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Abstract 

In this paper, we study the representational 

propertie s o f  numeratio n systems .  W e argu e tha t 

numeratio n system s ar e distribute d representa -

tions—representation s tha t  ar e distribute d 

acros s th e interna l  min d an d th e externa l  envi -

ronment .  W e analyz e numbe r  representation s a t 

fou r  levels :  dimensionality ,  dimensiona l  repre -

sentations ,  bases ,  an d symbo l  representations . 

The representationa l  propertie s a t  thes e fou r 

level s determin e th e representationa l  efficien -

cie s o f  numeratio n system s an d th e performanc e 

of  numeri c tasks .  Fro m thi s hierarchica l  struc -

ture ,  w e deriv e a  cognitiv e taxonom y tha t  ca n 

classif y mos t  numeratio n systems . 

Introductio n 

We all know that Arabic numerals are more effi-

cien t  tha n R o m a n numeral s fo r  calculatio n (e.g. , 

73 X  2 7 i s  easie r  tha n LXXII I  x  XXVII) ,  eve n 

thoug h the y bot h represen t  th e sam e entities — 

numbers .  Thi s representationa l  effect ,  th e effec t 

tha t  differen t  representation s o f  a  c o m m o n ab -

strac t  structur e ca n caus e differen t  behaviors ,  i s a 

cognitiv e phenomenon .  However ,  earl y studie s 

of  numeratio n system s focuse d o n thei r  historica l 

an d mathematica l  aspect s (e.g. ,  Flegg ,  1983 ; 

Ifrah ,  1987) .  Recently ,  th e cognitiv e propertie s 

of  numeratio n system s hav e bee n analyze d (e.g. , 

Nickerson ,  1988 ;  Norman ,  i n press ;  Zhang ,  1992) . 

I n thi s paper ,  w e analyz e numbe r  representa -

Thi s researc h wa s supporte d b y a  gran t  t o Donal d 
Norman an d Edwi n Hutcnin s fro m th e Ames Researc h 
Cente r  o f  th e Nationa l  Aeronautic s &  Spac e Agency , 
Gran t  N C C 2-59 1 i n th e Aviatio n Safety/Automatio n 
Program ,  technica l  monitor ,  Everet t  Palmer .  Additiona l 
suppor t  wa s provide d b y fund s fro m Appl e Compute r 
Company an d Digita l  Equipmen t  Corporatio n t o th e 
Affiliate s o f  Cognitiv e Scienc e a t  UCSD. 

Donald .  A .  N o r m a n 

Appl e Computer ,  Inc . 

1 Infinit e Loop ,  M S 301-3 G 

Cupertino ,  C A 9501 4 

dnorman@apple.co m 

tions under different numeration systems. From 

thi s analysis ,  w e deriv e a  cognitiv e taxonom y 

tha t  ca n classif y mos t  o f  th e numeratio n system s 

tha t  hav e bee n invente d acros s th e world .  Thi s 

taxonom y i s th e basi s fo r  th e stud y o f  th e repre -

sentationa l  effec t  o f  numeratio n systems . 

Dimensional i t y o f  N u m e r a t i o n Sys tem s 

1 D System s 

Numeration systems can be analyzed in terms of 

thei r  dimensions .  On e o f  th e simples t  way s t o 

represen t  number s i s t o us e stones :  on e ston e fo r 

one ,  tw o stone s fo r  two ,  an d s o on .  Thi s Stone -

Countin g syste m ha s onl y on e dimension :  th e 

quantit y o f  stones .  Th e Body-Countin g syste m 

use d b y Torre s islander s i s anothe r  on e dimen -

siona l  system ,  wher e th e singl e dimensio n i s rep -

resente d b y th e position s o f  differen t  bod y part s 

(e.g. ,  fingers ,  wrists ,  etc.) .  On e dimensiona l  sys -

tems ar e denote d a s 1  D  i n thi s paper . 

1x1 D  System s 

Many numeration systems have two dimensions: 

on*. '  bns e dimensio n an d on e pozve r  dimension . 

The powe r  dimensio n decompose s a  numbe r  int o 

hierarchica l  group s o n a  base .  Th e Arabi c syste m 

i s a  tw o dimensiona l  syste m (Tabl e 1 )  wit h a 

bas e dimensio n represente d b y th e shape s o f  th e 

te n digit s  (0 ,  1 ,  2 ,  ... ,  9 )  an d a  powe r  dimensio n 

represente d b y position s o f  th e digit s wit h a  bas e 

ten .  Fo r  example ,  th e middl e 4  i n 44 7 ha s valu e 

4 o n th e bas e dimensio n an d positio n 1  (countin g 

fro m th e rightmos t  digit ,  startin g fro m zero )  o n 

th e powe r  dimension .  Th e actua l  valu e i t  repre -

sent s i s  fort y (th e produc t  o f  it s value s o n th e 
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bas e an d powe r  dimensions ,  i.e. ,  4x10^) . 

The Gree k syste m (Tabl e 1 )  i s a  tw o dimen -

siona l  syste m wit h specia l  properties .  It s bas e 

and j>owe r  dimension s ar e represente d b y a  singl e 

physica l  dimension—shap e ( a one-to-tw o map -

ping) ,  whic h ca n onl y b e separate d a s tw o dimen -

sion s i n th e mind .  Fo r  example ,  th e value s o n th e 

bas e an d powe r  dimension s o f  x  (300 )  ar e 3  an d 

10^ ,  whic h ca n no t  b e separate d fro m th e physi -

cal  propert y o f  th e symbo l  "x" .  The y mus t  b e 

separate d i n th e mind .  Th e separatio n o f  th e 

singl e physica l  dimensio n (shape )  int o a  bas e 

and a  powe r  dimensio n i n th e min d i s require d b y 

th e Gree k Multiplicatio n Algorithm ,  whic h 

need s t o proces s th e value s o n th e bas e an d powe r 

dimension s separatel y (se e Flegg ,  1983) . 

T wo dimensiona l  system s ar e denote d a s 1x 1 

D (basexpower) .  Th e structure s an d representa -

tion s o f  si x 1x 1 D  system s ar e show m i n Tabl e 1 . 

System s 

Abstrac t 

Arabi c 

Egyptia n 

Creta n 

Gree k 

Azte c 

Chines e 

Tabl e 1 .  IXI D Numeratio n System s 

Exampl e (447 ) 

I  ajx ' 

447 

4x102+4x101+7x10 0 

9999nnnnllllll l 
4xl02+4xl0U7xl0 0 

4xl02+4xl0U7xl0 0 

4xl02+4xl0U7xl0 0 

1x202+2x201+7x20 0 

29 •§•©+-{ : 
4xl02+4xl0l+7xl0 0 

Base 

X 
10 

10 

10 

10 

20 

10 

Base Dimensio n 

î 
ai  =  shap e 

0,  1 ,  2,... ,  9 

aj  =  quantit y 

The number s o f  1  's ,  n's , 

9's ,  etc . 

a,  =  quantit y 

The number s o f  ''s , 

•  's ,  /'s ,  etc . 

a,  =  shap e 

a p  y.. .  9 

1 2  3  .. .  9 

aj  =  quantit y 
The number s o f  •'s , 

P's ,  ^'s ,  etc . 

ai  =  shap e 

-  ^  ^  .. .  y i 

1 2  3  .. .  9 

Power  Dimensio n 

x' 

x'  =  positio n 

.. .  10 ^  lO i  lO O 

x'  =  shap e 

1 n  P  .. . 
lOO 10 ^  10 2 .. . 

xi  =  shap e 

lOO lO l  10 2 .. . 

xi  =  shap e 

I  K  X  .. .  9 

1x10 ^  2x10 ^  3x10̂ ...9x10 ^ 

p a  T  .. .  * 

lxl0 2 2xl0 2 3xl02...9xl0 2 

xi  =  shap e 

•  P  f  .. . 
200 20 l  20 2 .. . 

xi  -  shap e 

+ • & f -  .. . 

IQl  10 2 10 3 .. . 

System s 

Abstrac t 

Babylonia n 

Mayan 

Roman 

Exampl e (447 ) 

XI(biiy))x ' 

(0x101+7x100)60 1 

+(2xl0l+7xl00)60 0 

•  • •  » • 

(0x5 U 1x50)20 2 

+(0x51+2x50)20 1 

+(1x51+2x50)20 0 

CCCCXXXXVII 

(0x51+4x50)10 2 

+(0x51+4x50)10 1 

+(1x51+2x50)10 0 

Tabl e 2 .  (IXI)XI D Numeratio n System s 

Mai n 

Base 

x 
60 

20 

10 

Sub-

bas e 

y 
10 

5 

5 

Sub-bas e 

Dimensio n 

b„ 
bi j  =  quantit ) 

The number s 

of  Y' s an d < s 

bi j  =  quantit y 

The number s 

of  •' s  an d 

„  's . 

bi j  =  quantit y 

The number s 

of  I's ,  V's , 

X's ,  L's ,  etc . 

Sub-powe r  Dimensio n 

y) 
yj  =  shap e 

Y =  10U ,  < = 1 0 i 

y)  -  shap e 

•  =  5^ ,  _  =  5 i 

yj  =  shaj) e 

I=100x5 0 V  =  100x5 l 

X =  101x50l=101x5 1 

Mai n Powe r  Dimensio n 

xi 
xi  =  positio n 

.. .  60 ^  60 1 60 0 

xi  =  positio n 

.. .  20 ^  20 '  20 ^ 

xi  -  shap e 

I  =  50xl0 0 V  =  50x10 1 

X-sOxlQ l  V  =  5lxl0 l 
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(Ixl)x l  D  System s 

Some numeration systems have three dimensions: 

on e mai n powe r  dimension ,  on e sub-bas e 

dimension ,  an d on e sub-powe r  dimension .  Th e 

sub-bas e an d sub-powe r  dimension s togethe r  for m 

th e mai n bas e dimension .  Le t  u s conside r  a 

Babylonia n numera l  (se e Tabl e 2) : 

^^ = (0xl0U7xl00)x60U(2xl0U7xl00)x600 

= 7x60U27x60 0 =  42 0 +  2 7 =  44 7 

The main power dimension of the Babylonian 

syste m i s represente d b y position s wit h a  bas e 60 . 

I n th e numera l  show n above,  « w (th e righ t  com -

ponent )  i s  o n positio n 0  (60^) ,  an d > w (th e lef t 

component )  i s o n positio n 1  (60 )̂ .  Th e valu e o f  i n 

(th e lef t  component )  o n th e mai n bas e dimensio n 

i s 7  ( = OxlOU7xlO0) .  Th e actua l  valu e i t  repre -

sent s i s th e produc t  o f  it s value s o n th e mai n bas e 

emd mai n powe r  dimensions :  (0xl0l+7xl00)x60 l 

= 420 .  Th e mai n bas e dimensio n i s compose d o f  a 

sub-bas e dimensio n represente d b y quantit y (th e 

number s o f  Y' s an d <'s )  an d a  sub-powe r  dimen -

sio n represente d b y shap e ( Y =  10 ^  an d <  =  10^ ) 

wit h a  bas e 10 .  Fo r  example ,  < ^  ca n b e decom -
pose d a s 2xl0U7xl00 . 

Simila r  t o th e Gree k system ,  th e sub-powe r 

and th e mai n powe r  dimension s o f  th e Roma n 

syste m (se e Tabl e 2 )  ar e represente d b y a  singl e 

physica l  dimension—shape .  The y ar e onl y sep -

arabl e i n th e mind . 

Thre e dimensiona l  system s ar e denote d a s 

(Ixl)x l  D  ((sub-basexsub-power)xmain-power) . 

The structure s an d representation s o f  thre e 

(Ixl)x l  D  system s ar e show n i n Tabl e 2 . 

T h e Hierarchica l  Structur e 

Based on the analysis of the dimensionality of 

numeratio n systems ,  w e ca n analyz e numbe r 

representation s a t  fou r  levels .  Eac h leve l  ha s a n 

abstrac t  structur e tha t  ca n b e represente d 

differently .  Th e differen t  representation s a t 

eac h leve l  ar e isomorphi c t o eac h othe r  i n th e 

sens e tha t  the y al l  hav e th e sam e abstrac t  struc -

tur e a t  tha t  particula r  leve l  (Figur e 1) . 

At  th e leve l  o f  dimensionality ,  differen t 

numeratio n system s ca n hav e differen t  dimen -

sionalities :  ID ,  IxlD ,  (Ixl)xlD ,  an d others . 

However ,  the y ar e al l  isomorphi c t o eac h othe r 

at  thi s leve l  i n th e sens e tha t  the y al l  represen t 

th e sam e entities—numbers . 

At  th e leve l  o f  dimensiona l  representations , 

isomorphi c numeratio n system s hav e th e sam e 

dimensionality  bu t  differen t  dimensiona l 

representations .  Th e physica l  propertie s use d t o 

represen t  th e dimension s o f  numeratio n system s 

ar e usuall y quantity ,  position ,  an d shape .  Fo r 

example ,  th e bas e an d powe r  dimension s o f  1x 1 D 

system s ca n b e represente d b y shap e an d positio n 

(Arabi c system) ,  shap e an d shap e (Chines e sys -

tem) ,  quantit y an d shap e (Egyptia n system) ,  etc . 

At  th e leve l  o f  bases ,  isomorphi c numeratio n 

system s hav e th e sam e dimensionality ,  sam e 

dimensiona l  representations ,  bu t  differen t  bases . 

For  example ,  bot h th e Egyptia n an d th e Azte c 

system s ar e Ixl D systems ,  an d th e bas e an d 

power  dimension s o f  bot h system s ar e represente d 

by quantit y an d shape .  However ,  th e bas e o f  th e 

Egyptia n syste m i s te n whil e tha t  o f  th e Azte c 

syste m i s twent y (se e Tabl e 1) . 

At  th e leve l  o f  symbo l  representations , 

isomorphi c numeratio n system s hav e th e sam e 

abstrac t  structure s a t  th e previou s thre e levels . 

However ,  differen t  symbol s ar e used .  Fo r  exam -

ple ,  bot h th e Egyptia n an d th e Creta n system s 

ar e I X I D systems ,  th e tw o dimension s o f  bot h 

system s ar e represente d b y quantit y an d shape , 

and bot h system s hav e th e bas e ten .  However ,  i n 

th e Egyptia n system ,  th e symbol s fo r  1 0 ,  1 0 , 

and 10 ^  ar e I ,  n ,  an d 9 ,  whil e i n th e Creta n sys -

tem,  th e correspondin g symbol s ar e ' ,  • ,  an d / . 

T h e Cognit iv e T a x o n o m y 

The hierarchical structure of number repre-

sentation s i n Figur e 1  i s i n fac t  a  cognitiv e taxon -

o my o f  numeratio n system s tha t  ca n classif y nu -

meratio n systems .  Fo r  example ,  th e Egyptia n 

and Creta n system s ar e i n th e sam e grou p a t  th e 

leve l  o f  symbo l  representations ;  th e Maya n an d 

BaVylonia n system s ar e i n th e sam e grou p a t  th e 

leve l  o f  bases ;  th e Arabic ,  Greek ,  Chinese , 

Egyptian ,  Cretan ,  an d Azte c system s ar e i n th e 

same grou p a t  th e leve l  o f  dimensiona l  represen -

tations ;  an d al l  th e system s i n Figur e 1  ar e i n th e 

same grou p a t  th e leve l  o f  dimensionality . 

Under  thi s taxonomy ,  th e lowe r  th e leve l  a t 

whic h tw o system s ar e i n th e sam e group ,  th e 

mor e simila r  the y are .  Fo r  example ,  th e 

Egyptia n an d th e Creta n system s ar e mor e simi -

la r  tha n th e Arabi c an d th e Babylonia n systems , 

becaus e th e forme r  tw o ar e i n th e sam e grou p 
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Dimensionalit y 

Dimensiona l 
Representation s 

Bases 

ABSTRACT 
NUMBERS 

1X1 D (Ixl)xi D 

s 
(QxS)xS | (QxS)x P 

Symbol 

J U 
Base I C 

\ 

Base 1 0 Base 1 0 Base 1 0 Base 2 0 

A l 

A 

Base 2 0 Bas e 6 0 Base 1 0 

Representation s Bod y Ston e Arabi c Gree k Chines e Egyptia n Creta n Azte c Maya n Babylonia n Roman 

Figure  1. The hierarchical structure of number representations. At the level of dimensionality, different systems have 
differen t  dimensionalities .  A t  th e leve l  o f  dimensiona l  representations ,  th e dimension s o f  differen t  system s ar e 
represente d b y differen t  physica l  properties .  P  =  Position ,  Q  =  Quantity ,  S  =  Shape .  Th e tw o dimension s o f  th e Gree k 
syste m ([SxS] )  ar e represente d i n th e min d an d onl y separabl e i n th e mind .  A t  th e leve l  o f  bases ,  differen t  system s ma y 
hav e differen t  bases .  A t  th e leve l  o f  symbo l  representations ,  differen t  system s us e differen t  symbols . 

at  th e leve l  o f  symbo l  representation s whil e th e 

latte r  t w o a t  th e leve l  o f  dimensionality . 

Thi s cognitiv e taxonom y w a s base d o n th e 

eleve n system s i n Table s 1  an d 2 .  Howeve r ,  i t  ca n 

be applie d t o othe r  system s a s well .  Le t  u s con -

side r  a  fe w m o r e system s (se e Ifrah ,  1987 ,  fo r  de -

scription s o f  thes e systems) .  A t  th e leve l  o f  sym -
bol  representations ,  th e H e b r e w alphabeti c sys -

te m i s i n th e grou p a s th e Gree k system ,  an d th e 

Gree k acrophonic ,  Dalmatian ,  an d Etrusca n sys -

tem s ar e i n th e s a m e grou p a s th e R o m a n system . 

At  th e leve l  o f  bases ,  th e Chines e scientifi c  sys -

te m i s i n th e sam e grou p a s th e M a y a n system . 

I n additio n t o writte n numeratio n systems , 

thi s t axonom y ca n als o classif y m a n y physica l 

systems .  Th e followin g ar e a  fe w example s fro m 

Ifra h (1987) .  T h e Peruvia n knotte d string, -  syste m 

i s a  P x Q (bas e 10 )  system ;  th e C h i m p u (knotte d 

string s use d b y th e Indian s o f  Per u an d Bolivia )  i s 

a Q x Q (bas e 10 )  system ;  th e knotte d strin g sys -

te m use d b y th e G e r m a n miller s i s a  Sx S (bas e 10 ) 
system ;  th e R o m a n countin g board ,  th e Chines e 

abacus ,  an d th e Japanes e Soroba n ar e (QxP)x P 

(mai n bas e 1 0 an d sub-bas e 5 )  systems ,  an d th e 
Russia n abacu s i s a  Q x P (bas e 10 )  system . 

Factor s o f  th e Representationa l  Effec t 

The factors of the representational effect of nu-

meratio n system s ca n b e analyze d a t  th e fou r 

level s o f  numbe r  representations . 

The leve l  o f  dimensionalit y affect s th e effi -

cienc y o f  informatio n encoding .  1  D  system s ar e 

linear ,  whil e 1x 1 D  an d (Ixl)x l  D  system s ar e 

polynomial .  Polynomia l  system s encod e infor -

matio n mor e efficientl y tha n linea r  system s be -

caus e tin e numbe r  o f  symbol s neede d t o encod e a 

number  i n a  polynomia l  syste m i s proportiona l  t o 

th e logarith m o f  th e numbe r  o f  symbol s neede d t o 

encod e th e sam e numbe r  i n a  linea r  system . 

The leve l  o f  dimensiona l  representation s i s 

crucia l  fo r  th e representationa l  effec t  o f  numera -

tio n systems .  Nex t  sectio n analyze s th e represen -

tationa l  propertie s a t  thi s leve l  i n detail . 

The leve l  o f  base s i s importan t  fo r  task s in -

volvin g additio n an d manipulatio n tables :  th e 

large r  a  bas e is ,  th e large r  th e additio n an d mul -
tiplicatio n table s an d th e harde r  the y ca n b e 

memorize d an d used . 

The leve l  o f  symbo l  representation s mainl y 

affect s th e readin g an d writin g o f  symbols . 
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Externa l  Interna l Externa l Interna l 

t'alcBo r 
.  Maj.mucf c _  , 
•Eoua l  inlcTval i Interva l 

/ll>»c>rut c Zer o 
xnina l 

Hali o Scal e 

tjlcnor y 
tioua ]  Interva l 
Absolul e Z e 

Rali o Scal e Nomina l  S c 

Abstrac t Atstrac t 

Externa l Interna l 

vtaRnilud e 
-jjua l  bllerva l 
\bsolul e /er e 

Rati o Scal e 

'̂ "î ''"" -
MaRniiud e 

Abstrac t 

Figur e 2 .  Th e distribute d representatio n o f  scal e infor -
mation .  Th e abstrac t  representationa l  spac e ca n b e de -
composed int o a n interna l  an d a n externa l  representa -
tiona l  space .  (A )  A  nomina l  scal e represent s a  rati o 
scale .  Th e extr a informatio n o f  th e rati o scal e eithe r 
has t o b e represente d i n th e interna l  representationa l 
spac e o r  no t  represente d a t  all .  (B )  A  rati o scal e repre -
sent s  a  nomin a scale .  Th e extr a informatio n o f  th e rati o 
scal e ma y caus e misperceptio n o n th e nomina l  scale .  (C ) 
A rati o scal e represent s a  rati o scale .  Thi s  i s a n efficien t 
and accurat e representation . 

D i m e n s i o n a l  Representation s 

Dimensional representations of numeration sys-

tem s ca n dramaticall y affec t  th e performanc e o f 

numeri c tasks .  I n thi s section ,  w e analyz e th e 

distribute d representatio n o f  scal e informatio n 

and th e separabilit y  o f  dimensions . 

The EKstribute d Representatio n o f  Scal e 

Infonnatio n 

Every dimension is on a certain type of scale, 

whic h i s th e abstrac t  measuremen t  propert y o f 

th e dimension .  Steven s (1946 )  identifie d fou r 

majo r  type s o f  psychologica l  scales :  ratio ,  inter -

val ,  ordinal ,  an d nominal .  Eac h typ e ha s on e o r 

mor e o f  th e followin g propertie s (se e Tabl e 3) : 

category ,  magnitude ,  equa l  interval ,  an d abso -

lut e zero .  Categor y refer s t o th e propert y tha t 

th e instance s o n a  scal e ca n b e distinguishe d fro m 

eac h another .  Magnitud e refer s t o th e propert y 

tha t  on e instanc e o n a  scal e ca n b e judge d greate r 

than ,  les s than ,  o r  equa l  t o anothe r  instanc e o n 

th e sam e scale .  Equa l  interva l  refer s t o th e 

propert y tha t  th e magnitud e o f  a n instanc e rep -

resente d b y a  uni t  o n th e scal e i s th e sam e regard -

les s o f  wher e o n th e scal e th e uni t  falls .  A n abso -

lut e zer o i s a  valu e whic h indicate s tha t  nothin g 

at  al l  o f  th e propert y bein g represente d exists . 

Tabl e 3 .  Propertie s  o f  Psychologica l  Scale s 

categor y 
magnitud e 
equal  interna l 
absolut e zer o 
exampl e 

rati o 
yes 
yes 
yes 
yes 

quantit y 

interva l 
yes 
yes 
yes 
no 

tim e 

ordina l 
yes 
yes 
no 
no 

softnes s 

nomina l 
yes 
no 
no 
no 

shap e 

Fro m Tabl e 3  w e ca n se e tha t  th e fou r  type s o f 

scale s hav e a n orde r  o f  representationa l  power : 

rati o >  interva l  >  ordina l  >  nominal .  A  highe r 

scal e possesse s mor e informatio n tha n a  lowe r 

scale .  Th e scal e informatio n o f  a  dimensio n ca n 

be distribute d acros s interna l  an d externa l  repre -

sentation s (Figur e 2 ;  se e Zhang ,  1992 ;  Zhan g & 
Norman ,  forthcoming) .  W h e n a  highe r  dimen -

sio n i s represente d b y a  lowe r  dimensio n (e.g. ,  a 

rati o dimensio n represente d b y a  nomina l  dimen -

sion) ,  th e extr a informatio n o f  th e highe r  dimen -

sio n eithe r  ha s t o b e represente d internally ,  o r 

not  represente d a t  all ,  becaus e i t  i s no t  embedde d 

i n th e physica l  propertie s o f  th e lowe r  dimen -

sio n (Figur e 2A) .  W h e n a  lowe r  dimensio n i s rep -

resente d b y a  highe r  dimensio n (e.g. ,  a  nomina l 

dimensio n represente d b y a  rati o dimension) ,  th e 

extr a informatio n o f  th e highe r  dimensio n ma y 

caus e misperceptio n o n th e lowe r  dimensio n 

(Norman ,  i n press ;  Figur e 2B) .  Thus ,  i n orde r  fo r 

a representatio n t o b e efficien t  an d accurate ,  th e 

scal e type s o f  th e represente d an d th e represent -

in g dimension s shoul d matc h (Figur e 2C) . 

Quantity ,  position ,  an d shap e ar e th e 

physica l  dimension s use d i n mos t  numeratio n sys -

tems .  Th e dimension s o f  al l  1  D  system s an d th e 

bas e an d powe r  dimension s o f  al l  multidimen -

siona l  system s ar e o n rati o scales .  Thes e rati o 

dimension s ar e represente d externall y b y quan -

tit y (ratio )  an d internall y b y shap e (nominal) , 

and externall y b y rati o positio n (a s i n th e Arabi c 

system )  an d internall y b y ordina l  positio n (a s i n 
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th e Body-Countin g system) .  Fo r  example ,  for  th e 

Arabi c system ,  th e powe r  dimensio n i s repre -

sente d externall y b y position ,  an d th e bas e di -

mensio n i s represente d internall y b y shape .  I n 

contrast ,  fo r  th e Egyptia n system ,  th e powe r  di -

mensio n i s represente d internall y b y shape ,  an d 

th e bas e dimensio n i s represente d externall y b y 

quantity . 

The Separabilit y  o f  Dimension s 

Another major factor of dimensional repre-

sentation s i s whethe r  th e dimension s o f  a  multi -

dimensiona l  numeratio n syste m i s externall y 

separabl e (se e Garner ,  1974 ,  fo r  a  genera l  discus -

sio n o n separabl e an d integra l  dimensions) .  Fo r 

example ,  th e shap e (bas e dimension )  an d posi -

tion  (powe r  dimension )  o f  eac h digi t  i n a n Arabi c 

numera l  ar e externall y separabl e (b y perceptua l 

processes) .  Fo r  th e Gree k system ,  however ,  th e 

bas e an d powe r  dimension s ar e represente d b y a 

singl e physica l  dimensio n (shape) .  The y ar e 

onl y separabl e i n th e min d wit h th e participa -

tion  o f  high-leve l  cognitiv e processes . 

N u m e r i c Task s 

mension s ar e no t  externall y separable ,  the n al l 

th e fiv e step s ar e interna l  (e.g. ,  th e Gree k sys -

tem) .  Fo r  externall y separabl e bas e an d powe r 

dimensions ,  i f  th e powe r  dimensio n i s repre -

sente d externall y the n Step s 1 ,  2 ,  an d 5  ar e exter -

nal ,  an d i f  th e bas e dimensio n i s represente d ex -

ternall y the n Ste p 3  i s external .  Ste p 4  i s usuall y 

interna l  becaus e th e multiplicatio n tabl e i s usu -

all y memorized .  Fo r  th e Arabi c system .  Step s 1 , 

2,  an d 4  ar e externa l  an d Step s 3  i s interna l  be -

cauji e it s  powe r  dimensio n i s externa l  an d it s bas e 

dimensio n i s internal .  Ste p 4  i s als o interna l  i f  a n 

interna l  multiplicatio n tabl e i s used .  Fro m thi s 

analysi s w e ca n se e tha t  th e Arabi c syste m i s 

more efficien t  tha n th e Gree k syste m fo r  multi -

plication ,  becaus e th e forme r  ha s thre e externa l 

step s an d th e latte r  ha s n o externa l  steps . 

Conc lus io n 

Numbers are represented hierarchically at 

fou r  levels ,  th e representationa l  propertie s a t 

whic h determin e th e efficiencie s o f  numeratio n 

systems .  Thi s hierarchica l  structur e i s als o a 

cognitiv e taxonom y o f  numeratio n systems , 

whic h ca n classif y mos t  numeratio n systems . 

Whethe r  th e dimension s o f  numeratio n system s 

ar e represente d internall y o r  externall y an d 

whethe r  the y ar e externall y separabl e ca n 
greatl y affec t  th e difficult y o f  numeric  tasks . 

Zhan g (1992 )  analyze d i n detai l  th e relatio n 

betwee n th e forma t  o f  dimensiona l  representa -

tion s am d th e difficult y o f  numeri c tasks .  Fo r  ex -

ample ,  th e basi c componen t  i n th e polynomia l 

multiplicatio n metho d fo r  1x 1 D  system s i s th e 

multiplicatio n o f  individua l  term s (ajx'xbjyj) , 

whic h ha s fiv e basi c steps : 

(1 )  Ge t  power s o f  ajx "  an d bjyJ :  i ,  j ; 

(2 )  Ad d powers :  i  +  j  =  pij ; 
(3 )  Ge t  bas e value s o f  aix '  an d bjy) :  ai ,  bj ; 

(4 )  Multipl y bas e values :  a i  x  b j  =  bij ; 

(5 )  Attac h power s t o th e produc t  o f  bas e 

values :  aix'xbjy j  -  bj j  x  lOP'' . 

Whethe r  th e informatio n neede d t o execut e a 

ste p i s interna l  o r  externa l  i s  jointl y determine d 

by whethe r  th e bas e an d powe r  dimension s ar e 

externall y separabl e an d whethe r  a  dimensio n i s 
represente d externall y o r  internally .  Interna l  in -

formatio n need s mor e cognitiv e processin g tha n 

externa l  information .  I f  th e bas e an d powe r  di -
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