
R e p r e s e n t a t i o n o f  var iab le s a n d thei r 

v a l u e s i n n e u r a l  n e t w o r k s 

Jane t  Wile s 
Department s o f  Compute r  Scienc e &  Psycholog y 

Universit y  o f  Queenslan d O L D 407 2 AUSTRALI A 
janetw@cs.uq.oz.a u 

Abstrac t 

Neural nets (NNs) such as multi-layer 
feedforwar d an d recurren t  net s hav e ha d 
considerabl e succes s i n creatin g representation s i n 
th e hidde n layers .  I n a  combinatoria l  domain , 
suc h a s a  visua l  scene ,  a  parsimoniou s represent -
atio n migh t  b e i n term s o f  componen t  feature s (o r 
variables )  suc h a s colour ,  shap e an d siz e (eac h o f 
whic h ca n tak e o n multipl e values ,  suc h a s re d o r 
green ,  o r  squar e o r  circle) .  Simulation s ar e 
describe d demonstratin g tha t  a  multi-variabl e 
encode r  networ k ca n lear n t o represen t  a n inpu t 
patter n i n term s o f  it s  componen t  variables , 
wherei n eac h variabl e i s encode d b y a  pai r  o f 
hidde n units .  Th e interestin g aspec t  o f  thi s 
representatio n i s tha t  th e numbe r  o f  hidde n unit s 
require d t o represen t  arbitrar y number s o f 
variable s an d value s i s linea r  i n th e numbe r  o f 
variables ,  bu t  constan t  wit h respec t  t o th e numbe r 
of  value s fo r  eac h variable .  Thi s resul t  provide s a 
ne w perspectiv e fo r  assessin g th e representationa l 
capacit y o f  hidde n unit s i n combinatoria l 
domains . 

In t roduct io n 

Cognitive models are designed to explicate the 
processe s tha t  underli e cognitiv e phenomena . 
However ,  th e representation s ove r  whic h suc h 
processe s operat e mus t  eithe r  b e specifie d a  pnor i 
i n a  model ,  o r  learn t  withi n th e model .  N N s 
provid e a  concret e mechanis m fo r  thinkin g abou t 
ways i n whic h suc h representation s coul d b e 
learn t  i n cognitiv e tasks .  Th e applicatio n o f  N N 
t o representatio n constructio n ha s produce d man y 
illustrativ e simulation s (e.g. ,  Rumelhart ,  Hinto n 
& Williams ,  1986 ;  Elman ,  1988 )  whic h i n effect , 
provid e metaphor s fo r  thinkin g abou t  bot h th e 
potentia l  an d limitation s o f  th e representationa l 

aspect s o f  learning .  Ther e ha s bee n muc h 
debat e concernin g th e representationa l  adequac y 
of  N N ,  specificall y focusse d o n thei r 
compositiona l  an d systemati c propertie s (e.g. ,  se e 
Fodo r  &  Pylyshyn ,  1988 ;  an d response s b y 
Smolensky ,  1988 ;  va n Gelder ,  1990 ;  &  th e 
specia l  issu e o f  Artificia l  Intelligenc e edite d b y 
Hinton ,  1990) .  Although ,  theoreticall y th e 
representationa l  question s hav e bee n addressed , 
question s remai n concernin g way s i n whic h a 
learnin g mechanis m coul d induc e th e structur e 
inheren t  i n a  combinatoria l  domain .  I n previou s 
work ,  w e showe d tha t  combinatoria l  structur e i n 
a simpl e domai n ( 3 colours ,  3  shape s an d 2 
locations )  ca n b e represente d b y a  multi-laye r 
networ k i n term s o f  intersectin g region s i n H U 
spac e (Wile s &  OUila ,  1992) .  I n a  stud y o f 
generalizatio n performanc e i n combinatoria l 
domains ,  Brouss e an d Smolensk y (1989 )  repor t 
tha t  multi-laye r  net s traine d o n subset s o f  a 
combinatoria l  tas k generalize d t o a  larg e fractio n 
of  th e domain ,  an d wit h onl y a  littl e extr a trainin g 
coul d generaliz e t o fa r  more .  Th e curren t  stud y 
explore s representation s a s th e numbe r  o f  value s 
fo r  eac h variabl e i n a  combinatoria l  domai n i s 
increased . 

Revie w o f  structure s i n H U spac e 

In a multi-layer net, a pattern of activation on the 
inpu t  unit s  i s transforme d (vi a th e firs t  matri x o f 
weights )  t o a  patter n o f  activatio n o n th e H U 
layer .  Thi s patter n o f  activatio n i s the n 
transforme d (vi a th e secon d matri x o f  weights )  t o 
a patter n o f  activatio n o n th e outpu t  uni t  layer .  I n 
th e simples t  form ,  th e patter n o f  activatio n i n th e 
H U layer s ca n b e viewe d a s a  redescriptio n o r 
transformatio n o f  th e input .  I f  ther e ar e fewe r 
H Us tha n inpu t  units ,  th e transformatio n act s i n 
suc h a  wa y a s t o compres s th e inpu t  represent -
ation .  I f  ther e ar e mor e HUs ,  the n i t  wil l  b e 
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expanded .  Suc h shapin g (i.e. ,  compressio n o r 
expansion )  i s du e t o th e backpropagatio n o f 
error s fro m th e outpu t  laye r  (Rumelhart ,  Hinto n 
& Williams ,  1986) .  Backpropagatio n distribute s 
erro r  ove r  th e H U s ,  causin g th e pattern s t o 
separat e t o th e limit s o f  th e spac e available .  Th e 
opposin g force s o f  separatio n an d containmen t 
forc e th e H U spac e t o structur e th e pattern s int o 
an efficien t  representatio n system .  Potentia l 
representatio n system s ca n b e viewe d a s 
geometri c structure s i n H U space . 

For  network s wit h onl y 2  HUs ,  th e structur e 
of  H U spac e ca n b e see n directl y b y plottin g th e 
firs t  H U o n th e X-axis ,  an d th e 2n d H U o n th e 
Y-axis .  Fo r  network s wit h mor e HUs ,  ther e i s 
substantia l  regularit y i n th e structure s forme d i n 
th e hidde n layer ,  althoug h dimensio n reductio n 
techniques ,  suc h a s principa l  component s 
analysi s o r  canonica l  discriminan t  analysi s (Kotz , 
1982) ,  ma y b e require d t o revea l  suc h structur e 
(se e Elman ,  1989 ;  o r  Bloesc h &  Wiles ,  1991 ,  fo r 
a revie w o f  th e applicatio n o f  suc h technique s t o 
H U spac e analysis) . 

Discrete regions: The simplest structures are 
forme d b y set s o f  pattern s tha t  cluste r  together , 
eac h cluste r  fallin g withi n a  distinc t  regio n (al l 
region s bein g disjoint) .  I n a  feedforwar d 
network ,  thes e cluster s represen t  equivalen t 
classe s o f  inputs .  I n a  recurren t  networ k eac h 
regio n represent s a  logica l  slat e (Gile s e t  al. , 
I S ^ )  an d a  chang e i n th e activatio n patter n o n th e 
hidde n laye r  represent s a  transitio n fro m on e 
logica l  stat e t o another .  Th e H U spac e an d 
allowabl e transition s ca n b e viewe d a s a n 
embedded finit e stat e machine . 

Hierarchies: More complex structures can be 
forme d b y groupin g region s o f  simila r  pattern s 
togethe r  t o for m large r  regions ,  effectivel y 
representin g hierarchie s o f  patterns .  Usin g 
cluste r  analysi s o n a  networ k traine d o n simpl e 
sentences ,  Elma n (1989 )  showe d tha t  pattern s 
representin g specifi c  instance s o f  a  word ,  suc h a s 
"dragon" ,  woul d hav e ver y simila r  H U pattern s 
(i.e. ,  cluste r  i n a  smal l  regio n o f  H U space) . 
Neighbourin g region s represente d cluster s o f 
relate d word s suc h a s "monster "  o r  "lion" .  Thes e 
pattern s wer e par t  o f  a n hierarch y o f  animals , 
animate s (animal s plu s humans) ,  an d nouns .  Th e 
majo r  divisio n i n th e spac e wa s betwee n noun s 
and verbs .  A n interestin g aspec t  o f  thi s hierarch y 
was tha t  th e H U representatio n wa s purel y spatia l 
(i.e. ,  th e relationshi p wa s define d b y th e 
topographi c relationship s i n th e H U patterns ) 
eve n thoug h n o suc h informatio n existe d i n th e 
spatia l  inpu t  an d outpu t  patterns .  Rather ,  th e 

informatio n use d t o construc t  th e spatia l  cod e wa s 
derive d fro m th e tempora l  relationship s existin g 
i n th e pair s o f  inpu t  an d outpu t  pattern s fro m 
sentence s o n whic h th e networ k wa s trained . 

Intersecting regions: Cluster analysis leads 
t o th e vie w o f  H U spac e a s a n hierarch y o f 
regions .  I t  i s als o possibl e t o vie w th e H U spac e 
as a  se t  o f  overlappin g regions ,  wit h eac h patter n 
bein g i n th e intersectio n o f  severa l  intersectin g 
regions .  I n a  visua l  encodin g task .  Wile s &  OUil a 
(1992 )  traine d a  networ k o n simpl e scene s 
compose d o f  pair s o f  coloure d shapes .  Usin g 
canonica l  discriminan t  analysi s t o grou p th e 
pattern s b y colour ,  the y showe d tha t  scene s wer e 
groupe d int o region s o f  th e sam e colour ,  an d tha t 
a scen e wit h a  re d squar e an d a  blu e triangl e 
woul d b e represente d b y a  patter n tha t  la y a t  th e 
intersectio n o f  region s o f  re d an d blu e shapes . 
Similarly ,  b y groupin g th e pattern s b y shap e 
alone ,  th e sam e scen e woul d b e represente d b y a 
patter n a t  th e intersectio n o f  scene s fo r  square s 
and triangles .  Th e limi t  t o th e numbe r  o f 
independentl y intersectin g region s depend s o n th e 
number  o f  H U s (i.e. ,  th e dimensionalit y o f  th e 
H U space) .  I n short ,  th e networ k develope d a 
compositiona l  representatio n fo r  feature s o f  th e 
scene . 

Continuous representations: Spatial 
representation s ar e no t  restricte d t o th e familia r 
structure s o f  symboli c processing .  Fo r  example , 
i n compressio n tasks ,  suc h a s th e N-2- N encode r 
( N input ,  2  hidde n an d N  outpu t  units ;  se e Figur e 
1) ,  th e 2  H U s nee d t o tak e o n intermediat e value s 
t o represen t  th e rang e o f  inpu t  patterns . 

Theoretically ,  wit h sufficien t  precision ,  weight s 
exis t  fo r  an y suc h N  (Kruglyak ,  1990) .  Fo r 
example ,  fo r  a n 8-2- 8 encoder ,  pattern s i n th e 
H U distribut e themselve s aroun d a n octagon , 
wit h eac h outpu t  uni t  activ e fo r  on e patter n o n th e 
octago n (Lister ,  1992) .  Thes e simulation s sho w 
tha t  H U spac e ca n exploi t  th e continuou s natur e 
of  th e H U activatio n value s t o represen t  regula r 
structures .  Thi s continuou s natur e ha s als o bee n 
use d t o encod e continuou s distribution s 
representin g regula r  structure s suc h a s spatia l 
scales ,  an d irregula r  one s suc h a s fractal s 
(Pollack ,  1989) . 

HU representations of combinatorial 
domain s 

In a combinatorial domain, such as a visual 
scene ,  a  parsimoniou s representatio n o f  th e scen e 
migh t  b e describe d i n term s o f  componen t 
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feature s suc h a s colour ,  shap e an d size .  Th e 
feature s ca n b e viewe d a s variables ,  whic h tak e 
on a  rang e o f  value s (e.g. ,  colour s ca n b e red , 
green ,  blue ,  etc) .  I n previou s wor k w c showe d 
tha t  suc h combinatoria l  structur e i n simpl e scene s 
( 3 colours ,  3  shape s an d 2  locations )  ca n b e 
represente d b y a  multi-laye r  networ k i n term s o f 
intersectin g region s i n H U spac e (Wile s &  OUila , 
1992) .  Th e curren t  stud y addresse s th e questio n 
of  ho w suc h representation s chang e a s th e 
number s o f  value s fo r  eac h variabl e increases . 
The tas k w e use d t o stud y multipl e value s wa s 
modifie d fro m th e earlie r  simulation s t o tak e int o 
accoun t  recen t  result s o n representationa l  issue s 
i n th e outpu t  pattern s i n encode r  networks ,  a s 
describe d below . 

The n-2-n encoder task as a variable/ 
valu e representation .  Multi-laye r  feed -
forwar d network s i n whic h th e inpu t  an d outpu t 
pattern s ar e identica l  ar e calle d encode r  tasks .  I n 
th e standar d encode r  task ,  onl y loca l  pattern s ar e 
presen t  i n th e dat a (i.e. ,  i n eac h inpu t  pattern , 
onl y on e inpu t  an d th e correspondin g outpu t  uni t 
i s  non-zero ,  se e Figur e 1) .  I n thi s standar d 
formulation ,  al l  inpu t  pattern s ar e orthogonal , 
and ther e i s n o structur e inheren t  i n th e domai n 
tha t  a  networ k ca n exploi t  i n representin g suc h 
data .  Eac h inpu t  patter n i n th e dat a se t  i s 
represente d b y a  uniqu e dimension .  I n a n 
encode r  task ,  ther e ar e fewe r  hidde n unit s tha n 

inpu t  units ,  henc e th e networ k mus t  fin d a 
compresse d representatio n fo r  th e inpu t  patterns . 
Onl y 2  H U s ar e neede d t o represen t  a n arbitrar y 
number  o f  inpu t  pattern s whic h ar e locall y code d 
(Kruglyak ,  1990) .  Th e aspec t  o f  th e n-2- n tas k 
tha t  i s  o f  presen t  interes t  i s  th e fac t  that ,  i n th e 
inpu t  representations ,  onl y on e uni t  i s  1  fo r  an y 
pattern .  Consequently ,  th e se t  o f  pattern s ca n b e 
considere d a s alternativ e value s o f  a  singl e 
variable .  Th e patter n tha t  i s activ e i n th e networ k 
(eithe r  a t  th e input ,  o r  hidde n layers )  represent s 
th e valu e o f  th e variabl e a t  tha t  time . 

I n th e standar d for m o f  th e encode r  task , 
learnin g time s (i n weigh t  updates )  appea r  t o scal e 
exponentiall y  wit h th e numbe r  o f  inputs ,  makin g 
i t  a  difficul t  searc h tas k fo r  backpropagatio n t o 
fin d appropriat e weights ,  eve n thoug h 
theoreticall y the y mus t  exis t  (Lister ,  1992) .  Du e 
t o suc h computationa l  constraint s o n th e learnin g 
tim e i t  i s  no t  a  feasibl e tas k o n whic h t o bas e 
multipl e variable /  multipl e valu e studies . 

Block codes in encoder tasits. Alternative 
representation s o n th e inpu t  an d outpu t  unit s 
effectivel y chang e th e relationship s betwee n th e 
dat a pattern s an d a s a  resul t  affec t  learnin g i n th e 
encode r  task .  Preliminar y experiment s wit h 
representation s fo r  th e outpu t  pattern s (Bakker , 
Phillip s &  Wiles ,  i n preparation )  gav e th e 
surprisin g resul t  tha t  i f  th e outpu t  representation s 

N outpu t  unit s (loca l  c o d e s ) 

0 0  0  1 0 0  0  0 

^ ^ t ^ 

2 hidde n unit s 

1 

N inpu t  unit s (loca l  codes ) 

Figure 1. n-2r-n encoder with local input and output codes. 
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ar e iransformc d fro m a  loca l  cod e ( 1 one ,  an d n -
1 zeros )  t o a  bloc k cod e (n/ 2 consecutiv e ones , 
and n/ 2 consecutiv e zeros ,  usin g wraparound) , 
the n encode r  task s ar e eas y t o lear n 
(approximatel y linea r  i n th e numbe r  o f  inputs) . 
Thes e outpu t  code s reflec t  th e structur e tha t  i s 
require d i n th e hidde n uni t  representations ,  bu t 
als o modif y th e positio n o f  th e hyperplane s 
specifie d b y th e weight s int o eac h outpu t  unit . 
(Not e tha t  th e modificatio n t o bloc k outpu t  code s 
does no t  negat e Kruglyak' s proo f  o f  th e existenc e 
of  weight s fo r  arbitrar y n. )  Th e dramati c 
improvement s i n learnin g time s i n th e bloc k 
outpu t  code s provide d th e basi s fo r  simulation s o f 
multipl e variable s an d values . 

The multi-variable encoder taslc (nlc-2l(-
nl c encoder) .  Th e tas k use d t o tes t  th e 
extensio n o f  th e combinatoria l  tas k t o multipl e 
value s wa s base d o n th e n-2- n encode r  task , 
changin g th e architectur e t o n k inpu t  units , 
representin g k  variables ,  eac h takin g o n n  values . 
Withi n eac h variable ,  th e inpu t  value s wer e code d 
usin g loca l  codes ,  wherea s th e outpu t  value s 
usin g bloc k code s (se e Figur e 2) . 

The dat a fo r  th e k-variabl e encode r  diffe r 
fro m th e n-2- n encode r  i n thei r  structur e an d 
number .  Th e k-variabl e encode r  represent s a 
combinatoria l  domain ,  i n whic h eac h variabl e i s 

mapped fro m th e inpu t  unit s t o it s  correspondin g 

outpu t  units ,  bu t  i s  independen t  o f  th e othe r 

variables .  Hence ,  ther e ar e n' '  pattern s i n th e 
dat a set .  Base d o n Kruglyak' s proo f  o f  th e 
existenc e o f  weight s fo r  th e n-2- n encode r  task , 
ther e mus t  exis t  weight s fo r  th e k-variabl e 
encode r  task .  However ,  i t  i s  no t  a t  al l  obviou s 
tha t  backpropagatio n coul d fin d suc h a  se t  o f 
weights .  I f  J t  can ,  the n i t  i s  essentiall y 
performin g a  decompositio n o f  th e n k inpu t 
vecto r  int o th e k  variable s tha t  underli e th e 
structur e i n th e dat a set . 

M e t h o d 

We simulated the k-variable encoder task, using 
loca l  inpu t  an d bloc k outpu t  codes ,  fo r  n  =  8 ,  9 
& 14 ,  an d k  =  2  &  3 ,  an d performe d a  detaile d 
analysi s o f  a  simulatio n wit h n  =  1 4 an d k  =  3 
(fo r  example ,  representin g a  scen e whic h coul d 
contai n object s i n an y on e o f  1 4 colours ,  1 4 
shape s an d 1 4 sizes) .  Th e trainin g algorith m wa s 
backpropagatio n wit h m o m e n t u m o f  0.9 , 
updatin g th e weight s afte r  ever y patter n 
presentation ,  initiall y  usin g a  toleranc e margi n o n 
th e targe t  value s o f  0.2 ,  a  learnin g rat e o f  0.0 5 
and a  succes s criterio n withi n 0. 4 o f  th e targe t 
values .  Afte r  th e networ k converged ,  a  secon d 
stag e o f  trainin g followe d i n whic h th e toleranc e 

Nk outpu t  unit s (bloc k c o d e s ) 

0 0 1 1 1 1 0 0 0 0 0 1 1 1 1 0 1 1 1 1 0 0 0 0 

2k hidde n unit s 

1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 1 0 0 0 0 

Nk inpu t  unit s (loca l  codes ) 

Figure 2. nk-lk-nk encoder with local input and block output codes. 
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margin ,  learnin g ral e an d succes s criterio n wer e 
halved .  Again ,  afte r  convereence ,  a  thir d stag e o f 
trainin g proceede d wit h th e sam e parameter s 
halve d again . 

Result s 

All the networks reached the first success 
criterio n i n les s tha n 50 0 passe s throug h th e 
trainin g se t  (epochs) ,  mos t  i n les s tha n 10 0 
epochs .  Typica l  result s fo r  a  n=8 ,  k= 2 (i.e. ,  16 -
4-16 )  encode r  wer e 4 8 epoch s t o th e firs t  succes s 
criterion ,  12 4 epoch s t o th e secon d criterion . 
Typica l  result s fo r  a n n=14 ,  k= 3 (i.e. ,  42-6-42 ) 
encode r  wer e 2 4 epoch s t o th e firs t  succes s 
criterion ,  17 8 epoch s t o th e secon d criterion .  I n 
bot h cases ,  th e network s continue d t o improv e 
thei r  performance ,  bu t  di d no t  reac h th e thir d 
succes s criterio n eve n afte r  anothe r  50 0 epoch s o f 
training .  Detaile d simulation s ar e neede d t o 
document  th e trend s observe d here ,  howeve r  i t 
appear s tha t  th e trainin g time s t o reac h th e firs t 
criterio n ar e linea r  (o r  eve n possibl y sub-linear )  i n 

th e trainin g se t  siz e (i.e. ,  0(n'̂ )) .  (A s a n aside , 
explorator y simulation s wit h loca l  outpu t  code s 
di d no t  converg e withi n th e 50 0 epoc h limit s fo r 
th e large r  networks ,  an d d o no t  appea r  t o 
confor m t o th e sam e trends. ) 

Afte r  th e thre e stage s o f  trainin g (th e thir d 
stag e proceede d fo r  50 0 epochs) ,  on e 42-6-4 2 
networ k wa s analyse d wit h respec t  t o th e weight s 
formed ,  an d th e correspondin g hidde n uni t 
pattern s fo r  eac h o f  th e 3  inpu t  variables .  Afte r 
training ,  eac h variabl e cam e t o b e represente d b y 
a pai r  o f  hidde n units :  effectivel y th e networ k 
decompose d th e 42-6-4 2 encode r  tas k int o 3 
separat e 14-2-1 4 encoders ,  variabl e 1  represente d 
by H U s 2  an d 4 ,  variabl e 2  b y H U s 3  an d 5 ,  an d 
variabl e 3  b y H U s 1  an d 6 .  Th e weight s t o an d 
fro m eac h o f  thes e H U s suppor t  thi s analysis . 

Discussion 

The present study sheds light on several 
capabilitie s o f  N N no t  widel y known .  Th e firs t  i s 
th e applicatio n o f  Kruglyak' s resul t  o n th e n-2- n 
encode r  t o th e concep t  o f  variables :  tha t  is ,  tha t  n 
independen t  value s ca n b e represente d usin g jus t 
2 hidde n units ,  fo r  arbitrar y siz e n .  Thi s resul t  i s 
specifi c  t o sigmoi d unit s (thoug h i t  ha s a  corollar y 
fo r  othe r  type s o f  activatio n functions) ,  an d i s a 
consequenc e o f  th e outpu t  unit s a s hyperplan e 
decisio n boundaries .  Th e bloc k code s use d i n th e 
n-2- n tas k embod y a  similarit y structur e tha t 
reflect s th e spatia l  relation s require d fo r  represent -

atio n o f  independen t  value s i n th e 2 D H U space . 
Alternativ e structure d code s woul d als o b e 
possibl e requirin g 3 D o r  highe r  dimensiona l 
structures . 

The secon d capabilit y  concern s th e 
improvemen t  i n learnin g time s fo r  bloc k code s 
ove r  loca l  ones .  I t  seem s surprisin g tha t  thi s 
resul t  generalise d t o multi-variabl e tasks ,  o r  eve n 
tha t  backpropagatio n coul d fin d th e 
decompositio n o f  th e inpu t  vecto r  int o k  coheren t 
varia b es .  Detaile d studie s ar e i n progres s 
investigatin g th e learnin g time s fo r  combinatoria l 
domain s comparin g loca l  an d bloc k codes . 

The thir d capabilit y  i s  du e t o Brouss e an d 
Smolensk y (1989 )  i n whic h the y showe d tha t 
learnin g i n combinatoria l  task s provide s goo d 
generalisation .  Furthe r  studie s ar e proceedin g i n 
orde r  t o investigat e whethe r  th e k-variabl e 
encode r  net s exhibi t  th e sam e generalisatio n 
phenomena reporte d b y Brouss e an d Smolensky . 

The origina l  motivatio n fo r  thes e studie s wa s 
t o investigat e ho w th e representation s i n 
combinatoria l  task s (Wile s an d Ollila ,  1992 ) 
woul d chang e a s th e numbe r  o f  value s fo r  eac h 
variable s increased .  I n th e earlie r  studie s w e 
pointe d ou t  tha t  tetrahedra l  structure s ar e th e mos t 
generall y accessibl e structure s fo r  sigmoi d (o r 
hyperplane )  outpu t  unit s (th e dimensio n o f  a 
tetrahedro n i s th e V C dimensio n o f  th e space , 
usin g sigmoi d outpu t  units) .  Fro m th e curren t 
simulations ,  i t  i s  clea r  tha t  i n th e colour/shape/siz e 
combinatoria l  space ,  an y combinatio n o f  value s 
must  b e accessible ,  bu t  alternat e grouping s o f 
value s withi n a  variabl e nee d no t  be .  Th e 
implication s o f  thi s understandin g i s tha t  a  valu e 
i n on e variabl e (e.g. ,  red )  woul d b e accessibl e i n 
combinatio n wit h an y singl e valu e i n othe r 
variables ,  suc h a s a  triangle ,  square ,  circle , 
pentagon ,  etc .  However ,  ther e nee d b e n o singl e 
partitio n o f  combination s o f  value s withi n a 
variable ,  e.g. ,  ther e ma y b e n o wa y o f  selectin g 
re d an d gree n a s a  singl e group ,  o r  squar e an d 
circl e a s a  group . 

Theoret ica l  extension s 

The simulations in the previous section can be 
generalize d t o arbitrar y number s o f  variable s an d 
values :  Sinc e tw o H U s are ,  i n principle , 
sufficien t  t o encod e an y numbe r  o f  value s fo r 
eac h variabl e (weight s exis t  fo r  arbitrar y n  i n th e 
n-2- n encode r  task ,  Kruglyak ,  1991) ,  the n k 
variable s ca n b e represente d b y 2 k hidde n units . 

Thi s provide s a  ne w mechanis m fo r  thinkin g 
abou t  th e representationa l  capacit y o f  hidde n 
units .  I n traditiona l  informatio n theoreti c 
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approache s t o calculatin g th e capacit y o f  a 
representationa l  system ,  a  fixe d n-ar y logi c i s 
assumed (e.g. ,  binary ,  o r  3-value d units) .  Base d 
on suc h a n assumption ,  increasin g th e numbe r  o f 
value s whic h a  variabl e ca n tak e o n increase s th e 
minimu m numbe r  o f  unit s require d t o represen t 
suc h a  variable .  Fo r  example ,  8  value s ca n b e 
represente d i n 3  binar y units .  A  9t h valu e coul d 
not  -  eve n i n principl e -  b e represente d i n 3 
binar y units .  B y contrast ,  i n th e simulation s 
presente d here ,  a  singl e variabl e wit h a n arbitrar y 
number  o f  vetlue s ca n b e represente d i n a  constan t 
number  o f  H U (i.e. ,  2  HUs) .  Thi s i s a n exampl e 
of  a  functional ,  rathe r  tha n concatenativ e 
representatio n system ,  i n whic h th e tradeoff s i n 
representationa l  resource s li e i n th e precisio n o f 
th e representin g space ,  rathe r  tha n numbe r  o f 
bits . 
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