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Abstrac t 

This paper outlines an implemented system called PRO-
VERB tha t  explain s machine-foun d natura l  deductio n 
proof s i n natura l  language .  Differen t  fro m earlie r  works , 
we pursu e a  reconstructiv e approach .  Base d o n th e ob -
servatio n tha t  natura l  deductio n proof s ar e a t  a  to o lo w 
leve l  o f  abstractio n compare d wit h proof s foun d i n math -
ematica l  textbooks ,  w e defin e first  th e concep t  o f  so -
calle d assertio n leve l  inferenc e rules .  Derivation s justi -
fie d b y thes e rule s ca n intuitivel y b e understoo d a s th e 
applicatio n o f  a  definitio n o r  a  theorem .  The n a n al -
gorith m i s introduce d tha t  ab̂ tract j  machine-foun d N D 
proof s usin g th e assertio n leve l  inferenc e rules .  Abstrac -
te d proof s ar e the n verbalize d int o natura l  languag e b y 
a presentatio n module .  Th e mos t  significan t  featur e o f 
th e presentatio n modul e i s tha t  i t  combine s standar d 
hierarchica l  tex t  plannin g an d technique s tha t  locall y 
organiz e argumentativ e text s base d o n th e derivatio n 
relatio n unde r  th e guidanc e o f  a  focu s mechanism .  Th e 
behavio r  o f  th e syste m i s demonstrate d wit h th e hel p o f 
a concret e exampl e throughou t  th e paper . 

Introduction 

Thi s pape r  describe s P R O V E R B,  a  syste m tha t  present s 
proof s foun d b y a n automate d reasonin g syste m i n nat -
ura l  language .  Th e mai n ai m i s t o provid e a n overvie w 
sf  th e entir e spectru m o f  a  reconstructiv e presentatio n 
process .  T o achiev e this ,  w e ar e ofte n force d t o sacrific e 
precis e description s t o th e globa l  architecture . 

[dentifying the Problem 

Simila r  t o th e reconstructiv e approac h employe d b y th e 
explanatio n componen t  o f  som e exper t  system s (Wic k 
in d Thompso n 92) ,  efiFort s wer e mad e t o transfor m 
proof s from  machine-oriente d formalism s int o mor e nat -
ura l  formalis m (Andrew s 80 ,  Mille r  83 ,  Pfennin g 87 , 
Lingenfelde r  90) .  A s th e targe t  formalism ,  usuall y a 
k'ariatio n o f  th e natura l  deductio n (ND )  proo f  first  pro -
pose d b y G .  Gentze n (Gentze n 35 )  i s chosen .  Unti l 
recentl y th e reconstructio n stop s her e an d th e resultin g 
ND proof s ar e use d a s input s b y natura l  languag e gen -
srator s (Cheste r  76 ,  McDonal d 83 ,  Edga r  &  Pelletie r 
53) .  I n general ,  th e presentatio n o f  N D proof s ha s bee n 
:arrie d ou t  b y resortin g t o ordering ,  pruning ,  an d aug -
mentation . 

Al l  thes e verbalization s suffe r  from  th e sam e problem : 
rh e derivation s the y conve y ar e exclusivel y a t  th e leve l 
i f  th e inferenc e rule s o f  th e N D calculus .  I n contras t 

t o informa l  proof s foun d i n standar d mathematica l  text -
books ,  suc h proof s ar e compose d o f  derivation s familia r 
fro m elementar y logic ,  wher e th e focu s o f  attentio n i s o n 
syntacti c manipulation s rathe r  tha n o n th e underlyin g 
semanti c ideas .  Th e mai n problem ,  w e believe ,  lie s o n 
th e lac k o f  intermediat e structure s o f  N D proofs ,  whic h 
allo w atomi c justification s a t  a  highe r  leve l  o f  abstrac -
tion . 

P R O V E RB solve s thi s proble m b y carryin g th e recon -
structiv e approac h on e ste p further .  Th e first  sectio n 
belo w define s a  ne w intermediat e representation ,  calle d 
assertio n leve l  inferenc e rules .  Nex t  w e illustrat e th e re -
constructio n o f  mor e abstrac t  proof s fro m machine-foun d 
ND proof s usin g assertio n leve l  rules .  Subsequently , 
we sketc h ou t  a  computationa l  mode l  adapt s an d com -
bine s severa l  establishe d N L generatio n technique s fo r 
th e verbalizatio n o f  a  abstracte d proof . 

Abstracting ND Proofs to the Assertion 

Leve l 

Our  analysi s o n proof s i n mathematica l  textbook s show s 
tha t  mos t  derivation s ar e justifie d i n term s o f  th e applic -
atio n o f  a  definitio n o r  a  theorem ,  collectivel y calle d a n 
assertio n (Huan g 92) .  I n thi s section ,  w e first  introduc e 
a computationa l  mode l  fo r  informa l  mathematics .  Ac -
cordin g t o thi s model ,  assertio n leve l  justification s ca n 
be use d bot h fo r  compoun d proo f  segment s exhibitin g 
certai n syntactica l  structure ,  an d fo r  atomi c step s de -
rive d b y assertio n leve l  inferenc e rules .  The n w e tur n t o 
an abstractio n proces s tha t  reconstruct s a  proo f  usin g 
assertio n leve l  rule s 

Compound proof segments and assertion 

leve l  rule s 

Our  computationa l  mode l  fo r  informa l  mathemattca l 
reasonin g basicall y follow s th e psychologica l  model s fo r 
reasonin g base d th e natura l  logi c hypothesi s (Brain e 78 , 
Rip s 1983) ,  an d th e proo f  plannin g framewor k propose d 
by A .  Bund y (1988) .  Accordin g t o thi s model ,  ou r  in -
tuitiv e notio n o f  th e applicatio n o f  a n assertio n i s eithe r 
achieve d b y constructin g a n N D proo f  segmen t  tha t  sat -
isfie s certai n structura l  constraint ,  o r  b y th e applicatio n 
of  a n assertio n leve l  inferenc e rule . 

Figur e 1  i s a n exampl e o f  a  compoun d proo f  segmen t 
tha t  infer s a i  G  F i  fro m U i  C  F i  an d a i  €  Ĉ i  b y apply -
in g th e definitio n o f  subse t  encode d a s i n th e lea f  wit h 
th e labe l  A . 
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Figur e 1  Natura l  Expansio n 1  fo r  Siihsot ,  Definit.io n 

T h e procedur e tha t  applie s assertion s b y construct -
in g a  compoun d proo f  segmen t  i s specifie d i n term s o f  a 
so-calle d decomposHton-compositio n constrain t  impose d 
on suc h proo f  segment s identifie d i n ou r  preliminar y em -
pirica l  stud y o n mathematica l  proof s (Huan g 92) .  T o 
illustrat e thi s constraint ,  w e first  introduc e tw o defini -
tions . 

Definition: An inference rule of the form 
'̂ "  '—'̂ '̂ k '  i s a  decompositio n rul e wit h respec t  t o 

th e formul a schem a F ,  i f  al l  application s o f  it ,  writte n a s 

'  ̂ )-Q < '  ° ~ satisf y th e followin g condition :  eac h 

P[, .  . , P ^ a n d g ' i s 

•  a  prope r  subformul a o f  F' ,  o r 

•  a  specializatio n o f  F '  o r  o f  on e o f  it s prope r  subfor -
mula ,  o r 

•  a  negatio n o f  on e o f  th e first  tw o cases . 

Under  thi s definition ,  A D ,  = > D , V D ar e th e onl y ele -
mentar y decompositio n rule s i n th e natura l  deductio n 
calculu s M K .  Compar e Figur e 1  fo r  th e meanin g o f  th e 
rules . 

Definition: An inference rule of the form ^ Aho^^ " 

I S calle d a  compositio n rul e i f  al l  application s o f  it ,  writ -

te n a s ^ ^ Q ,  °̂ ,  satisf y th e followin g condition :  eac h 

• a proper subformula of Q', or 

•  a  specializatio n o f  Q '  o r  o f  on e o f  it s prope r  subfor -
mula ,  o r 

•  a  negatio n o f  on e o f  th e first  tw o cases . 

Roughl y speaking ,  th e decomposition-compositio n 
constrain t  require s tha t  a  proo f  segmen t  applyin g a n as -
sertio n A  consist s primaril y o f  a  linea r  decompositio n o f 
A.  A s illustrate d i n Figur e 1 ,  thi s i s carrie d ou t  alon g 
th e branc h fro m A  t o th e roo t  b y applyin g decompositio n 
rules .  Othe r  premise s involve d i n thi s serie s o f  decompos -
ition s (th e leave s U i  C  F i  an d a i  6  U i  i n Figur e 1  fo r  in -
stance )  ca n b e constructe d b y composition s (no t  use d i n 
Figur e 1) .  Fo r  a  precis e definitio n o f  thi s constraint ,  se e 
(Huan g 92) .  I n th e sequel ,  proo f  segment s satisfyin g thi s 
constrain t  wil l  b e referre d t o a s th e natura l  expansio n 
of  th e correspondin g assertio n leve l  justification .  Thi s 
constrain t  i s  closel y relate d t o on e o f  Johnson-Laird' s ef -
fectiv e procedure s (Johnson-Lair d 1983) ,  accountin g fo r 
spontaneou s dail y reasoning . 

Assertio n leve l  justification s ar e als o use d fo r  proo f 
step s derive d b y a n assertio n leve l  inferenc e rule .  Ther e 
ar e tw o way s fo r  acquirin g suc h rule s i n ou r  computa -

tiona l  model :  learnin g b y chunking-and-variablizatto n 
and learnin g b y contrapositio n (Huan g 94b) . 

First ,  w e assum e tha t  pattern s o f  repeate d applica -
tion s o f  a n assertio n m a y b e remembere d a s ne w rules , 
simila r  t o th e chunkin g operatio n i n th e cognitiv e archi -
tectur e Soa r  (Newel l  90) .  O n accoun t  o f  this ,  assertio n 
leve l  rule s ar e als o referre d t o a s compoun d rules .  W e 
continu e wit h ou r  subse t  exampl e t o illustrat e this . 

Example 1 (Continued): 
Suppos e tha t  a  reasone r  ha s jus t  derive d a y £  F \  fro m 

th e premise s a i  £  U \  an d U \  C  F i  b y constructin g th e 
proo f  tre e i n Figur e 1 .  Ou r  assumptio n i s tha t  apar t  fro m 
merel y drawin g a  concret e conclusio n fro m th e premises , 
possibl y h e learn s th e followin g compoun d rul e a s well : 

A h a G t / . A I - ^ C F 

A I - a G F 

wher e a ,  U  an d F  ar e metavariable s standin g fo r  objec t 
variables .  Not e tha t  thi s rul e i s obtaine d b y variabliza -
tio n an d removin g th e intermediat e step s i n Figur e 1 . 

Th e secon d wa y o f  acquirin g assertio n leve l  rule s ca n 
be viewe d a s a  generalize d contraposition .  Fo r  instance , 
afte r  th e acquisitio n o f  rul e above ,  th e rule s 

A h a e t / . A l - Q g F 

A\- U (t F 

A h - Q ^ F , A h t / c F 

A h a ^ U 

ca n b e derive d a s contrapositions . 
I n (Huan g 94b) ,  i t  i s  show n tha t  a  finite  se t  o f  com -

poun d rule s ca n b e constructe d fo r  eac h assertion ,  s o 
tha t  thi s se t  cover s al l  possibl e application s o f  thi s as -
sertion ,  whic h ca n b e achieve d b y constructin g natura l 
expansions .  Th e tw o way s o f  applyin g assertion s ar e 
therefor e logicall y equivalent .  T h e se t  o f  assertio n leve l 
rule s fo r  a  typica l  mathematica l  assertio n ca n usuall y b e 
represente d a s on e o r  tw o proo f  tre e schemat a satisfyin g 
th e decomposition-compositio n constrain t  (Huan g 94b) . 
Thes e rule s ar e use d t o abstrac t  N D proofs . 

Abstracting ND Proofs to the Assertion 

L e v e l 

Thi s sectio n describe s a n algorith m tha t  replace s a s 
m a ny compoun d proo f  segment s i n machine-foun d N D 
proof s a s possible ,  b y atomi c derivation s justifie d b y as -
sertio n leve l  rules .  Not e tha t  proo f  segment s replace d 
m ay contai n machine-generate d detour s an d redundan -
cies ,  an d ar e no t  necessaril y  natura l  expansions . 

Algorithm: Go through the proof tree starting from 
th e root ,  fo r  eac h proo f  nod e A^ , 

1)  Choos e a s th e se t  o f  assertion s  ̂ 4 5 th e definition s 
an d theorem s contributin g t o th e proo f  o f  AT ,  namel y th e 
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Subse t  :V5.,5,g i  C  5 ;  « » V, x €  5 i  = » J  €  5 ; 

\b'\ : t/i C Fi ^^rX€Ui=>seFi 
[pi ]  :  t/ i  C  F i 

fcn:V,xef;i^x 6 F i 
[d' ]  :  6  6  t/ i  = » 6  €  F i 

• , b ^ F , 
\p2]-b G U , 

,  i 
[e' ]  :  h e F i 

Figure 2: A Natural Deduction Proof with Detours 

leave s o f  th e subtre e roote d b y N ,  whic h ar e definition s 
or  theorem s used . 

2)  A m o n g th e node s i n th e subtre e roote d b y A^ ,  tes t 
i f  ther e exis t  node s pi ,  .. ,  Pn ,  fro m whic h A' ^  ca n b e de -
rive d b y a n assertio n leve l  rul e associate d wit h a n asser -
tio n A  i n A S .  I f  successful ,  reduc e th e inpu t  proo f  s o 
tha t  A' ^  ha s pi,... ,  P n a s it s direc t  childre n an d A  a s it s 
new justification . 

For example, the proof segment Figure 2 can be ab-
stracte d t o th e followin g ste p justifie d b y a n assertio n 
leve l  rul e learne d fro m Figur e 1 : 

\jPA-U^CF,^,\j>,]:heU .  Subse t 
[c' ]  :  6  6  F i 

formul a 5o/u<ion(a ,  6 ,  c ,  F ,  • )  shoul d b e rea d a s 
solutio n o f  th e equatio n a*a r  =  6 i n F " 

c i s a 

The restrictiv e choic e o f  A S an d th e searc h fo r  pi,... ,  p „ 
i n a  breath-firs t  wa y sacrific e optima l  solution s t o effi -
ciency .  Neatl y writte n N D proof s ar e reduce d t o 1/ 3 o f 
thei r  origina l  proo f  nodes .  Th e best-cas e complexit y i s 
linear .  Mos t  significan t  reductio n i s observe d wit h inpu t 
proof s whic h contai n machine-generate d detour s an d re -
dundancies .  Th e algorith m perform s poorl y o n proof s 
whic h ar e mainl y indirect ,  wher e i n mos t  o f  th e nod e 
onl y L  (contradiction )  i s derived .  Th e worst-cas e com -
plexit y i s 0{n'̂ )  (Huan g 94b) . 

Figur e 3  i s a  proo f  abstracte d fro m a n inpu t  proo f  o f 
134 lines ,  generate d i n th e proo f  developmen t  environ -
ment  n - M K R P ( H u a n g e t  a l  94 )  th e theore m below . 

Theorem: Let F be a group and U a subgroup of F, if 
l y  i s a  uni t  elemen t  o f  f/ ,  the n 1  =  It/ -

To illustrate the difference between derivations at the 
assertio n leve l  an d logi c level ,  w e wan t  t o indicat e tha t 
th e bes t  N D proo f  fo r  th e assertio n leve l  derivatio n i n 
ste p 7  correspond s t o a  compoun d proo f  give n i n Figur e 
1.  I n a  machine-generate d N D proof ,  i t  ca n b e mor e com -
ple x sinc e suc h a  proo f  ofte n contain s machine-generate d 
detours ,  se e Figur e 2 .  I t  i s  give n i n a  linearize d format , 
wher e th e las t  colum n contain s th e justificatio n a s wel l 
as th e premises .  Eleve n o f  th e remainin g fifteen  step s ar e 
at  th e assertio n level .  Th e res t  i s  justifie d b y N D rule s 
of  mor e structura l  import :  the y introduc e ne w tempor -
ar y hypothesi s an d the n discharg e the m (th e Hy p an d 
th e Choic e rul e i n thi s example) .  Thes e step s ar e usu -
all y presente d late r  explicitly .  Group s o f  trivia l  step s 
instantiatin g quantifier s o r  manipulatin g logica l  connect -
ive s ar e largel y abstracte d t o assertio n leve l  steps .  Th e 

T h e Verbalizatio n o f  a n Abstracte d 

Proo f 

The presentation module of PROVERB accepts an ab-
stracte d proo f  a s input ,  an d produce s a  proo f  i n natura l 
language .  I t  i s  cas t  ci s a  tw o stag e process :  Th e macro -
planne r  choose s a  sequenc e o f  proo f  communicativ e act s 
(PCAs) ,  bein g speec h act s i n thi s domai n o f  application . 
Th e microplanne r  make s mor e syntacti c decisions . 

The macroplanne r  combine s hierarchica l  plannin g 
(Hov y 88 ,  Moor e 89 ,  Reithinge r  91 )  an d loca l  organiza -
tio n o f  tex t  (Sibu n 90 )  i n a  unifor m plannin g framework . 
Whil e hierarchica l  plannin g view s languag e a s planne d 
behavio r  an d map s a  goa l  int o subgoals ,  loca l  organiz -
atio n simulate s th e mor e spontaneou s par t  o f  tex t  gen -
eration .  Unde r  th e latte r  mode ,  loca l  structure s sugges t 
th e nex t  object s available ,  onc e a  discours e i s started . 

The Framework of the Text Planner 

PROVERB combines the two presentation modes by en-
codin g communicatio n knowledg e fo r  bot h mode s a s pla n 
operators ,  calle d top-dow n an d bottom-u p presentatio n 
operator s respectively ,  i n a  unifor m plannin g framework . 
Sinc e top-dow n presentatio n operator s embod y explici t 
communicativ e norms ,  the y ar e give n a  highe r  prior -
it y tha n th e bottom-u p ones .  A  bottom-u p operato r 
i s chose n onl y whe n n o top-dow n presentatio n operato r 
applies .  Th e overal l  plannin g framewor k i s realize d b y a 
functio n Present .  I t  i s  first  calle d wit h th e entir e proo f 
as th e presentatio n task .  Th e executio n o f  a  top-dow n 
presentatio n operato r  generate s ne w subtcisk s b y callin g 
i t  recursively .  Furthermore ,  w e assum e tha t  ever y dis -
cours e segmen t  produce d b y a  cal l  t o "Present "  form s 
an attentiona l  uni t  i n th e discours e mode l  (compar e th e 
subsectio n o n referenc e choices) . 

Top-Down Presentation operators 

In contrast with operators employed in RST-based plan-
ner s tha t  spli t  pendin g goal s accordin g t o rhetorica l 
structures ,  ou r  operator s encod e standar d schemat a fo r 
presentin g proof s o f  som e particula r  structures .  Th e top -
down presentatio n operator s ca n roughl y b e divide d int o 
tw o categories : 

• those containing complex schemata for the presenta-
tio n o f  proof s o f  a  specifi c  pattern , 
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NNo 
1. 

2. 
3. 
4. 
5. 
6. 
7. 
8. 
9. 
10. 
11. 
12. 
13. 
14. 
15. 

S;D 

1; 

1; 
1; 
1; 
;5 
i; 5 
1;5 
i; 5 
i; 5 
1;5 
1;5 
i; 5 
i; 5 
i; 5 
1; 

h 

h 
h 
h 
h 
h 
h 
h 
f-
h 
h 
h 
h 
h 
h 

Formul a 
group(F ,  * )  A  subgrotip{U ,  F ,  • )  A 
untt(U,lu,* ) 
U C F 
lue u 
3,xe U 
u £ U 
U »  ll /  =  « 
u e F 
l u € F 
semigroup(F ,  * ) 
solutton{u,u ,  lu ,  F ,  * ) 
u *  1  =  11 
i G f 
solution{u,u ,  1 ,  jF ,  * ) 
l  =  ll 7 
l  =  l y 

uni<(F ,  !,• )  A 
Reason 

(Hyp ) 

(Def-subgrou p 1 ) 
(Def-uni t  1 ) 
( 3 3 ) 
(Hyp ) 
(Def-uni t  1  5 ) 
(Def-subse t  2  5 ) 
(Def-subse t  2  3 ) 
(Def-grou p 1 ) 
(Def-solutio n 6  7  8  9 ) 
(Def-uni t  1  7 ) 
(Def-uni t  1 ) 
(Def-solutio n 7  1 1 1 2 
(Th-soiutio n 1 1 1 0 13 ) 
(Choic e 4  14 ) 

Figur e 3 :  Abstracte d Proo f  abou t  Uni t  Elemen t  o f  Subgroup s 

•  thos e embodyin g genera l  presentatio n norms ,  concern -
in g splittin g proof s an d orderin g subgoals . 

Due to space restrictions, we only elaborate on one 
top-dow n operato r  devise d fo r  proo f  segment s containin g 
cases .  A  correspondin g proo f  schem a i s show n i n Figur e 
4. 

Fh F G\- G 

?l i  - A h Q ^^^ ^ 

Figure 4: A Proof Schema Involving Cases 

Under two circumstances a writer may recognize that 
he i s confronte d wit h a  proo f  segmen t  containin g cases . 
First ,  whe n a  correspondin g subproo f  i s  th e curren t 
presentatio n task ,  teste d b y (tas k ?Z/i) ^  Second ,  whe n 
a disjunctio n ha s jus t  bee n presented ,  teste d b y (local -
Focus ?Z,4) .  Unde r  bot h circumstance s ther e i s a  com -
municatio n nor m motivatin g th e write r  t o tr y first  t o 
presen t  th e par t  leadm g t o F V G (i n th e secon d cas e thi s 
subgoa l  hci s alread y bee n achieved) ,  an d the n proceed s 
wit h th e tw o cases .  Certai n P C A s ar e use d t o mediat e 
betwee n part s o f  a  proof .  Thi s procedur e i s capture d b y 
th e operato r  below . 

Case-Implicit 

•  Proof :  th e proo f  schem a i n Figur e 4 

» Applicabilit y  Condition :  ((tas k ?Li ) 
V (local-focu s ?Z/4) )  A  (not-conveye d (?L 2 ?^3) ) 

•  Acts :  (i f  (not-conveye d ?Li ) 
(presen t  IL^) )  ;subgoa l  1 

(Case-Firs t  F ) 
(presen t  ?L2 )  ;subgoa l  2 
(Case-Secon d G ) 

'Label s stan d fo r  th e correspondin g node s 

(presen t  ?Ls )  ;subgoa l  3 
(Set-Conveye d :Conclusio n ?Z<i) ) 

•  features :  (top-dow n compulsor y implicit ) 

This operator posts three new subgoals. The entire 
verbalizatio n i s o f  th e patter n below : 

Th e verbalizatio n o f  th e subproo f  leadin g t o F  V  G 
roote d b y ?Z,4 .  (subgoa l  1 ) 
"First ,  le t  u s conside r  th e first  cas e b y assumin g 
F " 
Th e verbalizatio n o f  th e subproo f  roote d b y 7L2 -
(subgoa l  2 ) 
"Next ,  w e conside r  th e secon d cas e b y assumin g G. " 
Th e verbalizatio n o f  th e subproo f  roote d b y ?Z/3 . 
(subgoa l  3 ) 

Ther e ar e tw o kind s o f  featur e values .  "Implicit "  i s a 
stylisti c  one ,  indicatin g tha t  th e splittin g int o th e thre e 
subgoal s i s no t  m a d e explici t  i n th e verbalization .  I n 
it s explici t  dua l  Case-Explici t  thi s ca n b e achieve d b y 
addin g th e P C A belo w t o th e beginnin g o f  th e A C T s 
slot . 

(Subgoa l  Goal :  Label A 
Subgoals :  (?L_ 4 ?L_ 2 ?L_3) ) 

which produces the verbalization: 

"T o prov e Q ,  le t  u s first  prov e F  V  G ,  an d the n 
conside r  th e tw o case s separately. " 

Th e featur e valu e "compulsory "  indicate s th e spe -
cificit y o f  thi s operator :  I f  th e operato r  i s applicable ,  an d 
it s styl e conform s t o th e globa l  styl e (whic h ca n b e spe -
cifie d b y th e use r  i n P R O V E R B ) ,  thi s operato r  shoul d 
be chosen .  Beside s "compulsory" ,  ther e ar e tw o weake r 
stage s reflectin g th e specificity :  "specific "  an d "general " 

Twelv e top-dow n presentatio n operator s tha t  embod y 
communicatio n schemat a fo r  proof s exhibitin g a  partic -
ula r  structur e ar e currentl y integrate d i n P R O V E R B. 
Th e othe r  five  realiz e mor e genera l  orderin g an d split -
tin g principle s (Huan g 94a ,  Huan g 94d) . 
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B o t t o m - u p Presentat io n 

The boiiom-u p presentatio n proces s simulate s th e un -
planne d par t  o f  proo f  presentation .  Instea d o f  splittin g 
presentatio n goal s int o subgoals ,  i t  follow s th e loca l  de -
rivatio n relatio n t o find  a  proo f  nod e o r  a  subproo f  t o b e 
presente d next .  I n thi s sense ,  i t  i s  simila r  t o th e loca l 
organizatio n technique s use d i n (Sibu n 90) .  Onl y whe n 
no top-dow n operato r  applies ,  wil l  a  bottom-u p operato r 
be chosen . 

The Local Focus 

The nod e t o b e presente d nex t  i s suggeste d b y th e loca l 
focus ,  th e proo f  nod e las t  presented .  Althoug h logicall y 
any proo f  nod e havin g th e loca l  focu s a s a  chil d coul d 
be chose n fo r  th e nex t  step ,  usuall y th e on e wit h th e 
greates t  semanti c overla p wit h th e foca l  center s i s pre -
ferred .  Foca l  center s ar e semanti c object s mentione d i n 
th e loca l  focus .  Thi s i s base d o n th e observatio n tha t  i f 
one ha s prove d a  propert y abou t  som e semanti c objects , 
one tend s t o continu e t o tal k abou t  thes e object s befor e 
turnin g t o ne w objects .  Le t  u s examin e th e followin g 
situation . 

P(a, b [1] :  P(a,6) ,  [3] .  Sjc ) 
felj.^i^ W K 

[5J :  Q(a,6)Ai?(6,c ) 

Assume that node [1] is the local focus, the set {a, 6} is 
therefor e th e foca l  centers .  [3 ]  i s a  previousl y presente d 
node an d th e proo f  roote d b y [5 ]  i s  th e curren t  task .  [2 ]  i s 
chose n a s th e nex t  node ,  sinc e i t  doe s no t  (re)introduc e 
any ne w semanti c elemen t  an d it s overla p wit h th e foca l 
center s ({a ,  6} )  i s  large r  tha n tha t  o f  [4 ]  wit h th e foca l 
center s {{b}) . 

The Bottom-Up Presentation Operators 

Due t o spac e restrictions ,  w e onl y examin e th e mos t  fre -
quentl y use d bottom-u p operator ,  whic h present s on e 
ste p o f  derivation : 

Derive-Bottom-Up 

•  Proof : 
?Node 

^ t o e i i r - ' " 
•  Applicabilit y  Condition :  (e q next-nod e INoden+i )  A 

(conveye d {1Node\ ,  ... ,  INodcn) ) 

•  Acts :  (Deriv e Derived-Formula :  ?Noden+ i 
Reasons :  INodei ,  •  •  ,  ?Node n 
Method :  ? M ) 

•  Features :  (bottom-u p genera l  explici t  detailed ) 

The precondition says, a node Nodcn+i can be chosen 
as th e nex t  t o b e presented ,  i f  al l  it s  premise s hav e 
alread y bee n conveyed ,  an d i f  i t  i s  recommende d b y th e 
focu s mechanism .  Onl y on e piec e o f  P C A i s generated . 
I f  th e Derived-Formula ,  Reason s an d Metho d slot s ar e 
instantiate d b y a  G  5i ,  ( a 6  52 ,  S i  6  52) ,  an d def-subse t 
respectively ,  th e followin g verbalizatio n ca n b e produce d 
(dependin g o n th e context) : 

"Since a is an element of 5i, and 5i is a subset of 
52,  a  i s a n elemen t  o f  5 2 accordin g t o th e definitio n 
of  subset. " 

Re fe renc e Cho i ce s 

Macroplannin g produce s a  sequenc e o f  P C A s .  Ou r  mi -
croplanne r  i s restricte d t o th e treatmen t  o f  th e referenc e 
choice s fo r  th e inferenc e method s an d fo r  th e previousl y 
presente d intermediat e conclusions .  Whil e th e forme r 
depend s o n th e stati c salienc e relate d t o th e domai n 
knowledg e (Pattabhirama n ii .  Cercon e 93) ,  th e latte r  i s 
ver y simila r  t o th e subsequen t  references ,  an d i s  there -
for e sensitiv e t o th e context ,  i n particula r  t o it s  segment -
atio n int o a n attentiona l  hierarch y (Reichma n 85 ,  Gros z 
& Sidne r  86) .  Belo w i s a n exampl e o f  a  P C A enriche d 
wit h referenc e choice s fo r  th e reason s an d th e metho d b y 
th e microplanner ,  se e (Huan g 94c )  fo r  mor e details . 

(Derive Reasons: ((((ELE a U) explicit)) 
((SUBSE T U  F )  omit) ) 

Conclusion :  (EL E a  F ) 
Method :  (Def-Subse t  omit) ) 

With the help of a dictionary, this is translated into 
th e inpu t  languag e o f  ou r  surfac e generato r  base d o n th e 
T A G formalism ,  whic h finally  produce s th e utterance : 

"Since a is an element of C/, a is an element of F." 

Note that, only the reason labeled as "explicit" is verb-
alized .  Finally ,  t o demonstrat e th e qualit y o f  proof s cur -
rentl y generate d b y P R O V E R B,  th e complet e outpu t  fo r 
th e abstracte d proo f  i n Figur e 3  i s liste d below : 

" (1) Let F be a group, [/ be a subgroup of F, 1 
be a  uni t  elemen t  o f  F  an d l( y b e a  uni t  elemen t  o f 
U.  (2 )  Accordin g t o th e definitio n o f  uni t  element , 
l u €  U .  (3 )  Therefor e ther e i s a n X ,  X  €  U .  (4 ) 
N ow suppos e tha t  u i  i s  suc h a n X .  (5 )  Accordin g t o 
th e definitio n o f  uni t  element ,  ui*lt /  =  ui .  (6 )  Sinc e 
U i s a  subgrou p o f F . U C  F .  (7 )  Therefor e l u G  F . 
(8 )  Similarl y u i  G  F ,  sinc e u i  G  U .  (9 )  Sinc e F  i s a 
group ,  F  i s a  semigroup .  (10 )  Becaus e u i* l u =  ui , 
l u i s  a  solutio n o f  th e equatio n u i  *  X  =  ui .  (11 ) 
Sinc e 1  i s a  uni t  elemen t  o f  F ,  u i  *  1  =  ui .  (12 ) 
Sinc e 1  i s a  uni t  elemen t  o f  F ,  1  G  F .  (13 )  Becaus e 
ui  G  F ,  1  i s a  solutio n o f  th e equatio n u i  *  X  =  ui . 
(14 )  Sinc e F  i s a  group ,  l y =  1  b y th e uniquenes s 
of  solution .  (15 )  Thi s conclusio n i s independen t  o f 
th e choic e o f  th e elemen t  Ui .  " 

Conclusion 

Thi s pape r  present s a  syste m tha t  explain s machine -
foun d proof s followin g a  reconstructiv e approach .  Th e 
power  o f  ou r  architectur e i s  derive d i n larg e par t  fro m 
th e intermediat e representation ,  namely ,  natura l  deduc -
tio n styl e proof s a t  th e assertio n level .  I n contras t  t o ori -
gina l  N D proofs ,  wher e th e focu s o f  attentio n i s  place d 
on syntacti c manipulations ,  proof s reconstructe d a t  th e 
cissertio n leve l  contai n mostl y inference s i n term s o f  se -
manticall y meaningfu l  operator s tha t  appl y a  definitio n 
or  a  theore m vali d i n th e context . 

Th e mos t  importan t  featur e o f  ou r  presentatio n mod -
ul e i s  tha t  hierarchica l  plannin g an d unplanne d spon -
taneou s presentatio n ar e integrate d i n a  complementar y 
way.  Base d o n explici t  communicativ e knowledge ,  th e 
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forme r  split s a  presentatio n tas k int o subtasks .  Th e lat -
te r  choose s a  proo f  nod e o r  a  subproo f  t o b e presente d 
next  unde r  th e guidanc e o f  th e loca l  focu s mechanism . 
Distinguishin g betwee n planne d an d unplanne d gener -
atio n als o lead s t o a  natura l  segmentatio n o f  th e dis -
course .  This ,  i n turn ,  provide s a n appropriat e basi s fo r 
a discours e theor y whic h handle s th e referenc e choices . 

A prototyp e o f  P R O V E RB ha s bee n implemente d i n 
Allegr o C o m m on Lis p wit h CLOS.  Whil e th e abstractio n 
modul e an d th e mai n par t  o f  th e tex t  planne r  hav e bee n 
completed ,  th e curren t  interfac e t o ou r  surfac e generato r 
i s ver y simpl e an d i s currentl y unde r  extension .  Th e 
abstractio n modul e ca n als o b e use d a s a  stand-alon e 
utility . 

Compared wit h proof s foun d i n a  typica l  mathemat -
ica l  textbook ,  th e outpu t  o f  P R O V E RB i s stil l  tediou s 
and inflexible .  Th e tediousnes s i s largel y ascribe d t o 
th e lac k o f  pla n leve l  knowledg e o f  th e inpu t  proofs , 
whic h distinguishe s crucia l  step s fro m unimportan t  de -
tails .  Therefore ,  w e nee d bot h a  mor e full-fledge d mode l 
fo r  huma n informa l  mathematics ,  a s wel l  a s sophistic -
ate d pla n recognitio n techniques ,  whic h mus t  b e incor -
porate d int o th e reconstructio n process .  Th e inflexibilit y 
of  tex t  currentl y produce d i s partl y inherite d fro m th e 
schemata-beise d approach ,  fo r  whic h a  fine-grained  plan -
nin g i n term s o f  singl e PCA s migh t  b e a  remedy .  I t  i s 
als o partl y du e t o th e fixed  lexico n choice ,  whic h w e ar e 
currentl y reimplementing .  Finally ,  althoug h i t  i s  har d 
t o judg e th e naturalnes s o f  th e text s generate d b y PRO-
V E RB b y comparin g wit h naturall y occurin g mathemat -
ica l  proof s sinc e the y diffe r  stil l  significantl y wit h respec t 
t o th e leve l  o f  abstraction ,  i t  migh t  b e usefu l  t o buil d a 
smal l  corpu s a s a  standard . 
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