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Abstrac t 

In a previous study (Hickman & Laikin, 1990), we in-
troduce d a  within-tria l  analog y mechanis m calle d interna l 
analog y tha t  transfer s bot h succes s an d failur e experience s 
betwee n correspondin g part s o f  th e searc h tre e fo r  a  singl e 
problem .  I n thi s paper ,  w e describ e powerfu l  extension s 
t o th e learnin g procedur e an d thei r  consequence s o n prob -
le m solvin g behavio r  First ,  w e explai n ho w ou r  similar -
it y metri c ca n b e naturall y augmente d t o provid e a  mor e 
flexibl e partia l  match .  T o overcom e th e nee d fo r  a  stati c 
measure ,  however ,  w e propos e a  mechanis m tha t  learn s 
th e appropriat e leve l  o f  partia l  matc h throug h feedbac k 
fro m previou s analogica l  reasoning.  Second ,  w e sho w 
ho w thi s partia l  matc h mechanis m control s th e proble m 
solver' s search .  Protoco l  da u fro m a  subjec t  workin g i n 
a geometr y theorem-provin g domai n provid e suppor t  fo r 
th e psychologica l  fidelity  o f  th e extende d interna l  analog y 
model . 

I n t r o d u c t i o n 

Analogica l  reasonin g i s  a  psychologically-motivate d com -
putationa l  mechanis m fo r  efficien t  proble m solving .  I n 
essence ,  i t  reduce s searc h b y modifyin g an d transferrin g 
component s o f  previou s solutio n instantiation s t o guid e th e 
curren t  proble m solving .  Unlik e macro-operator s (Ander -
son ,  1983) ,  chunkin g (Lair d &  Newell ,  1986) ,  an d E B L 
(MitcheU ,  Keller ,  &  Kedar-Cabelli ,  1986) ,  analog y em -
ploy s partia l  matc h an d adaptatio n o f  pas t  knowledg e in -
stea d o f  exac t  matc h an d direc t  replay .  Thi s allow s a  previ -
ous experienc e t o provid e som e searc h guidanc e eve n i f  i t 
canno t  provid e a n exac t  solution .  Althoug h th e proces s i s 
not  completel y understood ,  evidenc e suggest s tha t  peopl e 
reaso n analogicall y whe n learnin g a  ne w domai n (Fane s 
& Reiser ,  1988 )  o r  t o reduc e th e amoun t  o f  effor t  require d 
t o solv e a  proble m i n a  k n o w n domain . 

I n a  previou s stud y (Hickma n &  Larkin ,  1990) ,  w e in -
troduce d a  psychologicall y motivate d techniqu e calle d in -
terna l  analog y tha t  transfer s bot h succes s an d failur e expe -
riences  fro m a  previousl y solve d subgoa l  t o a  curren t  sub -
goal  tha t  i s containe d i n th e sam e problem .  Mos t  previou s 
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Studie s o f  analog y i n proble m solvin g hav e investigate d 
transfe r  betwee n problem s fro m simila r  domain s (within -
domai n analogy )  (Carbonel l  &  Veloso ,  1988) .  Psycholog -
ica l  model s o f  analog y hav e concentrate d o n th e transfe r 
of  knowledg e betwee n simila r  problem s i n differen t  do -
main s (cross-domai n analogy )  (Centne r  &  Toupin ,  1986) . 
I n general ,  bot h o f  thes e type s o f  analog y requir e a n ac -
ceptabl e partia l  matc h betwee n entir e proble m instance s 
and the n transfe r  entir e proble m solutions .  O n th e othe r 
hand ,  E U R E K A (Jones ,  1989 )  use s analogica l  reasonin g 
t o choos e onl y th e nex t  proble m solvin g step .  Unlik e 
al l  o f  thes e systems ,  interna l  analog y take s advantag e o f 
whateve r  regularit y exist s betwee n th e tw o problem s i n a s 
efficien t  a  manne r  a s possible .  Sinc e th e proces s m a y b e 
applie d t o multipl e subgoal s whil e solvin g a  singl e prob -
le m bu t  doe s no t  requir e th e entir e proble m definitio n t o 
acceptabl y matc h a  sourc e problem ,  i t  shoul d b e bette r 
abl e t o exploi t  symmetrie s an d othe r  regularitie s tha t  exis t 
i n th e searc h space .  Bein g abl e t o accomplis h transfe r  a t 
varyin g level s o f  granularit y i s a n importan t  mechanis m 
fo r  optimall y reducin g search .  A s a  result ,  interna l  analog y 
appear s mor e widel y applicable ,  providin g greate r  searc h 
reduction . 

The current implementation of intemal analogy pro-
vide s onl y fo r  exac t  matc h an d direc t  replay .  I n thi s paper , 
however ,  w e firs t  describ e h o w th e informatio n conten t 
metric ,  ou r  similarit y metric ,  ca n b e modifie d t o imple -
ment  a  mor e flexible  partia l  match .  I n orde r  t o overcom e 
th e nee d fo r  a  stati c measure ,  though ,  w e describ e a  mech -
anis m tha t  learn s th e appropriat e leve l  o f  matc h throug h 
feedbac k fro m previou s analogica l  reasoning .  Usin g thi s 
ne w matc h criterion ,  intema l  analog y transfer s th e solu -
tio n i n a n efficien t  compile d for m an d als o automaticall y 
identifie s wha t  informatio n i s missin g an d require s adapta -
tion .  Th e adaptatio n proces s i s carrie d ou t  b y recursivel y 
applyin g intema l  analog y o r  othe r  genera l  proble m solv -
in g method s t o fin d th e missin g segment s o f  th e solution . 
Secondly ,  w e sho w h o w thi s n e w partia l  matc h mechanis m 
wil l  provid e searc h contro l  fo r  th e proble m solve r  b y us -
in g i t  t o mode l  protoco l  dat a o f  a  subjec t  solvin g geometr y 
problems .  Thi s analysi s provide s eve n mor e suppor t  fo r 
th e psychologica l  fidelity  o f  th e intema l  analog y model . 

The next section presents the model of the extended in-
tema l  analog y process ,  an d th e followin g sectio n provide s 
evidenc e fro m th e protoco l  tha t  support s th e psychologica l 
fidelity  o f  th e extende d model .  Th e final  sectio n summa -
rizes  th e result s an d discusse s plan s fo r  futur e work . 
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In terna l  A n a l o g y M o d e l 

Befor e describin g th e extension s t o th e model ,  w c briefl y 
revie w th e interna l  analog y process .  W h e n a  ne w subgoa l 
i s opened ,  th e syste m examine s previousl y solve d goal s o f 
th e sam e type ,  th e candidat e sourc e goals .  I t  the n calcu -
late s somethin g simila r  t o th e weakes t  precondition s fo r  a 
candidat e source' s solutio n fro m th e instantiate d produc -
tion s tha t  compos e tha t  solution. '  I f  thes e precondition s 
ar e al l  satisfie d i n th e curren t  targe t  proble m (information -
content(candidate )  <  information-content(taiget)) ,  the n 
th e candidat e i s chose n a s th e actua l  analogica l  source . 
Otherwise ,  i t  i s  rejected .  I f  th e candidat e i s chose n a s 
th e actua l  source ,  it s solutio n i s appropriatel y mappe d b y 
instantiatin g th e production s tha t  solve d i t  i n th e curren t 
workin g memor y an d replayin g the m t o solv e th e curren t 
subgoal .  Thi s proces s operationall y define s th e relevan t 
structur e tha t  i s importan t  t o b e mapped .  Sinc e thi s newl y 
solve d subgoa l  i s  containe d i n th e curren t  problem ,  i t  auto -
maticall y become s availabl e a s a  futur e candidat e source . 
The syste m learn s fro m it s failure s usin g th e sam e mech -
anisms .  Th e intereste d reade r  ca n fin d mor e detail s o n th e 
algorith m i n (Hickman ,  Shell ,  &  Carbonell ,  1991) . 

Empirica l  studie s an d a  theoretica l  analysi s demonstrat e 
tha t  thi s versio n o f  interna l  analog y produce s significan t 
saving s i n searc h durin g proble m solvin g (Hickman ,  Shell , 
& Carbonell ,  1991) .  However ,  i t  i s  extremel y conserva -
tive ;  i t  err s b y undergeneralizing ,  no t  overgeneralizing . 
Thi s conservativ e strateg y m a y inhibi t  th e learne r  fro m 
usin g sourc e solution s tha t  actuall y coul d provid e some , 
i f  no t  complete ,  searc h guidance .  T o reac h it s ful l  effec -
tiveness ,  th e interna l  analog y proces s mus t  b e extende d 
t o perfor m a  mor e flexible  partia l  matc h an d adaptation . 
I n th e followin g discussion ,  w e sho w h o w natura l  exten -
sion s t o th e mechanism s alread y i n plac e ca n produc e thi s 
behavio r 

The tw o similarit y metric s th e syste m currentl y use s ar e 
th e comparison s o f  1 )  th e quantit y type s an d 2 )  th e infor -
matio n content s o f  th e sourc e an d targe t  goals .  On e wa y t o 
rela x th e curren t  exac t  matc h i s b y allowin g goa l  type s tha t 
ar e "close "  i n th e typ e hierarch y t o match .  Additionally , 
we ca n expan d ou r  definitio n o f  compatibl e informatio n 
contents .  Fo r  instance ,  i f  i n th e initia l  stat e o f  th e can -
didat e source ,  a  variabl e ha d a  know n valu e whic h i s no t 
know n i n th e curren t  state ,  th e candidat e sourc e m a y stil l 
be determine d t o b e compatibl e wit h th e targe t  goal .  I n 
tha t  case ,  interna l  analog y ca n appl y th e sourc e solutio n 
unti l  th e valu e o f  th e unknow n variabl e i s needed .  A t  tha t 
point ,  i t  ca n recursivel y us e th e proble m solver' s operator s 
(whic h includ e interna l  analogy )  t o fin d th e valu e o f  th e 
unknow n variable .  Thi s afford s interna l  analog y a  wa y 
of  transferrin g compile d solution s a t  th e correc t  leve l  o f 
granularit y t o achiev e maxima l  efficiency .  Th e abilit y  t o 
adap t  th e solutio n wher e neede d an d t o fai l  i t  completel y 
i f  necessar y ar e capabilitie s whic h chunking ,  E B L ,  an d 

'This can be viewed as using a form of guided lazy EBL 
fo r  retrieval .  However ,  th e presenc e o f  th e targe t  goa l  provide s 
guidanc e a s t o 1 )  wha t  t o lea m an d 2)wha t  amoun t  o f  gener -
alizatio n t o perform .  Sinc e ou r  origina l  stud y i n 1990 ,  Velos o 
has implemente d a  closel y relate d mechanis m fo r  PRODIGY, a 
genera l  purpos e planne r  (Velos o &  Carbonell ,  1991) . 

macro-operator s d o no t  possess .  Al l  o f  thes e method s re -
quir e complet e justificatio n befor e applyin g th e compile d 
knowledge .  Thus ,  b y usin g partia l  matc h an d adaptatio n 
durin g th e reus e o f  experience ,  interna l  analog y wil l  pro -
vid e searc h contro l  i n man y case s tha t  th e othe r  method s 
cannot . 

Next ,  w e refin e th e notio n o f  partia l  matc h eve n fur -
ther .  First ,  w e associat e a  devianc e measur e wit h eac h 
pai r  o f  type s i n th e typ e hierarchy .  Second ,  w e cach e tw o 
devianc e weight s fo r  eac h operato r  precondition .  Th e pur -
pos e o f  thes e weight s i s t o reflec t  h o w closel y th e weakes t 
precondition s containe d i n th e sourc e informatio n con -
ten t  ar e require d t o matc h th e target .  Th e firs t  on e o f 
thes e weight s denote s h o w devian t  i t  i s fo r  a n informatio n 
conten t  preconditio n t o b e totall y absen t  fro m th e curren t 
workin g memory .  Th e secon d weigh t  denote s h o w devian t 
i t  i s  fo r  thi s preconditio n t o b e fille d b y th e sam e typ e work -
in g memor y elemen t  instea d o f  b y th e exac t  sam e work -
in g memor y element .  T o comput e th e devianc e betwee n 
th e candidat e sourc e an d targe t  subgoals ,  w e combin e th e 
quantit y typ e devianc e measur e wit h th e informatio n con -
ten t  deviario n weights ,  usin g th e leas t  devian t  instantiatio n 
of  th e targe t  informatio n content . 

Wit h th e partia l  matc h mechanism s i n place ,  w e ca n 
exten d th e functionalit y  o f  th e syste m t o lear n th e correc t 
circumstance s unde r  whic h solution s ca n transfer .  Alter -
nately ,  on e coul d vie w thi s a s learnin g th e correc t  notio n 
of  partia l  matc h fo r  th e domain .  Thi s learnin g i s accom -
plishe d b y th e syste m a s i t  tune s th e devianc e measure s 
describe d abov e accordin g t o feedbac k fro m th e previou s 
analogica l  reasoning .  Th e feedbac k contain s informatio n 
abou t  whethe r  th e analog y faile d o r  succeede d an d h o w 
m u ch effor t  wa s require d t o adap t  th e retrieve d solution . 
I n summary ,  no t  onl y d o thes e devianc e measure s provid e 
th e syste m wit h a  metho d fo r  choosin g th e bes t  source , 
the y provid e a  wa y o f  learnin g th e definitio n o f  "best "  fo r 
any give n domain . 

The consequenc e o f  thi s ne w flexible  partia l  matc h 
mechanis m i s tha t  i t  provide s eve n greate r  searc h contro l 
fo r  th e proble m solve r  tha n th e mechanis m di d previously . 
Comparin g th e devianc e measure s fo r  al l  th e candidat e 
sources ,  interna l  analog y ca n perfor m a  least-deviant-firs t 
searc h ove r  it s  m e m o r y t o find  th e bes t  candidat e sourc e t o 
choos e a s th e actua l  source .  Th e lowe r  th e tota l  devianc e 
of  th e source ,  th e les s adaptatio n tha t  wil l  b e required . 
As such ,  ther e i s a  tradeof f  betwee n th e amoun t  o f  searc h 
th e syste m doe s t o fin d th e bes t  sourc e an d th e amoun t 
of  adaptatio n tha t  sourc e requires .  I n addition ,  th e ac -
ceptabilit y  o f  th e bes t  candidat e sourc e i s determine d b y 
a threshol d tha t  reject s an y sourc e whos e tota l  devianc e i s 
to o high .  Thi s threshol d i s base d o n h o w muc h searc h th e 
proble m solve r  ha s alread y undertaken .  I f  th e bes t  sourc e 
i s determine d t o b e acceptable ,  th e proble m solve r  reuse s 
th e solutio n store d wit h tha t  source .  A s th e devianc e mea -
sure s becom e "tuned "  throug h learning ,  th e searc h fo r  th e 
bes t  sourc e get s eve n smarter .  Thus ,  interna l  analog y finds 
increasingl y bette r  analogica l  source s b y a  smarte r  searc h 
throug h memor y instea d o f  b y a  constan t  reorganizatio n 
of  it . 

I n additio n t o providin g searc h contro l  fo r  backwar d 
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chainin g a s describe d above ,  interna l  analog y utilize s th e 
ne w partia l  matc h metri c i n a  differen t  wa y t o provid e 
searc h contro l  fo r  forwar d chaining .  I n forwar d chaining , 
ther e i s n o targe t  goa l  drivin g th e search .  However ,  ther e 
i s a  decisio n poin t  a t  eac h operato r  application .  Therefore , 
instea d o f  fixin g th e targe t  goa l  an d finding  th e sourc e goa l 
vi a least-deviant-firs t  search ,  th e forwar d chainin g prob -
le m solve r  pick s a  sourc e goal ,  mos t  likel y vi a recency , 
and use s th e partia l  matc h mechanis m t o fin d th e leas t  de -
vian t  targe t  goal .  I n thi s way ,  th e proble m solve r  use s a 
k n o w n strateg y t o tr y t o easil y elucidat e mor e knowledg e 
abou t  a  problem .  A s ca n b e see n i n th e nex t  section ,  thi s 
ne w partia l  matc h mechanis m provide s comple x bu t  use -
fu l  searc h contro l  guidanc e t o th e proble m solver ,  whic h 
i s no t  easil y explaine d usin g an y existin g theories . 

Evidence from the Protocol 

Th e origina l  computationa l  mode l  wa s compare d wit h th e 
protocol s o f  fou r  subject s solvin g DC-circui t  an d fluid 
static s problems ,  an d trace s o f  it s  behavio r  matche d th e 
subjects '  us e o f  interna l  analogy .  I n th e curren t  paper , 
we explai n th e behavio r  o f  on e subject ,  W B ,  solvin g a 
proble m i n th e domai n o f  geometr y theorem-provin g usin g 
th e extende d interna l  analog y model .  Thi s domai n an d 
th e resultin g proble m spac e i s mor e comple x tha n th e D C -
circui t  domain ,  an d thereb y provide s a n eve n bette r  tes t  o f 
th e extende d model' s psychologica l  fidelity  an d it s genera l 
^plicability . 

To begi n th e experiment ,  th e subject ,  W B ,  studie d a 
geometr y revie w sheet ,  whic h remaine d availabl e t o hi m 
throughou t  th e study .  Next ,  fou r  problem s wer e presente d 
t o W B tha t  ha d th e potentia l  t o elici t  bot h interna l  an d inter -
proble m analogy .  (I n th e analysi s below ,  w e describ e hi s 
protoco l  fo r  th e thir d problem. )  Afte r  th e subjec t  finishe d 
eac h problem ,  th e experimente r  remove d th e revie w shee t 
from  vie w an d presente d th e nex t  problem . 

W B ' s searc h fo r  a  solutio n t o th e proble m i n Figur e 1 
ca n b e segmente d int o thre e parts :  th e opening ,  th e in -
termediat e segment ,  an d th e final  path .  Thes e segment s 
ar e distinguishe d b y th e type s o f  goal s W B verbalizes ,  th e 
strategie s h e employs ,  an d th e degre e o f  succes s h e attains . 

Durin g th e opening ,  W B restate s th e proble m an d 
weigh s th e potentia l  o f  variou s solutio n strategies .  H e 
the n embark s o n a  forwar d chainin g sequenc e tha t  include s 
al l  th e conservativ e application s o f  interna l  analogy .  Eve n 
thoug h W B ' s openin g strateg y doe s no t  see m t o b e directe d 
at  fulfillin g an y specifi c  goal ,  i t  doe s provid e a  relativel y 
eas y wa y o f  elucidatin g a  lo t  o f  ne w knowledg e abou t  th e 
problem ,  som e o f  whic h i s neede d fo r  hi s solution . 

The intermediat e segmen t  o f  th e protoco l  i s  generall y 
characterize d b y unsuccessfu l  backwar d chainin g an d ex -
haustiv e search .  W B attempt s t o backwar d chai n o n th e 
curren t  goa l  thre e time s durin g thi s segment ,  ye t  h e neve r 
get s beyon d th e first  leve l  o f  goa l  decomposition .  Instead , 
WB spend s th e mai n portio n o f  thi s segmen t  doin g ex -
haustiv e searc h throug h th e entir e se t  o f  operators .  H e 
accomplishe s thi s twic e b y readin g throug h th e lis t  o f  the -
orem s o n th e revie w shee t  an d sequentiall y  checkin g th e 
applicabilit y  o f  eac h one .  Durin g thi s segment ,  however , 

Given :  WK =  WE 
HL i s paralle l  t o C E 

Prove :  H W =  WS 

H 
10,12 R 

3S,5,6 E 
9,12 R 

S 

Figur e 1 :  Proble m diagram .  Th e number s i n thi s diagra m repre -
sent  th e result  o f  WB' s proble m solvin g a t  eac h step ;  numbere d 
arc s denot e congruen t  angles ,  an d numbere d line s denot e con -
gruen t  lin e segments . 

WB onl y gain s tw o ne w piece s o f  knowledge . 

W B ' s fina l  pat h t o solvin g thi s proble m include s back -
war d chainin g wit h multipl e application s o f  interna l  anal -
ogy .  I n thi s segment ,  W B solve s th e proble m directl y wit h 
n o extraneou s search . 

I n th e followin g tw o subsections ,  w e presen t  a  mor e de -
taile d analysi s o f  W B ' s protocol .  I t  provide s evidenc e fo r 
th e psychologica l  fidelity  o f  th e interna l  analog y model' s 
extension s -  th e ne w partia l  matc h metri c an d th e associ -
ate d least-deviant-frrs t  search . 

Partial Match 

Durin g th e forwar d chainin g openin g segmen t  o f  th e pro -
tocol ,  W B firs t  use s interna l  analog y a s hi s fourt h searc h 
ste p (Se e Figur e 2) .  Hi s thir d step ,  then ,  i s importan t 
becaus e i t  serve s a s a  sourc e fo r  th e subsequen t  interna l 
analogy .  (Indeed ,  i t  i s  th e onl y availabl e sourc e a t  thi s 
poin t  i n W B ' s proble m solving. )  I n th e thir d ste p o f  th e 
protocol ,  W B trie s t o us e th e Alternat e Interio r  Angle s 
Corollar y (AIAC ,  Figur e 3) .  However ,  ther e ar e tw o bug s 
i n hi s applicatio n o f  A I A C .  Firs t  h e state s tha t  < H S W an d 
< K WE ar e alternat e interio r  angle s wit h respec t  t o th e 
paralle l  line s H L an d C E an d th e transversa l  S K (Lin e 3S , 
Figur e 2 ;  an d th e correspondin g step .  Figur e 1) .  Thi s i s a n 
incorrec t  definitio n o f  A I A C ,  whic h W B reuse s through -
out  th e protocol ;  w e cal l  i t  AIAC-av .  Second ,  W B doe s 
not  correctl y writ e dow n hi s verbalizatio n o f  thi s ste p o n 
th e solutio n sheet .  Instead ,  h e transcribe s tha t  < S W H = 
< K W E,  thus ,  introducin g th e secon d bug ^  (Lin e 3 ,  Fig -
ur e 2) .  W e cal l  thi s incorrec t  definitio n o f  alternat e interio r 
angle s AIAC-vv .  (Accordin g t o th e A I A C rul e i n Figur e 3 , 
thes e bug s correspon d t o incorrec t  definition s o f  th e pre -
conditio n a/;-mr(<a> ,  < b > ,  <linel> ,  <line2> .  <t>). ) 

Next ,  W B immediatel y applie s interna l  analog y saying , 
"throug h usin g th e sam e theore m [AIAC] ,  I  ca n sa y tha t 
C W K,  angl e C W K,  i s congruen t  to ,  no t  sur e i f  thi s i s goin g 

^Thi s secondbu g fortuitousl y yield s a  correc t  piec e o f  knowl -
edge sinc e < S W H =  < K W E b y th e vertica l  angle s theorem . 
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sup 
0. 

3S. 

4R. 

6E. 

Operato r 
Read proble m 
crc p 
ALAT 
AlAC-a v 
AlAC-v v 
l A 
AlAC-a v 
l A 
lA-a a 
Tol d 

Lostaotiatio o 
Curren t  proble m 
m-SHW,  tri-WKE ,  7 ,  7 
HU/CE 
HL//CE,SK .  <HSW,  < K WE 
HU/CE.  SK ,  <SWE,  < K WE 
HL//CE ,  SK .  <CWK.  <SWL 
HL//CE ,  SK ,  <CKW,  <SWL 
HL//CE,SK ,  <HSW,  < K WE 
HL//CE ,  SK ,  <CKW.  <WSL 
Replac e knowledg e fro m 5 . 

Added knowledg e 
WK=WH,  mj/a i 
Suapend 
Alread y |tivri i 
< H S W ..  .  KWI i 
<SWH= -  KWl' , 
<CWK= <SWL 
<CKW= <SWL 
<HSW=<KWE 
<CKW=<WSL 
<HSW= <WKE Figur e 2 :  Th e Openin g Segmen t  o f  th e Protocol ,  C T C P =  Con -

gruen t  Triangle s Congruen t  Parts ,  AIA T =  Alternat e Interio r  An -
gle s Thm. ,  A IA C =  Alternat e Interio r  Angle s Cor. ,  l A =  Interna l 
Analogy . 

I F angle(<a> ) 
angle(<b » 
goal(congruent (  <  a  > ,  < b >  ) ) 
parallel (  <line l  >,<line2> ) 
transversal(<t> ) 
alt-int(<a>,<b>,<linel>,<line2>,<t> ) 

THEN congruent(<a>,<b>) 

Figure 3: The AIAC Rule. 

t o hel p m e bu t  i t  neve r  hurts ,  t o angl e S W L . " *  (Lin e 4 , 
Figur e 2 )  Th e targe t  i n Lin e 4  i s a  partia l  matc h t o th e 
sourc e i n Lin e 3 ,  an d it s informatio n conten t  devianc e 
wit h respec t  t o th e sourc e i s ver y low .  T o understan d 
why,  conside r  th e A I A C rul e show n i n Figur e 3 .  Sinc e 
thi s interna l  analog y applicatio n transfer s onl y a  simpl e 
operator ,  th e informatio n conten t  o f  th e sourc e include s 
instantiation s fo r  al l  th e variable s i n th e left-han d sid e 
of  th e rule .  W B ' s targe t  instantiatio n contain s al l  th e 
same workin g memor y elements ,  excep t  fo r  th e pai r  o f 
angles .  Thi s produce s a  deviatio n valu e whos e onl y non -
zer o term s correspon d t o thes e ne w angl e instantiations . 
D ue t o th e physica l  constraint s o f  th e geometr y domain , 
changin g an y othe r  variabl e i n thi s rul e (e.g .  th e paralle l 
line s o r  th e transversal )  woul d necessaril y  impl y a  chang e 
of  angle s a s well ,  an d hence ,  a  greate r  deviatio n value . 
Therefore ,  th e optima l  choic e fo r  th e targe t  instantiatio n 
i s on e tha t  onl y change s th e instantiation s o f  th e angles . 
Thi s  i s exactl y W B ' s choic e i n hi s intema l  analog y o f  Ste p 
4. 

As show n above ,  th e partia l  matc h metri c model s W B ' s 
choic e o f  a  targe t  fo r  thi s intema l  analog y becaus e i t  use s 
a devianc e metri c tha t  i s ver y sensitiv e t o th e similarit y o f 
th e sourc e an d targe t  instantiations .  Thi s sensitivit y ease s 
th e proble m solver' s tas k no t  onl y b y providin g searc h 
contro l  (a s discusse d i n th e nex t  section) ,  bu t  b y easin g 
th e burde n o f  instantiation .  B y usin g a  least-deviant-firs t 
searc h strategy ,  th e proble m solve r  i s guarantee d t o choos e 
an analog y tha t  require s makin g th e fewes t  change s t o th e 
targe t  instantiation .  W B ' s protoco l  support s thi s efficienc y 
argument ,  fo r  whe n h e firs t  applie s th e A I A C rule ,  h e 
verbalize s th e entir e instantiation :  "Okay ,  an d th e wha t  I 
want  t o sa y i n her e i s us e line.. .  Whic h d o I  wan t  t o us e 
as th e transversal ? .. .  Okay ,  firs t  o f  all ,  I' m goin g t o sa y 
tha t  H L an d C E ar e bis -  ar e cu t  b y a  transversa l  lin e SK. " 

Upon applyin g th e intema l  analog y i n ste p 4 ,  however ,  h e 
merel y stale s th e change s t o th e sourc e instantiation ,  th e 

ne w pai r  o f  angles .  (Se e *' d protoco l  excerp t  above. )  Thi s 
same behavio r  wa s observe d i n th e forwar d chaine r  fro m 

th e previou s study . 

Search Control 

N o w w e describ e h o w th e ne w partia l  matc h metri c ex -
plain s W B ' s comple x bu t  usefu l  searc h strategy .  W B 
begin s hi s proble m solvin g b y statin g th e given s an d th e 
goal s o f  th e proble m an d the n consider s whethe r  t o us e 
a generalize d schem a tha t  consist s o f  provin g Congruen t 
Triangle s an d the n provin g Congruen t  Part s (CTCP ;  Lin e 
1,  Figur e 2) .  I n weighin g th e merit s o f  thi s strategy ,  h e 
says ,  "Ok .  There' s a  lon g wa y o f  doin g an d provin g con -
gruen t  triangle s an d the n showin g ther e ar e correspondin g 
part s o f  congnien t  triangle s whic h migh t  b e easie r  becaus e 
I'v e jus t  don e tha t  [referrin g t o a n earlie r  proble m i n th e 
study] .  Bu t  the n there' s als o thi s alternat e interio r  angle s 
theore m whic h actuall y probabl y get s m e th e sam e w a y 
jus t  a  littl e bi t  quicker. "  Wit h th e statements ,  "lon g way, " 
and "quicker, "  W B weigh s th e complexity ,  whic h relate s 
t o th e siz e o f  th e informatio n content ,  an d th e optimalit y o f 
thi s solutio n (Carbonel l  &  Veloso ,  1988) .  I n oppositio n t o 
this ,  h e says ,  "migh t  b e easie r  becaus e I'v e jus t  don e that. " 
Wit h thi s statement ,  th e subjec t  i s estimatin g th e efficienc y 
of  findin g a  solutio n b y referrin g t o th e las t  proble m h e 
completed ,  durin g whic h h e successfull y use d th e C T C P 
schema .  Thus ,  W B i s considerin g usin g inter-proble m 
analogy ,  whic h ca n als o b e explaine d usin g ou r  notio n o f 
partia l  match .  A t  thi s poin t  i n th e proble m solving ,  non e 
of  th e precondition s o f  thi s schem a ar e known ;  th e tota l 
devianc e measur e exceed s W B ' s acceptabilit y  criterion ; 
and th e analog y i s abandoned . 

Afte r  reachin g a  dea d en d i n Lin e 2 ,  W B produce s th e 
bugg y intema l  analog y o f  Line s 3  an d 4  describe d i n th e 
previou s subsection .  A t  thi s point ,  th e experimente r  point s 
out  tha t  < C W K an d < S W L ar e no t  alternat e interio r  an -
gle s wit h respec t  t o line s H L ,  C E ,  an d SK .  Th e subjec t 
agree s an d produce s th e behavio r  i n lin e 4R .  Notic e tha t 
he n o w ha s returne d t o hi s origina l  bugg y definitio n o f 
alternat e interio r  angle s firs t  exhibite d i n Lin e 3S .  W B ' s 
secon d applicatio n o f  intema l  analog y n o w occur s a s h e 
reapplie s i n Lin e 5  th e immediatel y precedin g AIAC-a v 
operato r  t o obtai n th e congruenc e o f  < H S W an d < K W E . 
For  th e sam e reason s explaine d i n th e precedin g section , 
thi s i s th e leas t  devian t  targe t  wit h respec t  t o th e sourc e 
i n Lin e 4R ;  W B ' s behavio r  support s th e prediction s o f 
th e mode l  onc e more .  W B ' s thir d applicatio n o f  inter -
nal  analog y occur s i n Lin e 6  whe n h e says ,  "Throug h th e 
same reasonin g < C K W i s congruen t  t o < W S L . "  I n thi s 
least-devian t  application ,  W B introduce s ye t  anothe r  bu g 
int o hi s origina l  bugg y definitio n o f  alternat e interio r  an -
gle s (AIAC-av) .  Thi s bu g yield s th e correc t  definition , 
and th e subjec t  prove s < C K W =  < W S L .  Finally ,  th e ex -
perimente r  correct s th e knowledg e W B derive d i n Lin e 5 
and establishe s th e correc t  knowledg e < H S W =  < W K E 
i n Lin e 6E .  A t  thi s point ,  ther e ar e n o mor e analogou s 
application s o f  A I A C lef t  tha t  involv e th e transversa l  SK . 
Sinc e i t  i s  stil l  earl y i n th e proble m solving ,  changin g th e 
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ste p Operato r  Instantiatio n 
9.  l A HU/CE ,  SK,  <HSW.  <EWK 
10.  U  HL//CE ,  HE,  <SHW,  <EWK 
11.  rr c <Hsw ,  <SHW.  kw ,  w s 12R.  T P <HSW,  <EWK,  <SH W 

Added knowledg e 
<HSW= <EWK 
< S H W = < E WK 
HW=WS 
<HSW=<SKW 

Figur e 4 :  Th e Fina l  Pat h Segmen t  o f  th e Protocol .  l A =  Interna l 
Analogy ,  IT C =  Isoscele s Triangl e Cor. ,  T P =  Transitiv e Property . 

transversa l  raise s th e deviatio n leve l  to o much ,  an d i t  i s 
not  a n acceptabl e target .  A s a  result ,  th e subjec t  ha s ex -
hauste d hi s availabl e application s o f  interna l  analog y an d 
must  pursu e anothe r  strategy . 

Durin g thi s openin g segment ,  W B perform s al l  possibl e 
application s o f  interna l  analogy ,  wit h th e constrain t  tha t  h e 
allow s onl y smal l  deviation s betwee n th e sourc e an d target . 
Thi s strateg y allow s hi m t o easil y elucidat e knowledg e 
abou t  th e curren t  problem ,  som e o f  whic h i s relevan t  t o hi s 
solution .  Th e forwar d chaine r  i n th e previou s DC-circui t 
experimen t  employe d thi s sam e strategy .  However ,  th e 
searc h spac e i n tha t  experimen t  wa s smalle r  du e t o th e 
smalle r  numbe r  o f  operator s (yieldin g smalle r  breadth ) 
and th e shorte r  solutio n (yieldin g smalle r  depth) .  A s a 
result ,  thi s strateg y wa s sufficien t  fo r  tha t  subjec t  t o solv e 
th e problem .  W B ,  o n th e othe r  hand ,  i s stil l  missin g som e 
crucia l  knowledg e a t  thi s poin t  i n th e protocol .  Also ,  whe n 
WB use s a  bugg y sourc e i n thi s segment ,  h e produce s a 
bugg y targe t  solutio n (Line s 4  an d 5 ,  Figur e 2) .  Thi s to o 
replicate s a  resul t  fro m ou r  previou s stud y wher e Subjec t 
One use d interna l  analog y t o transfe r  a  bugg y equatio n t o 
a ne w situation . 

At  th e beginnin g o f  th e intermediat e segment ,  W B re -
consider s usin g th e C T C P schem a fro m Lin e 1  i n Figur e 2 . 
Lik e th e forwar d chaine r  i n th e previou s study ,  W B als o 
verbalize s th e informatio n conten t  a s h e says ,  " I  d o hav e 
tw o angle s i n eac h o f  thes e triangles. "  A t  thi s point ,  h e 
realize s tha t  th e target' s curren t  informatio n conten t  i s  les s 
devian t  t o tha t  o f  it s sourc e tha n i t  wa s whe n h e consid -
ere d usin g C T C P i n th e openin g segment .  A s a  result , 
he spend s mos t  o f  th e intermediat e segmen t  tryin g t o us e 
thi s strateg y an d eventuall y fails .  Th e bul k o f  th e segmen t 
i s characterize d b y larg e amount s o f  exhaustiv e searc h 
throug h th e entir e se t  o f  operators . 

At  th e beginnin g o f  th e final  pat h segmen t  (Figur e 4) , 
WB post s th e goa l  < S H W =  < H S W an d backwar d chain s 
usin g th e transitiv e property .  A s a  result ,  h e produce s 
th e analogica l  behavio r  i n Lin e 9  o f  Figur e 4 ,  reestablish -
in g th e erroneou s knowledg e tha t  wa s originall y create d i n 
Lin e 5  o f  Figur e 2  an d late r  delete d b y th e experimenter .  I n 
thi s step ,  h e choose s AIAC-a v a s a  sourc e from  th e open -
in g segmen t  an d instantiate s i t  wit h HL//CE ,  SK ,  < H W S, 
< E W K.  Thi s instantiatio n i s chose n becaus e i t  involve s 
th e sam e transversa l  a s th e source ,  SK ,  and ,  thus ,  ha s a 
lo w devianc e level .  N o w ,  however ,  it s  devianc e i s eve n 
lowe r  becaus e on e o f  th e goa l  angle s drivingth e backwar d 
chaining ,  < H S W,  i s a n exac t  match . 

Next ,  interna l  analog y explain s W B ' s behavio r  i n Lin e 
10 o f  Figur e 4  fo r  severa l  reasons .  A  differen t  goa l  angle , 
< S H W,  i s a n exac t  matc h thi s time ,  addin g zer o t o th e de -
vianc e measur e fo r  thi s instantiation .  Unlik e th e interna l 

analogie s o f  th e openin g segment ,  th e paralle l  line s an d 
th e transversa l  o f  thi s interna l  analog y ar e n o w onl y a  typ e 
match .  Originally ,  thi s mismatc h cause d th e tota l  devia -
tio n t o b e to o high ,  makin g thi s instantiatio n unacceptable . 
(i.e .  W B neve r  too k thi s ste p i n th e openin g segment ,  eve n 
thoug h h e employe d interna l  analog y man y times. )  H o w -
ever ,  afte r  th e larg e amoun t  o f  exhaustiv e searc h i n th e 
intermediat e segment ,  W B ' s threshol d allow s fo r  mor e 
deviatio n an d accept s th e instantiatio n i n Lin e 10 .  Lin e 
11 complete s th e subject' s bugg y solution ,  whic h resulte d 
from  hi s bugg y A I A C rule .  An d finally ,  i n Lin e 1 2 th e 
experimente r  ask s W B t o fil l  i n th e transitivit y ste p h e lef t 
implici t  i n hi s solution . 

Conclusion and Future Work 

I n thi s paper ,  w e hav e firs t  show n h o w a  powerfu l  adaptiv e 
partia l  matc h ca n b e integrate d int o th e interna l  analog y 
model  b y extendin g th e basi c mechanism s alread y pro -
vided .  Thi s extende d mode l  als o differentiate s t o a  fine r 
granularit y th e genera l  notio n o f  exac t  matc h a s previousl y 
define d b y macro-operator s an d chunking .  Second ,  th e ex -
tension s hav e prove n usefu l  fo r  explainin g th e searc h con -
tro l  o f  a  comple x protoco l  i n a  complicate d domain .  The y 
wer e sufficientl y genera l  t o mode l  bot h th e explorator y 
forwar d chainin g o f  th e subject' s openin g segmen t  an d 
th e efficien t  goal-directe d backwar d chainin g o f  hi s fina l 
pat h segment .  I n th e future ,  w e pla n t o implemen t  an d 
demonstrat e th e computationa l  efficienc y afforde d b y th e 
ne w extensions . 
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