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Abstrac t 

Interpreting the student's actions and inferring the student's 
solutio n pla n durin g proble m solvin g i s on e o f  th e mai n chal -
lenge s o f  tutorin g base d o n cognitiv e apprenticeship ,  especiall y 
i n domain s wit h larg e solutio n spaces .  W e presen t  a  studen t 
modelin g framewor k tha t  perform s probabilisti c  pla n recogni -
tio n b y integratin g i n a  Bayesia n networ k knowledg e abou t  th e 
availabl e plan s an d thei r  structur e an d knowledg e abou t  th e 
student' s action s an d menta l  state .  Beside s prediction s abou t 
th e mos t  probabl e pla n followed ,  th e Bayesia n networ k pro -
vide s probabilisti c  knowledg e tracing ,  tha t  i s  assessmen t  o f  th e 
student' s domai n knowledge .  W e sho w ho w ou r  studen t  mode l 
can b e use d t o tailo r  scaffoldin g an d fadin g i n cognitiv e ap -
prenticeship .  I n particular ,  w e describ e ho w th e informatio n 
i n th e studen t  mode l  an d knowledg e abou t  th e structur e o f  th e 
availabl e plan s ca n b e use d t o devis e heuristic s t o generat e 
effectiv e hintin g strategie s whe n th e studen t  need s help . 

Introduction 

The overal l  goa l  o f  ou r  researc h i s t o develo p a  tutorin g syste m 
tha t  teache s proble m solvin g skill s  throug h cognitiv e appren -
ticeshi p [Collin s e t  a). ,  1989] .  I n cognitiv e apprenticeshi p th e 
tuto r  model s fo r  th e student s ho w t o solv e problems ,  scaf -
fold s student s a s the y firs t  tr y t o solv e problem s o n thei r  own , 
the n graduaW y fade s th e scaffolding .  Scaffoldin g take s man y 
forms .  Fo r  instance ,  student s ca n b e le d t o solv e th e proble m 
by usin g a n optima l  solutio n an d b y explicitl y  performin g al l 
th e step s i n th e solution .  W h e n thi s kin d o f  scaffoldin g ha s 
fade d out ,  student s ca n solv e problem s a s the y please .  I n 
addition ,  scaffoldin g require s th e tuto r  t o provid e hel p an d 
unsolicite d hint s whe n th e studen t  i s lost .  Virtuall y ever y 
pedagogica l  activit y involve d i n scaffoldin g face s th e difficul t 
proble m o f  interpretin g th e student' s actions .  Fo r  instance ,  i n 
orde r  t o respon d t o a  student' s reques t  fo r  hel p o r  t o provid e 
unsolicite d hints ,  th e coac h mus t  determin e wha t  lin e o f  rea -
sonin g th e studen t  ha s bee n followin g s o tha t  i t  ca n construc t 
an appropriat e hint . 

The proble m o f  inferrin g fro m a n agent' s action s th e 
pla n o r  lin e o f  reasonin g bein g followe d i s know n i n A I 
as pla n recognitio n [Kaut z an d Allen ,  1986] .  Pla n recogni -
tio n usuall y involve s inheren t  uncertaint y [Carberry ,  1990 , 
Charnia k an d Goldman ,  1993 ,  Hube r  e t  al. .  1994 ]  an d i n cog -
nitiv e apprenticeshi p i t  i s  a n especiall y har d proble m 
[Self ,  1988] ,  sinc e cognitiv e apprenticeship s teac h intellectua l 
skill s  wher e mos t  o f  th e importan t  activit y  i s hidde n fro m th e 
coaches '  view .  I n thi s pape r  w e describ e a n evolvin g studen t 
modelin g framework ,  base d o n [Conat i  an d Vanlehn ,  1996 , 
Marti n an d VanLehn ,  1995] ,  tha t  perform s pla n recognitio n 

by integratin g probabilisti c  reasonin g an d informatio n o n th e 
student' s menta l  stat e wit h knowledg e o f  availabl e plans . 

Ver y littl e researc h ha s bee n devote d t o pla n recogni -
tio n i n studen t  modeling ,  non e o f  whic h include s prob -
abilisti c  pla n recognition .  Probabilisti c  reasonin g ha s 
been applie d i n studen t  modelin g onl y t o perfor m knowl -
edg e tracin g [Anderso n e t  al. ,  1995] ,  tha t  i s  t o asses s th e 
student' s domai n knowledg e an d possibl e misconception s 
fro m proble m solvin g performanc e [Corbette t  al. ,  1995 , 
Marti n an d VanLehn .  1995 ,  Mislevy ,  1995 .  Petrushin .  1993) . 
Most  o f  th e attempt s t o appl y pla n recognitio n t o intel -
ligen t  tutorin g system s rel y onl y o n th e librar y o f  th e 
availabl e plans ,  withou t  takin g int o consideratio n th e stu -
dent' s degre e o f  master y i n th e targe t  domai n assesse d b y 
knowledg e tracin g t o hel p discriminat e amon g alternativ e 
interpretation s o f  th e students '  action s [Genesereth .  1982 , 
Kohe n an d Greer ,  1993 ,  Ros s an d Lewis ,  1988] .  Th e Ander -
sonia n tutor s [Anderso n e t  al. ,  1995 ]  perfor m bot h knowledg e 
tracin g an d mode l  tracing ,  a  ver y simpl e for m o f  pla n recog -
nition ,  bu t  the y d o no t  integrat e th e tw o kind s o f  assessment . 
Instead ,  the y reduc e th e complexit y o f  pla n recognitio n b y 
restrictin g th e numbe r  o f  acceptabl e solution s tha t  th e stu -
dent  ca n follo w an d b y askin g th e studen t  whe n ther e i s stil l 
ambiguit y amon g tw o o r  mor e solutions . 

I n th e firs t  par t  o f  th e pape r  w e describ e h o w ou r  stu -
dent  mode l  use s a  compact ,  graph-base d representatio n o f 
plan s tha t  encode s th e plausibl e line s o f  reasonin g fo r  solv -
in g a  proble m i n th e targe t  tas k domai n (Newtonia n physic s 
i n thi s application )  an d ho w th e grap h an d th e student' s ac -
tion s ar e use d t o dynamicall y generat e a  Bayesia n networ k 
[Pearl ,  1988 ]  tha t  perform s pla n recognitio n an d knowledg e 
tracing .  I n th e secon d par t  o f  th e pape r  w e describ e h o w a 
tutorin g syste m base d o n cognitiv e apprenticeshi p ca n us e th e 
studen t  mode l  t o tailo r  scaffoldin g an d fading .  I n particula r 
we describ e ho w w e integrat e probabilisti c  pla n recognition , 
knowledg e tracin g an d hin t  selectio n rule s t o generat e effec -
tiv e hint s whe n a  studen t  need s help . 

A graph based model of the problem solving 

proces s 

I n orde r  t o decid e whic h lin e o f  reasonin g underlie s a  stu -
dent' s actio n th e syste m mus t  hav e a  se t  o f  line s o f  reasonin g 
tha t  student s ma y pursue .  Thi s se t  represent s th e solutio n 
spac e o f  a  proble m an d i n domain s lik e physic s ca n b e quit e 
large .  Th e dat a structur e tha t  w e us e t o represen t  th e solutio n 
spac e o f  a  proble m i s th e solutio n graph .  Th e solutio n grap h 
i s automaticall y buil t  fro m a  knowledg e bas e o f  productio n 
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"BOY+FLOUR"  PROBLEM 
A bo y havin g a  mas s o f  75k g (Mb) ,  hold s i n hi s hand s 
a ba g o f  flour  weighin g 40N(Wf) . 
Wit h wha t  forc e N  doe s th e doo r  pus h u p o n th e boy' s feet ? 

SOLUTION PLA N 
"SummWeight " 
Mb=75; 
Wf  =  40 ; 
G =  9.8 ; 
Wb =  Mb'G ; 
Wa =  W« +  Wb; 
N =  Wa; 

SOLUTION PLA N 
"SummMaaa" 
Mb=75; 
Wt  =  40 ; 
G =  9.8 ; 
Mf  =  Wf/G ; 
Ma =  Mf  +  Mb ; 
Wa =  Ma'G ; 
N =  Wa; 

(Wi  =  lou l  weigh t  o f  bo y an d Hour ;  M a =  to(a l  mass o f  bo y an d flour) 

Figur e 1 :  A  simpl e proble m an d it s correc t  solutio n plan s 

rule s tha t  contain s th e physic s principle s necessar y t o solv e 
Newton ia n physic s problems .  I t  ca n compactl y represen t  th e 
solutio n spac e fo r  an y give n physic s problem . 

T h e solutio n grap h contain s thre e type s o f  information , 
wh i c h represen t  (1 )  al l  th e plan s t o solv e th e prob le m tha t  ca n 
b e derive d b y th e rule s i n th e physic s know ledg e base ;  (2 ) 
al l  th e algebrai c solutio n path s tha t  develo p thes e plans ;  (3 ) 
th e reasonin g behin d eac h ste p i n a  plan .  Let' s consider ,  fo r 
example ,  th e solutio n grap h fo r  th e physic s prob le m i n Figur e 
1.  Ther e ar e t w o differen t  plan s fo r  thi s problem :  eithe r  find 
th e weigh t  o f  th e flour  an d ad d th e weight s o r  find  th e m a s s o f 
th e boy ,  ad d th e masses ,  the n conver t  t he m t o weight .  T h e n 
equat e th e tota l  weigh t  o f  th e bo y an d th e flour  t o th e sough t 
norma l  force .  Thes e t w o plan s ar e represente d b y th e t w o set s 
o f  primitiv e equation s " S u m m W e i g h t "  an d " S u m m M a s s "  i n 
Figur e 1 .  W e defin e a s primitiv e equation s thos e equation s 
tha t  ar e direc t  application s o f  physica l  law s o r  mathematica l 
principles ,  o r  quantitie s give n i n th e proble m statement . 

T h e primitiv e equation s fo r  a  pla n ca n b e generate d an d 
c o m b i n e d i n m a n y differen t  w a y s ,  generatin g a  larg e n u m b e r 
o f  solutio n paths .  Solutio n path s ca n b e generated ,  fo r  ex -
ample ,  b y forwar d chaining ,  backwar d chaining ,  dept h first, 
breadt h first  o r  an y combinatio n o f  thes e strategies .  Existin g 
tutorin g system s tha t  provid e suppor t  durin g proble m solvin g 
reduc e th e n u m b e r  o f  th e acceptabl e solutio n path s b y forcin g 
th e student s t o follo w a  particula r  prob le m solvin g strateg y 
[Anderso n e t  al. .  1995 ,  Derr y an d Hawkes ,  1993] .  Ou r  solu -
tio n graph ,  o n th e othe r  hand ,  provide s a  compac t  represen -
tatio n o f  al l  th e possibl e solutio n path s tha t  develo p a  give n 
pla n an d support s tutoria l  interactio n tha t  i s mor e flexible  an d 
simila r  t o thos e generate d b y huma n physic s tutors . 

A simplifie d solutio n grap h fo r  th e proble m i n Figur e 1  i s 
represente d i n Figur e 2A .  I t  contain s node s representin g prim -
itiv e equation s an d proble m variable s (ellipse s an d diamond s 
respectivel y i n Figur e 2 A ) .  Primitiv e equation s correspon d 
t o th e applicatio n o f  rule s o f  th e knowledg e bas e tha t  en -
cod e quantitativ e physic s principles .  W h e n a  rul e i s applie d 
an applicatio n nod e representin g th e correspondin g primi -
tiv e equatio n i s entere d i n th e solutio n graph ,  alon g wit h it s 
paren t  node s representin g th e k n o w n variable s an d it s chil d 
nod e representin g th e compute d variable .  Give n th e solu -
tio n graph ,  eac h equatio n entere d b y th e use r  i s interprete d 
by decomposin g i t  int o primitiv e equation s an d b y markin g 

th e correspondin g applicatio n node s i n th e solutio n graph ,  a s 
show n i n Figur e 2A . 

Behin d eac h applicatio n nod e stand s a  dependenc y net -
wor k tha t  record s th e derivatio n o f  th e correspondin g primi -
tiv e equation .  Fo r  instance ,  a  simplifie d dependenc y networ k 
fo r  th e equatio n N  =  W a i s show n i n Figur e 3 .  Ther e i s on e 
dependenc y networ k fo r  eac h applicatio n node ,  bu t  th e depen -
denc y network s o f  differen t  node s ofte n shar e larg e sub-nets . 
For  simplicity ,  i n th e solutio n grap h o f  Figur e 2 A th e complet e 
dependenc y network s ar e represente d b y singl e physic s rules , 
th e rectangle s i n th e graph .  Th e dependenc y network s ar e 
neede d i n orde r  t o interpre t  action s tha t  ar e no t  equations .  Fo r 
instance ,  suppos e th e studen t  initialize s a  forc e diagra m fo r 
th e compoun d objec t  consistin g o f  th e bo y an d th e bag .  Thi s 
actio n correspond s t o th e darkene d nod e labelle d "boy-ba g i s 
an object "  i n Figur e 3 . 

Th e solutio n grap h allow s th e tuto r  t o accep t  th e student' s 
actionsinanyorder.a s lon g a s the y belongtoaknow n plan .  I n 
fac t  an y traversa l  o f  th e grap h tha t  connect s sought s t o given s 
represent s a  lega l  solutio n pat h withi n a  specifi c  plan ,  an d vic e 
vers a ever y correc t  solutio n pat h correspond s t o a  traversa l  o f 
th e solutio n graph .  Th e solutio n grap h als o allow s t o kee p 
trac k o f  th e action s tha t  th e student' s ha s performe d s o far . 

Bayesian interpretation of student actions 

Afte r  a  student' s actio n ha s bee n mappe d o n th e solutio n 
graph ,  th e syste m use s th e mappin g an d th e structura l  infor -
matio n encode d i n th e solutio n grap h t o updat e a  Bayesia n 
networ k i n charg e o f  pla n recognition .  A  Bayesia n networ k 
[Pearl ,  1988 ]  i s a  directe d acycli c grap h wher e node s repre -
sen t  rando m variable s an d arc s represen t  probabilisti c  depen -
dencie s amon g th e variables .  I n ou r  Bayesia n network ,  th e 
rando m variable s represen t  piece s o f  domai n knowledge ,  pos -
sibl e plan s t o solv e a  problem ,  th e student' s action s an d th e 
possibl e inference s tha t  migh t  hav e generate d th e actions . 

Figur e 2 B show s th e stat e o f  th e Bayesia n networ k afte r  i t 
has bee n incrementall y update d wit h th e tw o equation s N  = 
Wa an d M f  =  4 0 / G .  Th e node s a t  th e botto m o f  th e 
network ,  calle d actio n nodes ,  represen t  th e entere d equations . 
For  eac h actio n node ,  ther e i s a  derivatio n nod e fo r  an y wa y 
foun d i n th e grap h t o deriv e th e equatio n (node s der ]  an d der 2 
i n Figur e 2 B )  an d a n additiona l  derivatio n nod e tha t  represent s 
any othe r  wa y i n whic h th e actio n coul d hav e bee n derived ,  fo r 
exampl e b y guessin g o r  b y copyin g fro m a  previou s proble m 
(node s other !  an d other !  i n Figur e 2B) .  Th e tw o equation s i n 
our  exampl e ca n b e derive d i n onl y on e way ,  therefor e onl y 
on e derivatio n nod e (beside s th e othe r  node )  i s inserte d fo r 
eac h o f  them .  I f  th e studen t  type d th e equatio n W a =  77 5 
th e syste m woul d find  i n th e grap h tw o way s t o generat e it , 
and tw o derivatio n node s woul d b e inserte d i n th e network . 
Bot h actio n an d derivatio n node s hav e value s T R U E / F A L S E 
representin g th e probabilit y  tha t  th e action s o r  th e derivation s 
hav e (o r  hav e not )  bee n performed . 

A n actio n nod e i s linke d t o th e correspondin g derivatio n 
node s vi a a n O R lin k matrix ,  whic h define s th e conditiona l 
probabilit y  distributio n o f  th e actio n nod e give n th e probabil -
it y distributio n o f  it s  parent s a s a  logica l  O R .  Tha t  is ,  a n actio n 
nod e i s T R U E i f  a t  leas t  on e o f  it s paren t  derivatio n node s i s 
T R UE an d F A L S E otherwise .  Eac h derivatio n nod e i s linke d 
throug h a n A N D lin k matri x t o it s paren t  nodes ,  correspond -
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STUDENTS 
INPUT 
n T w ^ 

Mf  =  40/ G 

SOLUTION G R A PH 

givefiT ]  given 2 

CWb =  7s > 

wmni-ni**'* ; 

summ 

Newton' s Secon d 
Law 

a =  77 5 

Redundanc y 
•  IS W 

SM 
bot h 
SummMass SummWeight 

Mewton' t  Secon d 
Law 

iven i W=M*G 

N=W W f - 4 0 Wf=Mf G 

other l 

Mf=40/ G 

Figur e 2 :  Exampl e o f  solutio n grap h an d Bayesia n networ k fo r  th e proble m i n Figur e 1 

in g t o th e applicatio n node s marke d i n th e solutio n grap h a s 
generatin g th e derivation .  I n Figur e 2B ,  fo r  example ,  th e 
paren t  applicatio n node s o f  th e derivatio n nod e der 2 ar e th e 
applicatio n node s labele d W f  =  4 0 an d W f  =  M f * G .  Th e 
A ND lin k matri x betwee n derivatio n an d applicatio n node s 
represen t  th e fac t  tha t  a  derivatio n occur s i f  an d onl y i f  al l  th e 
necessar y rule s an d given s hav e bee n applied . 

Each application node is linked to a node that represents 
th e correspondin g rul e an d t o a  nod e representin g th e pla n 
t o whic h th e rul e applicatio n belongs .  Th e solutio n grap h 
indicate s t o whic h pla n eac h applicatio n nod e belong s an d 
th e correspondin g link s ar e inserte d i n th e Bayesia n network . 
The probabilit y  o f  th e T R U E valu e fo r  a  pla n nod e represent s 
th e probabilit y  tha t  th e studen t  i s followin g tha t  plan .  Th e 
probabilit y  o f  th e T R U E valu e fo r  a  rul e nod e represent s th e 
probabilit y  tha t  th e studen t  know s tha t  rule .  Th e lin k matri x 
betwee n a n applicatio n nod e an d it s parent s i s a  leaky-AND , 

t o represen t  th e fac t  tha t  whe n a  studen t  generate s a  rul e 
applicatio n sh e almos t  alway s know s th e paren t  rul e an d i s 
followin g th e paren t  plan ,  althoug h ther e i s a  smal l  probabilit y 
tha t  sh e generate d th e applicatio n withou t  actuall y knowin g 
th e rul e o r  withou t  havin g tha t  pla n i n mind . 

Al l  th e pla n node s i n th e Bayesia n networ k ar e linke d t o a 
c o m m on ancestor ,  th e nod e labele d a s redundanc y i n figur e 
figur e 2B .  Th e value s o f  thi s nod e allow s t o explicitl y  rep -
resen t  th e probabilit y  tha t  th e studen t  i s followin g onl y on e 
of  th e availabl e plan s (value s S W an d S M i n figur e 2 B )  o r 
mor e the n on e pla n a t  a  tim e (valu e bot h i n figur e 2 B ) . 

Th e actio n node s a t  th e botto m o f  th e networ k represen t  ev -
idenc e comin g fro m th e student ,  therefor e thei r  T R U E valu e 
i s clampe d t o 1  an d tha t  evidenc e i s propagate d upwar d i n 
th e networ k vi a a  Bayesia n updat e algorith m (w e us e th e 
Lauritzen-Spiegelhalte r  algorith m [Pearl ,  1988]) .  I n Figur e 
2 B th e highe r  probabilit y  o f  th e " S u m m M a s s "  nod e reflect s 
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Ile a tuppo m QrtvK<loni l  Forc e 
rul e 

Normi l  Forc e boy-b*9l i 
• r  eirt h 

orm«l  lor e 
Ill U 

•  act s o n 
boy-bi g 

N K t t o n 

torc M 
boy-b a 

Newton i  Secon d lo<cM(bo»-b«9 l 
{N,Wi | 

Figur e 3 :  Dependenc y networ k fo r  th e applicatio n nod e 
"N=Wa" 

n^ l  \ J ^  {  P3 i  tP^ I  I  PB |  \pS Y 

F1 

A bloc k o f  mas s m =:  2k g 
slide s o n a  frictionles s tabl e 
pulle d b y a  horizonta l  forc e 
F1 o f  5N . 

Fin d th e acceleratio n o f  th e block . 

F1 

| W 

5 =  2* a 

Figur e 4 :  Exampl e o f  ambiguou s student' s actio n 

th e fac t  that ,  althoug h th e equatio n N  =  W a belong s t o bot h 
solutions ,  th e equatio n M f  =  4 0 / G provide s clea r  evidenc e 
fo r  th e pla n " S u m m M a s s " .  I n addition ,  th e propagatio n o f 
evidenc e t o rul e node s i n th e networ k provide s assessmen t  o n 
th e student' s knowledg e o f  th e correspondin g physic s prin -
ciples .  Afte r  th e studen t  ha s finishe d wit h th e problem ,  th e 
probabilitie s o f  th e rul e node s an d th e dependencie s betwee n 
rule s ar e rea d ou t  o f  th e Bayesia n networ k an d becom e th e 
update d studen t  mode l  [Marti n an d VanLehn ,  1995 ]  tha t  wil l 
be use d t o ai d pla n recognitio n i n futur e interaction s wit h th e 
student ,  a s w e wil l  se e i n th e nex t  section . 

Using the student model to tailor the scaffolding 

O ne for m o f  scaffoldin g i n cognitiv e apprenticeshi p consist s 
of  forcin g th e studen t  t o explicitl y  perfor m al l  th e step s i n 
a solution ,  fo r  exampl e t o dra w al l  th e force s involve d i n 
a physic s proble m befor e enterin g equations .  Thi s kin d o f 
scaffolding ,  calle d reification ,  i s  usuall y applie d t o novic e 
student s an d fade d whe n th e student s becom e mor e skille d 
i n th e targe t  domain .  Fadin g make s th e interpretatio n o f  th e 
student' s action s mor e difficult ,  becaus e mor e o f  th e studen t 
reasonin g i s hidde n fro m th e tutor .  Ou r  studen t  mode l  allow s 
th e syste m t o handl e th e increase d ambiguit y generate d b y 

fadin g an d t o mak e mor e flexibl e decision s abou t  whe n t o 
fad e th e scaffolding ,  instea d o f  relyin g o n fixe d rule s suc h 
as "fad e reificatio n afte r  th e studen t  ha s solve d 5  problem s 
correctly "  Let' s suppose ,  fo r  example ,  tha t  afte r  solvin g th e 
proble m i n th e previou s sectio n wit h reificatio n turne d o n ou r 
studen t  start s solvin g th e proble m i n th e uppe r  lef t  windo w i n 
Figur e 4 .  TTi e studen t  type s th e equatio n i n th e right  windo w 
i n Figur e 4 ,  withou t  drawin g force s i n th e botto m lef t  window . 
Shoul d th e tuto r  kee p reificatio n turne d o n an d as k th e studen t 
t o dra w th e forces ? Th e tuto r  use s th e probabilitie s i n th e 
Bayesia n networ k generate d afte r  th e student' s actio n t o mak e 
th e decision . 

Th e equatio n tha t  th e studen t  type d ca n b e generate d eithe r 
by th e correc t  versio n o f  Newton' s Secon d Law ,  F  =  m a ,  i n 
whic h F  i s th e su m o f  al l  th e thre e force s actin g o n th e bod y 
(show n b y th e vector s i n th e botto m lef t  w indow )  o r  b y a n 
incorrec t  versio n i n whic h F  i s an y forc e applie d t o th e body . 
I f  thi s incorrec t  versio n o f  Newton' s Secon d L a w i s include d 
i n th e system' s knowledg e base ,  a  correspondin g incorrec t 
pla n wil l  b e include d i n th e problem' s solutio n grap h an d th e 
Bayesia n networ k generate d afte r  th e equatio n 5  =  2 * a wil l 
be th e on e i n Figur e 5 .  I f  th e onl y informatio n availabl e t o 
th e syste m wa s th e entere d equation ,  the n propagatio n o f  thi s 
evidenc e i n th e networ k woul d assig n equa l  probabilit y  t o th e 
tw o possibl e derivation s an d t o th e tw o possibl e plan s an d th e 
onl y wa y fo r  th e tuto r  t o understan d i f  th e studen t  followe d th e 
correc t  o r  th e incorrec t  pla n woul d b e t o forc e th e studen t  t o 
dra w th e force s i n th e fre e bod y diagram .  However ,  sinc e th e 
studen t  mode l  generate d b y th e previou s interactio n wit h th e 
studen t  report s a  hig h probabilit y  tha t  th e studen t  know s al l 
th e piece s o f  knowledg e require d t o correctl y appl y Newton' s 
Secon d L a w (th e rul e node s i n Figur e 3) ,  the n th e Bayesia n 
networ k assign s a  hig h probabilit y  t o th e correc t  derivatio n 
and t o th e correc t  pla n an d th e tuto r  ca n avoi d imposin g th e 
reificatio n o f  forces . 

Anothe r  fundamenta l  componen t  o f  scaffoldin g i s th e capa -
bilit y  t o provid e help .  Providin g hel p durin g proble m solvin g 
i s a  delicat e pedagogica l  problem .  A  reques t  fo r  hel p in -
dicate s tha t  th e studen t  reache d a n impass e i n th e proble m 
solvin g process .  Th e impass e ca n b e turne d int o a  learnin g 
episod e i f  th e tuto r  help s th e studen t  generat e th e inference s 
necessar y t o fil l  th e knowledg e ga p tha t  create d th e impasse . 
Hintin g i s on e o f  th e strategie s ofte n use d b y huma n tutor s 
t o provid e constructiv e hel p [ H u m e e t  al. ,  1996] .  O f  course , 
th e necessar y conditio n t o provid e usefu l  hint s i s tha t  th e tu -
to r  understand s w h y th e impass e happened .  Sometime s th e 
studen t  ca n articulat e fo r  th e tuto r  wha t  he r  proble m is ,  bu t 
ofte n th e studen t  i s to o confuse d t o b e abl e t o tel l  wh y sh e i s 
unabl e t o continu e an d th e tuto r  mus t  us e alternativ e criteri a 
t o decid e wha t  i s th e bes t  wa y t o hel p th e studen t  solvin g th e 
impasse . 

Th e structura l  informatio n i n th e solutio n grap h an d th e 
probabilitie s generate d b y th e Bayesia n networ k ca n b e use d 
t o devis e strategie s fo r  selectin g wha t  t o hin t  fo r  (i. e th e hin t 
target) .  Th e Bayesia n networ k generate s prediction s abou t 
what  pla n th e studen t  i s  following .  Give n th e plan ,  a  hin t 
generatio n modul e determine s fro m th e solutio n grap h wha t 
step s hav e alread y bee n performe d alon g thi s pla n an d wha t 
step s ar e left .  TTi e step s lef t  t o b e performe d becom e th e 
hintin g se t  withi n whic h th e hin t  generato r  choose s th e targe t 
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Figur e 5 :  Bayesia n networ k buil t  afte r  th e student' s actio n i n Figur e 3 

of  th e nex t  hint .  Let' s suppose ,  fo r  example ,  tha t  th e studen t 
ask s fo r  hel p afte r  typin g th e t w o equation s i n Figur e 2 A .  A t 
thi s poin t  S u m m M a ss i s th e mos t  probabl e plan ,  a s s h o w n i n 
th e networ k i n Figur e 2 B ,  an d th e hintin g se t  consist s o f  th e 
followin g primitiv e equations : 

{ G =  9.8 .  M b =  75 ,  M a = M b +  Mf ,  W a = M a*  G } 
Severa l  heuristic s ca n b e use d t o selec t  amon g equation s i n th e 
hintin g set .  O n e heuristi c give s minima l  priorit y t o hint s tha t 
simpl y remin d th e studen t  o f  value s tha t  ar e proble m givens . 
I n ou r  exampl e thi s heuristi c woul d rul e ou t  usin g th e step s 
G =  9. 8 an d M 6 =  7 5 a s hints .  T w o differen t  heuristic s 
can b e base d o n th e probabilisti c  assessmen t  o f  th e student' s 
knowledg e o f  physic s rules .  Th e remindin g heuristi c select s 
step s relate d t o physic s knowledg e tha t  ha s hig h probabil -
it y  o f  bein g mastered .  Th e hint s generate d b y thi s heuristi c 
ar e analogou s t o thos e categorize d i n [ H u m e e t  al. ,  1996 ]  a s 
poinlin g hints ,  tha t  i s  hint s pointin g t o well-know n informa -
tio n tha t  th e studen t  doesn' t  realiz e i s relevan t  i n th e curren t 
situation .  I n ou r  exampl e thi s heuristi c woul d selec t  th e ste p 
Wa -  M a *  G ,  sinc e i t  i s  relate d t o th e rul e W =  M * G (se e 
solutio n grap h Figur e 2 A )  whic h ha s reache d a  hig h probabil -
it y o f  bein g know n (se e Bayesia n networ k i n Figur e 2 3 )  afte r 
th e studen t  type d M f  =  40 /G . 

The secon d heuristic ,  th e lo w knowledg e heuristic ,  select s 
fo r  hintin g a  ste p relate d t o physic s knowledg e tha t  i s no t  ev -
identl y know n b y th e student .  Thi s heuristi c generate s hint s 
analogou s t o thos e classifie d i n [Humee t  al. ,  1996 ]  a s con -
veyin g informatio n hints ,  tha t  sugges t  informatio n promptin g 
th e studen t  t o infe r  a n answe r  o r  th e nex t  ste p o f  a  solution . 
I n ou r  example ,  thi s heuristi c woul d selec t  fo r  hintin g th e ste p 
M a -  M b +  M f ,  sinc e ther e i s n o direc t  evidenc e fro m th e 

student' s action s tha t  th e studen t  know s th e relate d rul e "th e 
tota l  mas s o f  a  syste m i s th e su m o f  th e masse s o f  th e system' s 
components" . 

A third heuristic that can be combined with either of the 
tw o abov e i s  th e adjacenc y heuristic .  I t  select s a  ste p adjacen t 
i n th e solutio n grap h t o th e las t  ste p performe d b y th e student . 
I n ou r  example ,  th e onl y ste p adjacen t  t o th e las t  performed , 
M f  =  4 0 / G ,  i s M a =  M b +  M f .  H o w t o combin e thes e 
heuristic s an d h o w t o se t  thei r  prioritie s whe n the y provid e 
conflictin g suggestion s i s a n ope n researc h issue ,  sinc e no t 
many result s ar e availabl e abou t  h o w huma n tutor s selec t 
thei r  hint s an d h o w effectiv e the y ar e [Humeetal. ,  1996] . 
O ne o f  ou r  hypothese s i s tha t  th e adjacenc y heuristi c shoul d 
hav e hig h priorit y sinc e i t  i s importan t  tha t  th e conten t  o f  th e 
hin t  preserve s a  discernibl e connectio n wit h wha t  th e studen t 
i s tryin g t o do .  A  secon d hypothesi s i s tha t  th e remindin g 
heuristi c shoul d b e use d wit h care ,  t o avoi d suggestin g t o th e 
studen t  somethin g tha t  sh e alread y know s h o w t o perform .  T o 
thi s regard ,  a  variatio n o f  th e remindin g heuristi c woul d b e t o 
conside r  whethe r  th e hig h probabilit y  o f  th e targe t  knowledg e 
derive s fro m recen t  studen t  action s (a s i n ou r  example )  o r  fro m 
action s tha t  th e studen t  ha s performe d i n previou s problems . 
I f  th e targe t  knowledg e ha s bee n use d recently ,  i t  i s les s likel y 
tha t  th e studen t  need s t o b e reminde d o f  it .  Fo r  instance ,  i n 
our  exampl e th e studen t  ha s jus t  applie d th e rul e W =  M * G 
t o generat e M f  =  4 0 / G ,  therefor e i t  i s  no t  ver y plausibl e 
tha t  n o w sh e i s havin g problem s i n applyin g th e rul e t o fin d 
W a.  Give n thi s variatio n th e remindin g heuristi c al l  th e 
thre e heuristic s liste d abov e poin t  t o th e selectio n o f  M a = 
M f  +  M b a s th e hin t  target .  W e ar e plannin g t o tes t  thes e 
and additional/alternativ e hypothese s an d heuristic s b y usin g 
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the m t o implemen t  differen t  hin t  selectio n strategie s an d b y 
testin g thes e strategic s wit h rea l  students . 

Conclusions 

I n thi s pape r  w e hav e describe d a  studen t  modelin g framewor k 
tha t  perform s knowledg e tracin g an d pla n recognitio n whil e 
student s solv e problem s i n Newtonia n physics .  Ou r  approac h 
t o pla n recognitio n i s innovativ e i n tha t  w e us e a  Bayesia n 
Networ k t o integrat e i n a  principle d wa y knowledg e abou t  th e 
student' s behavio r  an d menta l  stat e wit h knowledg e abou t  th e 
availabl e plans .  Th e availabl e plan s ar e encode d i n a  graph -
base d representatio n tha t  compactl y represent s al l  th e differen t 
order s i n whic h eac h pla n ca n b e implemente d an d allow s 
m a x i m u m flexibility  whe n acceptin g th e students '  solutions . 
We hav e presente d example s o f  ho w ou r  studen t  mode l  ca n 
be use d t o tailo r  cognitiv e apprenticeship ,  i n particula r  t o 
generat e effectiv e hint s whe n th e studen t  need s help . 

We hav e starte d t o evaluat e th e accurac y o f  th e predic -
tion s generate d b y ou r  mode l  o n th e solution s generate d b y 
thre e student s solvin g th e proble m presente d i n thi s pape r  an d 
on th e solution s generate d b y tw o student s solvin g a  mor e 
comple x proble m involvin g 4  differen t  solutio n plan s an d 1 8 
primitiv e equations .  Th e prediction s generate d b y th e mode l 
afte r  eac h ste p o f  th e 5  solution s hav e bee n consisten t  wit h 
th e pla n tha t  eac h studen t  actuall y followed .  W e pla n t o per -
for m a  mor e extensiv e evaluatio n afte r  w e hav e formalize d 
th e hintin g rule s an d reimplemente d a  mor e efficien t  C + + 
versio n o f  th e updat e algorith m fo r  th e Bayesia n network , 
currentl y implemente d i n Lisp .  Th e result s o f  th e evaluatio n 
wil l  decid e whethe r  w e wil l  nee d t o switc h t o approximat e up -
dat e algorithms[Cousin s e t  al. ,  1993 ]  t o maintai n acceptabl e 
performance s o n mor e comple x problems . 
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