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Abstrac t 

We conten d tha t  th e primar y rol e o f  a n 

illustratio n o r  physica l  manipulabl e fo r 

teachin g mathematic s i s t o hel p th e learne r 

understan d th e languag e o f  th e mathematic s 

by providin g th e learne r  wit h a  referentia l 

senr«ntics .  Havin g taugh t  thi s t o subjects ,  w e 

addres s th e questio n o f  ho w t o asses s thei r 

understanding .  Problem-solvin g performance , 

we show ,  i s  insufficien t  b y itself .  A n 

assessmen t  o f  students '  memor y fo r  th e 

origina l  proble m statement ,  an d thei r  abilit y t o 

us e cue s withi n th e referentia l  semantic s i s 

demonstrate d a s a  potentia l  method . 

Fourt h grader s (n=24 )  solve d wor d algebr a 

proble m afte r  (a )  trainin g wit h a  designe d 

referentia l  semantic s fro m a  compute r  tuto r 

calle d th e Planner ,  (b )  trainin g wit h symboli c 

manipulatives ,  o r  (c )  receivin g n o trainin g 

(control) .  Althoug h pretest-posttes t  gain s 

wer e onl y moderatel y bette r  fo r  th e Planne r 

grou p tha n th e symbo l  group ,  th e forme r 

showe d reliabl y bette r  abilit y  t o reconstruc t  th e 

proble m statement s afte r  a  5-da y delay .  A 

particula r  advantag e fo r  recal l  o f  algebrai c 

relation s (a s compare d t o assignments )  wa s 

evident .  Menta l  representatio n o f  relation s ha s 

bee n single d ou t  a s a  majo r  obstacl e t o 

successfu l  wor d proble m solving .  Th e suppor t 

tha t  a  well-designe d referentia l  semantic s 

play s i n th e formatio n an d retrieva l  o f 

appropriat e menta l  structure s fo r  proble m 

solvin g ar e discussed ,  a s ar e method s fo r 

assessin g proble m comprehensio n an d 

conceptua l  change . 

Assess in g Conceptua l 

Understandin g o f  Arithmeti c 

Structur e an d L a n g u a g e 

Researc h o n th e growt h o f  th e concept s o f 

number  an d thei r  operator s ha s show n tha t 

whil e importan t  segment s o f  mathematica l 

knowledg e hav e thei r  origin s i n everyda y 

experience ,  leamingtha t  i s wholl y dependen t 

on thi s approac h ca n b e limite d (e.g. ,  learnin g 

abou t  negativ e numbers ,  o r  th e symbol s o f 

mathennatic s notation) .  I n th e earl y stag e o f 

protoquantitativ e reasoning ,  childre n lear n 

abou t  non-quantifie d relation s fro m tal k an d 

direc t  engagemen t  wit h physica l  material s an d 

illustration s (Resnic k &  Greeno ,  1990) . 

However ,  th e meanin g conveye d b y 

manipulable s (throug h thei r  manipulatio n 

properties )  an d illustration s ma y no t  b e 

sufficien t  t o suppor t  th e learnin g o f  vita l  pre -

algebrai c concept s an d procedure s (e.g. , 

Resnic k an d Omanson ,  1987) .  Ultinnately ,  on e 

must  reaso n withou t  immediat e referenc e t o 

counte d o r  measure d materials .  Severa l 

researcher s (Nesher ,  1989 ;  Schwarz ,  Kohn ,  & 

Resnick ,  i n press ;  White ,  i n press )  propos e 

th e us e o f  intermediat e model s fo r  acquirin g 

hig h leve l  concept s tha t  canno t  b e discovere d 

informall y (e.g. ,  negativ e numbers) .  T o b e 

helpful ,  intermediat e model s mus t  behav e a s 

th e mathematica l  object s the y exemplif y do , 

and thei r  functionin g mus t  b e self-evident . 

Thei r  constructio n i s  base d o n a n 

epistemologica l  analysi s o f  th e mathematica l 

knowledg e the y exemplify .  Competenc y 

stem s fro m engagemen t  i n situation s 

exemplifie d b y th e object s o f  a  syste m an d tal k 
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abou t  thos e objects .  Later ,  th e chil d develop s 

a mathematica l  languag e (i.e. ,  algebra )  t o 

recor d an d nnode l  action s i n th e system . 

As i n a  natura l  language ,  th e stud y o f  th e 

semantic s o f  arithmeti c an d algebrai c symbol s 

lead s t o a  distinctio n betwee n sens e an d 

referenc e (cf .  Nesher ,  1989 ;  Ohisson ,  1987) . 

The additio n operator ,  fo r  example ,  ha s 

severa l  sense s (Carpenter ,  Moser ,  & 

Romberg ,  1982 ;  Neshe r  &  Katriel ,  1977) : 

Combinin g o r  joinin g tw o quantities ,  changin g 

or  increasin g th e valu e o f  a  quantity ,  an d 

comparin g quantities .  Differen t  sense s o f 

subtractio n an d multiplicatio n als o exist . 

Assessin g understandin g o f  arithmeti c 

structures .  I n performin g ou r  assessment ,  w e 

ar e asking ,  i n th e ideal ,  "Wha t  ar e th e menta l 

structure s forme d b y student s learnin g 

arithmeti c an d pre-algebra? "  Althoug h 

problem-solvin g performanc e i s th e mos t 

common measure ,  w e believ e tha t  a s a  sol e 

measur e i t  i s  incomplete .  Students '  abilitie s t o 

blindl y appl y mathematica l  procedure s withou t 

regar d fo r  thei r  applicability ,  meanin g o r  th e 

meaning  o f  th e solutio n ar e well-documente d 

(e.g. ,  Paig e &  Simon ,  1966 ;  Wertheimer , 

1982/1945) .  Furthermore ,  becaus e o f  th e 

complexit y o f  man y problem-solvin g task s 

(whic h includ e understandin g th e instructions . 

th e proble m statement ,  etc. )  student s ca n 

obtai n wron g answer s eve n whe n thei r 

understandin g o f  th e mathematic s i s high . 

Consequently ,  w e propos e t o loo k a t 

students '  memor y fo r  th e problem s the y solv e 

i n additio n t o thei r  performance .  Memor y fo r 

problem s tap s directl y int o students '  menta l 

representation s fo r  th e problem s an d provide s 

a measur e o f  thei r  proble m comprehensio n i n 

a manne r  simila r  t o measure s o f  readin g 

comprehensio n (Dellaros a e t  al. .  1985) . 

Memory fo r  problem s als o serve s a s a n 

effectiv e metho d fo r  uncoverin g students ' 

problem-solvin g difficuKies .  I n Mayer' s (1982 ) 

study ,  fo r  example ,  th e impoverishe d memor y 

tha t  student s ha d fo r  relationa l  statement s 

foun d i n wor d algebr a problem s wa s relate d 

directl y  t o thei r  problem-solvin g difficulties . 

Researc h applyin g readin g comprehensio n t o 

mathematic s proble m solvin g ha s show n tha t 

wor d proble m comprehensio n ca n b e 

understoo d withi n th e genera l  theor y o f 

discours e processin g (e.g. ,  Cummin s e t  al. , 
1988 ;  Kintsc h &  Greeno ,  1985) . 

To evaluat e students '  p rob le m 

comprehension ,  thei r  memor y fo r  a  proble m i s 

compare d wit h th e origina l  proble m text .  Th e 

compariso n i s performe d a t  a  prepositiona l 

leve l  (thoug h th e proposition s ar e a t  a  coars e 

level ,  a s use d b y Mayer ,  1982) ,  a s thi s leve l  o f 

analysi s ha s bee n show n t o bes t  captur e th e 

regularitie s o f  a  reader' s tex t  representatio n 

(e.g. ,  va n Dij k &  Kintsch) .  Recal l  i s  firs t 

prompte d b y th e titl e o f  a  problem .  I f  th e recal l 

protoco l  i s onl y a  partia l  representatio n o f  th e 

origina l  proble m statement ,  the n a  promp t  i s 

give n a t  th e leve l  o f  th e underlyin g prot)le m 

model .  Recently ,  proble m comprehensio n ha s 

bee n describe d a s th e exten t  t o whic h a 

solver' s representatio n fo r  a  proble m situatio n 

(th e situatio n model )  i s  relate d t o th e 

conceptua l  relation s o f  th e proble m solutio n 

(th e proble m model ,  Natha n e t  al. ,  1992) .  Th e 

exten t  t o whic h proble m model-base d cue s 

hel p subject s t o reconstruc t  th e origina l 

proble m situatio n wil l  b e a n adde d measur e o f 

proble m comprehension . 

Empirical Evaluation. 

The experimenta l  grou p o f  greates t  concer n 

was taugh t  t o us e Th e Planner ,  a  computer -

base d tuto r  whic h provide s intermediat e 

model s tha t  behav e a s th e mathematica l 

object s the y exemplify .  I t  present s graphica l 

depiction s o f  train s whic h represen t  quantitie s 

and loading/unloadin g machine s whic h 

operat e o n thos e quantitie s an d captur e fo r 

th e studen t  th e differen t  meaning s o f  th e 

basi c operations ;  i.e. ,  th e referentia l 

semantics .  Student s lear n t o assembl e chain s 

of  machine s whic h operat e o n a  trai n an d 

conve y th e man y differen t  sense s o f  a n 

operator ,  changin g it s lengt h (+Change) , 

mergin g train s (Combine) ,  o r  comparin g 

length s o f  train s (Compare) .  Problem s ar e 

numericall y solve d whe n Th e Planne r  run s th e 

train(s )  throug h a  serie s o f  machines ,  thu s 

executin g a n expression . 

Method 
Fourt h grad e student s (n=24 )  fro m tw o inner -

cit y parochia l  schools ,  matche d o n thei r 

mathematica l  problem-solvin g abilities , 

participate d i n a  pretest-posttes t  contro l  grou p 

design .  I n sessio n 1 ,  subject s too k a  pretes t 

whic h containe d on e additio n proble m (o f  th e 

for m ?+a=b) ,  a  multiplicatio n problem ,  an d a 

complex ,  multi-ste p additio n problem .  Th e 

planne r  grou p (1 2 subjects )  the n me t  i n pair s 

and learne d ove r  th e nex t  thre e experimenta l 
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session s (session s 2-4 )  t o specif y Planne r 

object s an d manipulat e the m a s a  mean s t o 

model  an d solv e wor d algebr a problems .  Th e 

symbol  grou p ( 6 subjects )  receive d analogou s 

training ,  wit h manipulabl e pad s containin g th e 

set  o f  necessar y algebrai c syrTt>ol s replacin g 

th e Planne r  object s (se e Figur e 1) .  Th e 

contro l  grou p ( 6 subjects )  too k th e pretes t  an d 

posttes t  bu t  receive d n o training .  O n th e fift h 

session ,  al l  subject s too k a  posttes t  whic h wa s 

identica l  t o th e pretest .  O n sessio n 6  ( 5 day s 

afte r  th e pretest) ,  subject s i n eac h o f  th e 

group s wer e aske d t o recal l  th e tes t  wor d 

problems .  Pre-determine d cue s wer e 

provide d a s memor y aid s fo r  subject s t o 

complet e a  partia l  recall .  Cu e 1  wa s th e stor y 

proble m title .  Cu e 2  presente d subject s wit h 

an ordere d serie s o f  uninstantiate d (i.e. ,  value -

less )  machine s (planne r  group) ,  o r  a  serie s o f 

pad s wit h value s missin g bu t  operator s an d 

relation s presen t  (symbo l  an d contro l  group) . 

Cue 3  wa s a  ful l  representatio n o f  th e proble m 

i n th e for m use d i n eithe r  th e planne r  trainin g 

or  th e symbo l  trainin g (fo r  bot h th e symbo l  an d 

contro l  groups) .  I f  recollectio n w a s stil l 

incomplete ,  th e stor y wa s rea d t o th e studen t 

aloud .  Afte r  recall ,  student s solve d th e 

problem .  Furthe r  detail s ar e presente d i n 

Schwar z e t  a l  (i n press) . 

Results 

Problem-solvin g performance .  Figur e 2  show s 

th e averag e numbe r  o f  problem s correctl y 

solve d b y eac h grou p a t  th e pretest ,  th e 

posttest ,  an d afte r  protjie m recall .  Subject s i n 

th e tw o experimenta l  group s performe d 

consistentl y highe r  tha n contro l  subject s o n 

th e posttes t  an d afte r  recall ,  wit h subject s i n 

th e planne r  grou p performin g slightl y bette r 

tha n thos e i n th e symbo l  group . 

Proble m statemen t  recall .  Fro m th e proble m 

solvin g result s i t  woul d appea r  tha t  n o notabl e 

underlyin g difference s exis t  betwee n planne r 

and symbo l  subjects .  Analyse s o f  subjects ' 

recal l  afte r  a  five-da y delay ,  however ,  sho w 

importan t  difference s i n conceptua l  formatio n 

fo r  th e solve d problems .  Figur e 3  show s th e 

proportiona l  recal l  fo r  al l  o f  th e 3 9 proposition s 

of  th e origina l  thre e text s afte r  receivin g eac h 

cu e (al l  subject s receive d cu e 1 ,  th e stor y 

title) .  Recal l  i s  necessaril y  monotonicall y 

increasin g a s cue s ar e given .  Cue s aide d 

subject s i n al l  o f  th e groups .  Planne r  user s 

clearl y ha d superio r  memor y fo r  th e problem s 

at  ever y leve l  o f  cue . 

Of  particula r  interes t  i n thes e dat a ar e th e 

relationshi p betwee n contro l  grou p subject s 

and symbo l  user s o n th e on e hand ,  an d 

symbol  an d Planne r  user s o n th e other . 

Figur e 2  showe d marke d difference s i n th e 

problem-solvin g performanc e o f  symbo l  user s 

and contro l  subjects .  Afte r  presentatio n o f  th e 

title s (cu e 1) ,  however ,  ther e i s n o distinctio n 

i n thei r  relativ e macro-leve l  base d acces s o f 

th e origina l  stor y information . 

Planne r  users ,  however ,  hav e acces s t o mor e 

stor y information ,  recallin g abou t  hal f  o f  i t  afte r 

receivin g onl y th e title .  Planne r  user s 

benefi t  eve n mor e whe n the y ar e give n cue s 

base d o n th e referentia l  semantic s taugh t 

durin g training .  Afte r  cu e 3 ,  whe n th e 

complet e forma l  relatio n o f  th e proble m i s 

1 ^ : 
13 

A 

:  J T L 
r  A 

B C 

[ ? • 13 ) « 7 = 19 

Symbol s use d b y th e Planne r  grou p Symbol s use d b y th e Symbo l  grou p 
Terr y Love s B o o k s 

Terr y love s books .  H e war\t s t o rene w hi s library .  S o m e book s n o longe r  interes t  hi m an d ther e ar e 

other s h e want s bu t  doesn' t  have .  S o h e give s hi s littl e brothe r  A l  1 3 book s tha t  ar e n o longe r  goo d 

fo r  hi s age .  The n Terr y receive s 7  n e w book s fro m hi s fathe r  H e no w ha s 1 9 books .  H o w man y di d 

Terr y hav e befor e h e change d hi s library ? 

Figure 1. Symbols used in the experimental training for the Planner group and the Symbol group. 

Here ,  bot h representation s conve y th e instantiate d versio n o f  Terr y Love s Books ,  th e expressio n 

( ? -13 )  +  7  =  19 .  Fo r  a n uninstantiate d version ,  th e specifi c  number s o r  quantitie s o f  boxe s show n ar e 

omitted . 
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Figur e 2 .  Problem-solvin g performanc e o n 

th e pretest ,  posttest ,  an d afte r  recal l  ( 5 day s 

later) . 

given,  Planners are still dramatically better than 

symbo l  user s an d contro l  subject s i n 

reconstructin g th e origina l  proble m fro m it s 

solution .  I n contras t  t o th e performanc e dat a o f 

Rgur e 2  i t  i s apparen t  tha t  a n importan t  aspec t 

of  proble m comprehensio n i s no t  adequatel y 

measure d b y performance .  A  simila r  patter n o f 

result s ar e apparen t  fo r  subjects '  recal l  o f 

relation s a s a  functio n o f  treatmen t  (Figur e 3b) . 

Relationa l  proposition s hav e bee n single d ou t 
a s a  majo r  obstacl e t o wor d p rob le m 

comprehens io n (e.g. ,  Maye r ,  1 9 8 2 ) ,  ye t 

Planne r  user s s h o w hig h recal l  o f  relation s 
whic h i s nearl y perfec t  afte r  th e relation-base d 
cu e (cu e 2) . 

Conc lus ion s 

The hig h performanc e couple d wit h near -
perfec t  reconstructio n o f  th e proble m situatio n 

suggest s tha t  Planne r  user s hav e a  superio r 

understandin g o f  bot h th e structur e an d th e 

languag e o f  algebr a t o thei r  experimenta l 

counterparts .  I t  i s  no t  possibl e fro m thes e dat a 

t o determin e whethe r  th e Planne r  help s 

student s t o bette r  encod e th e situatio n an d 

th e conceptua l  structur e o f  th e problem ,  o r  i f 

thei r  m e m o r y advantag e i s d u e t o th e effec t 

th e referentia l  semantic s ha s o n retrieva l  (e.g. , 

greate r  salience ,  bette r  indexing) . 

T h e object s o f  T h e Planne r  hav e bee n s h o w n 

t o b e a n adequat e m e a n s o f  supportin g 

algebr a proble m solvin g (consisten t  wit h 

Schwar z e t  al. ,  i n press) . 

Furthermore ,  th e referentia l  semantic s i t 

provide s prove s t o b e bot h a n adequat e 

l a n g u a g e fo r  represent in g p r o b l e m 

information ,  an d a  bette r  m e t h o d tha n 

manipulabl e algebrai c s y m b o l  p a d s fo r 

promotin g proble m comprehension . 
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