic h entir e structure s 

ar e manipulate d i n parallel . 

b. Certain of these processes can be described pre-

cisel y i n term s o f  highe r  leve l  programs .  Lik e 

traulitiona l  compute r  programs ,  thes e program s 

describ e comple x function s b y sequentiall y  com -

binin g primitiv e symboli c operations .  Suc h pro -

gram s specif y th e input/outpu t  functio n tha i  i s 

computed ,  bu t  th e comple x sequence s o f  primi -

tiv e operation s d o no t  constitut e procedure s b y 

whic h thes e function s ar e actuall y computed . 

c. These processes are capable of fully productive 

recursiv e structur e processing . 

^Thu s eve n thos e wh o believ e tha t  neura l  representa -
tion s ar e no t  highl y distribute d shoul d no t  se e thi s a s an y 
objectio n t o th e us e o f  tenso r  produc t  representation s a s 
a low-leve l  mode l  o f  menta l  representations .  I f  desired , 
specia l  case s o f  th e tenso r  produc t  representatio n ca n b e 
designe d wit h an y desire d degre e o f  locality ,  u p t o an d 
includin g representation s whic h dedicat e a  singl e nod e t o 
an entir e structur e (e.g ,  proposition) . 

Structure-sensitiv e symboli c processin g o f  tenso r 

produc t  representation s i s  achieve d b y mean s o f  op -

eration s fro m tenso r  calculu s whic h chec k condi -

tion s o n constituent s an d whic h us e linea r  trans -

formation s t o mov e constituent s i n give n structura l 

role s t o ne w ones ,  o r  t o modif y th e fillers  i n give n 

roles .  Suc h operation s ar e naturall y embodie d i n 

connectionis t  network s [Dola n an d Smolensky ,  1989 , 

Legendr e e t  al. ,  1991 ,  Smolensky ,  1987b] .  S o m e ne w 

extension s o f  thi s principl e ar e develope d i n thi s pa -

per . 

1.2 An Example Simulation 

We have developed the concrete mathematical tech-

nique s neede d t o perfor m computation s usin g thes e 

principles ,  realize d i n compute r  simulations .  On e 

simpl e simulation ,  whic h w e describ e here ,  wa s de -

signe d purel y t o demonstrat e th e forma l  capabil -

itie s o f  th e technique ;  i t  take s a s inpu t  a  dis -

tribute d patter n o f  activit y representin g th e tre e 

structur e underlyin g a n Englis h sentence ,  deter -

mine s b y inspectin g th e structur e whethe r  th e for m 

i s tha t  o f  a n activ e o r  passiv e sentence ,  and ,  ac -

cordingly ,  produce s a s outpu t  a  distribute d repre -

sentatio n o f  a  tre e structur e encodin g a  predicate -

calculu s for m o f  th e semanti c interpretatio n o f  th e 

inpu t  sentenc e [Legendr e e t  al. ,  1991] .  Th e network , 

"ACTIVE/PaSSIVENET" ,  perform s al l  th e require d 

symbol  manipulatio n i n parallel ,  an d handle s entir e 

embedded sub-tree s (e.g. ,  comple x NPs )  a s readil y a s 

i t  doe s simpl e symbols . 

A C T I V E / P a S S I V E N E T processe s sentence s wit h 

tw o possibl e syntacti c structures :  simpl e activ e sen -

tence s o f  th e for m an d passiv e sentence s o f 

th e for m Each i s  transforme d int o a  tre e 

v 2 k . representin g V(A ,  P) ,  namel y /Aw\ .  Here ,  th e agen t 

^  an d patien t  ̂  o f  th e ver b V  ar e bot h arbitraril y 

comple x nou n phras e trees .  (Th e networ k coul d ac -

tuall y handl e arbitraril y  comple x V' s a s well .  Au x i s 

take n a s a  marke r  o f  passive ,  e.g. ,  ar e i n ar e admired. ) 

Figur e 1  show s th e networ k processin g a  pas -

siv e sentenc e ((A.B).((Aux.V).(by.C)) )  a s i n Fe w con -

nectionisi s ar e admire d b y Jerr y an d generatin g 

(V.(C.(A.B)) )  a s output .  Th e networ k i s  presente d 

wit h a n activatio n vecto r  representin g th e sentenc e 

at  th e inpu t  units ,  show n a t  th e bottom .  Thi s inpu t 

i s  fe d t o th e tw o unit s labele d "passive "  an d "active" , 

whic h decid e whethe r  th e sentenc e i s a  passiv e o r  a n 

activ e one .  I n th e figure,  th e inpu t  sentenc e i s  pas -

siv e an d th e "passive "  uni t  i s  turne d on .  Thi s uni t 
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Outpu t  =  cons(V,cons(C,cons(A,B)) ) 

pauM 

Inpu t  =  cons(cons(A,B).cons(cons(Aux,V),cons(by,C)) ) 

Figure 1: Active/PassiveNET processing a pas-

siv e sentenc e 

the n gate s th e inpu t  patter n throug h th e weigh t  ma -

tri x " W p "  t o generat e a n outpu t  activatio n pattern , 
shown a t  th e top ,  representin g th e interpretatio n o f 

th e inpu t  sentence .  I f  th e inpu t  i s  a n activ e sentence , 

th e "active "  uni t  i s  turne d on ,  whic h gate s th e inpu t 

patter n throug h th e weigh t  matri x " W a "  instead . 

2 A Fully Distributed Recur-

sive Representation 

While the tensor product technique is general enough 

t o appl y t o virtuall y an y kin d o f  symboli c struc -
ture ,  w e wil l  conside r  i n thi s pape r  onl y th e spe -

cia l  cas e o f  binar y trees ,  th e basi c dat a structur e 

of  LISP .  Th e wor k reporte d i n thi s sectio n extend s 

earlie r  result s presente d i n [Legendr e e t  al. ,  1991 , 

Smolensky ,  1990] . 

2.1 Representation of Binary Trees 

A binary tree may be viewed as having a large num-

ber  o f  position s wit h variou s location s relativ e t o th e 

root :  w e can  adop t  positiona l  role s V x labelle d b y bi -

nar y string s (o r  bi t  vectors )  suc h a s x  =  010 1 whic h 

i s th e positio n i n a  tre e accesse d b y th e LIS P functio n 

cadad r  . ^  Decomposin g th e tre e usin g thes e struc -

tura l  role s (positions) ,  eac h constituen t  o f  a  tre e i s 

an ato m (th e filler)  boun d t o som e rol e T x specify -

in g it s location .  A  tre e s  wit h a  se t  o f  atom s {f, } 

^cadadr(s )  =  car(cdr(car(cdr(8))) )  ,tha t  is ,  th e 
lef t  chil d (0 ;  car )  o f  th e righ t  chil d (1 ;  cdr )  o f  th e lef t 
chil d o f  th e righ t  chil d o f  th e roo t  o f  th e tre e s  . 

at  respectiv e location s {i, }  ha s th e tenso r  produc t 

representatio n s  =  ^^ i  fi®''x ,  • 

Th e rol e vector s themselve s ar e als o define d a s ten -

sor  product s o f  sequence s o f  smalle r  vectors .  Fo r  ex -

ample ,  th e rol e vecto r  fo r  th e lef t  chil d o f  th e righ t 

chil d o f  th e roo t  is : 

rgx = v(8»v(g)....v(8)ro<S)r]^ 

The rightmost vector (rj^ in this case) represents 

whic h chil d o f  th e roo t  (lef t  o r  righ t  subtree )  i t  be -

long s to .  Th e secon d vecto r  fro m th e righ t  represent s 

whic h (lef t  o r  right )  branc h o f  thi s subtre e i t  belong s 

to .  Mor e generall y stated ,  eac h rol e vecto r  i s con -

structe d a s th e tenso r  produc t  o f  a  sequenc e o f  D 

vectors ;  eac h o f  thes e vector s i s chose n fro m a  se t  o f 

thre e basi c vector s {rg ,  rĵ ,  v }  .  Thi s sequenc e spec -

ifie s th e positio n i n th e tre e represente d b y eac h rol e 

vector .  I f  th e positio n i s a t  dept h d  i n th e tree ,  the n 

th e nt h vecto r  fro m th e righ t  is :  fo r  n  =  1  throug h 

d,  t q o r  r j  dependin g o n whethe r  i t  i s  i n th e righ t 

or  lef t  branc h a t  dept h n ;  an d v  fo r  n  >  d .  Basicall y 

th e vecto r  v  act s lik e a  plac e holde r  (lik e th e digi t  0 ) 

t o mak e th e tota l  ran k o f  th e tenso r  produc t  constan t 
(D) .  A s lon g a s th e vector s {rg ,  r j ,  v }  ar e linearl y 

independent ,  tree s u p t o dept h D  ca n b e represente d 

wit h complet e accuracy .  I f  thes e vector s ar e chose n 

so tha t  eac h ha s non-zer o component s alon g al l  co -

ordinat e axes ,  the n ever y uni t  i n th e connectionis t 

networ k wil l  tak e par t  i n th e representatio n o f  ever y 

atom ,  regardles s o f  it s  dept h i n th e tree .  W e assum e 

henceforth ,  fo r  simplicity ,  tha t  thes e vector s for m a n 

orthonorma l  basi s — the y ar e mutuall y orthogona l 

and hav e norm s o f  1 . 

2. 2 P r o c e s s i n g o f  B i n a r y T r e e s 

This section describes how trees represented using 

thi s distribute d recursiv e tenso r  representatio n ar e 

manipulated .  First ,  tak e th e con s operatio n illus -

trate d i n Figur e 2  whic h merge s tw o tree s int o one . 

For  example ,  a t  th e symboli c leve l  (Figure-2-(a)) ,  tw o 

tree s eac h consistin g onl y o f  a n ato m ( A an d B ,  re -
spectively )  a t  th e root ,  ar e merge d int o a  ne w tre e 

wit h A  an d B  a s th e lef t  an d th e righ t  childre n o f 

th e root .  Thi s symboli c operatio n con s i s mappe d 

t o a  connectionis t  operatio n (Figur e 2-(b )  an d (c) ) 

tha t  take s tw o tenso r  product s T^ i  =  A(8)v(g)v...® v 

representin g th e tre e A  an d T ^  =  B(8)v(Siv...® v rep -

resentin g th e tre e B ,  an d generate s a  tenso r  produc t 

tha t  i s  th e s u m o f  th e tenso r  A®v(S>v...(S)r Q repre -

sentin g A  a t  th e lef t  chil d o f  th e roo t  an d th e tenso r 

B(8iv®v...0r i  representin g B  a t  th e righ t  chil d o f  th e 
root . 
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t o con8(cdadr(.),con8(cdddr(«),car(8)) )  b y th e 2. 5 Furthe r  Direction s 

matri x W p =  WconsoWcdrWcarW^d r  + 

Wconsl(WconsOWcdrWcdr^cd r  + 
Wconsl^car) -  I n th e terminolog y o f  productio n 
systems ,  thi s "actio n matrix "  W p i s gate d b y a 
"conditio n unit "  whic h determine s whethe r  th e in -
put  patter n s  represent s th e pars e tre e s  o f  a  pas -
siv e sentence ,  b y checkin g whethe r  caddr(s )  =  Aux . 
Thi s conditio n uni t  ca n b e a  hnea r  threshol d elemen t 
whose activit y  i s 1  whe n it s ne t  inpu t  /  >  0 ,  an d 0 
otherwise ;  it s  ne t  inpu t  /  =  -||WcarWpjj.Wj.j^8 -
Auxjl '  i s  alway s negative ,  excep t  tha t  /  =  0  whe n th e 
desire d conditio n caddr(s )  =  Au x i s satisfied . 

2. 4 T P P L 

We have begun to develop a symbolic formalism— 
TPPL fo r  "Tenso r  Prod -
uct  Programmin g Language"—whic h enable s high -
leve l  forma l  characterizatio n o f  th e computation s per -

forme d b y connectionis t  network s processin g tenso r 

produc t  representations .  T P P L contain s analogue s 

of  simpl e programmin g languag e contro l  structure s 

(lik e if-then-else )  an d basi c symboli c computatio n 

operator s (lik e car ,  cdr ,  cons )  whic h ar e formall y de -

fine d usin g element s o f  th e tenso r  calculus .  T P P L en -

able s bot h a  forma l  higher-leve l  symboli c descriptio n 

of  th e lower-leve l  network s an d a  calculu s fo r  provin g 

thei r  correctness . 

T o illustrat e th e idea ,  A C T I V E / P a S S I V E N E T i s de -

scribe d i n T P P L b y th e program : 

AP{s) = if PassiveP{s) then PassiveF{s) 

els e ActiveF(s ) 

PassiveP{s )  =  [cadr(s )  =  Aux ] 

PassiveF{s )  =  con8(cdadr(«))) , 

con8(cdddr(«))) ,  car(s)) ) 

ActiveF{s )  =  cons(cadr(s)) , 

cons(car(s) ,  cddr(s))) ) 

The primitive operations caar, cdr, cons are de-

fine d usin g th e inner -  an d outer-produc t  operation s 

of  tenso r  calculus ,  a s explaine d above .  A s illus -

trate d i n Section s 1. 2 an d 2.3 ,  th e matri x realiza ^ 

tion s o f  thes e operation s ar e straightforwardl y com -

bine d t o produc e a  singl e matri x tha t  perform s th e 

entir e functio n PassiveF ,  whic h ca n the n b e im -

plemente d i n on e laye r  o f  connectio n weights .  T h e 

same applie s t o th e othe r  functions ,  A d i v e F an d 

Pass iv tMarker F whic h ar e describe d i n detai l  i n 

[Smolensk y e t  al. ,  1992] . 

Havin g produce d a  genera l  formalis m fo r  a  full y 

distribute d recursiv e representatio n an d successfull y 

teste d i t  b y compute r  simulation ,  i t  remain s t o de -

velo p specifi c  way s t o exploi t  th e ful l  advantage s o f 

distribute d representation .  First ,  conside r  th e issu e 

of  gracefu l  saturatio n wit h depth .  O n e genera l  tech -

niqu e i s t o tak e a  hig h (perhap s infinite )  dimensional , 

full y  accurat e representationa l  spac e an d t o projec t 

ont o a  lowe r  dimensiona l  subspace .  Her e w e wan t  t o 

pic k suc h a  subspac e s o tha t  les s accurac y i s  asso -

ciate d wit h greate r  depth .  A  promisin g ide a w e ar e 

currentl y workin g o n fo r  ho w t o achiev e thi s come s 

fro m modifyin g th e mean s b y whic h th e full y  dis -

tribute d representatio n i s  specialize d t o th e 'strati -

fied'  representatio n o f  ou r  earlie r  work ,  wher e differ -

ent  depth s o f  th e tre e wer e distribute d ove r  differ -

ent  pool s o f  units .  Stratificatio n i s th e specia l  cas e 

when V  =  (0,1 )  becaus e v  i s orthogona l  t o th e sub -

spac e spanne d b y {rQ,ri} .  I f  instea d w e choos e v 

t o hav e smal l  bu t  non-zer o projectio n ont o thi s sub -

space ,  eac h dept h wil l  hav e smal l  bu t  non-zer o repre -

sentatio n o n subspace s tha t  ar e primaril y dedicate d 

t o th e representatio n o f  lesse r  depths .  W e ca n there -

for e se t  u p a  full y distribute d representatio n wit h 

some larg e dept h limi t  D  (possibl y infinite) ,  an d the n 

projec t  ont o a  lower-dimensiona l  subspace ,  achievin g 

a "sof t  dept h limit "  beyon d whic h th e representatio n 

saturate s gracefully . 

A secon d directio n fo r  futur e wor k i s t o explor e 

th e underlyin g connectionis t  distribute d represeneta -

tions .  A  centra l  connectionis t  principl e assert s tha t 

distribute d representation s encod e th e feature -  o r 

similarity-structur e o f  information ,  an d a  mai n moti -

vatio n fo r  distribute d tenso r  produc t  representation s 

i s t o allo w th e applicatio n o f  thi s principl e t o th e role s 

of  symboli c structures .  Here ,  natura l  language s pro -

vid e a  distinctl y bette r  domai n o f  stud y tha n purel y 

forma l  languages ,  becaus e o f  al l  th e meaningfu l  infor -

matio n tha t  i s encode d throug h rea l  linguisti c struc -

ture .  I n a  purel y forma l  binar y tree ,  th e tw o recursiv e 

role s lef t  chil d an d righ t  chil d ar e jus t  tw o primitive , 
distinc t  roles ;  i n ou r  simulation s w e represen t  the m a s 

tw o arbitrar y distribute d vectors .  Bu t  linguisti c theo -

rie s provid e a  ric h se t  o f  feature s (explicitl y o r  implic -

itly )  fo r  describin g th e role s i n syntacti c an d seman -

ti c structure .  Thes e includ e hierarchicall y structure d 

grammatica l  function s (subject ,  direc t  object ,  . . . ) , 

themati c role s (agent ,  patient ,  . . . ) ,  X-ba r  syntacti c 

configurationa l  role s (head ,  specifier ,  argument ,  ad -

junc t  . . . ) ,  syntacti c an d semanti c featur e structura l 

role s (number ,  gender ,  . . . ) ,  an d m a n y more .  Tenso r 

produc t  representation s m a k e i t  possibl e t o stud y th e 
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Figur e 2 :  T h e con s operation . 

Thi s operatio n i s easil y understoo d a s on e combin -

in g tw o hnea r  operation s tha t  tak e tw o tree s an d pus h 
the m int o th e lef t  an d th e righ t  subtree s o f  a  ne w tre e 

(le t  u s cal l  thes e operation s cons o an d consi) . 

cons{A, B) = consQ{A) + consi(B) 

Each of these operations is achieved, in turn, by 

combinin g tw o basi c linea r  operations ,  th e tenso r  con -

tractio n 0  an d th e tenso r  produc t  operatio n (E) : 

conso(T) = T • TQ = (v © T)<S>to 

cons i  (T )  =  T  •  r i  =  ( V ©  T)(8)r i 

The tensor contraction operation v©T replaces the 

left-mos t  ("deepest" )  role-vecto r  i n T  wit h it s inne r 

produc t  wit h v .  Sinc e th e inne r  produc t  i s a  scalar , 

th e resultin g tenso r  ha s ran k on e les s tha n tha t  o f  T . 

T •  w  i s a  rank-preservin g oute r  product ,  a  versio n 

of  T(gi w i n whic h th e tenso r  produc t  wit h w  i s take n 

onl y afte r  "unpadding "  T  vi a a n inne r  produc t  wit h 

V.  I n th e expressio n ( v ©  T)(S)ro ,  th e 0  operatio n 
take s th e leftmos t  v  vecto r  of f  th e tenso r  produc t 

and th e ®  operatio n pushe s th e vecto r  r g o r  rj ^  int o 

th e tenso r  produc t  fro m th e right . 

Now w e conside r  takin g th e C2u :  o r  cd r  o f  a  tree — 

extractin g it s lef t  o r  righ t  subtree .  Definin g th e cao c 

and cd r  operation s require s th e followin g generaliza -

tio n o f  th e inne r  produc t  operation . 

car(T) = T o rg = v®(T 0 rg) 

cdr{T )  =  T  o  r i  =  v0( T ©  ri ) 

1 A  ®  ym^^^^^^my^:m m 
+ 

1 B  |®|j^tt: '̂*:j8(;»;;j8jj*::)8(;)r, ; 
olffill l 

An^ j ^WMWW^W^M:̂ 

Figur e 3 :  Th e ca r  operation . 

T o w i s a  rank-preservin g inne r  product ,  a  versio n 
of  T  ©  w  i n whic h a  righ t  inne r  produc t  wit h w  i s 

taken ,  an d a n extr a v  i s adde d t o pa d th e ne w tenso r 

back u p t o ful l  rank .  A s illustrate d i n Figur e 3 ,  th e 

rightmos t  role-vecto r  i s r g fo r  th e lef t  subtre e an d r j 

fo r  th e righ t  subtree ,  s o th e inne r  produc t  wit h rg , 

used i n th e ca r  operation ,  i s 1  fo r  th e lef t  subtre e an d 

0 fo r  th e right .  Thi s i s reverse d fo r  th e cd r  operatio n 

wher e inne r  produc t  i s take n wit h rj . 

2.3 Parallel Implementation 

If we regard a tensor representing a tree as a single 

vecto r  i n a  vecto r  spac e V ,  th e conso,consi,car,cd r 

operation s ca n eac h b e define d a s a  singl e (square ) 

matri x tha t  map s a  vecto r  i n V  t o anothe r  vecto r  i n 
V.  Thus ,  the y ca n b e implemente d a s simpl e vector -

matri x multiplicatio n operations .  Th e fou r  matrice s 

ar e calle d WconsO -  Wpons l .  Wear ,  an d Wcd^ -
Thi s connectionis t  representation/processin g o f 

tree s enable s massivel y paralle l  processing .  Wherea s 

i n th e traditiona l  sequentia l  implementatio n o f  LISP , 

symbol  processin g consist s o f  a  lon g sequenc e o f 

Cco: ,  cdr ,  an d con s operations ,  her e w e ca n com -

pose togethe r  th e correspondin g sequenc e o f  Wea r , 

W e d r '  Wcons O an d Wcons l  operation s int o a 
singl e matri x operation .  Addin g som e minima l 

nonlinearit y allow s u s t o compos e mor e comple x 

operation s incorporatin g th e equivalen t  o f  condi -

tiona l  branching .  Fo r  example ,  a  passiv e sentenc e 

pars e tre e s  i s transforme d b y ACTIVE/PassiveNE T 
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consequences—fo r  representation ,  processing ,  learn -

ing ,  an d grammatica l  description—o f  directl y encod -

in g suc h informatio n vi a distribute d rol e vectors . 
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