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Abst rac t 

The central hypothesis of this paper is that physics 
student s lear n t o understan d equation s i n term s o f  a  numbe r 
of  conceptua l  element s tha t  ar e referre d t o a s "symboli c 
forms. "  Eac h symboli c for m associate s a  simpl e conceptua l 
schema wit h a  patter n o f  symbol s i n a n equation .  Take n 
together ,  th e se t  o f  symboli c form s constitute s a 
vocabular y o f  element s ou t  o f  whic h nove l  expression s ca n 
be constructed ,  an d i n term s o f  whic h expression s ca n b e 
understood .  Th e wor k describe d her e i s  base d o n a n 
extensiv e analysi s o f  a  corpu s o f  videotape s o f  moderatel y 
advance d universit y student s solvin g physic s problems . 

Introduction 

Researc h o n physic s proble m solvin g ha s mad e significan t 
stride s i n describin g h o w student s an d expert s solv e textboo k 
problems .  A  fe w differen t  perspective s hav e each ,  workin g 
i n thei r  o w n way ,  helpe d t o fil l  i n differen t  portion s o f  th e 
physic s proble m solvin g puzzle .  Furthermore ,  thi s wor k ha s 
contribute d t o ou r  understandin g o f  th e natur e o f  proble m 
solving ,  considere d mor e generally . 

W h at  hav e bee n mos t  successfu l  -  or ,  a t  least ,  mos t 
strongl y predictiv e -  ar e model s tha t  attemp t  t o accoun t  fo r 
th e sequenc e o f  step s i n a  solution .  Thes e model s trac e th e 
equation s tha t  ar e written ,  th e sequenc e i n whic h the y ar e 
written ,  an d th e step s b y whic h the y ar e manipulate d t o ge t 
t o a  solution .  I n th e mos t  basi c o f  thes e models ,  equation s 
ar e selecte d fro m wha t  i s essentiall y a  remembere d database , 
base d simpl y o n th e quantitie s tha t  appea r  i n th e problem . 
T h e solve r  select s equation s whic h hav e variable s tha t 
correspon d t o th e quantitie s give n o r  th e quantitie s desire d 
(e.g. ,  Bhaska r  &  Simon ,  1977 ;  Larki n e t  al. ,  1980) .  I n 
addition ,  ther e hav e bee n attempt s t o buil d model s i n whic h 
th e solutio n i s  drive n b y mor e sophisticate d varietie s o f 
understanding .  Fo r  example ,  Larki n (1983 )  describe s a  mode l 
i n whic h exper t  proble m solver s posses s schemata ,  eac h o f 
whic h i s roughl y associate d wit h a  fundamenta l  physica l 
principle ,  tha t  guid e th e step s i n a  solution . 

However ,  ther e i s on e piec e o f  th e puzzl e tha t  ha s no t 
bee n wel l  describe d b y thes e existin g analyses .  I n al l  o f 
thes e models ,  ther e i s onl y a  limite d sens e i n whic h th e 
solve r  understand s th e equations ;  th e equation s ar e simpl y 
writte n firom  m e m o r y o r  constructe d accordin g t o a  limite d 
set  o f  rules .  Thus ,  th e issu e t o b e addresse d i n thi s pape r  i s 
whethe r  ther e i s  a  mor e fundamenta l  leve l  o f  equatio n 

understanding .  Ca n physicist s an d physic s student s rea d a n 
equatio n an d understan d wha t  i t  "says? "  I f  so ,  i n wha t  term s 
do the y understan d it ? 

Th e issu e o f  h o w equation s -  an d symboli c expression s 
generall y -  ar e meaningfu l  t o peopl e i s  a n importan t 
questio n wit h a  ric h histor y (e.g. ,  G o o d m a n ,  1976 ;  Kaput , 
1987 ;  Kieran ,  1992) .  I n thi s paper ,  I  wil l  presen t  on e 
particula r  viewpoint :  I  wil l  argu e tha t  physic s student s lea m 
t o understan d equation s i n term s o f  a  relativel y idiosyncrati c 
vocabular y o f  overlappin g element s tha t  I  cal l  "symboli c 
forms "  o r  jus t  "forms, "  fo r  short .  Eac h symboli c for m 
associate s a  simpl e conceptua l  schem a wit h a  patter n o f 
symbol s i n a n equation . 

The Data Corpus and Its Analysis 

The wor k describe d her e i s base d o n a n extensiv e analysi s o f 
a corpu s o f  videotape s o f  5  pair s o f  student s solvin g physic s 
problems .  Th e subject s i n thi s stud y wer e U C Berkele y 
student s enrolle d i n "Physic s 7C, "  th e thir d cours e i n th e 
introductor y sequenc e intende d primaril y fo r  engineerin g 
students . 

Al l  o f  th e experimenta l  session s wer e conducte d i n a 
laborator y setting .  Student s worke d wit h thei r  partne r  a t  a 
blackboar d t o solv e a  pre-specifie d se t  o f  problems .  Mos t  o f 
thes e problem s wer e fairl y traditiona l  textboo k problems , 
but  a  fe w mor e unusua l  task s wer e als o included . 

A tota l  o f  2 7 hour s o f  videotap e wer e collected .  A  subse t 
of  thi s data ,  correspondin g t o studen t  wor k o n th e task s 
show n i n Tabl e 1 ,  wa s selecte d fo r  mor e focuse d analysis . 
Thi s subse t  o f  th e corpus ,  whic h totale d approximatel y 11. 5 
hour s o f  videotape ,  wa s carefull y transcribe d an d analyzed . 

Th e analysi s o f  th e corpu s wa s primaril y qualitativ e i n 
character .  I n Sheri n (1996 )  a n argumen t  fo r  th e vie w 
presente d her e i s mad e usin g numerou s example s o f  bot h 
brie f  an d extende d episodes .  However ,  althoug h th e argumen t 
lean s heavil y o n detaile d analysi s o f  cases ,  step s wer e als o 
take n t o systematiz e th e qualitativ e analysi s an d t o ensur e 
tha t  th e example s selecte d wer e representativ e o f  th e corpu s 
as a  whole . 

Th e firs t  phas e o f  th e systemati c analysi s include d tw o 
components ,  a n utterance-centere d analysi s an d a n equation -
centere d analysis .  Th e purpos e o f  th e utterance-centere d 
analysi s wa s t o locat e interpretatio n events ;  ever y studen t 
utteranc e wa s examine d an d utterance s identifie d i n whic h a 
studen t  interprete d a n equation .  Here ,  "interpretation "  wa s 
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define d ver y broadl y t o b e an y statemen t  i n whic h a  studen t 
referre d t o a  writte n equation .  Fo r  example ,  a  studen t  migh t 
hav e pointe d t o a n expressio n a s the y mad e a  statement ,  o r 
the y migh t  hav e mentione d a  portio n o f  a n expressio n i n ; m 
utterance . 

1.  A  perso n give s a  bloc k a  shov e s o tha t  i t  slide s acros s a  tabl e 
and the n come s t o rest .  Tal k abou t  th e force s an d what' s 
happening .  H o w doe s th e situatio n diffe r  i f  th e bloc k i s 
heavier ? 
2.  (a )  Suppos e a  pitche r  throw s a  basebal l  straigh t  u p a t  10 0 
mph.  Ignorin g ai r  resistance ,  ho w hig h doe s i t  go ? (b )  H o w 
lon g doe s i t  tak e t o reac h tha t  height ? 

3.  Imagin e tha t  tw o object s ar e droppe d fro m a  grea t  height . 
Thes e tw o object s ar e identica l  i n siz e an d shape ,  bu t  on e objec t 
has twic e th e mas s o f  th e othe r  object .  Becaus e o f  ai r  resistance , 
bot h object s eventuall y reac h termina l  velocity . 
(a )  Compar e th e termina l  velocitie s o f  th e tw o objects .  Ar e thei r 
termina l  velocitie s th e same ? 
(b )  Suppos e tha t  ther e wa s a  win d blowin g straigh t  u p whe n th e 
object s wer e dropped ,  ho w woul d you r  answe r  differ ? Wha t  i f  th e 
win d wa s blowin g straigh t  down ? 

4.  A  mas s hang s fro m a  sprin g attache d t o th e ceiling .  H o w doe s 
th e equilibriu m positio n o f  th e mas s depen d upo n th e sprin g 
constant ,  k ,  an d th e mass ,  m ? 
5.  Pegg y Flemin g ( a one-tim e famou s figur e skater )  i s  stuc k o n 
a patc h o f  frictionles s ice .  Cleverly ,  sh e take s of f  on e o f  he r  ic e 
skate s an d throw s i t  a s har d a s sh e can .  (a )  Roughly ,  ho w fa r 
does sh e travel ? (b )  Roughly ,  ho w fas t  doe s sh e travel ? 
6.  A n ic e cube ,  wit h edge s o f  lengt h L ,  i s  place d i n a  larg e 
containe r  o f  water .  H o w fa r  belo w th e surfac e doe s th e cub e 
sink ? 
7 Suppos e tha t  yo u nee d t o cros s th e stree t  durin g a  stead y 
downpou r  an d yo u don' t  hav e a n umbrella .  I s i t  bette r  t o wal k o r 
ru n acros s th e street ? Mak e a  simpl e computation ,  assumin g 
tha t  you'r e shape d lik e a  tal l  rectangula r  crate .  Also ,  yo u ca n 
assume tha t  th e rai n i s falhn g straigh t  down .  Woul d i t  affec t 
your  resul t  i f  th e rai n wa s fallin g a t  a n angle ? 

Tabl e 1 .  Task s include d i n th e focuse d analysis . 

The purpose of the equation-centered analysis was to 
locat e event s i n whic h a n equatio n wa s constructe d fro m 
some conceptua l  conten t  t o b e expressed ,  rathe r  tha n from 
memory o r  throug h symboli c manipulation .  Thes e event s 
wer e identifie d b y firs t  codin g ever y equatio n i n th e foca l 
corpu s a s eithe r  writte n f ro m m e m o r y ,  derive d throug h 
manipulation ,  o r  constructed .  Constructe d expression s were , 
at  leas t  i n part ,  invente d b y students . 

Overall ,  th e goa l  o f  thi s firs t  stag e o f  th e systemati c 
analysi s wa s t o identif y event s i n whic h equation s wer e 
interprete d o r  constructe d b y students .  Th e presumptio n i s 
tha t  thes e event s requir e th e sor t  o f  dee p equatio n 
understandin g tha t  i s  th e concer n o f  thi s work . 

The utterance-centere d analysi s identifie d a  tota l  o f  14 4 
interpretatio n events ,  an d th e equation-centere d analysis , 
lookin g a t  54 7 separat e equations ,  identifie d 7 5 constructio n 
events .  Thi s immediatel y suggest s tha t  th e typ e o f 
phenomen a unde r  consideratio n her e ar e no t  entirel y rare .  O f 

th e 54 7 expression s tha t  student s wrote ,  1 4 % wer e 
consuiicte d i n s o m e manner .  Furthermore ,  th e 14 4 
interpretiv e utterance s wer e applie d t o 9 3 separat e equations . 
Thus ,  ther e wer e interpretiv e utterance s associate d wit h 1 7 % 
of  al l  th e expression s written . 

I n th e nex t  phas e o f  th e analysis ,  th e goa l  w a s t o identif y 
th e se t  o f  symboli c form s tha t  coul d accoun t  fo r  th e 21 9 
interpretatio n an d constructio n events .  T o accomplis h this , 
thes e event s wer e iterativel y code d an d recede d i n term s o f 
symboli c forms ,  wit h th e se t  o f  symboli c form s refine d 
betwee n eac h coding .  A  numbe r  o f  principle s wer e employe d 
t o evaluat e th e adequac y o f  th e coding .  Thes e included : 

Coverage .  Th e ful l  se t  o f  form s mus t  cove r  al l  instance s 
of  interpretatio n an d construction . 

Consistenc y wi t h s tatements .  Statement s m a d e b y 
student s mus t  sugges t  o r  b e consisten t  wit h th e focu s 
implie d i n th e symboli c form . 

H a r m o n y .  Th e ful l  se t  o f  form s shoul d fal l  a t 
approximatel y th e sam e leve l  o f  abstractio n an d shoul d 
constitut e a  roughl y complet e set . 

Th e iterativ e codin g process ,  th e principle s employed ,  a s 
wel l  a s th e res t  o f  th e analysi s procedur e an d mor e extende d 
examples ,  ar e describe d i n detai l  i n Sheri n (1996) . 

Symbolic Forms 

Th e centra l  hypothesi s o f  thi s wor k i s tha t  physic s student s 
lear n t o expres s a  vocabular y o f  simpl e idea s i n equations , 
and t o rea d thes e sam e idea s ou t  o f  equations .  Correspondin g 
t o th e component s o f  thi s vocabular y ar e knowledg e 
element s tha t  I  cal l  "symboli c forms. "  A  symboli c for m ha s 
tw o components : 

1. Conceptual Schema. Each symbolic form includes a 
conceptua l  schema .  Th e particula r  schemat a associate d 
wit h form s tur n ou t  t o b e relativel y simpl e structures , 
involvin g onl y a  fe w entitie s an d a  smal l  numbe r  o f 
simpl e relation s a m o n g thes e entities .  Thes e schemat a ar e 
simila r  t o diSessa' s (1993 )  "p-prims "  an d Johnson' s 
(1987 )  "imag e schemata, "  whic h ar e als o presume d t o 
hav e relativel y simpl e structures . 

2.Symbo l  Template .  Eac h for m i s associate d wit h a  specifi c 
templat e fo r  a  symboli c expressions . 

Stated simply, the schema is the "idea" to be expressed in 
th e equatio n an d th e symbo l  templat e i s th e specificatio n o f 
h o w tha t  "idea "  i s writte n i n symbols . 

Th e natur e o f  symboli c form s i s bes t  illustrate d wit h a 
brie f  exampl e episod e from  th e dat a corpus .  I n thi s episode , 
tw o student s wer e workin g o n th e firs t  tas k liste d i n Tabl e 
1,  whic h concern s block s slidin g alon g a  surfac e wit h 
friction . 

Th e pai r  o f  students ,  M i k e an d Karl ,  wer e unhapp y wit h 
th e solutio n tha t  the y obtaine d t o thi s task ,  an d the y decide d 
tha t  thei r  difficultie s migh t  ste m from  s o m e assumption s 
tha t  ar e typicall y mad e i n physic s courses .  Usually ,  th e 
coefficien t  o f  friction ,  |j, ,  i s  treate d a s a  constan t  tha t  depend s 
onl y o n th e propertie s o f  th e tw o material s tha t  ar e rubbe d 
together .  Fo r  variou s reasons ,  M i k e an d Kar l  decide d tha t  i t 
migh t  b e mor e accurat e t o hav e a n expressio n fo r  th e 
coefficien t  o f  frictio n tha t  depend s o n th e mas s o f  th e block : 
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\ i  =  (som e functio n o f  mass ) 

More specifically, these students thought that \i. should 
decreas e wit h increasin g mass . 

Karl I guess what we're saying is that the larger the 
weight ,  th e les s th e coefficien t  o f  frictio n woul d be . 

During a span of approximately 10 minutes, Mike and Karl 
graduall y refine d thei r  specificatio n fo r  a n expressio n fo r  |J. . 
The followin g i s a n excerp t  fro m thei r  discussion : 

Karl Well, yeah, maybe you could consider the frictional 
forc e a s havin g tw o components .  On e tha t  goe s t o 
zer o an d th e othe r  on e that' s constant .  S o tha t  on e 
componen t  woul d b e dependen t  o n th e weight .  An d 
th e othe r  componen t  woul d b e independen t  o f  th e 
weight . 

Mik e So ,  d o yo u mea n th e slidin g frictio n woul d b e 
dependen t  o n th e weight ? 

Kar l  Wel l  I' m talkin g abou t  th e slidin g frictio n woul d 
hav e tw o components .  On e componen t  woul d b e 
fixe d base d o n whateve r  it' s  mad e ou t  o f  Th e othe r 
componen t  woul d b e a  functio n o f  th e norma l  force . 
The large r  th e norma l  force ,  th e smalle r  tha t 
component . 

Finally, the students imdertook to write an expression. 
Afte r  a  fe w minute s an d som e fals e starts ,  the y settle d o n th e 
followin g equation : 

^  =  H l + c 
m 

Here ,  m i s th e mass ,  an d [l̂ ,  C ,  an d fi j  ar e constants .  Ther e 
ar e som e difficultie s wit h thi s expression ;  mos t  notably ,  [ i 
tend s t o infinit y a s th e mas s become s small .  Nonetheless , 
thi s equatio n capture s muc h o f  wha t  th e student s intended . 

So,  Mik e an d Kar l  hav e constructe d a  nove l  expression . 
Clearly ,  thi s expressio n wa s no t  simpl y writte n ou t  from 
memory (yo u wil l  no t  fin d i t  i n an y textbook )  an d i t  wa s 
not  deriva l  b y manipulatin g othe r  equations .  Thus ,  th e 
questio n is :  H o w di d Mik e an d Kar l  writ e thi s equation ? Fo r 
example ,  h o w di d the y kno w t o writ e a  '+ '  instea d o f  a  'x ' 
betwee n th e tw o terms ? An d h o w di d the y kno w t o pu t  th e 
m i n th e denominator ? 

I  hypothesiz e tha t  a  numbe r  o f  symboU c form s underli e 
th e constructio n o f  thi s expression .  Th e fu-s t  o f  thes e 
symboli c form s i s suggeste d b y Karl' s  statemen t  tha t  "th e 
slidin g friction  woul d hav e tw o components. "  I  cal l  thi s 
for m parts-of-a-whole . 

PARTS-OF-A-WHOLE 

Schema Symbo l  Templat e 

The poin t  her e i s that ,  becaus e th e parts-of-a-whol e for m 
associate s a  conceptua l  schem a wit h a  templat e fo r  a n 
expression ,  thi s dictate s -  a t  a  certai n degre e o f  specificit y -
what  th e student s mus t  write .  I n thi s case ,  th e for m dictate s 
tha t  th e student s shoul d writ e tw o o r  mor e term s separate d 
by plu s signs .  I n fact ,  th e student s initiall y  bega n wit h 
mark s tha t  playe d th e rol e o f  placeholder s fo r  eac h term , 
graduall y fillin g i n details . 

The secon d symboli c for m involve d her e goe s wit h Karl' s 
statemen t  that :  "Th e othe r  componen t  woul d b e a  functio n 
of  th e norma l  force .  Th e large r  th e norma l  force ,  th e smalle r 
tha t  component. "  Thi s i s th e proportionalit y minu s o r 
prop -  form .  Th e ide a o f  th e prop -  for m i s that ,  i f  yo u wan t  a 
ter m t o decreas e a s som e quantit y increases ,  the n th e 
quantit y mus t  appea r  i n th e denominato r  o f  th e term . 

PROP-

One quantit y varie s inversel y 
wit h another . 

7 

...X.. . 

A whol e i s compose d o f  tw o 
or  mor e parts . 

n*D* . 

Finally ,  I  wil l  jus t  briefl y mentio n tw o othe r  symboh c 
form s tha t  playe d a  rol e i n Mik e an d Karl' s  constructio n o f 
thei r  expressio n fo r  |i .  First ,  th e coefficien t  for m permitte d 
th e writin g o f  th e ' C tha t  multiplie s th e secon d term . 
Lastly ,  th e identit y for m permitte d th e writin g o f  th e "|î " 
wit h whic h th e expressio n begins . 

To b e sure ,  Mik e an d Karl' s  constructio n o f  a  nove l 
expressio n fo r  th e coefficien t  o f  frictio n wa s a  somewha t 
unusua l  event ;  i t  i s  rar e tha t  th e solvin g o f  a  textboo k 
physic s proble m require s th e constructio n o f  nove l 
equations .  I f  symboli c form s wer e onl y implicate d i n thes e 
unusua l  constructio n events ,  the n thei r  existenc e migh t  no t 
be ver y important .  However ,  ther e ar e man y place s tha t 
knowledg e o f  thi s sor t  i s  usefu l  i n mor e typica l  proble m 
solving .  A s the y work ,  student s can ,  fo r  example : 

• Judge the reasonableness of an expression. 
•  Reconstruc t  partl y remembere d expressions . 
•  Justif y expression s i n intuitiv e terms . 

Limited space prevents me from illustrating these various 
role s o f  symboli c forms . 

The Six Clusters of Symbolic Forms 

Altogether ,  th e analysi s o f  th e dat a corpu s identifie d 2 1 
symboli c forms .  Thes e ar e liste d i n Tabl e 2 ,  arrange d int o 6 
group s tha t  ar e referre d t o a s "clusters. "  Withi n a  give n 
cluster ,  th e variou s schemat a involv e entitie s o f  th e sam e o r 
simila r  ontologica l  type .  I n addition ,  th e form s i n a  cluste r 
ten d t o pars e a n expressio n a t  th e sam e leve l  o f  detail .  Whil e 
I  believ e tha t  th e lis t  i n Tabl e 2  represent s a  reasonabl e 
portrai t  o f  th e vocabular y o f  symboli c form s tha t  ar e 
involve d i n understandin g physic s expressions ,  i t  shoul d b e 
kep t  i n min d tha t  th e conten t  o f  thi s lis t  i s  a t  leas t  partl y 
specifi c  t o th e dat a corpu s o n whic h thi s wor k wa s based .  A 
brie f  descriptio n o f  eac h cluste r  follows . 

Compet in g T e r m s .  On e wa y tiiat  a  physic s equatio n 
may b e understoo d i s a s a n arrangemen t  o f  term s tha t 
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1 C o m p e t i n g T e r m s Cluste r 

competin g term s 

oppositio n 

balancin g 

cancelin g 

_ ± _ ±  ̂  .. . 

0 =  D- " 

Multiplicatio n Cluste r 

intensive*extensiv e 

extensive*extensiv e 

X X  y 

X X  y 

T e r m s ar e A m o u n t s Cluste r 

parts-of a whol e 

bas e ±  I  lumg e 

whol e -  par t 

same amoun t 

l l  +  iJ+.. . 

IJ± A 

D - D 

Coefficien t  Cluste r 

coefficien t 

scalin g 

Dependenc e Cluste r  | 

dependenc e 

no dependenc e 

sol e dependenc e 

...X.. . 

...X.. . 

O the r  1 

identit y 

dyin g awa y 

x = .. . 

\  Proportionalit y Cluste r  | 

prop + 

prop -

1 

...X.. . 

? 

7 

...X.. . 

rati o 

canceling(b ) 

...X.. . 

...y.. . 

...X.. . 

...X.. . 

Tabl e 2 .  Th e ful l  se t  o f  symboli c form s identifie d i n th e analysis . 

conflic t  an d support ,  an d tha t  oppos e an d balance .  Th e 
Competin g Term s Cluste r  contain s th e form s relate d t o 
seein g equation s i n thi s manner ,  a s term s associate d wit h 
influence s i n competition .  A n exampl e fro m thi s cluster ,  th e 
balancin g form ,  i s discusse d late r  i n thi s paper . 

Dependence .  Th e form s i n thi s cluste r  hav e t o d o wit h 
th e simpl e fac t  o f  whethe r  a  specifi c  individua l  symbo l 
appear s i n a n expressio n doe s o r  doe s no t  appea r  i n a n 
expression .  Mos t  basi c o f  thes e form s i s n o dependence , 
whose symbo l  patter n involve s th e absence ,  rathe r  tha n th e 
presenc e o f  symbols .  I n contrast ,  th e dependenc e for m 
specifie s onl y tha t  a  give n symbo l  appear s i n a n expression . 

Proportionality .  W h e n a  physic s studen t  look s a t  a n 
equation ,  th e lin e tha t  divide s th e to p from  th e botto m o f  a 
rati o -  th e numerato r  fro m th e denominato r  -  i s a  majo r 
landmark .  Form s i n th e Proportionalit y Cluste r  involv e th e 
seein g o f  individua l  symbol s a s eithe r  abov e o r  belo w thi s 
importan t  landmark .  Th e prop -  form ,  discusse d above ,  i s a n 
elemen t  o f  thi s cluster . 

Te rm s ar e A m o u n t s .  Lik e th e form s i n th e 
Competin g Term s Cluster ,  thes e form s addres s expression s 
at  th e leve l  o f  terms .  However ,  rathe r  tha n describin g a 
battl e betwee n competin g influences ,  thes e expression s 
concer n th e collectin g o f  a  generi c substance ,  puttin g som e 
i n an d takin g som e away .  Thus ,  whil e '+ '  an d '- '  sign s i n 
Competin g Term s expression s ar e commonl y associate d 
wit h direction s i n physica l  space ,  sign s i n thi s cluste r 
generall y signa l  addin g o n o r  takin g away . 

Coefficient .  I n th e coefficien t  forms ,  a  produc t  o f 
factor s i s see n a s broke n int o tw o parts .  On e par t  i s th e 
coefficien t  itself ,  whic h ofte n involve s onl y a  singl e symbo l 
and i s usuall y writte n o n th e left . 

Multiplication .  Th e form s i n thi s cluste r  als o brea k 
down product s o f  factor s int o parts .  I n thi s case ,  th e part s ar e 
intensiv e o r  extensiv e quantities .  State d roughly ,  a n 
intensiv e quantit y specifie s a n amoun t  o f  somethin g pe r  uni t 
of  somethin g else ,  whil e a n extensiv e quantit y i s a  numbe r 
of  units . 

F o r m s a n d P r o b l e m S o l v i n g S c h e m a t a 

I n statin g tha t  physic s equation s ar e understoo d i n term s o f 
symboli c forms ,  I  a m makin g a  ver y particula r  hypothesi s 
abou t  th e wa y equation s ar e understood ;  I  a m claimin g tha t 
equation s ar e understoo d i n term s o f  certai n typ e o f 
abstractio n wit h a  specifi c  leve l  o f  generality .  I n th e 
remainin g section s o f  thi s paper ,  I  wil l  attemp t  t o 
simultaneousl y accomplis h tw o jobs :  I  wil l  tr y t o clarif y 
exactl y wha t  thi s leve l  o f  generalit y  is ,  an d I  wil l  argu e fo r 
th e importanc e o f  abstraction s o f  thi s sort . 

To start ,  I  wil l  contras t  m y vie w wit h on e alternative . 
Not e tha t  i t  i s  possibl e tha t  peopl e writ e an d understan d 
physic s expression s onl y a t  th e leve l  o f  whol e equation s 
associate d wit h forma l  principles .  I n othe r  words ,  student s 
and physicist s migh t  onl y kno w tha t  a  give n equatio n i s a n 
expressio n o f  a  particula r  forma l  physic s principle .  I n 
contrast ,  I  a m arguin g tha t  equation s hav e meaningfu l  sub -
structure ,  and ,  becaus e o f  this ,  tha t  the y "sa y something "  t o 
th e studen t  tha t  know s th e vocabulary .  T o furthe r  examin e 
thi s contrast ,  I  wil l  refe r  t o a  mode l  o f  physic s proble m 
solvin g propose d b y Larki n (1983) . 

I n Larkin' s model ,  physic s proble m solvin g i s guide d b y a 
set  o f  schemata ,  suc h a s wha t  Larki n call s th e 'Torce s 
Schema"  an d th e "Work-Energ y Schema. "  Thes e schemat a 
ar e quit e closel y relate d t o physica l  principles ,  a s thes e 
principle s woul d b e presente d i n a  physic s textbook .  Fo r 
example ,  Larki n say s tha t  th e Force s Schem a "correspond s 
t o th e physica l  principl e tha t  th e tota l  forc e o n a  syste m 
(alon g a  particula r  direction )  i s equa l  t o th e system' s mas s 
time s it s  acceleratio n (alon g tha t  direction). "  Thi s i s 
essentiall y  Newton' s Secon d Law ,  F = m a .  Th e schem a 
include s rule s tha t  correspon d t o "forc e laws, "  whic h ar e th e 
law s tha t  allo w a  physicis t  t o comput e th e force s o n a n 
objec t  give n th e arrangemen t  o f  object s i n a  physica l 
system .  State d simply ,  thi s add s u p t o th e followin g imag e 
of  proble m solving :  Th e constructio n rule s allo w th e 
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proble m solve r  t o fin d eac h o f  th e force s actin g o n a n object , 
the n thes e force s ar e totale d an d substitute d int o F,u, = ma . 

Th e Force s Schem a coul d easil y b e use d t o solv e som e o f 
th e task s i n Tabl e 1 .  Fo r  example ,  i t  i s  applicabl e t o Tas k 4 
i n whic h a  mas s hang s a t  res t  fro m a  spring ,  an d Tas k 6  i n 
whic h a n ic e cub e float s i n a  glas s o f  water .  I n bot h cases , 
ther e i s a  forc e actin g upwar d o n th e objec t  an d a  forc e actin g 
downward .  Followin g th e Force s Schema ,  th e solutio n 
woul d procee d b y first finding  eac h o f  thes e forces ,  the n 
substitutin g int o F,o, = m a t o write : 

Fup + Fdown = ma 

Since in both of these tasks the object is not moving, the 
acceleratio n i s zer o an d w e ca n writ e Fup=-Fj(,̂ „ .  Onc e thi s 
equatio n i s written ,  i t  i s  possibl e t o solv e fo r  th e desire d 
quantities .  Fo r  example ,  i n th e floatin g ic e cub e problem , 
th e upwar d forc e i s th e buoyan t  forc e o f  water ,  an d th e 
downwar d forc e i s th e forc e o f  gravity . 

Significantly ,  non e o f  th e five  pair s o f  student s solve d th e 
ic e cub e proble m i n precisel y thi s manner .  Instead ,  al l  o f  th e 
pair s jumpe d directl y t o equatin g th e upwar d an d downwar d 
force s a s i n th e followin g expression ,  dealin g wit h sig n 
issue s i n a  "hand-waving "  manner ,  i f  a t  all . 

''up ~ ''down 

Student justifications for this expression included 
assertion s tha t  thi s equatio n mus t  b e tru e "a t  equilibrium " 
an d tha t  th e force s mus t  "balance: " 

Alan At equilibrium, they're equal. 

Jack Um, so we know the force down is M G and that has 
t o b e balance d b y th e forc e o f  th e wate r 

I explain this by hypothesizing that the behavior is being 
drive n b y a  symboli c form ,  th e balancin g form .  I n 
balancing ,  tw o competin g influence s ar e see n a s precisel y 
equa l  an d opposite ,  an d thi s schematizatio n i s boun d t o a 
symbo l  templat e i n whic h tw o expression s ar e separate d b y 
an equa l  sign . 

BALANCING 

T wo influenc e ar e precisel y 
i n balance . D =  D 

H o w doe s thi s accoun t  diffe r  fro m Larkin's ? I n arguin g 
tha t  a  symboli c for m i s drivin g th e equatin g o f  th e u p an d 
d o wn forces ,  I  a m assertin g tha t  student s ar e workin g 
directl y fro m a  mor e basi c an d genera l  schematizatio n o f  th e 
physica l  situation .  The y se e balancin g i n th e situation ,  an d 
thi s directl y dictate s th e for m o f  th e expressio n t o b e 
written . 

T o furthe r  clarif y th e distinction ,  not e tha t  th e balancin g 
for m i s mor e genera l  tha n an y schemat a tha t  pertai n onl y t o 
forces .  Becaus e i t  i s no t  specifi c  t o forces ,  balancin g ca n b e 
applie d t o explai n studen t  wor k o n som e task s tha t  ar e no t 
usuall y solve d wit h forces ,  suc h a s Tas k 5 .  I n thi s task ,  a n 

ic e skate r  w h o i s strande d o n frictionles s ic e throw s a n ic e 
skate .  W h e n thi s i s done ,  th e skate r  recoil s i n th e opposit e 
direction .  I n som e cases ,  th e student s i n thi s stud y solve d 
thi s proble m b y immediatel y equatin g th e momen t a o f  th e 
skat e an d th e skate r  jus t  afte r  th e collision . 

M skat e '  skat e = M skate r  ̂skate r 

I n contrast ,  a  mor e forma l  solutio n woul d begi n wit h a 
statemen t  o f  th e conservatio n o f  m o m e n t u m .  Thi s woul d 
involv e equatin g th e moment a befor e an d afte r  th e collision , 
rathe r  tha n th e momen t a o f  th e skat e an d skater .  Again ,  I 
explai n th e students '  behavio r  b y appea l  t o th e balancin g 
form .  A s i n th e cas e o f  th e sprin g an d ic e cub e problems , 
balancin g directl y drive s th e writin g o f  a n expression .  But , 
i n thi s case ,  balancin g i s applie d t o momen t a rathe r  tha n 
forces .  Thi s propert y o f  symboli c form s -  tha t  the y cu t 
acros s physica l  principle s -  i s  on e o f  th e importan t 
characteristic s o f  th e abstraction s embodie d i n forms . 

I  hav e no t  trie d t o provid e stron g evidenc e fo r  symboli c 
form s ove r  model s lik e Larkin's .  Th e simpl e fac t  tha t 
student s appea r  t o ski p step s tha t  woul d appea r  i n a  mor e 
rigorou s solutio n doe s no t  constitut e conclusiv e evidence . 
For  example ,  th e student s coul d jus t  b e leavin g ou t  step s 
tha t  the y fee l  ar e obvious ,  o r  the y coul d b e applyin g specia l 
purpos e schemat a fo r  th e case s o f  balance d force s an d 
balance d momenta .  Fo r  a  ful l  compariso n an d discussio n o f 
th e relevan t  evidence ,  se e Sheri n (1996) . 

Forms and Intuitive Understanding 

Additiona l  suppor t  fo r  th e typ e o f  abstraction s associate d 
wit h symboli c form s ca n b e foun d i n studie s o f  intuitiv e 
physics .  I t  turn s ou t  som e researcher s hav e argue d that ,  prio r 
t o an y forma l  physic s instruction ,  student s understan d th e 
physica l  worl d i n term s o f  abstraction s tha t  ar e ver y simila r 
t o thos e embodie d i n forms .  Suc h result s ad d plausibilit y  t o 
th e existenc e o f  forms ,  sinc e the y sugges t  possibl e origin s 
fo r  thi s knowledge . 

First ,  diSess a (1993 )  describe s a  portio n o f  intuitiv e 
physic s knowledg e tha t  h e call s th e "sense-of-mechanism. " 
Accordin g t o diSessa ,  element s o f  th e sense-of-mechanis m -
whic h h e call s "phenomenologica l  primitives "  o r  "p-prims " 
-  constitut e th e bas e leve l  o f  ou r  intuitiv e explanation s o f 
physica l  phenomena .  F-prim s appea r  t o liv e a t  a  leve l  o f 
abstractio n tha t  i s ver y simila r  t o symboli c forms .  Fo r 
example ,  diSess a list s p-prim s tha t  h e call s "balancing "  an d 
"dyin g away, "  bot h o f  whic h hav e direc t  correlate s i n th e 
form s vocabulary . 

A secon d relevan t  bod y o f  researc h concern s wha t  th e 
researcher s involve d hav e calle d "qualitativ e reasonin g abou t 
physica l  systems "  (deKlee r  &  Brown ,  1984 ;  Forbus ,  1984) . 
Thi s research  give s a  prominen t  rol e t o proportionalit y 
relations ,  suc h a s th e prop -  for m discusse d above ,  i n 
reasonin g abou t  physica l  systems .  I f  w e accep t  tha t  thes e 
relation s ar e a  centra l  par t  o f  h o w w e understan d physica l 
systems ,  thi s add s t o th e plausibilit y  tha t  proportionalit y 
relation s shoul d b e element s i n th e vocabular y tha t  w e ca n 
rea d an d writ e i n equations . 

Finally ,  I  wan t  t o ver y briefl y mentio n som e related 
researc h tha t  pertain s t o h o w student s solv e elementar y 
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mathematic s problem s suc h a s th e following :  Joh n ha s five 
apple s an d Mar y give s hi m thre e more ,  ho w man y doe s h e 
have ? Th e researc h i n questio n i s a  collectio n o f  paper s tha t 
identif y wha t  Green o (1987 )  ha s calle d "patterns "  i n 
arithmeti c wor d problems .  (See ,  fo r  example ,  Carpente r  & 
Moser ,  1983 ;  Riley ,  Greeno ,  &  Heller ,  1983) .  T o cit e a n 
instance ,  Rile y an d colleague s lis t  fou r  categorie s o f 
arithmeti c wor d problems :  "change, "  "equalization, " 
"combine, "  an d "compare. "  I n a  chang e problem ,  fo r 
example ,  som e amoun t  i s adde d o n t o a n origina l  quantity , 
increasin g th e siz e o f  tha t  origina l  quantity .  I n contrast ,  i n 
combin e problems ,  tw o quantitie s ar e combine d t o produc e 
a ne w thir d quantity . 

Clearly ,  thes e pattern s liv e a t  a  simila r  leve l  o f  abstractio n 
t o symboli c forms .  Fo r  example ,  th e parts-of-a-whol e for m 
and combin e patter n see m t o involv e simila r 
schematizations .  Becaus e schematization s o f  thi s sor t  ar e 
importan t  t o ho w youn g student s understan d th e quantitativ e 
relation s i n proble m situations ,  i t  i s  plausibl e tha t  simila r 
schematization s continu e t o b e importan t  i n later ,  mor e 
advance d wor k wit h equations .  Thi s i s  supporte d b y th e 
worko f  Izsa k (1997) ,  wh o ha s attempte d t o trac e th e origi n 
and developmen t  o f  som e symboli c forms . 

Conclusion 

I n thi s paper ,  I  hav e attempte d t o sugges t  tha t  a  ful l 
descriptio n o f  physic s proble m solvin g shoul d includ e som e 
accoun t  o f  a  dee p leve l  o f  equatio n understanding .  I n 
particular ,  I  hav e argue d tha t  eve n moderatel y advance d 
student s lear n a  vocabular y o f  "symboli c forms, "  i n term s o f 
whic h the y ca n construc t  an d understan d expressions .  Th e 
existenc e o f  thi s knowledg e i s importan t  fo r  elaboratin g ou r 
model s o f  proble m solvin g an d buildin g theorie s o f  equatio n 
meaning ,  a s wel l  a s ultimatel y fo r  improvin g instruction . 

Generally ,  th e attitud e o f  thi s wor k i s tha t  symboli c form s 
and othe r  sort s o f  knowledge ,  suc h a s knowledg e tie d t o 
physica l  principles ,  ar e complementary ;  w e wil l  nee d bot h 
t o explai n physic s proble m solving .  Thus ,  I  d o no t  wan t  t o 
argu e fo r  symboli c form s a s a  stric t  alternativ e t o existin g 
model s o f  physic s proble m solving ;  I  onl y maintai n tha t 
ther e ar e gap s i n wha t  thes e model s ca n explain ,  an d tha t 
symboli c form s ca n fill  som e o f  thes e gaps . 

Most  importantly ,  w e woul d lik e t o b e abl e t o mode l 
more flexible  an d generativ e varietie s o f  knowledge . 
Traditiona l  model s o f  proble m solvin g involv e schemat a 
tha t  contain ,  withi n thei r  structure ,  a n outlin e fo r  th e 
solutio n o f  a  problem .  Alternatively ,  w e woul d lik e t o b e 
abl e t o describ e th e wa y i n whic h a  "dee p understandin g o f 
physics "  ca n driv e proble m solvin g i n a  flexible  manner , 
adaptin g on-the-fly ,  an d generatin g ne w an d creativ e 
solutions .  I n hypothesizin g symboli c forms ,  I  a m filling  i n 
par t  o f  th e stor y o f  ho w intuitiv e understandin g ca n pla y a 
rol e i n proble m solving .  Becaus e the y ca n understan d th e 
conten t  o f  expressions ,  student s ca n depar t  fi-om  mor e forma l 
solutions ,  judg e th e reasonablenes s o f  expressions ,  an d 
construc t  ne w expression s fo r  ne w content . 
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