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Abstrac t 

Despite centuries of using mathematical notation, surprisingly 
littl e i s  know n abou t  ho w mathematician s perceiv e equations . 
The presen t  experimen t  provide s a n initia l  ste p i n understand -
in g wha t  sor t  o f  interna l  representatio n i s use d b y experience d 
mathematicians .  I n particular ,  w e examine d i f  mathematica l 
synta x play s a  rol e i n ho w mathematician s encod e algebrai c 
equations ,  o r  i f  jus t  a  simpl e memor y strateg y i s used .  Par -
ticipant s i n th e experimen t  performe d a  memor y recognitio n 
tas k tha t  require d the m t o identif y bot h well-forme d (syntac -
ticall y correct )  an d non-well-forme d sub-expression s o f  equa -
tions .  A s hypothesised ,  performanc e wa s significantl y bette r 
fo r  well-forme d sub-expressions ,  a  resul t  whic h suggest s tha t 
mathematician s d o indee d us e a n interna l  representatio n base d 
on mathematica l  synta x t o encod e equations . 

I n t roduc t i o n 

Mathematica l  notatio n ha s evolve d ove r  hundred s o f  years . 

Lik e natura l  language ,  mathematica l  notatio n appear s t o hav e 

a well-define d synta x an d semantics .  I t  i s  clea r  tha t  th e ex -

pressio n 
+ 

J/8 -

i s syntacticall y incorrect ,  whil e th e equatio n 

72- 9 
= (3-2) ^ 

i s  syntacticall y well-forme d bu t  no t  true . 

For  decade s now ,  phras e structur e grammar s hav e bee n 

use d t o understan d h o w human s pars e natura l  languag e sen -

tence s (fo r  example ,  se e Akmajian ,  Demer s an d Harnish , 

1984) .  Suc h grammar s hav e als o bee n exploite d i n compute r 

programmin g language s t o proces s simpl e linearise d mathe -

matica l  expressions .  However ,  unlik e natura l  languag e (writ -

te n o r  spoken) ,  th e synta x o f  mathematica l  notatio n i s two -

dimensiona l  i n nature .  Fo r  example ,  th e precedin g equatio n 

relie s o n bot h vertica l  an d horizonta l  adjacenc y relationship s 

betwee n th e symbol s t o provid e th e meaning . 

Give n tha t  mathematica l  notatio n ha s a  well-define d syn -

ta x an d a  two-dimensiona l  structure ,  i t  i s  natura l  t o as k h o w 

humans comprehen d mathematica l  equation s an d othe r  nota -

tion s wit h simila r  characteristics .  W e ar e especiall y intereste d 

i n determinin g i f  human s pars e mathematica l  expression s i n 

a manne r  simila r  t o th e wa y i n whic h the y pars e natura l  lan -

guage .  Tha t  is ,  d o w e assig n grammatica l  structur e t o equa -

tions . 

The notio n tha t  grammatica l  structur e ca n b e assigne d t o 

equation s ha s som e suppor t  fro m wor k o n developin g com -

pute r  program s t o understan d mathematica l  notation .  Sinc e 

th e pioneerin g wor k o f  Anderso n (1977) ,  almos t  al l  ap -

proache s hav e bee n gramma r  based ,  usin g s o m e for m o f 

context-fre e attribute d multise t  gramma r  t o specif y th e syn -

tax .  Attribute s ar e use d t o captur e geometri c propertie s o f 

th e symbols ,  whil e th e gramma r  work s ove r  multiset s rathe r 

tha n sequence s sinc e ther e i s n o singl e wa y t o sequenc e a n 

equation .  Fo r  furthe r  information ,  se e th e recen t  surve y b y 

Marriott ,  Meye r  an d Wittenbur g (1998) . 

W h en processin g a n equation ,  th e informatio n need s t o b e 

store d i n memory .  Researc h ha s show n tha t  human s hav e 

m e m o ry procedure s fo r  dealin g wit h larg e amount s o f  infor -

matio n (Miller ,  1956) .  The y encod e informatio n int o chunk s 

tha t  the y ca n utilis e withi n th e limit s o f  workin g memory . 

However ,  chunkin g i s  mor e efficien t  i f  i t  i s  guide d b y a 

structura l  principle .  Researc h don e b y Johnso n (1968 ,  1970 ) 

has show n tha t  i n th e contex t  o f  natura l  language ,  chunkin g 
i s guide d b y syntax ,  wit h individua l  chunk s conformin g t o 

grammaticall y define d units .  Ou r  ai m i s t o determin e i f  a 

simila r  proces s i s tru e fo r  mathematica l  expressions . 

Thi s experimen t  therefor e ha s bee n designe d t o examin e 

whethe r  o r  no t  experience d user s o f  mathematic s us e guide d 

encodin g whe n processin g equations .  Tha t  is ,  d o mathemati -

cian s us e som e sor t  o f  interna l  representatio n tha t  take s syn -

ta x int o account ,  o r  d o the y us e a  les s guide d m e m o r y strateg y 

t o chun k a  mathematica l  equation . 

Surprisingl y littl e wor k ha s bee n don e tha t  directl y ad -

dresse s thi s issue .  Th e two-dimensiona l  natur e o f  mathemat -

ica l  notatio n seem s t o plac e i t  th e sam e domai n a s diagrams . 

Ther e ha s bee n m u c h wor k don e i n th e field  o f  diagrammati c 

reasonin g alread y (fo r  example ,  se e Glasgow ,  Narayana n an d 
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Tabl e 1 :  Exampl e equation s an d sub-expressions . 

Equatio n 

^  Ir ^ 
x(2y-5 ) 

2x +  2 
X =  OJ/ X 

X 

Well-Forme d 

(2y-5 ) 

2a; + 2 

Sub-Expressio n 

Non-Well-Forme d 

x( 2 

= 6yx -

Incorrec t 

i(4y + 

6x +  2 

Chandrasekaran ,  1995) ,  howeve r  thi s ha s concentrate d o n 

how diagram s ar e use d i n reasoning ,  rathe r  tha n low-leve l 

perceptio n o f  structure . 

Our  hypothesi s i s tha t  experience d mathematician s d o us e 

some sor t  o f  interna l  representatio n t o guid e thei r  encodin g 

of  equations ,  an d tha t  thi s representatio n i s base d o n math -

ematica l  syntax .  T o tes t  thi s hypothesis ,  w e hav e se t  u p a 

recognitio n tas k t o determin e i f  participant s ca n mor e read -

il y  identif y syntacticall y well-forme d sub-expression s o f  a n 

equation ,  a s oppose d t o non-well-forme d sub-expressions .  I f 

a simpl e memor y strateg y wer e bein g used ,  w e woul d ex -

pec t  chunkin g i n it s mos t  basi c form ,  randoml y splittin g u p 

th e equation s an d providin g n o advantag e fo r  well-forme d 

ove r  non-well-forme d sub-expressions .  Suc h a  resul t  woul d 

mean tha t  ou r  hypothesi s ha s n o support .  However ,  w e expec t 

tha t  participant s wil l  respon d significantl y faste r  t o th e well -

forme d sub-expressions ,  indicatin g tha t  mathematica l  synta x 

play s a n importan t  rol e i n encodin g equations . 

Method 

Participant s Twenty-fou r  participant s successfull y com -

plete d th e experiment .  Al l  wer e staf f  members ,  graduat e o r 

undergraduat e student s fro m th e Compute r  Scienc e depart -

ment ,  al l  competen t  mathematician s w h o wer e ver y familia r 

wit h algebra .  Al l  participant s wer e volunteer s betwee n th e 

ages o f  1 8 an d 3 5 years ,  wit h norma l  o r  corrected-to-norma l 

vision .  Dat a fro m a n additiona l  1 3 participant s wer e no t  in -

clude d du e t o excessiv e erro r  rates. ' 

Materials and Design One-hundred-and-twenty equations 

wer e constructed ,  al l  consistin g o f  betwee n twelv e an d four -

tee n characters .  Th e equation s containe d a t  mos t  on e frac -

tio n an d th e variable s wer e x  an d y ,  sinc e thes e ar e mos t 

commonl y used .  Fo r  eac h equation ,  sub-expression s o f  thre e 

type s wer e constructed . 

a) A well-formed sub-expression, which is a component of 

it s equation ,  an d convey s th e sam e meanin g o n it s ow n tha t 

'Fo r  th e result s o f  a  participan t  t o b e include d i n th e final  analy -
sis ,  the y wer e require d t o ge t  a t  leas t  7 0 % correc t  response s overal l 
and a t  leas t  5 0 % correc t  fo r  an y give n sub-expressio n type .  Thi s 
resulte d i n ther e bein g twenty-fou r  participant s whos e dat a wa s in -
cluded ,  eigh t  fo r  eac h versio n o f  th e experiment . 

i t  convey s i n th e equation . 

b)  A  non-well-forme d sub-expression ,  whic h i s als o a  com -

ponen t  o f  it s equation ,  bu t  doe s no t  conve y an y coheren t 

mathematica l  meanin g o n it s own . 

c )  A n incorrec t  sub-expression ,  whic h wa s no t  par t  o f  th e 

origina l  equation .  I t  ca n b e eithe r  well-forme d o r  non -

well-formed .  Thes e ac t  a s fillers. 

Each of the sub-expressions contained between four and six 

character s (th e averag e fo r  well-forme d sub-expression s wa s 

4.89 ;  fo r  non-well-formed ,  4.49 ;  fo r  incorrect ,  4.72) .  Se e Ta -

bl e 1  fo r  example s o f  equation s an d sub-expression s used .  A s 

th e example s show ,  a  variet y o f  sub-expression s wer e used , 

some o f  whic h wer e bracketed ,  bu t  mos t  o f  whic h wer e not . 

I n orde r  t o presen t  al l  thre e sub-expressio n type s fo r  eac h 

equation ,  bu t  ensurin g tha t  participant s wer e presente d wit h 

eac h equatio n onl y onc e t o avoi d practic e effects ,  thre e coun -

terbalance d version s o f  th e experimen t  wer e constructed .  Fo r 

eac h version ,  ther e wer e fort y instance s o f  eac h typ e o f  sub -

expression .  T w o additiona l  equation s wer e constructe d a s 

practic e items .  Th e sam e practic e item s wer e use d i n eac h 

version .  Th e item s o f  eac h versio n wer e presente d i n a  differ -

ent  pseudo-rando m orde r  fo r  eac h participant . 

Procedure Participants were seated comfortably in an iso-

late d booth .  Item s wer e displaye d a s blac k tex t  o n a  whit e 

backgroun d o n a  17 "  monito r  a t  a  resolutio n o f  1024x768 , 

controlle d b y a n I B M compatibl e compute r  runnin g a  pur -

pos e designe d compute r  program .  Th e averag e widt h o f  th e 

equation s i n pixel s wa s 17 7 (rang e 99-220 )  wit h a n averag e 

heigh t  o f  4 7 (rang e 26-61) .  Th e averag e widt h o f  th e sub -

expression s i n pixel s wa s 7 3 (rang e 39-192 )  wit h a n averag e 

heigh t  o f  2 6 (rang e 16-54) . 

Participant s wer e give n a  brie f  statemen t  o f  instruction s be -

for e th e experimen t  began .  Practic e item s precede d th e exper -

imenta l  items ,  an d th e participant s too k approximatel y fifteen 

minute s t o complet e th e task .  Progres s wa s self-paced ,  wit h 

participant s pressin g th e spac e ba r  t o initiat e th e presentatio n 

of  eac h trial . 

Each ite m wa s presente d i n th e centr e o f  th e monito r  i n 

th e followin g sequence .  First ,  a  simpl e algebr a equatio n wa s 

shown t o th e participan t  fo r  2500ms .  Th e equatio n the n dis -
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Tabl e 2 :  M e a n correc t  respons e time s (ms )  an d erro r  rate s (% )  a s a  functio n o f  sub-expressio n type . 

Sub-Expressio n RT (ms ) 

Well-Forme d 

Non-Well-Forme d 

Incorrec t 

114 7 (147 ) 

135 2 (228 ) 

142 9 (213 ) 

% Erro r 

13. 1 (6.2 ) 

23. 5 (8.8 ) 

32. 8 (8.9 ) 

appeare d an d th e scree n remaine d blan k fo r  1000ms .  The n 

th e sub-expressio n wa s shown .  Th e participan t  wa s require d 

t o decid e whethe r  th e sub-expressio n wa s i n tha t  equation ,  re -

spondin g vi a a  time d selectiv e butto n press .  The y presse d th e 

gree n button ,  (th e 7 '  ke y o n th e righ t  sid e o f  th e keyboard) , 

t o indicat e tha t  th e sub-expressio n wa s par t  o f  th e origina l 

equation ,  an d th e re d button ,  (th e 'Z '  ke y o n th e lef t  o f  th e 

keyboard) ,  t o indicat e tha t  th e sub-expressio n wa s no t  par t 

of  th e origina l  equation .  Participant s wer e instructe d t o re -

spon d a s quickl y a s possible ,  whil e takin g car e no t  t o mak e 

to o man y errors .  Th e sub-expressio n remaine d o n th e scree n 

unti l  a  respons e wa s made . 

The respons e tim e recorde d wa s th e tim e betwee n th e sub -

expressio n firs t  appearin g an d th e participant' s response .  Af -

te r  th e response ,  th e participan t  wa s give n feedback .  I f  th e 

respons e wa s correc t  the n th e wor d " C O R R E C T"  appeare d 

on th e screen .  Otherwise ,  th e wor d " I N C O R R E C T "  appeare d 

on th e screen .  I n bot h cases ,  th e participant' s respons e tim e 

i n millisecond s als o appeare d o n th e screen . 

Data IVeatment Two measures were employed to reduce 

th e unwante d effect s o f  outlyin g dat a points .  Absolut e uppe r 

and lowe r  cut-off s wer e applie d t o respons e latencies ,  suc h 

tha t  an y respons e longe r  tha n 2500m s o r  shorte r  tha n 500m s 

was exclude d fro m th e respons e tim e dat a analysi s an d desig -

nate d a s a n erro r  Secondly ,  standar d deviatio n cut-off s wer e 

applied ,  s o tha t  an y respons e tim e lyin g mor e tha n tw o stan -
dar d deviation s abov e o r  belo w a  participant' s overal l  mea n 

respons e tim e wa s truncate d t o th e valu e o f  th e cut-of f  point . 

Thre e items ,  on e fro m eac h conditio n o f  th e experiment , 

wer e exclude d fro m th e analysi s du e t o erro r  rate s i n exces s 

of  7 5 % .  A s a  result ,  th e fina l  analyse s wer e ove r  thirty-nin e 

item s pe r  condition ,  no t  th e origina l  forty .  Respons e tim e an d 

erro r  dat a wer e analyse d b y a  serie s o f  analyse s o f  varianc e 

(ANOVAs) ,  ove r  bot h participan t  an d ite m data .  Wher e bot h 

th e subject-base d an d item-base d analyse s wer e significan t 

the y wer e combine d i n th e minF '  statisti c t o ensur e th e gen -

eralisabilit y  o f  result s ove r  bot h thes e domain s (Clark ,  1973) . 

Result s ar e reporte d onl y wher e effect s ar e significant . 

Results and Discussion 

The mea n correc t  respons e tim e an d erro r  rat e fo r  th e thre e 

sub-expressio n type s ar e summarise d i n Tabl e 2 ,  alon g wit h 

th e correspondin g standar d error s (i n parentheses) .  Planne d 

comparison s o f  th e dat a wer e conducte d usin g two-wa y 

A N O V As (version s x  sub-expression) ,  carrie d ou t  separatel y 

ove r  subjec t  an d ite m data . 

Th e sub-expression s whos e conten t  wa s draw n fro m 

thei r  correspondin g equation s (i.e. ,  bot h well-forme d 

and non-well-forme d sub-expressions) ,  wer e responde d t o 

mor e rapidl y tha n incorrec t  sub-expression s (well-formed : 

minF'il ,  40 )  =  57.34 ,  p  <  .01 ;  non-well-formed :  Fi(l ,  21 ) 

= 4.33 ,  p  <  .05 ,  F2(l ,  114 )  =  15.73 .  p  <  .01 .  minF'il ,  34 ) 

= 3.40 ,  p  =  .074). ^  Thi s outcom e i s reflecte d i n th e er -

ro r  rat e dat a also .  Fewe r  error s wer e m a d e relativ e t o in -

correc t  sub-expressions ,  o n response s t o bot h well-forme d 

{minF'{\ ,  105 )  =  45.15 ,  p  <  .01 )  an d non-well-forme d sub -

expression s (minF\\ ,  59 )  =  5.60 ,  p  <  .05) .  Whil e no t  unex -

pected ,  thi s patter n o f  outcome s i s comfortin g fo r  i t  indicate s 

tha t  bot h th e experimenta l  tas k an d th e participant s ar e sensi -

tiv e t o th e content s o f  algebrai c equations . 

Mor e importantly ,  ther e i s als o a  205m s recognitio n ad -

vantag e fo r  sub-expression s tha t  ar e well-forme d compo -

nent s o f  thei r  correspondin g equation ,  ove r  thei r  non-well -

forme d counterpart s (mmF'(l ,  46 )  =  30.70 ,  p  <  .01) .  Thi s 
recognitio n advantag e hold s fo r  erro r  rate s also ,  wit h par -

ticipant s makin g significantl y fewe r  error s o n well-forme d 

tha n non-well-forme d sub-expression s (minF' (  1 ,  66 )  =  12.32 , 
p <  .01) .  Clearly ,  th e participant s perceiv e th e origina l  equa -

tion s i n a  wa y tha t  allow s faste r  an d mor e accurat e recog -

nitio n o f  well-forme d sub-expression s tha n non-well-forme d 

sub-expressions . 

Th e result s o f  th e experimen t  giv e suppor t  fo r  th e hypoth -

esi s state d i n th e introduction .  Tha t  is ,  experience d mathe -

matician s us e a n interna l  representatio n base d o n mathemati -

cal  synta x t o encod e equations .  Thi s suppor t  come s fro m th e 

logi c o f  th e experiment .  A n y encodin g o f  a n equatio n tha t  sig -

nificantl y favour s recognitio n o f  well-forme d sub-expression s 

must  rel y o n a n underlyin g knowledg e o f  mathematics ;  i.e. , 

on th e existenc e o f  interna l  representation s o f  th e propertie s 

of  equations . 

An additiona l  sourc e o f  evidenc e supportin g ou r  hypothe -
si s come s fro m th e fac t  tha t  performanc e o n non-well-forme d 

sub-expression s provide s a  recognitio n advantag e ove r  incor -

rec t  sub-expressions .  Thi s suggest s tha t  ther e i s som e for m 

^Th e m in f  i s a n extremel y conservativ e statistic .  I t  i s  consid -
ere d t o b e significan t  i f  (a )  i t  ha s a n alph a leve l  les s tha n o r  equa l  t o 
0.05 ,  o r  (b )  i t  ha s a n alph a leve l  les s tha n o r  equa l  t o 0.1 ,  an d bot h 
subjec t  (Fi )  an d ite m (F2 )  analyse s ar e significan t  a t  a n alph a leve l 
of  les s tha n o r  equa l  t o 0.0 5 (Santa ,  Mille r  an d Shaw ,  1979 ) 
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of  interna l  mechanis m tha t  ca n rapidl y reconstruc t  th e equa -

tio n fro m well-forme d components ,  an d thu s identif y sub -

expression s tha t  li e acros s componen t  borders . 

General Discussion 

The natural question to ask now is what structural principle 

underlie s th e encodin g o f  mathematica l  equations .  I n th e in -

troduction ,  w e considere d th e possibilit y  tha t  human s migh t 

pars e mathematica l  expression s i n a  manne r  simila r  t o th e 

way i n whic h the y pars e natura l  language .  I n a n experimen t 

conducte d b y Johnso n (1968 )  i t  wa s show n tha t  i t  wa s easie r 

fo r  participant s t o lear n sequence s o f  word s tha t  confor m t o 

grammatica l  unit s (phrases) ,  tha n t o lear n sequence s o f  word s 

whic h ar e equall y probabl e an d acceptable ,  bu t  d o no t  con -

for m t o grammatica l  units .  Thi s resul t  i s  analogou s t o ou r 

o wn resul t  fo r  equations ,  i n whic h syntacticall y well-forme d 

sub-expression s ar e mor e readil y recognise d tha n non-well -

forme d sub-expressions ,  suggestin g tha t  experience d mathe -

matician s migh t  encod e equation s accordin g t o th e rule s o f  a 

grammar . 

I n natura l  language ,  th e us e o f  a  phras e structur e gramma r 

allow s u s t o construc t  pars e tree s fo r  sentences .  I t  i s  natura l 

t o as k then ,  whethe r  th e interna l  representatio n use d b y math -

ematician s migh t  als o utilis e a  pars e tre e whe n encodin g a n 

equation .  Fo r  example ,  conside r  th e followin g algebrai c ex -

pression . 

( x -  Z y f 

Figure 1 shows a parse tree of this expression based on math-

ematica l  syntax .  Th e dashe d boxe s i n th e diagra m woul d b e 

equivalen t  t o phrase s i n natura l  language ,  wit h th e to p nod e 

of  tre e (whic h contain s th e entir e expression )  bein g equiva -

len t  t o a  sentence .  Jus t  a s natura l  languag e consist s o f  nou n 

phrase s an d ver b phrase s an d s o on ,  th e dashe d bo x contain -

in g a ;  — 3j /  might ,  fo r  example ,  b e considere d a  subtractio n 

phrase . 

Whil e th e result s o f  th e experimen t  discusse d i n thi s pa -

per  d o no t  contradic t  th e possibilit y  o f  a  hierarchica l  struc -

tur e suc h a s a  pars e tree ,  i t  wil l  requir e muc h furthe r  researc h 

befor e suc h a  conjectur e ca n b e confirmed .  Ou r  researc h di -

rectio n fo r  th e immediat e futur e therefor e i s aime d a t  bot h re -

inforcin g th e result s o f  th e experimen t  conducted ,  an d inves -

tigatin g furthe r  th e natur e o f  th e interna l  representatio n use d 

by mathematician s t o encod e equations .  Ther e ar e tw o ex -

periment s i n particula r  whic h w e pla n t o conduc t  i n orde r  t o 

meet  thes e aims . 

Th e firs t  o f  thes e i s essentiall y  th e experimen t  describe d 

i n thi s paper ,  excep t  tha t  rathe r  tha n usin g experience d math -

ematician s a s participants ,  peopl e wit h ver y littl e experienc e 

wit h mathematic s wil l  participate .  Sinc e th e participant s hav e 

a ver y wea k backgroun d i n workin g wit h mathematica l  syn -

tax ,  w e woul d expec t  n o significan t  advantag e i n recognis -

in g well-forme d sub-expression s ove r  non-well-forme d sub -

expressions .  Thi s experimen t  woul d b e aime d a t  providin g 

furthe r  evidenc e t o suppor t  th e hypothesi s tha t  knowledg e o f 
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Figur e 1 :  Pars e Tre e fo r  ( x — 3y) ^ 

mathematica l  synta x i s use d b y experience d mathematician s 

when encodin g equations . 

The othe r  experimen t  i s designe d t o examin e th e natur e o f 

th e interna l  representatio n use d t o encod e mathematica l  ex -

pressions .  Th e structur e o f  th e experimen t  i s simila r  t o th e 

one describe d i n thi s paper .  However ,  th e sub-expression s 

presente d wil l  b e o f  slightl y differen t  types .  Whil e ther e wil l 

be a n incorrec t  typ e t o agai n ac t  a s fillers ,  th e focu s wil l  b e o n 

th e tw o type s whos e conten t  i s  draw n fro m thei r  correspond -

in g equations .  Conside r  th e followin g algebrai c expression . 

8y - 3x2 

( x -  2y) 3 

The sub-expressio n x  — 2 y ha s a  vali d syntax ,  an d i t  convey s 

th e sam e meanin g o n it s ow n a s i t  conveye d i n th e equation . 

I t  i s  well-formed ,  an d i n a  pars e tre e i t  woul d for m a  phrasa l 

node .  However ,  whil e th e sub-expressio n y  — 3 x als o ha s 

a vali d mathematica l  syntax ,  i t  convey s a  differen t  meanin g 

on it s ow n tha n i t  doe s i n th e equation .  I t  woul d no t  for m a 

phrasa l  nod e o n a  pars e tree . 

I f  th e conjectur e tha t  mathematician s us e a  pars e U-e e whe n 

encodin g a n equatio n i s correct ,  the n i t  woul d b e expecte d 

tha t  th e firs t  well-forme d sub-expressio n woul d b e recognise d 

significantl y faste r  tha n th e sub-expressio n whic h doe s no t 

for m a  phrasa l  node .  Th e resul t  o f  suc h a n experimen t  woul d 

indicat e i f  th e examinatio n o f  pars e tree s a s a n interna l  rep -

resentatio n fo r  encodin g equations ,  i s  a  worthwhil e lin e o f 

investigation . 

232 



Finally ,  i t  i s  hope d tha t  thi s researc h wil l  no t  b e limite d 

t o jus t  mathematica l  expressions .  Ther e ar e othe r  visua l  lan -

guage s wit h a  two-dimensiona l  structur e an d a  well-define d 

syntax ,  suc h a s finite  stat e automatas ,  shee t  musi c an d chem -

ica l  structura l  formulae .  Simila r  question s nee d t o b e aske d 

abou t  thes e visua l  languages .  A  lon g ter m ai m o f  thi s researc h 

i s  t o examin e th e perceptio n o f  visua l  language s i n general . 
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