
T h e Compos i t i o n Effec t  i n Symbol iz ing : 

T h e Ro l e o f  S y m b o l  Product io n vs .  Tex t  C o m p r e h e n s i o n 

Nei l  T .  Heifernu n (neiiecs.cmu.edu ) 
Kennet h R .  Koedinge r  (koedinger9cmu.edu ) 

Schoo l  o f  Compute r  Scienc e 
Carnegi e Mello n Universit y 

Pittsburgh ,  P A 1521 3 

Abst rac t 

A person's ability to translate a mathematical problem into 
symbol s i s  a n increasingl y importan t  skil l  a s 
computationa l  device s pla y a n increasin g rol e i n academi a 
and th e workplace .  Thu s i t  i s  importan t  t o bette r 
understan d thi s "symbolization "  skil l  an d ho w i t  develops . 
We ar e workin g towar d a  mode l  o f  th e acquisitio n o f  skil l  a t 
symbolizin g an d scaffoldin g strategie s fo r  assistin g tha t 
acquisition .  W e ar e usin g a  difficultie s factor s assessmen t 
as a n efficien t  methodolog y fo r  identifyin g th e critica l 
cognitiv e factor s tha t  distinguis h competen t  fro m les s 
competen t  symbolizers .  Th e curren t  stud y indicate s ther e 
i s mor e t o symbolizin g tha n translatin g individua l  phrase s 
int o symbol s an d usin g long-ter m schemati c knowledg e t o 
fil l  i n implie d information .  I n particular ,  student s mus t  b e 
abl e t o compos e thes e individua l  translatio n operation s 
int o a  complet e symboli c sentence .  W e provid e evidenc e 
tha t  i n contras t  t o man y prio r  model s o f  wor d proble m 
solvin g whic h addres s stor y comprehensio n skills ,  a 
critica l  elemen t  o f  studen t  competenc e i s  symboli c 
productio n skills . 

Introduction 

W h en a  studen t  i s presente d wit h a n algebr a wor d proble m 
suc h a s P O i n Tabl e 1  an d aske d t o provid e a  symboli c 
expressio n (rathe r  tha n a  numerica l  answer )  h e i s doin g wha t 
we cal l  symbolizing .  Fo r  instance ,  th e symboli c expressio n 
fo r  P O i s "800-40*m" .  I n studyin g symbolizatio n skill s w e 
hav e focuse d o n algebr a stor y problem s bu t  ou r  result s m a y 
be relevan t  mor e generall y t o symbolizatio n skill s  neede d i n 
usin g a  calculator ,  programmin g a  spreadsheet ,  o r  compute r 
programming .  A s thes e computationa l  device s tak e ove r 
mor e o f  th e symbo l  manipulatio n o f  algebra ,  symbolizatio n 
i s becomin g a n increasingl y centra l  skill .  A s par t  o f  a n 
effor t  t o buil d computerize d instructiona l  suppor t  fo r 
symbolizing ,  w e ar e tryin g t o understan d h o w student s lear n 
t o symboliz e an d tes t  tha t  understandin g b y developin g a 
cognitiv e model . 

M u ch o f  th e prio r  wor k o n wor d proble m solvin g ha s 
focuse d o n students '  comprehensio n abilities .  Paig e & 
Simon(l979 )  propose d a  mode l  tha t  include d a  direc t 
translatio n component .  Paig e &  Simo n too k 
Bobrow's(1968 )  compute r  progra m S T U D E N T,  tha t  di d 
symbolizatio n o f  certai n classe s o f  algebr a stor y problems , 
as a  foundatio n fo r  thei r  cognitiv e model .  The y compare d 

symbolizatio n t o translatio n fro m Englis h t o French ,  whic h 
the y sai d involve d takin g eac h Frenc h word ,  lookin g i t  u p i n 
a Frenc h t o Englis h dictionary ,  an d writin g d o w n th e 
answer s wit h som e possibl e change s t o inflections ,  an d 
rearrangement s du e t o synta x rules .  Paig e &  Simon' s mode l 
include d a  limite d us e o f  schemat a fo r  problem s lik e "age " 
problems .  Thes e schemata ,  whe n recognize d a s appropriat e 
fo r  a  problem ,  brough t  t o bea r  certai n assumption s abou t 
what  t o expec t  a s wel l  a s  certai n worl d knowledg e tha t  i s 
usuall y no t  state d i n algebr a stor y problem s (e.g. ,  tha t  w e 
al l  ag e a t  th e sam e rat e an d age s ar e positiv e integers) . 
Mayer  (1981 )  extende d th e stud y o f  schemat a an d classifie d a 
larg e numbe r  o f  stor y problem s int o 9 0 differen t  schemat a 
and suggeste d w e migh t  wan t  t o teac h childre n t o recogniz e 
schemata .  Maye r  suggeste d tha t  student s firs t  identif y th e 
genera l  clas s o f  proble m an d the n brin g t o bea r  schemat a 
tha t  pul l  ou t  o f  th e situatio n som e o f  th e number s t o fil l 
expecte d slots .  Othe r  researc h o n arithmeti c stor y proble m 
solvin g ha s focuse d o n th e rol e o f  comprehensio n 
(Cummin s et .  al. ,  1988 ,  LeBlan c &  Weber-Russell ,  1996 , 
Lewi s &  Mayer ,  1987 ,  an d Stern ,  1993) .  C u m m i n s et .  al . 
'sugges t  tha t  m u c h o f  th e difficult y childre n experienc e wit h 

wor d problem s ca n b e attribute d t o difficult y i n 
comprehendin g abstrac t  o r  ambiguou s language. "  Th e 
genera l  conclusio n fro m m u c h o f  th e abov e researc h i s tha t 
comprehensio n rule s an d schem a detectio n skill s ar e ke y 
knowledg e component s student s mus t  acquir e t o becom e 
competen t  proble m solvers . 

M o r e recentl y Koedinge r  &  Anderso n (i n press )  foun d 
evidenc e tha t  acquirin g suc h comprehensio n skill s i s  no t 
sufficien t  fo r  symbolizatio n competence .  The y foun d tha t 
on 3 6 % o f  problem s tha t  student s comprehende d wel l 
enoug h t o fin d a  numerica l  answer ,  the y nevertheles s faile d 
t o correctl y symbolize .  Thi s resul t  suggest s tha t  i n additio n 
t o comprehensio n difficulties ,  student s hav e difficult y i n 
"symboli c production. "  Tha t  student s hav e substantia l 

difficultie s o n th e symboli c sid e o f  th e translatio n proces s i s 
furthe r  supporte d b y Koedinge r  &  Tabachneck' s (1995 ) 
result s tha t  show ,  contrar y t o m a n y algebr a teachers ' 
predictions ,  tha t  student s ar e bette r  a t  solvin g certai n algebr a 
wor d problem s tha n the y ar e a t  solvin g th e mathematicall y 
equivalen t  problem s give n i n algebr a symbols .  Thes e tw o 
result s togethe r  sugges t  tha t  a  larg e amoun t  o f  th e difficult y 
of  symbolizatio n ca n b e explaine d b y a  "foreig n languag e 
hypothesis" .  I f  yo u as k a  studen t  t o translat e a n Englis h 
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Tabl e 1  A n exampl e an d fou r  variant s 

PO: Ann is in a rowboat in a lake that is 2400 yards wide. She is 800 yards from the dock. She then rows for "m" minutes back 
toward s th e dock .  An n row s a t  a  spee d o f  4 0 yard s pe r  minute .  Writ e a n expressio n fo r  Ann' s distanc e fro m th e dock . 

P I :  A)An n i s i n a  rowboa t  i n a  lak e tha t  i s 240 0 yard s wide .  Sh e i s 80 0 yard s fro m th e dock .  Sh e the n row s "y "  yard s bac k toward s 
th e dock .  Writ e a n expressio n fo r  Ann' s distanc e fro m th e dock . 
B)An n i s i n a  rowboa t  i n a  lak e tha t  i s  240 0 yard s wide .  Sh e the n row s fo r  "m "  minute s bac k toward s th e dock .  An n row s a t 
a spee d o f  4 0 yard s pe r  minute .  Writ e a n expressio n fo r  th e distanc e An n ha s rowed . 

P 2 :  An n i s i n a  rowboa t  i n a  lak e tha t  i s 240 0 yard s wide .  Sh e i s 80 0 yard s fro m th e dock .  Sh e the n row s fo r  "m "  minute s 
bac k toward s th e dock .  An n row s a t  a  spee d o f  4 0 yard s pe r  minute .  Writ e a n expressio n fo r  Ann' s distanc e fro m th e dock . 

P 3 :  An n i s i n a  rowboa t  i n a  lak e tha t  i s 240 0 yard s wide .  Sh e i s 80 0 yard s fro m th e dock .  Sh e the n row s fo r  "m "  minute s bac k 
toward s th e dock .  An n row s a t  a  spee d o f  4 0 yard s pe r  minute .  Writ e a n expressio n fo r  Ann' s distanc e fro m th e dock . 
Hin t  1 :  Ann' s distanc e fro m th e doc k i s equa l  t o th e 80 0 yard s sh e starte d ou t  fro m th e doc k minu s th e distanc e sh e ha s 
rowe d i n "m "  minutes . 
Hin t  2 :  Th e distanc e sh e ha s rowe d i n "m "  minute s i s equa l  t o th e 4 0 yard s sh e row s pe r  minut e multiplie d b y th e "m " 
minute s i t  take s her . 

P 4  An n i s i n a  rowboa t  i n a  lak e tha t  i s  240 0 yard s wide .  Sh e i s 80 0 yard s fro m th e dock .  Sh e the n row s fo r  1 1 minute s bac k 
toward s th e dock .  An n row s a t  a  spee d o f  4 0 yard s pe r  minute .  Writ e a n expressio n fo r  Ann' s distanc e fro m th e dock . 

sentenc e int o Gree k an d observ e tha t  th e studen t  fails ,  i t  i s 
not  necessaril y  tha t  the y lac k th e comprehensio n skill s  o f 
Englis h bu t  m a y b e tha t  the y lac k th e productio n skill s  fo r 
Greek .  Similarly ,  student s m a y fai l  i n stor y proble m 
solvin g no t  becaus e the y lac k Englis h comprehensio n skills , 
but  rathe r  becaus e the y canno t  "spea k algebra" . 

T o compensat e fo r  thi s lac k o f  algebr a languag e fluency , 
student s fal l  bac k o n arithmeti c knowledge .  Figur e I  show s 
a studen t  w h o appear s t o hav e correctl y describe d th e 
mathematica l  sequenc e neede d t o solv e fo r  a  valu e i f  give n 
"h "  bu t  w h o fail s t o expres s tha t  knowledg e i n th e correc t 
algebrai c form .  Instea d o f  writin g 500/(h-2 )  th e studen t  ha s 
indicate d tha t  firs t  sh e woul d subtrac t  2  fro m " h "  whic h 
woul d resul t  i n a  ne w unknow n tha t  sh e agai n call s "h" . 
The n sh e indicate d tha t  50 0 shoul d b e divide d b y thi s ne w 
number .  Sh e use s th e non-algebrai c notatio n fo r  divisio n 
tha t  i s taugh t  i n elementar y school .  Thi s exampl e 
illustrate s ver y wel l  tha t  a  studen t  ca n hav e a n understandin g 
of  th e quantitativ e structur e o f  a  proble m bu t  no t  b e abl e t o 
symboliz e becaus e the y lac k th e correc t  knowledg e fo r 
producin g algebrai c sentences . 

Figur e 2  i s anothe r  exampl e tha t  demonstrate s 
comprehensio n an d quantitativ e understandin g bu t  no t  th e 
abilit y  t o correctl y generat e th e algebrai c symbols .  He r 
answe r  i s simila r  t o th e answe r  i n Figur e 1  i n tha t  the y bot h 
indicat e th e proces s tha t  shoul d b e use d t o solv e fo r  a n 
answer ,  bu t  fai l  t o outpu t  tha t  answe r  i n standar d algebrai c 
form .  T h e us e o f  th e equal s sig n i n thi s exampl e appear s t o 
gro w ou t  o f  th e wa y student s us e th e equa l  sig n a s "gives " 
i n elementar y arithmeti c i n whic h i t  i s  no t  u n c o m m o n t o 
see student s chai n togethe r  step s wit h equa l  sig n lik e 
3*4=12-5= 7 (Sfard ,  et .  al. ,  1993) .  Sinc e 72- m ca n no t  b e 
simplifie d th e studen t  use s a  ne w variabl e "n "  t o stan d fo r 

th e resul t  an d the n continues . 
Our  goa l  i s  t o bette r  understan d wha t  thes e symbo l 

productio n skill s  ar e an d h o w student s migh t  bette r  lear n 
them .  W h a t  capabilitie s d o mor e competen t  student s hav e 
tha t  poore r  student s d o not ? W h a t  kind s o f  scaffold s migh t 
we provid e t o assis t  studen t  learning ? T o addres s thes e 
questions ,  w e performe d a  difficultie s factor s assessmen t 
whereb y w e sample d studen t  performanc e o n a  se t  o f  12 8 
problem s create d b y systematicall y modifyin g 8  cor e 
proble m situation s alon g 4  binar y facto r  dimensions .  Thes e 
4 factor s represen t  specifi c  hypothese s abou t  wha t  cause s 
student s symbolizatio n difficultie s an d h o w scaffold s migh t 
eas e th e symbolizatio n process . 

Experimental Design 

Agai n conside r  th e proble m P O fro m Tabl e 1 .  Thi s i s a  har d 
proble m fo r  nint h grad e beginnin g algebr a students ,  wit h 
onl y 1 3 % o f  th e student s i n th e experimen t  (describe d 
below )  answere d i t  correctly .  W h a t  make s thi s proble m hard ? 
M a y be wha t  make s thi s proble m har d i s 1 )  havin g t o 
compos e th e symboli c translatio n o f  part s o f  th e proble m 
int o a  complet e translatio n o f  th e whol e problem ,  2 )  th e 
presenc e o f  th e distracto r  phras e "240 0 yard s wide" ,  3 ) 
comprehendin g th e tex t  wel l  enoug h t o translat e th e phase s 
int o operator s an d number s an d knowin g whic h number s ar e 
matche d u p wit h whic h operators ,  o r  4 )  th e presenc e o f  a n 
algebrai c variabl e "m "  a s oppose d t o th e numeri c constant s 
student s ar e abead y familia r  wit h fro m arithmeti c 
instruction .  I n th e followin g section s w e provid e 
motivatio n fo r  th e consideratio n o f  eac h o f  thes e factor s an d 
illustrat e the m a s the y modif y proble m P O (se e Tabl e 1) . 

Bob drov e 50 0 mile s fro m Denve r  t o Farg o t o visi t  hi s 
grandmother .  Normall y thi s tri p take s hi m "h "  hours ,  bu t 
on Tuesda y ther e wa s goo d weathe r  an d h e save d 2  hours . 
Writ e a n expressio n fo r  hi s drivin g speed ? 

h -  2  - > h)50 0 

Figur e 1 :  A  proble m an d a  student' s respons e 

Sue mad e 7 2 dollar s b y washin g 6  car s t o bu y holida y 
presents .  Sh e decide d t o spen d "m "  dollar s o n a  presen t 
fo r  he r  m o m an d the n us e th e remainde r  t o bu y present s 
fo r  eac h o f  he r  4  sisters .  Sh e wil l  spen d th e sam e amoun t 
on eac h sister .  H o w muc h ca n sh e spen d o n eac h sister ? 

72 - m = n / 4= 

Figure 2: A problem and a student's response 
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Facto r  O n e :  C o m p o s e d vs .  d e c o m p o s e d 

Singley ,  Anderso n &  Given s (1991 )  reporte d tha i  som e 
student s fai l  t o solv e multi-ste p stor y problem s eve n whe n 
the y ca n solv e th e individua l  part s tha t  mak e the m up .  W e 
desir e t o kno w whethe r  o r  no t  thi s i s simpl y th e expecte d 
effec t  o f  havin g t o d o multipl e step s eac h o f  whic h result s i n 
an accumulate d chanc e o f  failure .  Alternatively ,  th e multi -
ste p proble m m a y b e eve n harde r  (o r  easier )  tha n th e 
combine d probabilit y  o f  th e correc t  performanc e o f  th e 
individua l  step s separately .  Conside r  PI ,  whic h i s th e tw o 
sub-problem s o f  P O ,  whic h w e cal l  th e decompose d versio n 
of  PO.  O f  cours e w e woul d expec t  tha t  solvin g a  singl e par t 
of  thi s proble m i s easie r  tha n solvin g PO.  Th e mor e 
interestin g questio n i s "I s solvin g P O easie r  tha n solvin g 
bot h part s o f  PI? "  M a y b e i f  comprehensio n o f  th e tex t  i s  a 
limitin g facto r  the n th e mor e word y P I  wil l  mak e i t  harder . 

Factor Two: Presence of Distractor Numbers 

As Paig e &  Simo n observed ,  les s competen t  symbolizer s 
appea r  t o sometime s rel y exclusivel y o n direc t  translatio n 
and d o no t  evok e an y semanti c processe s t o recognize ,  fo r 
instance ,  tha t  a  negativ e boar d lengt h i s impossible .  W e 
hav e observe d (Tabahneck ,  Koedinger ,  &  Nathan ,  1994 )  tha t 
novic e symbolizer s exhibi t  othe r  kind s o f  shallo w 
processing .  I n particular ,  student s wil l  ofte n produc e 
"symbo l  soup "  b y guessin g a t  th e answe r  usin g th e give n 
number s an d symbol s bu t  gettin g positio n o r  operation s 
wrong .  T o th e exten t  tha t  novic e symbolizer s emplo y suc h 
a guessin g strateg y (perhap s a s a  fal l  bac k whe n mor e 
specifi c  knowledg e i s lacking) ,  w e shoul d se e mor e error s o n 
problem s tha t  involv e a n extr a distracto r  quantit y (suc h a s 
"240 0 yard s wide "  i n P2 )  tha n o n problem s tha t  d o not . 

A secon d justificatio n fo r  includin g th e distracto r  facto r  i s 
tha t  i t  provide s a  wa y t o tes t  a n alternativ e hypothesi s fo r 
why compose d problem s m a y b e mor e difficul t  tha n 
decompose d problems .  I f  les s competen t  student s are ,  i n 
fact ,  sometime s guessin g a t  answer s usin g rando m sequence s 
of  quantitie s an d operator s i n th e problem ,  the n compose d 
problem s shoul d b e mor e difficul t  tha n decompose d 
problem s becaus e th e possibl e combination s o f  th e 
quantitie s i n th e composed ,  no-distracto r  problem s (thes e ar e 
th e tota l  numbe r  o f  possibl e guesses )  i s greate r  tha n th e 
sequence s o f  th e tw o quantitie s an d operato r  i n th e separat e 
part s o f  th e decompose d no-distracto r  problem .  Thi s 
hypothesi s suggest s tha t  decompose d distracto r  problem s 
shoul d b e mor e difficul t  tha n compose d no-distracto r 
problems . 

Factor Three: Comprehension Hints 

Give n th e attentio n pas t  researc h ha s give n t o th e rol e o f 
comprehensio n i n th e symbolizatio n process ,  ou r  thir d facto r 
test s a  possibl e scaffoldin g techniqu e tha t  attempt s t o hel p 
student s comprehen d th e problem s mor e effectively .  Thi s 
techniqu e i s t o giv e th e studen t  a  hin t  tha t  reexpresse s th e 
proble m i n a  for m tha t  i s mor e amenabl e t o direc t 
translatio n t o symbols .  Thes e hint s ar e i n a  for m tha t 
woul d clearl y facilitat e performanc e o f  a  compute r  mode l 
lik e th e S T U D E NT progra m Paig e &  Simo n used . 

Conside r  th e comprehensio n hint s give n i n P3 .  Notic e tha t 
th e hint s identif y wha t  mathematica l  operato r  i s t o b e used , 
whil e th e origina l  proble m statemen t  di d not .  Als o not e 
tha i  th e for m o f  th e hin t  i s  i n th e simpl e for m o f 
<Subject_Quantity > "i s equa l  to "  <Quantilyl > <Operator > 
<Quantity2> ,  wher e <Subject_Quantity>,<Quantityl > an d 
<0uantity2 > ar e replace d wit h a  verba !  descriptio n o f  a 
quantit y nou n phrase ,  an d <operator > i s replace d b y eithe r 
•plus" ,  "minus" ,  "multiplie d by "  o r  "divide d by. "  Thi s 

simpl e for m make s i t  possibl e fo r  a  lef t  t o righ t  sca n o f  th e 
proble m t o wor k efficiently .  Als o not e tha t  thes e verba l 
recoding s identif y wha t  numbe r  o r  variabl e i s matche d wit h 
eac h quantity .  Sinc e thes e hint s identif y th e operatio n t o b e 
used ,  the y eliminat e th e nee d fo r  schemat a o r  worl d 
knowledg e suc h a s havin g t o k n o w th e distance-rate-tim e 
formula . 

Factor Four: Presence of Variables 

As mentione d earlier ,  Koedinge r  &  Anderson(i n press )  foun d 
tha t  fo r  certai n classe s o f  problem s student s ar e bette r  abl e t o 
find  a  numerica l  answe r  tha n writ e a  symboli c expressio n fo r 
th e sam e problems .  Koedinge r  &  Anderso n hypothesize d 
tha t  askin g student s t o comput e concret e instance s 
(problem s withou t  a  variable )  o f  a  genera l  proble m woul d 
facilitat e symbolizatio n o f  tha t  problem .  T o tes t  thi s 
hypothesis ,  the y designe d a  scaffoldin g techniqu e calle d 
inductiv e suppor t  an d implemente d i t  a s par t  o f  a n 
intelligen t  tutor . 

We ca n illustrat e th e inductiv e suppor t  scaffoldin g 
techniqu e wit h ou r  runnin g exampl e PO .  Th e scaffoldin g 
involve d tw o question s tha t  aske d student s t o solv e th e 
proble m i f  th e variabl e wer e replace d wit h a  constant ,  fo r 
instance ,  " H o w fa r  i s A n n fro m th e doc k i n 4  minutes?" . 
Afte r  answerin g thes e concret e arithmeti c problems ,  student s 
wer e aske d t o writ e th e symboli c expression .  Student s i n 
thi s inductiv e suppor t  tuto r  wer e show n t o lear n mor e tha n 
student s usin g a n alternativ e "textbook "  tutor .  Th e tutor' s 
desig n wa s adapte d base d o n thi s stud y s o tha t  th e curren t 
tuto r  (Koedinger ,  Anderson ,  Hadley ,  Mark ,  1995 )  ha s a 
"Patter n Finder "  componen t  where ,  rathe r  tha n jus t 
answerin g thes e concret e questions ,  student s ar e aske d t o 
sho w h o w t o ge t  answer s fo r  successiv e smal l  value s o f  x , 
namely ,  2 ,  3 ,  an d 4 .  I n th e exampl e above ,  student s ar e 
expecte d t o answe r  "80 0 -  4 0 *  2" ,  the n "80 0 4 0 *  3 "  an d 
"80 0 -  4 0 *  4" .  Next ,  the y ar e t o induc e th e patter n t o ge t 
th e abstrac t  expressio n "80 0 4 0 *  x" .  I t  ha s c o m e a s 
somewhat  o f  a  surpris e tha t  makin g thi s las t  ste p i t  no t  a t 
al l  difficul t  fo r  student s an d that ,  i n fact ,  i t  i s  onl y th e first 
step ,  writin g th e expressio n whe n x  i s 2 ,  tha t  student s hav e 
any difficult y with .  W e bega n t o wonde r  whethe r  thi s first 
ste p reall y i s easie r  tha n th e fina l  goa l  o f  writin g th e abstrac t 
expression .  I f  not ,  th e Patter n Finde r  m a y no t  b e suc h a 
goo d scaffoldin g technique .  Thus ,  w e adde d th e presenc e o f 
variabl e facto r  t o thi s assessmen t  t o tes t  whethe r  writin g a 
concret e expressio n (e.g. ,  "80 0 4 0 *  11 "  a s i n P4 )  i s i n 
fac t  easie r  tha n writin g a n abstrac t  expressio n (e.g. ,  "80 0 
40 *  m "a s i n PI) . 
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Procedur e 

Give n th e tou r  binar y factor s tiia t  wer e studie d ther e wer e sixtee n 
differen t  possibl e combination s o f  th e factors .  Thes e 1 6 
differen t  possibl e combination s wer e crosse d wit h 8  differen t 
cove r  storie s an d distribute d i n a  lati n squar e desig n amon g 1  6 
tes t  form s tha t  balance d fo r  eac h factor .  Give n tha t  student s 
ten d t o perfor m wors e o n item s nea r  th e en d o f  a  test ,  th e orde r 
of  variou s problem s wa s systematicall y varie d o n eac h (e.g. ,  th e 
8 composed ,  distractor ,  n o hint ,  n o variabl e problem s wer e i n 
th e 8  differen t  positio n o n 8  differen t  forms) .  However ,  becaus e 
th e cove r  stor y facto r  wa s no t  a  variabl e o f  critica l  interest ,  th e 
8 cove r  storie s appeare d i n th e sam e orde r  o n eac h for m (t o d o 
otherwis e woul d hav e require d man y mor e forms) .  Al l  eigh t 
cove r  storie s ha d tw o operator s implici t  i n th e stor y s o tha t  th e 
compose d versio n require d a  tw o operato r  answer ,  whil e th e 
decompose d versio n require d tw o separat e answer s tha t  eac h ha d 
one operator .  Th e subject s wer e 7 9 nint h grad e student s i n th e 
firs t  mont h o f  a  low-leve l  algebr a cours e fro m a n affluen t  subur b 
of  Pittsburgh .  Eac h studen t  wa s randoml y give n on e o f  th e 1 6 
differen t  tes t  form s an d ha d 1 4 minute s t o complet e th e test . 
Afte r  tw o clas s period s o f  instructio n o n suc h problems , 
student s wer e agai n give n a  rando m for m a s a  pos t  test .  Eac h 
tes t  wa s the n grade d an d n o partia l  credi t  wa s given .  A 
decompose d proble m wa s considere d correc t  onl y i f  bot h part s 
wer e answere d correctly . 

Results and Discussion 

T o tes t  fo r  effect s o f  th e fou r  factor s w e performe d bot h a n 
ite m analysi s an d a  subjec t  analysi s a s recommende d b y 
Clar k (1973) .  W e performe d a n ite m analysi s o n students ' 
mean performanc e o n th e 12 8 differen t  problem s appearin g 
on th e pre -  an d post-tes t  forms .  Separat e ite m mean s wer e 
compute d fo r  th e pre -  an d post-tests .  W e performe d a  fou r 
facto r  (2*2*2*2 )  A N O V A o n th e ite m means . 

Figur e 3  illustrate s th e relativ e impac t  o f  th e fou r  factors . 
Th e effec t  o f  th e comprehensio n hint s appear s smal l  a t  bes t 
(3.1 % differenc e i n favo r  o f  hin t  problems )  an d thi s 
differenc e i s no t  statisticall y significant(F(l,238)=1.127 , 
p<.2894) .  Similarly ,  th e presenc e o f  a  variabl e i s  als o 
smal l  a t  bes t  (4.5 % differenc e i n favo r  o f  n o variabl e 
problems )  an d no t  statisticall y significan t  (F(l,238)=1.531 , 
p<.217) .  I n contras t  th e distracto r  effec t  wa s considerabl y 
large r  (11.8 % differenc e i n favo r  o f  n o distracto r  problems ) 
and statisticall y significan t  (F(l,238)=8.135 ,  p<.0047) .  Th e 
compositio n facto r  ha d b y fa r  th e larges t  effec t  ( 2 2 % 
differenc e i n favo r  o f  th e decompose d problems) ,  an d wa s 
statisticall y significan t  (F(l,238)=37.048 ,  p<.0001) .  N o 
statisticall y significan t  interaction s wer e foun d i n th e ful l 
A N O VA model . 

T o verif y tha t  thes e effect s generaliz e acros s subject s a s 
wel l  a s acros s items ,  w e performe d subjec t  analysi s a s well . 
We performe d fou r  repeate d measur e A N O V As wit h eac h 
facto r  a s a  within-subject s variable .  Agai n ther e wer e 
statisticall y significan t  effect s fo r  distracto r 
(F (  1,66) = 14.018 ,  p=.0004 )  an d compositio n 
(F(l,66)=52.059 ,  p=.0001 )  bu t  agai n n o statisticall y 
significan t  effect s o f  variable s (F(l,66)=.73 9 p=.3932 )  o r 
hint s (F(l,66)=1.306,p = 2573) . 
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Figur e 3 :  Percen t  Correc t  fo r  th e Fou r  Factor s 

The Composition Effect 

Thes e result s sho w tha t  a  tw o operato r  proble m i s harde r 
tha n bot h o f  th e part s tha t  mak e i t  u p pu t  together .  W e cal l 
thi s th e compositio n effect .  Wha t  skill s  ar e man y student s 
missin g tha t  preven t  the m fro m bein g abl e t o dea l  wit h 
compose d problem s eve n thoug h the y ar e abl e t o dea l  wit h 
th e sub-problem s individually ? W e describ e tw o alternativ e 
model s o f  th e compositio n effec t  an d th e relativ e evidenc e i n 
suppor t  o f  them . 
A r g u m e n t  Generalizatio n M o d e l  W e hypothesiz e tha t 
th e whol e i s harde r  tha n th e su m o f  it s  part s becaus e ther e i s 
extr a difficult y i n puttin g th e symboli c translation s o f  th e 
part s togethe r  t o for m a  symboli c translatio n o f  th e whole . 
We hypothesiz e tha t  m a n y student s star t  thei r  stud y o f 
algebr a wit h knowledg e component s (e.g. ,  A C T - R 
productio n rule s (Anderso n 1993) )  tha t  enabl e the m t o 
symboliz e onl y on e operato r  problem s becaus e thei r 
productio n rule s onl y allo w fo r  singl e numeral s o r  variable s 
(e.g. ,  4 0 o r  m )  t o b e use d a s argument s t o th e mathematica l 
operators ,  a s oppose d t o whol e subexpression s (e.g. ,  40* m 
or  800-x) .  Suc h student s ca n answe r  800- x bu t  no t  800 -
4 0 * m becaus e 4 0 * m i s a  subexpressio n an d the y don' t  kno w 
h o w t o substitut e a  subexpressio n int o anothe r  expression . 
A studen t  a t  thi s stag e migh t  fal l  bac k o n hi s arithmeti c 
rule s an d produc e a n answe r  lik e tha t  show n i n Figur e 2 
whic h appear s t o indicat e a n inabilit y t o compos e 
subexpressions .  Suc h a  studen t  woul d probabl y b e th e sor t 
Koedinge r  &  Anderso n ha d identifie d a s bein g abl e t o solv e 
fo r  numerica l  answer s bu t  unabl e t o symboliz e correctly . 
As student s tackl e multi-operato r  problem s the y mus t 
generaliz e thes e rule s t o allo w fo r  symbolize d 
subexpression s t o b e use d a s argument s t o othe r  operator s 
enablin g the m t o writ e 800-40*m .  W e fin d suppor t  fo r  thi s 
explanatio n i n Sfar d &  Linchevsk i  (1993 )  w h o argu e tha t 
student s graduall y progres s throug h a  stag e wher e thei r 
conceptio n o f  a n expressio n change s fro m viewin g a n 
expressio n a s a  recip e t o viewin g a n expressio n a s a  firs t 
clas s object .  I t  migh t  b e tha t  a s a  studen t  make s thi s 
transitio n i n thei r  understandin g o f  a n expressio n the y als o 
can generaliz e thei r  production s t o perfor m subexpressio n 
substitution . 
Combinator ia l  Search(CS )  M o d e l  A  secon d 
hypothesi s i s tha t  th e compositio n effec t  ca n b e explaine d 
purel y i n term s o f  a  combinatoria l  searc h model ,  i n whic h a 
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compose d proble m i s harde r  becaus e o f  th e exponentiall y 
increasin g numbe r  o f  possibl e sequence s o f  argument s an d 
operators .  Th e larg e effec t  o f  distractor s lead s u s t o conclud e 
tha t  man y student s engag e i n som e for m o f  guessing , 
particularl y a s a  fallbac k strateg y whe n havin g difficulty . 
The difficult y o f  guessin g grow s wit h th e complexit y o f 
problems ,  particularl y a s th e numbe r  o f  possibl e 
combination s o f  give n quantitie s an d inferre d operator s 
grows .  Th e composed ,  n o distracto r  problem s hav e thre e 
quantitie s t o choos e fro m wherea s ther e ar e onl y tw o 
quantitie s t o choos e fro m i n eac h o f  th e tw o part s o f  th e 
decomposed ,  n o distracto r  problems .  Thus ,  i t  m a y b e tha t 
th e compositio n effec t  i s  th e resul t  o f  thi s adde d complexity , 
and no t  th e resul t  o f  a  missin g o r  ove r  specialize d skil l  a s 
hypothesize d i n th e Argumen t  Generalizatio n model . 

We trie d a  numbe r  o f  way s o f  estimatin g complexit y 
dependin g o n differen t  assumptions .  However ,  al l  o f  the m 
predicted ,  contrar y t o th e data ,  tha t  th e distracto r  effec t 
shoul d b e bigge r  tha n th e compositio n effect .  W e presen t 
one suc h estimatio n whic h ha s th e followin g assumption s 
abou t  ho w a  studen t  m a y gues s a t  a n answer :  1 )  student s ca n 
pic k ou t  wha t  number s o r  variable s ar e presen t  i n th e 
proble m an d whic h operator s wil l  b e used ,  2 )  student s kno w 
th e genera l  syntacti c for m o f  a  symboli c sentence , 
particularl y tha t  operator s nee d t o b e writte n betwee n 
quantities ,  an d 3 )  student s wil l  no t  us e th e sam e argumen t 
(variabl e o r  number )  twice .  T o simplif y th e calculation ,  w e 
ignor e th e difficult y o f  knowin g whe n t o ad d parenthese s an d 
assume tha t  th e operator s i n th e proble m ar e non -
commutativ e s o th e studen t  ha s t o ge t  th e orde r  o f  th e 
argument s correct .  Essentially ,  thi s come s dow n t o 
assumin g tha t  t o gues s correctly ,  student s mus t  pic k th e 
correc t  orde r  fo r  th e argument s an d operators .  W e compar e 
th e probabilit y  o f  doin g s o fo r  variou s proble m types . 

Let  u s firs t  calculat e th e probabilit y  o f  gettin g th e correc t 
orde r  fo r  a  compose d problem ,  startin g wit h th e leftmos t 
argumen t  an d movin g right .  Th e probabilit y  o f  gettin g th e 
firs t  argumen t  correc t  i s  1/ 3 sinc e ther e ar e thre e possibl e 
number s t o pu t  first.  Similarly ,  th e studen t  pick s on e o f  th e 
tw o inferre d operator s fo r  th e first  operato r  slo t  (1/2) .  The n 
give n ou r  assumptio n o f  a  non-replacement  strategy ,  th e 
probabilit y  o f  choosin g th e nex t  argumen t  correc t  i s  1/ 2 
sinc e ther e ar e tw o remainin g arguments .  Th e final  operato r 
and argument s ar e the n determined .  S o th e combine d 
probabilit y  o f  gettin g th e correc t  answe r  i s 
(1/3)(1/2)(1/2)(1/1)(1/1)=1/12 . 

N o w w e calculat e th e probabilit y  o f  guessin g th e correc t 
answer  fo r  a  decompose d non-distracto r  problem .  Sinc e 
ther e ar e onl y tw o argument s present ,  th e probabilit y  o f 
selectin g th e first  argumen t  i s 1/2 .  Th e operato r  an d th e 
secon d argumen t  ar e the n bot h determined .  S o t o ge t  on e 
par t  o f  a  decompose d non-distracto r  proble m correc t  i s  1/ 2 
and t o ge t  bot h part s correc t  i s  (l/2)(l/2)=l/4 .  Sinc e 1/1 2 i s 
les s tha n 1/ 4 w e se e tha t  thi s mode l  doe s predic t  tha t  ther e 
wil l  b e a  compositio n effect .  Bu t  th e mode l  doe s no t  predic t 
th e relativ e effec t  o f  distractor s a s w e wil l  n o w show . 

Finally ,  conside r  a  decompose d distracto r  problem .  Th e 
probabilit y  o f  selectin g th e firs t  argumen t  i s 1/3 ,  sinc e ther e 
ar e no w 3  argument s presen t  i n th e proble m statement .  Th e 
operato r  i s determined ,  bu t  th e las t  operato r  i s 1/2 ,  whic h 

yield s a  tota l  fo r  on e par t  o f  (l/3)(l/2)=l/ 6 an d a  tota l  fo r 
th e tw o part s togethe r  o f  (l/6) (  1/6) = 1/36 . 

I n summar y th e S C mode l  predict s tha t  th e distracto r 
cffcct(l/36 )  wil l  b e large r  tha n th e compositio n effec t  (1/12) . 
However ,  th e dat a show s tha t  th e compositio n effec t  i s 
large r  (22% )  tha n th e distracto r  effec t  ( 1 1 % ) .  Th e 
compositio n effec t  wa s foun d t o b e statisticall y differen t 
fro m th e distracto r  effec t  whe n w e compare d th e mean s fo r 
composed ,  non-distracto r  problem s wit h decomposed , 
distracto r  problem s (F(l ,  238 )  =  5.2 ,  p  <  .05) . 

Comprehension Hints 

We n o w conside r  a n explanatio n fo r  th e surprisin g absenc e 
of  a  statisticall y significan t  effec t  o f  th e comprehensio n 
hints .  Afte r  all ,  thes e hint s recode d th e stor y proble m int o a 
simple r  for m tha t  i s mor e amenabl e t o direc t  translation . 
Th e hint s als o identifie d wha t  th e operator s shoul d be ,  whic h 
quantitie s t o us e wit h thos e operator s an d whic h orde r  t o pu t 
th e operator s in .  Thes e result s ar e consisten t  wit h th e vie w 
tha t  th e comprehensio n o f  thes e sentence s i s no t  tha t  larg e a 
stumblin g block ,  particularl y whe n compare d wit h th e 
stumblin g bloc k o f  learnin g t o dea l  wit h compose d 
problems .  Bu t  despit e th e fac t  tha t  hint s wer e no t 
statisticall y significan t  ther e i s evidenc e tha t  th e hint s dk i 
hel p fo r  th e decompose d problems .  Th e tren d i n favo r  o f  th e 
hin t  problem s wa s m u c h large r  ( a 7 % difference )  o n th e 
decompose d problem s tha n o n th e compose d problem s ( 
. 0 1 % difference) .  W e hypothesiz e tha t  th e student s w h o 
benefite d fro m th e hint s wer e les s abl e student s an d wer e th e 
student s mos t  likel y no t  t o hav e th e skill s  t o dea l  wit h 
compose d problem s (a s outline d i n th e Argumen t 
Generalizatio n Model) .  W e speculat e tha t  th e hint s migh t  b e 
mor e helpfu l  i f  the y directl y addresse d composition .  A 
singl e "composed "  hin t  fo r  P 3 coul d be : 

Hin t  :  Ann' s distanc e fro m th e doc k i s equa l  t o th e 
80 0 yard s sh e starte d ou t  fro m th e doc k minu s th e 
4 0 yard s sh e row s pe r  minut e multiplie d b y th e " m " 
minute s i t  take s her . 

Variables Vs Constants 

Althoug h prio r  wor k (Koedinge r  &  Anderson ,  i n press )  ha s 
show n tha t  solvin g a  concret e proble m fo r  a n unknow n ca n 
be easie r  tha n doin g abstrac t  symbolizatio n (e.g. ,  writin g 
"80 0 4 0 *  x") ,  i n thi s stud y w e foun d tha t  concret e 
symbolizatio n (e.g. ,  writin g "80 0 -  4 0 *  2" )  i s  no t  m u c h 
easier ,  i f  a t  all ,  tha n abstrac t  symbolizatio n (th e smal l  tren d 
i n favo r  o f  concret e symbolizatio n wa s no t  statisticall y 
significant) .  A s discusse d above ,  thi s resul t  ha s 
implication s fo r  th e desig n o f  th e "Patter n Finder " 
componen t  o f  th e P A T algebr a tutor .  Th e evidenc e fro m 
Koedinge r  &  Anderso n provide d s o m e suppor t  fo r  th e 
hypothesi s tha t  solvin g concret e problem s aid s student s i n 
symbolizing .  Th e "Patter n Finder "  i s base d o n a  furthe r 
hypothesi s tha t  makin g thi s solutio n proces s mor e explici t 
throug h concret e symbolizatio n woul d b e a n eve n bette r 
scaffold .  Th e result s o f  th e curren t  stud y pu t  thi s hypothesi s 
int o question .  A t  m i n i m u m ,  i t  suggest s tha t  th e Patter n 
Finde r  shoul d requir e student s t o answe r  th e concret e 
proble m befor e doin g th e concret e questio n (e.g. ,  first ,  " H o w 
fa r  i s A n n fro m th e doc k i n 2  minutes? "  an d the n "Writ e 
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Ms.  Lindquis t  i s  a  mal h teacher .  Ms .  Lindquis t  teache s 6 2 
girls .  Ms .  Lindquis t  teache s " f  fewe r  boy s tha n girls . 
Writ e a n expressio n to r  ho w man y student s Ms .  Lindquis t 
leaches . 

62 f = T , T + 62 

Figure 3. Candidate for composition in symbols 

down how you got that answer?"). Alternatively, since it 
appear s tha t  composin g rathe r  tha n abstractin g i s th e rea l 
cru x o f  th e symbolizatio n problem ,  w e shoul d focu s ou r 
attentio n o n developin g a  scaffoldin g techniqu e tha t  directl y 
addresse s composition . 

Conclusion 

O ne possibl e scaffoldin g techniqu e fo r  compositio n woul d 
be t o tuto r  student s t o introduc e variable s fo r  th e 
subexpressio n an d symboliz e jus t  th e part s a s th e studen t  i n 
Figur e 3  di d spontaneously .  Next ,  provid e instructio n o n 
doin g symboli c substitution .  Anothe r  possibl e scaffoldin g 
techniqu e woul d b e t o firs t  as k student s t o symboliz e an y 
neede d subexpressions ,  befor e attemptin g t o symboliz e th e 
whol e expression .  Fo r  example ,  o n PO ,  firs t  as k student s t o 
symboliz e "th e distanc e Ann e ha s rowe d bac k toward s th e 
dock "  an d onc e the y answe r  "40 *  11 "  as k the m t o us e tha t 
subexpressio n t o symboliz e th e final  answer .  Th e scaffol d 
migh t  als o promp t  student s t o indicat e wha t  quantit y nam e 
represent s th e subexpression . 

Th e larg e effec t  o f  th e compositio n facto r  i n thi s study , 
relativ e t o th e smal l  o r  absen t  effec t  o f  comprehensio n hints , 
provide s a  stron g cas e agains t  th e almos t  exclusiv e emphasi s 
i n previou s researc h o n languag e comprehensio n a s th e 
majo r  stumblin g bloc k fo r  students .  A  focu s o n languag e 
comprehensio n m a y b e appropriat e fo r  th e younge r  student s 
learnin g arithmeti c stor y proble m solving .  However ,  t o 
addres s th e difficultie s o f  olde r  student s learnin g th e ne w 
languag e o f  algebra ,  w e nee d greate r  focu s o n th e languag e 
productio n skill s  neede d t o "spea k algebra " 
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