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Abstrac t 

Psychometric measures of ability are unsuited to computa-
tiona l  description s o f  tasks ,  primaril y becaus e the y canno t  tak e 
proces s int o account .  Studie s o f  aptitude-treatmen t  interac -
tion s hav e ofte n faile d t o replicat e fro m tas k t o tas k precisel y 
becaus e o f  thi s difficulty .  Th e curren t  stud y align s psycho -
metri c measure s wit h proces s account s i n th e domai n o f  mul -
timoda l  reasoning .  Learnin g fro m multimoda l  logi c course s 
transfer s t o othe r  reasonin g tasks ,  an d thi s transfe r  ha s bee n 
foun d t o relat e t o difference s i n strategi c us e o f  graphica l  rep -
resentation s i n proo f  construction .  Th e curren t  stud y i s a  repli -
catio n an d a n extensio n o f  thes e findings.  Differen t  goa l  type s 
ar e distinguishe d i n term s of :  thei r  modality ;  whethe r  the y in -
volv e proof s o f  consequenc e o r  non-consequence ;  an d whethe r 
the y ca n b e solve d b y constructin g singl e o r  multipl e cases . 
We repor t  o n th e interactio n o f  a  rang e o f  psychometri c mea -
sures ,  an d th e way s i n whic h the y relat e t o th e developmen t 
and deploymen t  o f  strategies .  I n particular ,  student s wh o de -
velo p copin g strategie s t o overcom e difficuUie s wit h certai n 
problem s find  tha t  thes e strategie s aris e a t  th e expens e o f  ap -
propriat e us e o f  a  variet y o f  strategies .  Ou r  approach ,  whic h 
characterise s goal s i n term s o f  thei r  logica l  a s wel l  a s phenom -
enal  properties ,  support s a  computationa l  perspectiv e o n psy -
chometri c measure s i n reasonin g tasks . 

I n t r o d u c t i o n 

The proces s o f  learnin g t o construc t  forma l  proof s combin -
in g diagrammati c an d sententia l  representation s provide s a 
uniqu e microcos m fo r  investigatin g aptitude-treatmen t  inter -
action s (ATIs )  base d o n differen t  representationa l  behaviour s 
(Stenning ,  C o x &  Oberlander ,  1995) .  Th e formalit y o f  th e 
representation s an d processe s offer s th e possibilit y  o f  pro -
ducin g computationa l  model s o f  th e menta l  processe s in -
volved .  Psychometri c approache s whic h posi t  n o account s o f 
th e menta l  processe s whic h underl y thei r  measurement s no t 
onl y bloc k connection s t o cognitiv e account s o f  menta l  pro -
cess ,  bu t  frequentl y lea d t o failur e t o replicat e ATI s (Cron -
bac h &  Snow ,  1977) .  Transfe r  o f  scientifi c  theor y fro m situa -
tio n t o situatio n i s dependen t  o n account s o f  underlyin g struc -
tur e an d process—jus t  lik e transfe r  o f  students '  learning . 

Thi s pape r  seek s t o replicat e an d exten d earlie r  wor k o n 
ATI s i n learnin g logi c fro m Hyperproo f  (HP) ,  a  multimoda l 
proo f  environmen t  du e t o Barwis e an d Etchemend y (1994) . 
The H P interfac e i s show n i n Figur e 1 .  Th e to p o f  th e mai n 
windo w display s a  graphica l  situation .  Belo w th e situatio n 
ar e sententia l  statement s tha t  refe r  t o th e graphica l  situation . 
The othe r  window s indicat e goal s fo r  whic h th e studen t  ha s 
t o construc t  proofs—i n thi s example ,  ther e ar e fou r  differ -
ent  goals ,  on e sententia l  an d thre e graphical .  Graphica l  sit -
uation s ca n contai n abstractio n i n severa l  ways :  siz e (small , 
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Figur e 1 :  Th e Hyperproo f  interface—Proble m 4 . 

med ium ,  large )  an d shap e (tetrahedron ,  cube ,  dodecahedron ) 
ca n b e lef t  unspecifie d vi a cylinder s an d bags ,  respectively ; 
an d positio n o f  block s i n th e situatio n ca n b e lef t  unspecifie d 
by block s appearin g of f  th e board . 

A n earlie r  stud y (Stenning ,  C o x &  Oberlander ,  1995 )  re -
veale d tha t  score s o n a  subscal e o f  th e Graduat e Recor d E x a m 
( G R E)  analytica l  reasonin g tes t  predicte d outcome s o f  learn -
in g supporte d b y H P wit h o r  withou t  it s diagrammati c com -
ponent .  Student s wer e classifie d int o hig h an d lo w scorin g o n 
th e constrain t  satisfactio n problem s o f  thi s test .  Fo r  student s 
taugh t  a  1 0 wee k cours e wit h HP ,  thos e tha t  score d hig h o n 
th e G R E pre-tes t  showe d pre -  t o post-tes t  improvemen t  o n a 
'blocks-world '  ( B W )  tes t  (se e Method s sectio n fo r  a  descrip -
tio n o f  thi s test) ,  wherea s thos e tha t  score d lo w o n th e G R E 
pre-tes t  actuall y showe d decrement s o n th e B W test .  Thes e 
result s wer e reverse d w h e n th e teachin g wa s a  1 0 w e e k con -
ventiona l  logi c cours e taugh t  usin g onl y th e sententia l  com -
ponen t  o f  HP .  Subsequen t  analysi s o f  th e log s o f  th e proof s 
thes e student s produce d i n thei r  exam s showe d tha t  th e tw o 
group s displaye d contrastin g proo f  structure s o n s o m e prob -
lems .  Thes e problem s wer e characterised ,  a s predicted ,  o n 
computationa l  grounds ,  b y th e us e o f  a  hig h degre e o f  graph -
ica l  abstractio n (Oberlande r  e t  al. ,  1996) . 

M o n a g h a n &  Stennin g (1998 )  replicate d thi s A T I  i n th e do -
mai n o f  syllogisti c reasoning .  Subject s w h o score d hig h o n 
th e G R E constrain t  satisfactio n problem s learne d a  graphica l 
metho d fo r  solvin g syllogism s wit h fewe r  error s an d greate r 
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eas e tha n thei r  lowe r  scorin g counterparts .  Teachin g wit h a 
metho d tha t  wa s base d o n sententia l  natura l  deductio n re -
verse d th e effect .  Th e stud y als o showe d tha t  othe r  test s o f 
spatia l  abilit y  correlate d wit h difficultie s a t  differen t  stage s o f 
syllogisti c reasoning .  Thus ,  i n thes e tw o domain s o f  study , 
representatio n an d strateg y hav e bee n show n t o inter-relate : 
th e interpla y o f  styl e an d modalit y i s a n importan t  facto r  i n 
learnin g t o solv e reasonin g tasks . 

As wel l  a s aimin g t o replicat e thes e previou s studie s wit h 
a differen t  studen t  population ,  w e ha d tw o furthe r  goals .  Th e 
first  wa s t o examin e th e relationshi p betwee n severa l  estab -
lishe d psychometri c measure s tha t  dea l  wit h 'spatial '  an d 
'verbal '  processing ,  an d a  multimoda l  reasonin g environ -
ment .  Th e secon d wa s t o deepe n ou r  understandin g o f  th e 
dimension s o f  proo f  strateg y whic h distinguis h student s wit h 
differen t  reasonin g styles . 

Th e earlie r  stud y reveale d systemati c difference s i n th e us e 
of  graphica l  abstractio n o n on e indeterminat e exa m problem . 
Her e w e see k t o explor e th e effect s o f  goal-type s i n H P dif -
ferin g i n (i )  modalit y (sententia l  versu s graphical) ;  (ii )  con -
sequentialit y  (versu s non-consequentiality) ;  an d (iii )  multi -
plicit y o f  require d case s (versu s th e possibilit y o f  a  singl e 
cas e bein g sufficient) .  Fo r  a  give n goal ,  ther e i s a  rang e o f 
proo f  method s available .  Thi s classificatio n o f  goa l  type s an d 
proo f  method s enable s a  controlle d examinatio n o f  strategi c 
flexibility  i n choic e o f  proo f  methods .  Th e relativ e contribu -
tion s o f  representationa l  an d strategi c difference s i s a n impor -
tan t  issu e i n th e psychometric s o f  reasonin g (se e fo r  instanc e 
Roberts ,  1998) ,  a s i s th e issu e o f  flexibility  o f  approac h fo r 
psychometric s mor e generall y (Guilford ,  1980) . 

Method 

84 student s registere d o n a  philosoph y degre e a t  th e Univer -
sit y o f  Gothenber g participate d i n th e experiment .  The y fol -
lowe d th e H P cours e materia l  (Barwis e &  Etchemendy ,  1994 ) 
as par t  o f  a  cours e o n introductor y logic .  Th e H P coursewor k 
was don e i n paralle l  wit h th e student s learnin g fro m mor e tra -
ditiona l  sources :  i n particular ,  the y learne d a  traditiona l  natu -
ra l  deductio n metho d o f  proo f  (Bennet ,  Haglund ,  Westerstah l 
& Sonstrod ,  1997) ,  whic h wa s base d o n Mates '  (1965 )  natu -
ra l  deductio n method . 

At  th e en d o f  th e course ,  student s wer e se t  si x problem s 
i n Hyperproof ,  whic h the y wer e fre e t o solv e i n thei r  ow n 
time .  Thes e problem s wer e designe d t o b e 'indeterminate' , 
containin g a  hig h degre e o f  abstractio n i n th e graphics .  O n e 
exa m questio n (no .  4 )  wa s th e sam e a s on e use d i n th e origina l 
H P study .  Proof s wer e computer-logged ,  providin g detaile d 
dat a o n tempora l  an d ordina l  aspect s o f  proo f  construction . 

Th e student s sa t  a  rang e o f  pre-test s an d on e post-tes t  vol -
untarily .  Th e numbe r  o f  student s participatin g i n eac h stag e 
varie d (se e Result s section) . 

Pre- and post-course tests 

Pre -  an d post-cours e test s wer e use d i n orde r  t o replicat e an d 
exten d th e origina l  H P studies .  Th e sam e test s a s wer e use d 
i n th e first  H P stud y wer e administered ,  bu t  i n additio n w e 
us e othe r  psychometri c measure s tha t  ar e relevan t  t o spatia l 
and verba l  informatio n processing . 

Th e G R E tes t  wa s th e sam e a s tha t  use d i n th e first  H P 
study .  Th e tes t  ha s tw o type s o f  problem :  'analytical '  item s 

( G R E A)  ar e thos e wher e th e constructio n o f  a  diagra m i s use -
fu l  -  thes e ar e th e constrain t  satisfactio n problem s wher e a 
model  ca n b e constructe d fro m th e information ;  an d verba l 
reasonin g item s ( G R E V )  whic h requir e argumen t  analysis , 
and assessmen t  o f  th e similarit y o f  arguments .  Fo r  thes e ver -
bal  items ,  severa l  model s m a y b e consisten t  wit h th e give n in -
formation .  Fo r  mor e detail s o n thi s tes t  se e Co x e t  al .  (1996) . 

As a  measur e o f  transfe r  o f  reasonin g skills ,  th e Blocks ' 
Worl d tes t  wa s administered .  Thi s i s a  pape r  an d penci l  tes t 
whic h require s student s t o reaso n abou t  situation s simila r  t o 
thos e presente d i n H P bu t  wit h natura l  languag e description s 
of  th e condition s o n thos e situaUons .  Differen t  version s o f 
thi s tes t  wer e give n bot h befor e an d afte r  th e course . 

To measur e 'spatia l  ability' ,  th e pape r  foldin g tes t  (PFT ) 
(French ,  Ekstro m &  Price ,  1963 )  wa s used .  Thi s require s th e 
participan t  t o decid e o n th e arra y o f  hole s resultin g fro m a 
piec e o f  pape r  bein g folde d i n variou s ways ,  havin g a  hol e 
punche d i n it ,  an d the n unfolde d again .  Thi s ca n b e inter -
prete d a s a  measur e o f  strategi c flexibility  i n usin g spatia l  in -
formation ,  rathe r  tha n reflectin g spatia l  abilit y  pe r  s e (Kyllo -
nen &  Lohman ,  1983) . 

Student s als o too k th e embedde d figures  tes t  (EFT) .  Thi s 
require s th e studen t  t o locat e geometrica l  figures  i n a  rect -
angl e o f  crossin g lines .  Student s w h o perfor m wel l  o n thi s 
tas k ar e classifie d a s field-independent,  thos e w h o perfor m 
les s wel l  ar e field-dependent  (Witki n e t  al. ,  1971) .  Field -
independen t  student s ar e mor e likel y t o proces s informatio n 
independentl y fro m th e context ,  wherea s field-dependent  stu -
dent s ar e mor e likel y t o tak e th e contex t  int o account . 

Al l  test s wer e se t  i n English ,  an d student s wer e classifie d 
accordin g t o a  median-spli t  o n eac h o f  th e pre-tests . 

Results and Discussion 

61 students did the EFT and the PFT, 57 students did the pre-
cours e B W test ,  an d 5 9 student s di d th e G R E test ;  7 2 student s 
complete d th e H P exa m problems ;  an d 2 7 student s di d th e 
B W post-cours e test .  S o m e o f  th e H P record s wer e los t  du e 
t o bug s i n th e loggin g program ,  s o n-value s var y throughou t 
th e analyses .  Ful l  dat a fo r  al l  question s an d pre-test s exist s 
fo r  3 9 students . 

Correlation s betwee n th e pre-tes t  measure s (show n i n 
Tabl e l' )  wer e i n accor d wit h th e literatur e (Jonasse n & 
Grabowski ,  1993) :  th e tw o subscale s o f  th e G R E ar e corre -
lated ;  G R E A correlate s wit h E F T an d P F T scores ;  an d E F T 
and P F T sho w a  significant ,  bu t  slight ,  correlation . 

Thes e pre-tes t  measur e correlation s indicat e tha t  th e grou p 
i s representativ e o f  a  genera l  studen t  population .  Analyse s o f 

'Number s i n parenthese s ar e th e degree s o f  freedom .  *  indicate s 
two-taile d significanc e p<0.05 . 

Tabl e 1 :  Correlation s betwee n pre-tests . 

GREV EFT PFT 
GREA 
GREV 
EFT 

0.30 *  (57 )  0.34 *  (55 )  0.27 *  (55 ) 

0.2 2 (55 )  0.2 2 (55 ) 

0.26 *  (59 ) 
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Figur e 2 :  Chang e i n B W scor e b y G R E A group . 

th e difference s i n generalising/roT n an d difference s i n reason -
in g mthi n H P ar e n o w reported . 

Transfer from HP 

To relat e th e curren t  stud y t o existin g result s fro m th e origi -
nal  H P experiment ,  th e 'transfer '  o f  reasonin g skill s  fro m th e 
cours e t o th e B W tes t  wa s measured .  Student s wer e divide d 
by a  media n spli t  int o thos e tha t  score d hig h an d thos e tha t 
score d lo w o n th e G R E A subscale .  Figur e 2  illustrate s th e re -
lationshi p betwee n pre -  an d post-tes t  scor e an d G R E A group . 

As wit h th e origina l  study ,  thos e scorin g hig h o n th e G R E A 
subscal e benefitte d mor e fro m followin g th e H P cours e (t(23 ) 
= 1.80 ,  one-taile d p<0.05) . 

Strategies within HP 

The origina l  H P studie s reporte d tw o differen t  response s 
t o graphica l  abstractio n i n HP ,  whic h relate d t o th e G R E A 
groups .  G R E A hig h scorin g student s us e mor e abstractio n i n 
thei r  proofs ,  wherea s G R E A lo w student s utilis e highl y con -
cret e situation s a s the y solv e th e problems .  Thes e differen t 
strategie s wer e foun d onl y o n H P problem s tha t  containe d 
graphica l  abstractio n (Figur e 1  show s a n indeterminat e prob -
le m (no .  4)) .  A s th e exa m i n th e curren t  stud y wa s delib -
eratel y designe d t o consis t  onl y o f  thi s sor t  o f  problem ,  w e 
expecte d a  simila r  dichotom y o f  strategie s t o emerge . 

The strategie s observe d i n th e origina l  H P stud y ca n b e dis -
tinguishe d b y th e proportio n o f  full y  concret e a s oppose d t o 
abstrac t  graphica l  situation s tha t  th e studen t  create s i n a  proo f 
(Monaghan ,  1998) .  G R E A hig h students '  proof s hav e mor e 
abstrac t  situations ,  G R E A lo w students '  proof s hav e mor e 
concret e situations .  However ,  thi s distinctio n doe s no t  pre -
dic t  differen t  proof s i n th e curren t  study .  Th e G R E A high s 
use full y concret e situation s 4 0 % o f  th e time ,  G R E A low s 
construc t  concret e situation s 3 7 % o f  th e time .  However ,  th e 
E FT score s di d see m t o reflec t  thi s stylisti c  differenc e better : 
E FT hig h scorin g student s use d concret e situation s 3 2 % o f 
th e time ,  compare d t o E F T lo w scorin g students '  5 1 % use , 
whic h i s significantl y mor e (t(51 )  =  2.29 ,  p<0.05) . 

I t  ma y b e tha t  th e E F T i s a  bette r  indicato r  o f  thi s strate -
gi c differenc e fo r  thi s populatio n -  answerin g th e G R E tes t 
i n a  secon d languag e m a y mea n tha t  score s als o reflec t  lan -
guag e competence .  I t  migh t  b e expecte d tha t  th e E F T an d 
th e G R E A correlate ,  an d i n th e curren t  stud y thi s i s th e case . 
However ,  i n th e syllogisti c stud y reporte d earlie r  (Monagha n 

& Stenning ,  1998 )  n o correlatio n wa s foun d betwee n thes e 
measure s fo r  nativ e Englis h speaker s (r(20 )  =  0.03 ,  p>0.8) , 
and i n th e curren t  stud y transfe r  o f  abilit y  t o th e B W tes t  wa s 
not  foun d t o improv e mor e fo r  on e E F T grou p ove r  th e othe r 
(t(23 )  =  0.11,p>0.9) . 

Difference s i n th e observe d strategie s use d i n H P m a y als o 
be du e t o difference s i n teachin g i n th e curren t  study ,  whic h 
combine d sententia l  an d multimoda l  teaching .  I n th e origina l 
HP study ,  whe n sententia l  material s alon e wer e use d t o teac h 
logic ,  th e G R E A lo w grou p transferre d reasonin g skill s  bette r 
t o th e B W test . 

Thi s complicate d mixtur e o f  succes s an d failur e t o repli -
cat e a t  th e leve l  o f  psychometri c test s ha s bedeville d th e AT I 
literatur e (se e Cronbac h &  Snow ,  1977 ,  fo r  a  review) .  Spa -
tia l  ability ,  fo r  example ,  ha s bee n variousl y define d a s abilit y 
fo r  th e "encoding ,  transformation ,  an d recognitio n o f  spatia l 
information "  (Salthous e e t  al. ,  1990) .  Th e measur e suffer s 
fro m eve n les s precisio n whe n strategi c variatio n i s consid -
ered .  Kyllone n &  L o h m a n (1983 )  sho w tha t  suc h test s a s th e 
P FT ar e solve d b y som e student s wit h strategie s tha t  see m 
t o invok e representation s tha t  ar e no t  spatial .  Thi s ha s le d 
Robert s (1998 )  t o conside r  suc h measure s fro m th e perspec -
tiv e o f  strategi c variatio n an d change ,  arguin g tha t  i t  i s  thes e 
pattern s o f  strategi c variatio n an d chang e whic h characteris e 
th e psychometri c measures . 

Our  respons e i s t o loo k fo r  mor e principle d way s o f 
analysin g proo f  style s whic h hav e cleare r  relation s t o com -
putationa l  processes .  Ultimately ,  theoreticall y motivate d pro -
ces s account s o f  proo f  style s an d a n accoun t  o f  h o w the y gen -
eralis e acros s task s shoul d replac e unprinciple d tes t  scores . 
For  th e present ,  th e psychometri c score s provid e som e em -
pirica l  reassuranc e o f  genera l  applicability .  W e ha d expande d 
th e indeterminat e problem s i n th e exa m use d i n th e presen t 
stud y precisel y s o tha t  w e coul d explor e style s mor e system -
atically .  H P offer s a n environmen t  wher e th e student' s pref -
erenc e fo r  expressin g informatio n withi n a  particula r  modal -
it y ca n b e assessed ;  wher e th e transfe r  o f  informatio n be -
twee n modalitie s ca n b e plotted ;  an d wher e variatio n o f  proo f 
metho d wit h proble m typ e ca n b e explored . 

I n orde r  t o explor e th e issu e o f  strategi c flexibility  withi n 
H P w e nee d tw o classifications :  o f  goal-type s an d o f  proo f 
methods .  H P problem s ca n pos e a  numbe r  o f  goal s tha t  hav e 
t o b e solve d wit h referenc e t o on e situation .  Thes e goal s 
var y i n term s o f  modality :  th e goa l  ca n b e abou t  a  graphica l 
stat e o f  affairs ,  o r  abou t  a  sententia l  statemen t  (G -  o r  S-goal) . 
Withi n th e graphica l  modality ,  goal s ca n var y a s t o whethe r 
th e requiremen t  i s t o prov e tha t  a  particula r  situatio n i s a  con -
sequenc e o f  th e give n informatio n (graphical-consequence : 
GC-goal) ,  o r  t o prov e tha t  th e situatio n i s no t  a  consequenc e 
of  th e give n informatio n (graphical-non-consequence :  G N -
goal) .  Finally ,  th e GC-goal s ca n b e distinguishe d betwee n 
thos e tha t  requir e splittin g int o multipl e situation s i n orde r 
t o reac h th e conclusio n (GCM-goal) ,  an d thos e tha t  ca n b e 
achieve d b y applyin g sententia l  informatio n t o a  singl e graph -
ica l  situatio n (GCS-goal) .  I n HP ,  th e forme r  ar e usuall y thos e 
tha t  requir e th e positio n o f  block s t o b e decide d (thoug h prob -
le m 4  illustrate d i n Figur e 1  i s a n exception) .  Th e latte r  re -
quir e th e shap e o r  siz e o f  th e shap e t o b e determined .  I n prob -
le m 4  (Figur e 1) ,  goa l  4  i s a n S-goal ,  goal s 1  an d 3  ar e G N -
goals ,  an d goa l  2  i s a  G C M goal . 
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Havin g chose n a  classificatio n o f  goals ,  w e als o nee d a 
classificatio n o f  proof-method s s o tha t  w e ca n explor e ho w 
problem-typ e an d learnin g styl e combin e t o determin e proo f 
method .  H P i s designe d t o teac h 'proof-by-cases' .  Al l  goa l 
type s ca n b e achieve d b y constructin g a  numbe r  o f  graphi -
cal  situation s (cases )  an d usin g sententia l  o r  graphica l  rule s 
t o prov e o r  exclud e th e goa l  fo r  eac h case .  Usin g fewe r  sit -
uation s reflect s th e us e o f  mor e abstractio n i n th e wa y th e 
situation s ar e characterised .  Thi s suggest s th e us e o f  numbe r 
of  case s a s a  genera l  structura l  inde x o f  proo f  method .  W e 
first  see k som e empirica l  suppor t  fo r  thi s measure . 

W h en th e patter n o f  situation s tha t  th e student s produce d 
i n thei r  H P proof s wa s examine d mor e closely ,  on e strikin g 
featur e emerged :  som e student s use d ver y fe w graphica l  sit -
uation s i n thei r  proofs .  Fo r  on e proble m i n particula r  (i n fac t 
no .  4 ,  th e questio n fro m th e origina l  study) ,  al l  step s i n thes e 
students '  proof s wer e rule s tha t  operate d o n sententia l  infor -
matio n i n th e sententia l  w indo w o f  HP .  Thes e proof s main -
taine d th e m a x i m u m leve l  o f  abstraction ,  an d s o ca n b e see n 
as bein g th e extrem e cas e o f  th e graphica l  proo f  tha t  invoke s 
abstrac t  graphica l  situations .  Thus ,  thre e type s o f  proo f  ar e 
distinguishabl e i n th e curren t  study ,  an d the y ca n b e located , 
not  i n term s o f  abstrac t  o r  concret e graphica l  situatio n con -
struction ,  bu t  i n term s o f  th e mea n leve l  o f  concretenes s o f 
th e proof .  Fo r  questio n 4 ,  wher e instance s o f  th e 'sentential ' 
strateg y occur ,  mea n concretenes s an d E F T scor e ar e signifi -
cantl y relate d (r(49 )  =  0.35 ,  p<0.02) . 

Student s wer e classifie d a s usin g on e o f  thes e thre e proof -
type s o n proble m 4 ,  an d pre-tes t  score s wer e compare d fo r 
thes e thre e groups .  Th e result s ar e show n i n Tabl e 2 . 

On semanti c grounds ,  th e thre e strategie s constitut e point s 
on a  continuum—sententia l  proof s ar e merel y mor e abstrac t 
proof s whic h happe n t o b e i n a  differen t  modality .  Thi s 
continuu m i s reflecte d i n E F T an d P F T scores .  Thos e stu -
dent s producin g mor e abstrac t  proof s independen t  o f  modal -
ity ,  hav e hig h E F T an d P F T scores ,  an d the y bette r  transfe r 
learne d reasonin g skill s  t o th e post-cours e B W test .  Th e dif -
ference s i n E F T scor e betwee n th e tw o exU-eme s o f  abstrac -
tion/concretenes s ar e significantl y differen t  (t(44 )  =  2.65 , 
p<0.02) .  Th e grou p includin g bot h sententia l  an d abstrac t 
graphica l  strategie s score d highe r  o n th e E F T tha n th e con -
cret e graphica l  strateg y grou p (t(49 )  =  2.64 ,  p<0.02) .  H o w -
ever ,  th e E F T scor e fo r  th e graphica l  abstrac t  grou p alon e di d 
not  diffe r  significantl y fro m eithe r  othe r  strateg y group .  Th e 
orderin g o f  E F T score s acros s th e thre e proo f  method s help s 

Tabl e 2 :  Pre-tes t  score s fo r  student s classifie d b y thre e strate -

gie s fo r  Proble m 4 . 

Pre-tes t 

GREA 
GREV 
EFT 
PFT 

B W improvemen t 

Strateg y 

sententia l 

5.0 0 

2.0 0 

19.1 0 

13.5 0 

1.5 0 

abstrac t 

graphica l 

4.2 5 

1.7 5 

16.4 0 

12.8 0 

1.0 0 

concret e 

graphica l 

4.6 7 

2.9 7 

12.5 6 

12.3 6 

0.7 6 

justif y th e us e o f  th e numbe r  o f  situation s generate d i n aproo f 
as a n inde x o f  proo f  method s acros s problems . 

The modalit y independenc e constitute d b y sentenfia l  proo f 
i s consonan t  wit h th e E F T bein g a  measur e o f  field-
dependence-field-independence .  W h e n informatio n i s pre -
sente d graphically ,  student s w h o ar e mor e field  independen t 
(scorin g hig h o n th e E F T )  ar e mor e abl e t o represen t  tha t 
informatio n abstracte d fro m th e contex t  i t  i s  presente d i n 
(Witkinetal. ,  1971) . 

Thi s classificatio n o f  proo f  method s applie d onl y t o th e 
dat a o f  proble m 4  doe s no t  revea l  an y relatio n t o G R E scores . 
However ,  relation s reappea r  whe n th e tw o classification s o f 
goal-typ e an d proo f  metho d ar e applie d t o al l  th e data . 

Proof methods analysed by goal-types 

For  eac h goa l  type ,  th e numbe r  o f  situation s use d t o achiev e 
th e goa l  wa s analysed .  Two-wa y A N O V As wer e carrie d out , 
wit h numbe r  o f  situation s use d fo r  eac h typ e o f  goa l  a s a 
repeate d measur e an d media n split s o n th e pre-test s (EFT , 
PFT,  G R E A,  G R E V)  a s between-subject s variables .  Usin g 
thes e analyses ,  strategi c approac h t o th e differen t  type s o f 
goal  ca n b e assesse d an d relate d t o th e pre-tests .  Thre e differ -
ent  A N O V As wer e carrie d out :  G-goal s compare d t o S-goals ; 
GC-goal s compare d t o GN-goals ;  an d GCM-goal s compare d 
t o GCS-goals .  Onl y result s reachin g significanc e ar e reporte d 
below .  Between-subject s effect s indicat e whethe r  th e pre-tes t 
alon e distinguishe s overal l  difference s i n th e numbe r  o f  situ -
ation s use d t o achiev e th e goals ;  within-subject s effect s mea -
sur e th e interactio n betwee n goa l  typ e an d th e pre-tests . 

Sentential & Graphical goals 

Betwee n subject s effect s tha t  prove d significan t  ar e show n i n 
th e first  par t  o f  Tabl e 3 . 

Thi s analysi s show s tha t  th e numbe r  o f  situation s use d t o 
solv e th e goal s i s sensitiv e t o severa l  o f  th e pre-tes t  measures . 
Thos e tha t  scor e highe r  o n th e P F T us e fewe r  situation s t o 
solv e th e goals .  Thos e tha t  scor e highe r  o n bot h th e EF T 
and th e P F T us e fewe r  situation s tha n thos e tha t  scor e lowe r 

Tabl e 3 :  Comparin g S  an d G  goals :  between-subject s effect s 

and within-subject s effects . 

Pre-test(s ) 

PFT 
E FT b y P F T 

E FT b y G R E - A 

P FT b y G R E - V 

G R E -A b y G R E - V 

E FT b y P F T b y G R E - V 

E FT b y G R E - A b y G R E - V 

Between-subject s effect s 

F(l,25 )  =  8.31,p<0.0 1 

F(l ,  25) = 13.01 ,  p<0.00 5 

F(l,25)-7.05,p<0.0 2 

F(l,25 )  =  7.49,p<0.0 2 

F(l,25 )  =  4.74,p<0.0 5 

F(l,25 )  =  6.40,p<0.0 2 

F(l,25 )  =  7.61,p<0.0 2 

Pre-test(s ) 

goal  typ e 

EFl  b y goal-typ e 

P FT b y goal-typ e 

E FT b y P F T b y goal-typ e 

P FT b y G R E - V b y goal-typ e 

Within-subject s effect s 

F(l ,  25) = 176.99 ,  p<0.00 1 

F(l,25 )  =  4.24,p<0.0 5 

F(l,25 )  =  4.99,p<0.0 5 

F(l,25 )  =  7.04,p<0.0 2 

F(l,25 )  =  4.74,p<0.0 5 
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Tabl e 4 :  Mea n numbe r  o f  situation s fo r  goa l  typ e b y PF T an d 
GREY 

S-goa l 

GREVLo 
GREVHi 

G-goal 
GREVLo 
GREVHi 

PFTLo 
10.0 8 
7.2 5 

PFlL o 
37.6 3 
25.2 5 

PFTHi 
4.8 9 
7.3 3 

PFTHi 
20.8 8 
29.0 0 

on on e o r  bot h o f  thes e measures .  However ,  ther e i s no t  a 
simpl e associatio n betwee n hig h tes t  score s an d efficienc y i n 
situatio n use ,  a s measurin g th e overal l  proo f  lengt h alon e i s 
unrelate d t o an y o f  th e psychometri c scores . 

The secon d par t  o f  Tabl e 3  display s within-subject s effect s 
and thes e result s indicat e tha t  student s tha t  scor e differentl y 
on th e pre-tes t  diffe r  i n thei r  solution s fo r  eac h o f  th e goa l 
types .  Bot h E F T H i  student s an d PF T H i  student s us e fewe r 
situation s fo r  eac h typ e o f  goal .  Her e hig h abilit y o n thes e 
measure s relate s t o usin g fewe r  situations ,  bu t  th e interac -
tio n o f  PF T b y G R E V o n goal-typ e point s t o a  mor e stylis -
ti c  variation ,  an d on e tha t  i s  glosse d ove r  whe n onl y a  singl e 
psychometri c i s  use d t o distinguis h response .  Tabl e 4  show s 
th e mea n numbe r  o f  situation s use d fo r  eac h goa l  typ e dis -
tinguishe d b y PF T an d GREV.  Ther e ar e simila r  interaction s 
fo r  bot h type s o f  goal :  PF T H i  student s us e fewe r  situation s 
fo r  eac h goa l  type ,  bu t  thi s i s  modulate d b y G R E V group .  I f 
th e studen t  i s  i n th e G R E V hig h group ,  the n i t  doesn' t  mat -
te r  whic h PF T grou p the y ar e in :  the y us e th e sam e numbe r 
of  situation s fo r  eac h goa l  type .  I f  th e studen t  score s lo w o n 
th e GREV,  the n bein g PF T L o mean s a  larg e numbe r  o f  sit -
uation s ar e use d fo r  eac h goal ,  an d bein g PF T H i  mean s tha t 
th e fewes t  situation s ar e use d fo r  eac h goal . 

Student s wh o scor e hig h o n th e G R E V scal e ar e thos e wh o 
ar e goo d a t  solvin g problem s tha t  d o no t  requir e breakin g int o 
cases .  Scorin g hig h o n thi s scal e mean s tha t  flexibility  i n us -
in g graphica l  representation s (measure d b y th e PF T scale )  i s 
irrelevant .  Scorin g lo w o n th e G R E V mean s tha t  student s 
who ar e goo d a t  usin g graphica l  representation s t o suppor t 
reasonin g (PF T Hi )  utilis e th e graphica l  abstractio n facilitie s 
of  H P t o thei r  ful l  potential .  Thos e wh o ar e lo w o n bot h scale s 
rel y mor e o n concretisin g th e problem' s information . 

Graphical goals: consequence & non-consequence 

For  between-subject s effects ,  th e result s wer e identica l  t o th e 
S-  an d G-goa l  analysis .  E F T H i  an d PF T H i  student s use d 
fewe r  situation s fo r  bot h type s o f  problem .  However ,  th e onl y 
within-subject s effec t  wa s fo r  goal-type :  i n general ,  student s 
use mor e situation s fo r  GC-goal s tha n fo r  GN-goals ,  an d n o 
interactio n betwee n goa l  typ e an d th e pre-test s emerged .  Thi s 
lac k o f  effec t  i s du e t o th e smal l  amoun t  o f  variatio n i n th e 
strateg y use d t o solv e GN-goals .  Mos t  student s solv e the m b y 
constructin g tw o situation s tha t  diffe r  i n term s o f  th e featur e 
i n question . 

Graphical consequence goals: multiple & single case 

When differen t  type s o f  GC-goa l  ar e distinguished ,  differen t 
approache s t o th e goal s ar e highlighte d b y th e pre-tests .  Tabl e 

5 indicate s th e between-subject s an d within-subject s effects . 

Table 5: Comparing GCM and GCS goals: between-subjects 

effect s an d within-subject s effects . 

Pre-test(s ) 

PFT 
E FT b y PF T 

EFT b y GREA 
PFT b y GREV 
EFT b y PF T b y GREV 
EFT b y GREA b y GREV 

Pre-test(s ) 

goal-typ e 

E FT b y PF T b y goal-typ e 

PFT b y G R E A b y goal-typ e 

E FT b y PF T b y G R E V 

by goal-typ e 

E FT b y G R E A b y G R E V 

by goal-typ e 

Between-subject s effect s 

F(l,25 )  =  4.43,p<0.0 5 

F(l,25 )  =  9.38,p<0.0 1 

F(l,25 )  =  4.83,p<0.0 5 

F(l,25 )  =  4.47,p<0.0 5 

F(l,25 )  =  6.94,p<0.0 2 

F(l,25 )  =  6.55,p<0.0 2 

Within-subject s effect s 

F(l ,  25 )  =  42.98 ,  p<0.00 1 

F(l,25 )  =  8.55,p<0.0 1 

F(l,25 )  =  4.55,p<0.0 5 

F(l,25 )  =  7.15,p<0.0 2 

F(l,25 )  =  8.52,p<0.0 1 

Again ,  thos e wit h hig h score s o n th e E F T an d PF T us e 
th e fewes t  numbe r  o f  situation s fo r  GC-goals .  Fo r  within -
subject s effects ,  a  differen t  patter n emerge s t o tha t  foun d fo r 
S-  an d G-goals .  Ther e i s a n interactio n o f  PF T b y G R E A b y 
goal-type ,  an d thi s indicate s differen t  approache s t o th e tw o 
type s o f  goal . 

For  G C M goals ,  thos e tha t  scor e lo w o n th e G R E A bu t 
hig h o n th e PF T us e th e fewes t  situation s (se e Tabl e 6) .  Fo r 
G CS goals ,  thes e ar e th e student s tha t  us e th e mos t  situations . 
G CS goal s ca n b e solve d b y usin g on e situatio n tha t  indi -
cate s th e sententia l  informatio n bein g applie d t o th e graphica l 
situation .  Alternatively ,  the y ca n b e solve d b y constructin g 
multipl e situation s tha t  explor e th e constraints .  Thos e stu -
dent s tha t  effectivel y exploi t  graphica l  abstraction s i n solv -
in g th e G C M problem s see m t o maintai n thi s strateg y whe n 
a shorte r  solutio n i s available .  Th e G R E A lo w scorin g sub -
ject s ar e thos e tha t  ar e poore r  a t  solvin g problem s wher e on e 
model  ca n b e constructed .  Thes e ar e exactl y th e GCS-goals . 
The curren t  analysi s suggest s tha t  thes e student s hav e learne d 
a copin g strateg y fo r  suc h problem s whic h i s no t  efficient , 
but  i t  doe s a t  leas t  achiev e th e result ,  an d bein g flexible  i n 
usin g graphica l  representation s enable s th e developmen t  o f 
thi s strategy .  Student s wh o ar e G R E A lo w bu t  d o no t  lear n 

Tabl e 6 :  Mea n numbe r  o f  situation s fo r  goa l  typ e b y PF T an d 
GREA. 

GCM-goal 
GREALo 
GREAHi 

GCS-goal 
GREALo 
GREAHi 

PFTLo 
13.4 0 
12.3 3 

PFTLo 
1.1 5 
1.7 1 

PFTHi 
9.8 6 
10.8 9 

PFTHi 
2.0 0 
1.2 1 
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thi s copin g strategy—du e t o bein g les s abl e t o exploi t  graphi -
cal  abstraction—d o no t  experienc e thi s interferenc e effec t  o n 
G CS problems .  Thos e student s tha t  scor e highes t  o n bot h 
scale s see m t o choos e optima l  strategies :  thei r  proof s fo r  th e 
G CM goal s ar e no t  s o short ,  bu t  whe n the y com e acros s G C S 
goals ,  the y ca n recognis e an d us e a  mor e appropriat e strategy . 
Thi s reflect s flexible  us e o f  th e graphica l  abstractio n facilitie s 
and recognitio n o f  differin g proo f  constraints . 

Conclusions 

Th e curren t  stud y replicate s th e transfe r  effect s o f  learnin g 
logi c i n a  multimoda l  environmen t  t o othe r  reasonin g do -
mains ,  bu t  th e strategi c difference s previousl y observe d d o 
not  emerg e i n th e sam e way .  Thi s i s due ,  i n part ,  t o differ -
ence s i n th e teachin g metho d whic h provide s extr a encour -
agement  fo r  usin g sententia l  representation s t o solv e logica l 
problems .  Thi s give s ris e t o thre e type s o f  strategy :  senten -
tial ,  graphica l  abstrac t  an d graphica l  concrete ,  whic h for m a 
continuu m i n term s o f  th e exten t  t o whic h the y utilis e HP' s 
graphica l  abstractio n facilities . 

Distinguishin g differen t  goa l  type s i n H P offer s a  win -
d o w int o flexible  strategi c chang e an d th e inter-relationshi p 
of  multipl e psychometri c measures .  N o on e psychometri c 
capture s strategi c variatio n i n usin g graphica l  abstractio n i n 
HP,  bu t  combination s reflec t  th e option s ope n t o students . 
I f  psychometric s inde x cognitiv e style ,  the n cognitiv e styl e 
dictate s th e developmen t  o f  strategie s i n solvin g multimoda l 
problems .  I t  i s  thi s chainin g tha t  reflect s th e observation s o f 
strategi c variatio n an d chang e bein g relate d t o purporte d mea -
sure s o f  'spatia l  ability' .  A  student' s propensit y fo r  solvin g 
problem s i n a  certai n wa y i s tempere d o r  licence d b y thei r 
abilit y  t o us e representation s t o achiev e th e goal .  S o m e stu -
dent s develo p strategie s tha t  counterac t  thei r  difficult y wit h 
particula r  proble m types ,  bu t  thes e ca n the n resul t  i n a n in -
flexibility  o f  approach .  Thos e student s w h o see m flexible  i n 
thei r  strategie s i n H P d o no t  necessaril y  us e thes e strategie s 
optimally ,  bu t  thei r  abilit y  t o switc h strateg y accordin g t o th e 
problem' s constraint s make s u p fo r  this . 

Th e highlightin g o f  strategi c variatio n an d chang e i n th e 
curren t  stud y enable s a  recharacterisatio n o f  th e psychomet -
ric  measure s whic h take s int o accoun t  th e computationa l  fea -
ture s o f  th e task .  Thus ,  H P offer s a  windo w int o wha t  th e 
psychometric s mea n fro m th e computationa l  perspective .  Be -
caus e H P i s base d o n a  principle d (i f  highl y abstract )  theor y o f 
reasoning ,  it s  categorie s ca n b e applie d t o understandin g per -
formanc e o n test s suc h a s th e O R E .  Fo r  example ,  'splittin g 
int o cases '  i s  somethin g tha t  ha s t o b e achieve d i n reasoning , 
whethe r  i n a  forma l  domain ,  o r  i n mor e informa l  proble m 
solving . 
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