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Abstrac t 

Cluster analysis has been successfully applied to the problem 
understandin g hidde n uni t  representation s i n bot h feed-for -
war d an d recurren t  neura l  networks .  Whil e th e topologica l 
propertie s o f  feed-forwar d network s ma y suppor t  th e us e o f 
cluste r  analysis ,  th e result s describe d withi n thi s pape r  sugges t 
tha t  application s t o recurren t  network s ar e no t  justified .  Thi s 
pape r  illustrate s ho w clusterin g fail s  t o provid e usefu l  insight s 
int o th e underlyin g task-dependen t  informatio n processin g 
mechanis m o f  recurren t  networks .  I n thi s paper ,  I  first  demon -
strat e tha t  randoml y generate d network s displa y a  surprisin g 
amount  o f  clusterin g befor e training .  The n I  explai n tha t  th e 
clusterin g structur e emerges ,  no t  i n respons e t o th e tas k train -
ing ,  bu t  becaus e o f  th e volume-reducin g iterate d mapping s 
tha t  compris e th e commonl y use d recurren t  neura l  network s 
models . 

I n t r o d u c t i o n 

The popularity of clustering analysis of neural network 
interna l  representation s suggest s tha t  ther e i s som e meri t  t o 
thi s approach .  Thi s techniqu e ha s bee n successfull y applie d 
t o th e proble m o f  understandin g hidde n uni t  representation s 
i n bot h feed-forwar d an d recurren t  networks .  Th e applica -
tio n o f  hierarchica l  clusterin g t o thi s particula r  proble m wa s 
originall y suggeste d t o Sejnowsk i  an d Rosenber g b y Stepha n 
Hanso n (a s reporte d i n (Hanso n &  Burr ,  1989)) .  Clusterin g 
of  interna l  representation s o f  th e NETtal k syste m provide d 
evidenc e o f  vowel/consonan t  discriminatio n i n th e hidde n 
unit s (Sejnowsk i  &  Rosenberg ,  1987) .  E lma n als o use d thi s 
too l  t o illustrat e th e interna l  stat e clusterin g i n hi s simpl e 
recurren t  networ k (Elman ,  1990) .  I n thi s tradition ,  m a n y 
studie s hav e reporte d th e emergenc e o f  variou s "concept "  o r 
"state "  cluster s durin g recognitio n an d productio n task s 
(e.g. ,  (Servan-Schreibe r  e t  al. ,  1988 ;  Cleereman s e t  al. ,  1989 ; 
Pollack ,  1990 ;  E lman ,  1992 ;  Meede n e t  al. ,  1993a ;  C u m m i n s 
& Port ,  1994 ;  Crucianu ,  1994)) .  State-vecto r  clusterin g algo -
rithm s serv e a s th e bas e mechanis m fo r  th e extractio n o f 
finite  stat e machin e description s fro m recurren t  network s 
(Gile s e t  al. ,  1992 ;  Watrou s &  Kuhn ,  1992) .  Whil e th e topo -
logica l  propertie s o f  feed-forwar d network s m a y suppor t  th e 
us e o f  cluste r  analysis ,  th e result s describe d withi n thi s pape r 
illustrat e a n applicatio n o f  clusterin g whic h fail s t o provid e 
an y usefu l  insight s int o th e underlyin g task-dependen t  infor -
matio n processin g mechanis m o f  recurren t  networks . 

T h e assumptio n confronte d belo w i s tha t  th e neighborhoo d 
relationship s betwee n interna l  stat e vector s o f  a  recurren t 

networ k wil l  hel p u s understan d th e processin g performe d 
by th e networ k a t  a  cognitiv e level .  I n fact ,  w e ca n explai n 
th e clusterin g phenomen a withou t  appealin g t o informa -
tio n processing :  th e ke y i s th e theor y o f  iterate d functio n 
system s (IFS's) .  IP S theor y als o helpe d explai n w h y recur -
ren t  network s ofte n produc e infinit e stat e space s (Kolen , 
1994c )  an d w h y finite  stat e machin e extractio n technique s 
ca n produc e finite  stat e description s wit h high ,  bu t  illu -
sionary ,  complexit y (Kolen ,  1994b) . 

Iterated Function Systems 

The foundational work was originally developed by 
Bamsle y (1988 )  a s a  metho d o f  describin g th e limi t  behav -
io r  o f  system s o f  transformations .  Th e limi t  behavio r  o f  a 
singl e linea r  o r  affin e transformatio n ca n b e determine d b y 
examinin g eigenvalue s o f  th e transformations .  Th e trajec -

torie s ca n eithe r  b e fixed  point s o r  limi t  cycles. '  Whil e th e 
effect s iteratin g o f  linea r  system s hav e bee n full y mappe d 
out  a t  thi s time ,  onl y recentl y di d anyon e conside r  th e cas e 
of  multipl e affin e transformation s i n parallel ,  i.e. , 

n 
fix )  =  \ ^  (ii.(x) .  Suc h system s hav e n o w bee n show n t o 

/ = 1 
be a  generalizatio n o f  Cantor' s "middl e third "  sets.What 
makes IFS s s o fascinatin g i s tha t  th e limi t  behavio r  o f  a 
singl e transformatio n i s jus t  a  point ,  th e limi t  se t  ove r  th e 
unio n o f  th e transformation s ca n b e extremel y comple x 
wit h recursiv e structure .  A  revie w o f  IP S theor y a s i t 
applie s t o recurren t  network s appear s i n (Kolen ,  1994a ; 
Kolen ,  1994c) .  Suffic e i t  t o sa y tha t  a  recurren t  networ k i n 
an environmen t  consistin g o f  a  finite  se t  o f  inpu t  vector s 
wil l  behav e a s a  nonlinea r  IPS . 

Th e notio n o f  IP S addres s i s importan t  fo r  th e curren t 
discussion .  Ever y IP S attractor ,  th e limi t  behavio r  o f  th e 
composit e mapping ,  ha s a n addressin g schem e define d b y 
th e se t  o f  transformation s (Equatio n 1) . 

co,((x,y)) = (0.5j:,0.5y-F0.5 ) 

Oi2i(x,y))= (0.5.«:, 0.5y) 

ai^ax,y))= (0.5x-H0.5,0.5y) 

(Eq n 1 ) 

A n addres s o f  a  poin t  o n a n attracto r  i s  th e infinit e 

1.  Anothe r  regim e exists ,  know n a s quasiperiodicity ,  an d occur s 
i n iterate d map s wit h limi t  cycle s whos e angl e o f  rotado n i s 
irrational . 
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Figur e 1 :  Th e Sierpinsk i  Triang e an d a n addressin g 
scheme fo r  point s o n th e attractor .  Notic e tha t  som e 

point s ca n hav e multipl e addresse s becaus e th e transfor -
mation s touc h o r  overlap . 

sequence of transformations whose limit is that point when 
th e startin g poin t  i s  th e entir e space .  I n th e cas e o f  th e Sier -
pinsk i  triangle ,  th e first  entr y o f  th e addres s o f  al l  th e point s 
i n th e uppe r  lef t  corne r  ar e th e same .  Thi s proces s continue s 
recursivel y withi n eac h mappin g o f  th e stat e space .  Becaus e 
th e IF S relie s o n contractiv e mappings ,  th e region s shrin k 
wit h eac h transformatio n application ,  th e limi t  o f  whic h i s 
our  targe t  point .  Figur e 1  illustrate s th e addressin g schem e 
fo r  th e Sierpinsk i  triangle .  Th e number s refe r  t o th e transfor -
matio n number .  Startin g wit h th e fina l  attracto r  (to p o f 
Figur e 1) ,  eac h transformatio n copie s th e origina l  imag e int o 
thre e region s (se e Firs t  Iteration) .  Eac h cop y ha s bee n 
labele d th e transfor m tha t  place d it .  Thi s i s th e address .  O n 
th e secon d iteration ,  th e copyin g proces s continues .  Thi s 
time ,  however ,  th e transfor m numbe r  i s prepen d t o an y exist -
in g label .  Thi s labelin g proces s wil l  continu e indefinitel y a s 

Star t End 

B T ^ P X V eJ 

Hidde n Unit s 

T 

Contex t 

Figur e 2 :  Th e Rebe r  gramma r  an d th e simpl e recurren t 

networ k describe d i n (Servan-Schreibe r  e t  al. ,  1988) . 

each region becomes smaller and smaller. In the limit, the 
region s wil l  b e points .  A t  thi s time ,  th e addres s wil l  b e a n 
infinit e sequenc e o f  transformatio n labels . 

Clustering the Reber Grammar in Arbitrary 

N e t w o r k s 

The IFS address is the reverse of the input alphabet to a 
recurren t  network .  Th e first  elemen t  o f  th e addres s wa s th e 
most  recen t  inpu t  symbol .  Th e secon d elemen t  o f  th e 
addres s wa s nex t  recen t  input .  I f  th e transformation s i n th e 
recurren t  networ k ar e contractive ,  on e coul d predic t  clus -
terin g o n recenc y solel y fi-om  th e mathematic s o f  th e stat e 
transformation s an d independen t  fro m th e learnin g task . 

To demonstrat e th e validit y o f  thi s claim ,  I  wil l  refe r  t o 
experimenta l  findings  encountere d durin g th e gramma r 
learnin g (Servan-Schreibe r  e t  al. ,  1988 ;  Cleereman s e t  al. , 
1989) .  I n thei r  paper ,  the y too k a  simpl e recurren t  networ k 
(SRN)  an d traine d i t  i n th e predictio n tas k fo r  th e Rebe r 
grammar .  Th e finite  stat e machin e underlyin g th e Rebe r 
grammar  an d th e networ k use d t o predic t  i t  i s displaye d i n 
Figur e 2 .  Th e rational e behin d selectin g thi s gramma r  ove r 
other s i s it s historica l  positio n o f  bein g use d i n severa l 
psychologica l  experiment s o n implici t  learnin g (Reber , 
1967) .  Th e goa l  o f  th e network' s tas k i s t o predic t  th e nex t 
symbol ,  o r  symbols ,  give n th e curren t  context .  Th e net -
wor k receive d inpu t  i n th e for m o f  a  one-in-seve n encod -
in g o f  th e seve n character s o f  th e Rebe r  alphabet .  Th e 
outpu t  consiste d o f  seve n unit s i n a  simila r  encodin g 
scheme .  Recal l  tha t  th e dynamic s o f  th e S R N loo k lik e 
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Equatio n 2 ,  wher e g  i s th e sigmoi d functio n an d W i s th e 

weigh t  matrix . 

S"'' '  =g{W -

j(r ) 

1 

(Eqn2 ) 

I n (Kolen ,  1994c )  I  demonstrat e tha t  thi s dynami c ca n b e 
rewritte n give n tha t  th e se t  o f  inpu t  vector s i s  finite.  Fo r  eac h 

inpu t  vector ,  / ,  ther e exist s a  weigh t  matri x W ,  tha t  th e 

dynamic s o f  Equatio n 2  wil l  b e reduce d t o Equatio n 3 . 

:('+ » _ 
= 8 iW , (Eqn3 ) 

W h en a n inpu t  appears ,  th e correc t  weigh t  matri x i s 
selecte d an d applie d t o th e curren t  state .  Thi s particula r 
implementatio n i s indistinguishabl e fro m iteratio n o f 
Equatio n 2 .  I n ligh t  o f  this ,  I  wil l  generat e a  se t  o f  indexe d 
transformation s an d perfor m a  cluste r  analysi s o f  th e state s 
encountere d durin g th e processin g o f  th e Rebe r  grammar . 
Tabl e 1  list s th e parameter s o f  th e fiv e transformation s for , 
on e fo r  eac h symbo l  i n th e grammar .  Th e parameter s o f  th e 
transformatio n wer e selecte d fro m a  norma l  distributio n wit h 

a mea n o f  zer o an d standar d deviatio n o f  one. ^  Recal l  tha t 
differen t  recurren t  networ k architecture s hav e differen t  IP S 
interpretations .  T o implemen t  th e behavio r  o f  a  S R N ,  th e 
individua l  transformation s mus t  onl y diffe r  i n thei r  th e addi -
tiv e factors .  I n thi s demonstration ,  I  hav e constructe d S R N -
lik e transformation s wit h a  representatio n dimensio n o f  tw o 
(Equatio n 4) . 

5^-'^=g ( a b 
c d 

S^"  + ) (Eqn4 ) 

The motivatio n fo r  th e numbe r  o f  hidde n wa s presenta -
tional :  it' s  easie r  t o vie w plana r  transformations .  Simila r 
argument s wil l  hol d fo r  highe r  dimensiona l  representatio n 
spaces .  Tabl e 1  list s th e parameter s o f  th e five  transforma -
tions ,  on e fo r  eac h symbo l  i n th e gramma r  (excludin g B  an d 
E) .  Becaus e th e S R N architectur e preclude s inpu t  modifica -
tio n o f  th e multiplicativ e parameters ,  th e first  fou r  column s 

of  Tabl e 1  (correspondin g t o th e parameter s a,b,c ,  an d d , 
of  Equatio n 4 )  ar e equa l  acros s eac h transformation .  Th e 
transformatio n parameter s wer e selecte d fro m a  norma l  dis -
tributio n wit h a  mea n o f  zer o an d standar d deviatio n o f  one . 

The five  plot s labele d t ,  p ,  s ,  x ,  an d v ,  i n Figur e 3  sho w 
h o w th e individua l  transform s m a p a  15x1 5 gri d o f  equall y 
space d point s coverin g th e uni t  plan e bac k ont o th e uni t 

plane .  Als o i n tha t  figure  i s a  chao s game '  exploratio n o f  th e 
stat e spac e (Kolen ,  1994c) .  Eac h transformatio n ha d 0. 2 

2. No learning is taking place, any emerging structure in the state 
spac e wil l  b e independen t  o f  an y task . 

3.  Th e chao s gam e create s a  sequenc e o f  point s fro m a  see d poin t 
by selectin g a  rando m sequenc e o f  IP S transformations ,  applyin g 
i t  t o th e curren t  poin t  (Bamsley ,  1988) .  Th e sequenc e o f  curren t 
point s i s a  usefu l  approximatio n t o th e attracto r  b y ignorin g th e 
transien t  point s a t  th e beginnin g o f  th e sequence . 

\ 

\ 

\ 

0 

\ 

1 1 

V Chaos game 

Figur e 3 :  Th e S R N transformation s an d hidde n uni t  rep -

resentations .  Th e axe s measur e th e activation s o f  stat e 

node s on e an d two . 

probability of selection. The first 100 points were ignored 
as transients ,  an d th e las t  50 0 point s wer e plotted .  Thi s 
plo t  provide s a n approximat e pictur e o f  th e stat e represen -

tation s o f  5 ^  . 

Figur e 4  illustrate s th e S R N stat e representatio n o f  al l 
Reber  string s o f  lengt h eigh t  o r  less .  Th e graph s labele d 
#1 ,  #2 ,  #3 ,  #4 ,  an d # 5 repor t  th e activatio n o f  th e stat e vec -
to r  whe n th e generato r  wa s i n th e correspondin g state .  Th e 
final  graph ,  labele d "Al l  Rebe r  States" ,  i s  th e unio n o f  th e 
othe r  five  stat e graphs .  Notic e th e similarit y betwee n th e 
attracto r  approximatio n an d th e se t  o f  vali d Rebe r  states . 
Any decisio n mechanis m usin g hyperplane s wil l  hav e a 
difficul t  tim e differentiatin g betwee n Rebe r  an d non-Rebe r 
string s solel y o n th e basi s o f  th e stat e activation . 

I n a n earlie r  report ,  Servan-Schreibe r  e t  al .  (1988 )  pro -
duce d a  cluste r  diagra m o f  hidde n uni t  activation s befor e 
any trainin g ha s occurred .  Thi s diagra m clearl y show s tha t 
th e interna l  representation s o f  th e networ k wer e clusterin g 
by mos t  recen t  symbol .  Cleeremans '  e t  a l  wen t  o n t o clai m 
tha t  th e clusterin g o f  hidde n uni t  representation s wa s a 
produc t  o f  trainin g th e networ k i n th e predictio n task . 
Thes e representations ,  i n thei r  eyes ,  capture d regularitie s 
i n th e previou s symbols .  I  disagre e wit h thi s explanation . 
Sinc e th e Rebe r  gramma r  state s ar e uniquel y determine d 
by th e las t  tw o symbols ,  th e clusterin g come s fo r  fre e onc e 
th e transform s n o longe r  overlap .  Figur e 4  show s th e stat e 
vector s fo r  al l  string s u p t o lengt h 8  whic h stil l  li e o n th e 
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#1 #2 

#3 #4 

0 
1 1 

# 5 U l  R e b e r  S t a t e s 

Figur e 4 :  Th e hidde n uni t  representation s o f  al l  Rebe r 

string s o f  lengt h eigh t  o r  less .  Th e axe s measur e th e acti -
vation s o f  stat e node s on e an d tw o 

Reber state graph. As you can see, the states clump together 

well .  A  cluste r  diagra m o f  thes e vectors ,  i n Figur e 5 ,  empha -
size s thi s observation .  Sinc e mos t  learnin g system s star t  wit h 
smal l  weigh t  assignments ,  on e ca n conclud e tha t  muc h o f  th e 
learnin g tim e i s spen t  waitin g fo r  th e recurren t  stat e transfor -
matio n t o separat e an d b e abl e t o encod e inpu t  symbo l  histo -
rie s 

The mechanis m producin g stat e spac e cluster s i n S R N s i s 
not  uniqu e t o thi s particula r  recurren t  networ k formalism . 
Othe r  recurren t  network s displa y simila r  volume-reducin g 
transformations .  Fo r  instance ,  t o implemen t  th e behavio r  o f  a 
SRN,  th e individua l  transformation s mus t  onl y diffe r  i n thei r 
th e additiv e factors .  Sequentia l  Cascade d Network s (Pollack , 
1991) ,  o n th e othe r  hand ,  ca n hav e independen t  transforma -
tions .  A n S C N i s a  second-orde r  versio n o f  th e S R N .  A  sam -
pl e se t  o f  transformation s appear s i n Tabl e 2 .  A n analysis , 
lik e th e on e describe d above ,  produce d th e stat e transforma -
tion s appea r  i n Figur e 6  an d th e Rebe r  state s plotte d i n 
Figur e 7 .  ( A complet e analysi s i s detaile d i n (Kolen , 
1994a). )  Eve n thoug h th e multiplicativ e parameter s diffe r  fo r 
eac h transformation ,  creatin g mor e variabilit y  i n th e shape s 
and orientation s o f  th e transformations ,  th e state s alway s dis -
pla y a  hierarchica l  organizatio n parallelin g th e EF S address -
in g scheme .  Thes e argument s easil y exten d t o Jorda n 
network s an d an y othe r  discret e tim e recurren t  neura l  net -
work s wit h a  finite  se t  o f  inpu t  vectors . 

^  ts# l 

ss#l (2) 

. xs#5 (3) 

bt#l 

I pt#2 

L tt#2 (4) 

L xt#2 (2) 

^ bp#2 

xp#4 (3) 

_ w#5 (4) 

pv#4 

pv#5 (2) 

tv#4 (4) 

L xv#4 (2) 

tx# 3 

sx#3 (2) 

xx#2 (3) 

Figur e 5 :  Th e resultin g cluste r  diagra m o f  al l  Rebe r 
string s o f  lengt h eigh t  o r  les s o n a  rando m se t  o f  S R N 

transformations .  Th e tre e ha s bee n simplified ,  th e num -
ber s i n parenthese s i s th e tota l  numbe r  o f  string s a t  tha t 
nod e wit h th e sam e las t  tw o symbols . 

Conclusion 

Neural information processing approach to cognitive 
scienc e an d artificia l  intelligenc e problems ,  suc h a s forma l 
languag e learnin g (Gold ,  1969) ,  involve s th e us e o f  recur -
ren t  network s tha t  embod y th e interna l  stat e mechanism s 
underlyin g automat a model s (Pollack ,  1991 ;  Elman ,  1992 ; 
Gile s e t  al. ,  1992 ;  Servan-Schreibe r  e t  al. ,  1988 ;  Watrou s 
& Kuhn ,  1992) .  Unlik e traditiona l  automata -  an d gram -
mar-base d approaches ,  learnin g system s relyin g o n recur -
ren t  network s carr y a  difficul t  burden :  i t  i s stil l  unclea r  wha t 
thes e network s ar e processing ,  le t  alon e wha t  the y ar e learn -
ing . 

The IF S approac h explain s th e phenomen a o f  stat e clus -
terin g i n recurren t  networks .  Servan-Schreibe r  e t  a l 
reporte d significan t  clusterin g i n simpl e recurren t  net -
work s bot h befor e an d afte r  trainin g fro m th e Rebe r  gram -
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Figur e 6 :  Th e Sequentia l  Cascade d Networ k (SCN ) 

transformation s an d hidde n uni t  representations .  Th e 

axe s measur e th e activation s o f  stat e node s on e an d two . 

mar prediction task. A set of random transformations will 
normall y reduc e th e volum e o f  th e recurren t  network s stat e 
space ,  an d plac e a n uppe r  boun d o n th e distanc e betwee n 
tw o transforme d points .  Th e uppe r  boun d ha s a  significan t 
effec t  o n th e clustering ,  especiall y whe n th e transformation s 
map t o ver y smal l  region s o f  stat e space .  Th e predictio n tas k 
require s tha t  th e networ k arrang e i t  stat e cluster s t o satisf y 
constraint s impose d b y th e singl e laye r  networ k generatin g 
predictions . 

Thus ,  th e singl e mos t  cite d "discovery "  attribute d t o recur -
ren t  networ k trainin g is ,  i n fact ,  a  propert y independen t  o f  it s 
training .  I t  appear s tha t  th e networ k i s adjustin g it s observa -
tio n o f  th e interna l  state ,  th e state-to-outpu t  mapping ,  t o 
accommodat e th e task .  Suc h observatio n shift s ar e capabl e 
of  inducin g a  wid e variet y o f  behaviora l  complexitie s 
(Kolen ,  1993) .  Give n tha t  th e recurren t  networ k state s clus -
te r  themselves ,  i t  i s  alway s possibl e t o construc t  a  disjunc -
tiv e outpu t  functio n fo r  a  randoml y generate d networ k tha t 
arbitraril y  label s thes e region s wit h th e correc t  stat e labeling . 

I n orde r  t o understan d th e behavio r  o f  recurren t  networks , 
thes e device s shoul d b e regarde d a s dynamica l  system s 
(Kolen ,  1994a) .  I n particular ,  mos t  commo n recurren t  net -
work s ar e actuall y iterate d mappings ,  nonlinea r  version s o f 
Bamsley' s iterate d functio n system s (Bamsley ,  1988) .  Whil e 
automat a als o fal l  int o thi s class ,  the y ar e a  specializatio n o f 
dynamica l  systems ,  namel y discret e tim e an d stat e systems . 
Unfortunately ,  informatio n processin g abstraction s ar e onl y 
applicabl e withi n thi s domai n an d d o no t  mak e an y sens e i n 

Figur e 7 :  Th e hidde n uni t  representation s o f  al l  Rebe r 

string s o f  lengt h eigh t  o r  les s i n th e SCN.  Th e axe s mea -

sur e th e activation s o f  stat e node s on e an d tw o 

th e broade r  domain s o f  continuou s tim e o r  continuou s 
spac e dynamica l  systems . 
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Tabl e 1 :  Th e S R N Transformation s 

SYM 

t 

P 

s 

X 

V 

SYM 

t 

P 

s 

X 

V 

a 

-0.44498 3 

-0.44498 3 

-0.44498 3 

-0.44498 3 

-0.44498 3 

a 

-0.63327 3 

-0.02558 8 

1.30049 0 

1.17149 0 

-1.22090 0 

b 

-0.43306 7 

-0.43306 7 

-0.43306 7 

-0.43306 7 

-0.43306 7 

Tabl e 2 

b 

-0.55816 9 

-0.67776 5 

-0.69764 4 

0.86664 0 

-1.25400 0 

c 

0.75909 5 

0.75909 5 

0.75909 5 

0.75909 5 

0.75909 5 

:  Th e S C N Tr a 

c 

-1.7399 9 

0.96279 8 

1.2181 1 

0.11150 5 

0.0956 4 

d 

0.49262 5 

0.49262 5 

0.49262 5 

0.49262 5 

0.49262 5 

nsformation s 

d 

0.43123 1 

-0.27790 0 

0.24311 8 

-0.49644 9 

-0.8285 4 

e 

-0.71950 7 

0.52829 6 

-1.4476 4 

-0.36945 4 

1.1145 8 

e 

0.25937 5 

1.31747 0 

-0.26287 9 

-0.46407 6 

-0.10556 2 

f 

1.2328 4 

0.12127 2 

0.70086 5 

-1.0021 4 

1.5999 1 

f 

-0.8919 7 

1.1223 3 

-0.7688 1 

2.3768 6 

-0.3628 1 
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