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Abstract® objects is proposed (e.g. Atkinson, Campbell &
Francis, 1976).
This paper presents a new methodology for Subitizing experiments are usually one of two
examining the phenomenon of subitizing. Subjects types. In one, subjects are presented with visual
were presented with a standard numerosity-detection stimuli for a single, brief exposure and asked to
task but for a range of presentation times to allow report the number of objects seen. In the other,
Task-Accuracy Functions to be computed for presentation is terminated when the subject makes a
individual subjects. The data appear to show a response. The different designs produce similar
continuous change in processing for numerosities results (see Mandler & Shebo, 1982 for a review).
from 2 to S when the data are aggregated across Subjects exhibit subitizing for small numerosities
subjects. At the level of individual subjects, there followed by other, more time-consuming and/or
appear to be qualitative shifts in enumeration errorful processes for larger ones. These include
processing after 3 or 4 objects. The approach used in estimation, counting and perceptual grouping.
this experiment may be used to test the claim that The most typical characterization of the
subitizing is a distinct enumeration process that can phenomenon is the presentation of a single reaction-
be used for small numbers of objects. time curve split into two regions. For adults, the
curve for subitizing up to 3 or 4 objects is shallow
Introduction and rises at about 50 milliseconds per item. Almost
no errors are made in this range. The segment for
The phenomenon now known as subitizing has been more than 4 or 5 objects tends to rise steeply at about
reported since the beginning of experimental 300 milliseconds per itom with errors starting at
psychology (Jevons, 1871; Wundt, 1896). Subitizing around 20% and increasing. Determining where to
refers to the ability of subjects to identify the split the curve is done by looking for the appearance
numerosity of small collections of discrete objects of a quadratic trend in the reaction time data. Where
very rapidly and without error. It has been suggested the break occurs is taken to indicate the capacity limit
that this performance pattern reveals basic for subitizing. ) '
characteristics of the perceptual/representational Despite the fact that most studies on rapid
system (Pylyshyn, 1989) and has also been enumeration report data consistent with th§ pattern
implicated as the foundation for children’s conceptual described above, there is still considerable
development in the field of number (Simon, Klahr & controversy over whether subitizing really exists as a
Newell, 1992). Yet, there is some debate about how distinct phenomenon and, if it does, whether it is a
many objects can be processed by subitizing. The serial or parallel process.
earliest studies claimed 6 objects could be Information processing accounts have been
enumerated but more commonly a limit of 3 to 4 constructed in an attempt to specify the details of the

subitizing phenomenon. Klahr & Wallace’s (1976)
production-system models described subitizing in
template-matching terms. The subitizing slope is a

* Angel Cabrera is supported by a Fulbrigh MEC function of serially matching templates from zero to
scholarship from the Institute of International N items onto the input at a constant rate. Subitizing
Education & the Spanish Ministry of Education and limit is a function of the processor rate and the decay
Science. of the visual store that holds the to-be-matched items.
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Mandler & Shebo (1982) claim three processes are
responsible for the typical data pattern. The first is
parallel pattern-recognition of the canonical patterns
that arrays in the 1 to 3 range exhibit. (One is always
a singleton, 2 always a line and 3 either a line or a
triangle). This predicts that the oft-seen subitizing
slope should, in fact, be flat. Thus they dispute the
existence of subitizing as it is usually characterized.
Next is “a response to arrays of 4 to 6 or 7 that is
based on mental counting” and this is proposed to
account for the steeper “post-subitizing” slope.
Finally, “an estimating response for arrays larger than
6 (1982, p.1)" is presented as the reason many studies
show a leveling-off of slopes for larger numbers.
Thus, there is still considerable debate over both the
existence and nature of subitizing.

Other investigations have focused on statistical
models fit to the reaction time data. Balakrishnan &
Ashby (1991) contrast a bilinear model (which
suggests the existence of a distinct subitizing process
e.g. Chi & Klahr, 1975) with a log-linear model
(which suggests a continuous exponential function of
reaction time with numerosity e.g. Kaufman et al,
1949). They conclude that neither model adequately
explains the relationship between reaction time and
stimulus numerosity.

We contend that the lack of theoretical consensus
for this apparently robust phenomenon is largely due
to the methodological and analytical conventions of
the paradigm. By aggregating reaction time data from
individual subjects, distinctions between subitizing
and other enumeration strategies will be blurred
(Siegler, 1987). This is especially true if, for a given
numerosity, some subjects are contributing a lot of
variance having switched to slow, errorful processing
while others are contributing little variance by
continuing to use the fast, accurate subitizing process.
The difficulty in making a clear distinction between
enumeration processes in a subject population serves
to fuel the debate over the existence and nature of
subitizing.

In this paper we present an alternative methodology
which, in the long run, can provide a strict test of the
claim that subitizing is a distinct mode of
enumeration processing. It also indicates the
maximum number of objects that each individual
studied can enumerate in this way. Our approach is to
determine Time-Accuracy Functions (TAFs) for
individual subjects (Kliegl, Mayr & Krampe, 1993)
on an otherwise standard subitizing task. Here,
presentation time is varied and response curves for a
given problem are plotted against the whole range of
times. This yields a TAF for each numerosity. If
subjects produce a similar function over several
numerosities then we take that to indicate use of the
same processing. Thus a switch in process is
predicted to produce a change in the nature of the
function.
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Figure 1. Example functions for the exponential
model

An example set of functions for numerosities 2 to 5 is
presented in Figure 1. We modeled the relation
between time and accuracy with reference to the
negatively accelerated exponential function given in
Equation 1

i-a
p=d+(c-dpx(l-e *) ()
where p indicates the probability of a correct
response, t the available presentation time, a the
intercept of the function on the time-axis, b the
steepness of the curve, ¢ the asymptotic maximum,
and d the chance level of performance. Parameter a
indicates the amount of time necessary to initialize
relevant cognitive processes; parameter b specifies
the constant proportional reduction of error
probability for increases in presentation time;
parameter ¢ was fixed at 1.0 because the enumeration
task is simple enough for everybody to yield perfect
performance with sufficient time; parameter d was
fixed at 1/7 because participants had to respond with
one of seven response keys (2 to 8).

This function has been used widely in
psychological research, for example in the
identification of test tones as a function of the silent
interval between test and masking tone (Massaro,
1970), for the accumulation of information in iconic
memory (Loftus, Duncan, & Gehrig, 1992), for
describing speed-accuracy tradeoffs (Wickelgren,
1977), and for visual search tasks, episodic memory,
and complex reasoning tasks (Kliegl, Mayr, &
Krampe, 1993). All approaches share the conceptual
interpretation that it becomes increasingly difficult to
improve performance relative to the level of accuracy
reached.

The current experiment tested the identification of
specific numerosities from 2 to 8 objects. The
predictions are that, as shown in Figure 1, for higher
numerosities the function will shift to the right on the
x-axis (i.e. parameter a will increase) and the slope of
the function will decrease (i.e. parameter b will
increase). If parameter b changes by a constant factor
across all numerosities, this would constitute



evidence for a continuous process of enumeration; if
there is a qualitative shift somewhere, this should be
visible by a jump in the ratio of the neighboring
values of the b parameter. Importantly, the approach
presented here allows us to look for this shift at the
level of group as well as individual functions.

Method

Subjects

Twenty undergraduate students at Georgia Institute of
Technology participated in the experiment for extra
credit. There were 10 males and 10 females.

Stimuli

Rows of 2 to 8 lower case Helvetica 9 point typeface
letter O's without spaces between them were
constructed for presentation. Pilot testing had
indicated that stimuli this small were required to
induce some errorful performance for very small
numbers, even at the shortest presentation times.

Each row was presented in the center of a computer
screen. A fixation arrow pointed to the middle of
where the central letter O (for odd numbers) was to
be displayed, or in between where the two most
central O’s would be (for even numbers). The longest
row (N=8) was 5/8" in length. A mask of 16 identical
letter O’s centered at the fixation point was also used.
The mask was 1 1/8" in length. Stimuli were
presented approximately at eye level 30" from the
subject so that visual angle for stimuli was less than 2
degrees. All stimuli were presented on a high-
resolution 13” Apple Macintosh™ RGB monitor
switched to black and white mode.

Procedure

The experiment was run on an Apple Macintosh™
IIfx using Cedrus Superlab™ 1.5 software. There
were 12 stimulus presentation times. These were 34,
51, 67, 84, 100, 150, 200, 250, 300, 500, 750 & 1000
milliseconds. Seventy-two stimulus-duration pairs
were created. Stimuli of N= 2 and 3 were presented
for durations from 34 to 300 milliseconds. Beyond
that time pilot subjects had shown perfect
performance. Stimuli of N= 7 and 8 were presented
for durations from 84 to 1000 milliseconds. Pilot data
showed numerosity detection to be extremely
difficult at 84 milliseconds. Stimuli of N=4, 5 and 6
were shown for all twelve presentation times. There
were 24 blocks of randomly ordered trials providing a
total of 1728 responses from each subject. Treatments
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were randomly dispersed among all blocks and
treatment blocks were randomly re-ordered for each
subject.

For each trial the subject saw a fixation arrow
presented on the screen for 750 milliseconds and was
told that the row of objects would appear centered at
the tip of the arrow. Then the stimulus was presented
for its preselected time, followed by the mask. At this
point the subject could make his or her response,
which was to type the number of objects that had
appeared before the mask. At the end of each block of
72 trials the program halted and allowed the subject
to restart whenever he or she was ready. At the end of
every 8 blocks (576 trials) the program requested that
the subject take a two-minute break before
continuing.

Subjects were brought into the lab individually, the
experiment was explained to them and then they were
given 72 practice trials. Here a digit was presented in
the center of the screen and the subject had to type
the same number on the keyboard to remove it. This
was done to give the subject practice in locating the
keys for the numbers 2 through 8 and reduce search
during the experiment. Finally, the subject completed
5 demonstration trials to ensure they understood the
procedure.

Results

For every subject, 24 responses were recorded for
each of the 72 different stimulus-duration pairings.
As described in the example function, probability
correct scores were calculated to allow examination
of the effect of duration on each subject’s ability to
reach correct detection for set sizes from N= 2 to 8.
These values were then used to fit the negatively
accelerated exponential function described above
using iterative non-linear regression. Functions could
only be fit accurately for numerosities 2 through 5,
therefore only these will be reported. This is because
a level of approximately 40% correct responses is
required to compute the function and such a level of
performance was rarely achieved for numerosities 6
though 8.

A minimum chi-square statistic was used as an
estimator to take into account the change in variance
across accuracies. For each cell of the numerosity (2
to 5) by presentation time by type of response
(correct/incorrect) contingency table, we computed

2
('w—n:ﬂ— where no is number of observed and ne
the number of expected responses given the
exponential equation (Eq. 1). Parameters were sought
that minimized the sum of these terms using the
CNLR module of SPSS-X. Parameters a and b were
constrained to be equal or increase with numerosity;



Table 1. Values of parameters a and b for each subject for numerosities N=2-5.

parameter a parameter b parameter a parameter b
S# 2 3 4 S5 2 3 4 5§ S# 2 3 4 5 2 3 4 5
1 13 51 56 132 23 42 173173 11 0 0 7575 31 71 71227
2 0 0 47 47 36 63 107 291 12 0 15 15 16 57 57 57 257
3 8 8 8 8 58 72 119 407 13 11 20 20 20 62 120268 513
4 30 30 30 30 24 56 57 201 14 26 28 34 39 48 54 209 425
S 15 19 59 59 27 85 140423 15 0 28 38 39 0 58 95 158
6 17 18 18 100 26 73 92 314 16 19 29 64 64 23 34 118169
7 23 40 40 119 16 57 85 223 17 0 0 358 0 53 71 92
8 0 0 0 O 75103217387 18 16 27 27 27 32 44 106192
9 25 25 25 25 32 125193 512 19 0 0 0 145 40 75 202231
10 0 16 22142 0 45201309 20 O 18 18116 51 53 150174

that is we assumed that an increase in the number of
objects to be enumerated requires at least the same
amount of cognitive processing as the lower number
of objects.

The overall goodness of fit across 20 subjects was
significant but still acceptable given the large
number of observations (minimum chi-square = 1127
for 680 degrees of freedom, p<.01); note the ratio of
chi-square and degrees of freedom is less than two.
Table 1 presents the values of parameters a and b for
each subject for numerosities N= 2-5 computed from
the non-linear regression. The values were multiplied
by 100 and rounded to a whole number.

It can be clearly seen from the table that both
parameters a and b increased with numerosity. This is
also demonstrated in the individual time-accuracy
functions shown in Figure 2. An important result is
that the b parameter increased by a constant factor of
two across numerosity. If we aggregate across
subjects the values are 30, 70, 140 & 280 for
numerosities N= 2-5. Thus, there is no evidence for a
discontinuity in processing between two and five
objects. This suggests that, if we assume that subjects
are subitizing 2 objects, then they appear to be
processing 5 objects in the same way. The functions
displayed in Figure 1 were actually based on the
group averages of estimates for parameters a and b.
However, examination of individual data suggests
that processing has changed in most subjects by this
point. This divergence may point to the very
weakness of aggregating data that inspired the current
study.

We can illustrate this by examining the data in
more detail. Table 1 shows values of the a and b
parameters for each numerosity across subjects. We
assume that the point at which a subject switches
processing is indicated by a shift in the ratio between
neighboring numerosities. On the basis of previous
research, the question appears o0 be whether the shift
occurs after 3 or 4 objects. We can examine this issue
at the individual level by computing the ratios
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between b(N=4)/b(N=3) and b(N=5)/b(N=4). For 10
subjects the second ratio was larger than the first,
indicating a shift after 4 objects. For 9 subjects the
first ratio was larger than the second, indicating a
shift after 3 objects, while for 1 subject the ratios
were equal.

Figure 2 presents the TAFs of four subjects (#s 1,
6, 7 & 16). Each plot depicts the exponential
functions of accuracy (% correct) for numerosities 2
through 5 for presentation times from 34 to 1000 ms.
Values of each subject’s parameter b provide much
information about his or her performance. They can
be thought of as an indication of how quickly the
subject approaches perfect detection of a given
numerosity. Low values of b, and their associated
steep curves, indicate that small increments to initial
presentation time enable the subject to accurately
detect the numerosity being displayed.

The plots show that the time needed to reach
asymptote increases systematically as numerosity
increases. This is directly related to the rise in the
value of the b parameter (see Table 1). It can be
observed that subjects 1 & 16 reach asymptote very
quickly for N= 2 & 3 but require very large
increments of time before correctly identifying
numerosities of N= 4 or 5. Subjects 6 & 7 show a
similar pattern for N= 2 to 4 but require large time
increments to approach correct detection of N= 5.

The pattern of error-free detection within short
presentation times indicates the use of a fast, accurate
enumeration process, i.e. subitizing. Its use is only
apparent for small numbers. For larger numbers,
errors are made at all durations. These errors decrease
with longer presentation times suggesting they would
eventually disappear. Such a pattern indicates more
time-consuming and errorful strategies such as
estimation or counting. Thus subjects 1 & 16 appear
to subitize to N= 3 while subjects 6 & 7 appear to
subitize to N= 4.

This novel methodology suggests that, on rapid
enumeration tasks, subjects may exhibit a distinct
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Figure 2. Plots of exponential functions for subjects 1, 6, 7 & 16 for numerosities N= 2 to 5.

processing pattern, apparently with a capacity of N=
3 or 4. The ratios (i.e. the shifts noticeable in Table 1)
are quite suggestive of qualitative shifts.
Unfortunately, for the present set of data we can not
determine the reliabilities of these individual shifts.
We expect this to be possible with data collected
from an extended testing schedule.

Conclusions

The evidence presented here is consistent with the
view that subjects employ a single fast, accurate
process when rapidly enumerating up to four or five
objects. For larger collections they apparently use a
range of slower, less accurate processes. The novel
methodology we have used enables detailed
examination of the subitizing phenomenon at the
individual subject level. The data it has produced
appears to be highly consistent with other
characterizations of the subitizing phenomenon, even
though the analyses are novel and are undergoing
refinement. There is some indication that
enumeration performance shows a discontinuity in
processing at around 3 to 4 objects. This supports the
view that subitizing does exist as a distinct process
for rapid enumeration and that it is limited t0 small
set sizes. For larger set sizes it seems clear that
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subjects must rely on a range of slower and less
accurate strategies such as counting, estimation and
guessing.

Our conclusions share some features of both
models evaluated by Balakrishnan & Ashby (1991).
Our data are in line with the conclusions of Klahr and
his colleagues that a distinct subitizing process exists,
but it is still necessary to provide statistical tests. We
have also shown that an exponential function serves
as a good model for rapid enumeration processing. It
is similar to Kaufman et al.’s (1949; see also
Balakrishnan & Ashby, 1991) log-linear model but
applied to presentation times required for different
levels of accuracy rather than response latencies. Its
fit to smaller rather than larger numerosities for the
range of presentation times examined can be taken as
preliminary evidence that a single process is used by
all subjects in response to small numbers whereas
each subject may use a range of strategies as the set
size increases. In future research this issue needs to
be examined with the use of longer presentation times
for larger numerosities.

The real strength of our findings, although
preliminary, is that they provide converging evidence
from a novel methodology for the existence of the
subitizing phenomenon. Much still remains to be
done to refine the technique and to carry out further
studies that reveal the precise processing details of



subitizing as an enumeration process. To paraphrase
the titles of Miller (1956) and Atkinson et al (1976)
as a conclusion, we believe that, as far as rapid
enumeration goes, we have provided new evidence
that there is a “magic number” and that it is 411,
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