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Abstrac t 

Thi s pape r  i s  par t  o f  a n effor t  t o exten d researc h o n 
mathematica l  proble m solvin g beyon d th e traditiona l  focu s 
on forma l  procedure s (bot h i n th e classroo m an d i n proble m 
solvin g research) .  W e ar e beginnin g t o investigat e students ' 
inductiv e discovery-oriente d strategie s an d th e interactio n 
betwee n thes e an d forma l  deductiv e strategies .  I n contras t 
t o typica l  classroo m problem s i n mat h an d scienc e whic h 
demand th e applicatio n o f  a  learne d forma l  procedur e (e.g. , 
prov e X ) ,  w e gav e student s mor e open-ende d problem s (e.g. , 
i s X  true? )  fo r  whic h th e forma l  deductiv e procedur e i s 
useful ,  bu t  other ,  possibl y informa l  o r  inductive ,  strategie s 
ar e als o potentiall y  useful .  Th e normativ e approac h fo r 
solvin g thes e problems ,  i n fact ,  require s th e us e o f  bot h a 
deductiv e strategy ,  whic h i s definitiv e onl y whe n X  i s true , 
and a n inductiv e searc h fo r  examples ,  whic h i s definitiv e 
onl y whe n X  i s no t  universall y true .  W h e n presente d wit h 
thes e problem s w e foun d tha t  geometr y student s hav e som e 
limite d facilit y  t o perfor m th e deductiv e strateg y (though , 
les s s o i n thi s contex t  tha n whe n the y ar e directl y aske d t o 
vwit e a  proof )  an d us e a  degenerat e versio n o f  th e inductiv e 
strategy .  Instea d o f  considerin g multipl e example s an d 
lookin g fo r  a  counter-example ,  student s ten d t o rea d of f  th e 
conclusio n from  th e singl e exampl e (o r  model )  w e provided . 

Introduction 

This paper presents a preliminary investigation into the 
natur e o f  novic e reasonin g i n geometry .  Thi s are a i s 
interestin g theoreticall y a s i t  relate s t o bot h researc h o n 
h u m an reasonin g biase s an d researc h o n novic e proble m 
solving ,  particularl y i n physics .  Bot h area s hav e identifie d 
a numbe r  o f  situation s i n whic h human s behav e i n apparen t 
contras t  t o normativ e expectations .  Nickerson ,  Perkins , 
an d Smit h (1985 )  provid e a  goo d revie w o f  th e empiricall y 
establishe d h u m a n reasonin g biases .  Th e researc h o n naiv e 
physic s ha s s h o w n tha t  students '  prio r  conception s o f  th e 
physica l  worl d ar e ofte n a t  odd s wit h th e mor e detaile d 
conception s o f  th e scienc e o f  physics .  Bot h t o ad d t o thes e 
bodie s o f  researc h an d fo r  pedagogica l  purposes ,  w e hav e 
begu n t o explor e novic e reasonin g behavio r  i n 

mathematics .  Whil e th e focu s i n naiv e physic s researc h 
has bee n o n students '  conceptions ,  th e focu s her e i s o n 
reasonin g strategies ,  bot h deductiv e an d inductive .  I n 
contras t  t o typica l  classroo m problem s i n mat h an d scienc e 
whic h d e m a n d th e applicatio n o f  a  learne d forma l 
procedur e (e.g. ,  prov e X ) ,  w e gav e student s mor e open -
ende d problem s (e.g. ,  i s  X  true? )  fo r  whic h th e forma l 
deductiv e procedur e i s useful ,  bu t  other ,  possibl y informa l 
or  inductive ,  strategie s ar e als o potentiall y  useful .  W e 
wer e intereste d i n seein g t o wha t  exten t  student s woul d 
brin g th e deductiv e strateg y t o bear ,  t o wha t  exten t  the y 
woul d us e informa l  strategies ,  and ,  i n particular ,  i f  w e 
coul d identif y biase s i n thes e strategie s tha t  lea d t o 
systemati c errors . 

I n previou s researc h (Koedinge r  &  Anderson ,  1990) ,  w e 
foun d tha t  skille d geometer s initiall y  pla n proof s usin g 
informa l  knowledg e (perceptuall y based )  an d dea l  wit h th e 
forma l  detail s o f  writin g d o w n th e proo f  a s a  secondar y 
issue .  T o bette r  evaluat e students '  proo f  abilitie s i n term s 
of  thi s distinction ,  w e wante d t o desig n a  tas k tha t  tappe d 
onl y th e informa l  plannin g abilitie s an d di d no t  requir e th e 
detaile d proo f  executio n skills .  T h e geometr y trut h 
judgmen t  tas k pose s question s o f  th e for m "I f  <givens> , 
must  <goal>?" .  Figur e 1  show s a n exampl e item . 

O ne approac h t o answerin g suc h question s i s t o tr y t o 
find  a  proo f  o f  th e <goal > fro m th e <givens> .  Subject s 
don' t  nee d t o writ e d o w n thi s proof ,  bu t  i f  the y ca n c o m e 
up wit h a n accurat e one ,  howeve r  informal ,  the y ca n 
reliabl y answe r  YES . 

Beside s ou r  initia l  intentio n o f  usin g thi s trut h judgmen t 
tas k t o measur e informa l  plannin g skills ,  w e hav e foun d 
thi s tas k interestin g i n it s o w n right .  F ro m a  pedagogica l 
standpoint ,  i t  give s student s a n ide a o f  th e rol e o f  proo f  i n 
mathematics ,  tha t  is ,  t o hel p determin e wha t  i s  true .  Fro m 
a scientifi c  standpoint ,  i t  i s  analogou s t o othe r  reasonin g 
task s an d thus ,  m a y elici t  simila r  strategie s t o thos e 
observe d i n everyda y reasonin g o r  i n othe r  laborator y 
reasonin g tasks .  A n d lastly ,  i t  allow s u s t o furthe r  explor e 
th e complementar y role s o f  informa l  an d forma l  reasonin g 
strategies . 
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ll.If^TQ U =  ^RQUand^QT U s  ^QRU, 
must^STU S ̂ SRU ? 

Figur e I .  A n exampl e "trut h judgment "  problem .  Subject s circle d YE S o r  NO. 

Y ES 

NO 

A Stud y o f  Novic e Reasonin g i n Geometr y 

Geometr y trut h judgmen t  problem s ar e muc h lik e th e 
logica l  syllogis m problem s whic h hav e receive d m u c h 
attentio n i n th e huma n reasonin g literature .  A  logica l 
syllogis m ha s tw o premise s an d a  conclusio n -  thes e ar e 
analogou s t o ou r  <givens > an d <goal> .  A  typica l  tas k i s t o 
hav e subject s judg e whethe r  a  give n syllogis m i s V A L I D 
(mus t  b e true )  o r  I N V A L I D (no t  necessaril y  true )  -
analogou s t o Y E S an d N O ,  respectively ,  i n th e trut h 
judgmen t  task .  A  leadin g theor y o n ho w human s solv e 
logica l  syllogism s i s Johnson-Laird' s (1983 )  menta l  mode l 
theory .  (Pol k an d Newell ,  1989 ,  hav e refine d thi s theor y 
and implemente d i t  i n th e Soa r  architecture. )  Essentially , 
th e ide a i s  tha t  subject s conver t  wha t  i s  nominall y a 
deductiv e proble m int o a n inductiv e proble m b y thinkin g i n 
term s o f  possibl e model s o r  instance s o f  th e premise s an d 
testin g whethe r  th e conclusio n hold s tru e fo r  thes e 
instances . 

A deductiv e strateg y fo r  solvin g syllogis m problem s 
woul d involv e applyin g logica l  rule s t o th e premis e 
statement s i n a n effor t  t o deriv e th e conclusion .  I n 
contrast ,  th e menta l  mode l  theor y propose s tha t  peopl e 
pursu e a  strateg y o f  imaginin g on e o r  mor e specifi c 
instance s whic h ar e consisten t  wit h th e premises .  The n 
the y chec k th e proble m conclusio n t o se e i f  i t  i s consisten t 
wit h th e instance s the y hav e imagined .  I n othe r  words , 
the y chec k whethe r  th e conclusio n i s a  prope r  inductio n 
fro m th e instances .  I f  i t  is ,  the y answe r  VALID ,  otherwis e 
the y answe r  INVALID . 

What  i s  uniqu e abou t  ou r  geometr y problem s i s  tha t 
whil e i n typica l  syllogis m experiment s subject s imagin e 
thei r  o w n instance(s) ,  her e subject s ar e give n a  candidat e 
instance d Th e diagra m tha t  goe s alon g wit h a  typica l 
geometr y proble m i s a n instanc e o f  th e proble m premise s 
and ,  lik e an y model ,  i t  ha s specifi c  feature s tha t  ar e no t 
explicitl y  state d i n th e premises .  S o m e o f  thes e feature s 
may actuall y follo w fro m th e premises ,  fo r  example , 
^ S T U =  ^ S R U i n th e proble m Figur e 1 ,  whil e other s 
may b e fortuitous ,  fo r  example ,  ̂ S T U S  ^ Q T U i n th e 
same diagram . 

By givin g subject s a  model ,  th e trut h judgmen t  tas k 
provide s a  differen t  kin d o f  tes t  o f  th e menta l  model s 
theory .  I n th e typica l  experiment ,  th e matc h betwee n th e 
theor y an d th e subjects '  actua l  reasonin g proces s i s 
performe d indirectl y b y comparin g th e erro r  pattern s 
predicte d b y th e theor y wit h th e subjects '  erro r  pauems .  I n 

'Subject s wer e certainl y fre e t o construc t  othe r  model s o f  th e 
premises .  However ,  subject s di d thi s rarely ,  i f  a t  all . 

contrast ,  w e designe d th e trut h judgmen t  test ,  i n part ,  t o se e 
i f  w e migh t  directl y influenc e th e reasonin g proces s (an d 
th e resultin g answer )  b y changin g th e characteristic s o f  th e 
model  (diagram )  w e provide .  Figur e 2  show s th e ite m 
desig n an d a n exampl e grou p o f  4  matche d item s varyin g 
on whethe r  th e correc t  answe r  i s Y E S o r  N O an d whethe r 
th e proble m given s an d goa l  "loo k true "  i n th e diagra m o r 
th e given s an d goa l  "loo k false" .  Conside r  ite m b .  I n thi s 
case ,  th e diagra m i s mor e specifi c  (ha s mor e features )  tha n 
th e give n require s an d th e proble m goa l  A B X  C D appear s 
moe when ,  i n fact ,  i t  doe s no t  follo w fro m th e give n A C = 
C B.  I n thi s case ,  a  subjec t  reasonin g purel y fro m th e 
provide d mode l  woul d incorrectl y conclud e th e goa l  wa s 
true .  I n contrast ,  a  subjec t  reasonin g purel y deductivel y 
woul d no t  b e influence d b y thi s instance ,  woul d fai l  t o fin d 
a proo f  an d thus ,  woul d b e le d t o answe r  N O (thoug h no t 
wit h complet e certaint y sinc e failur e t o find  a  proo f  doe s 
not  guarante e on e doe s no t  exist) .  O f  course ,  th e idea l 
subjec t  woul d searc h fo r  a  counter-exampl e a t  thi s poin t 
and upo n findin g on e woul d b e certai n tha t  th e correc t 
answer  i s N O . 

Ite m c  provide s a  secon d kin d o f  misleadin g o r 
inconsisten t  diagram .  I n thi s cas e th e correc t  answe r  i s 
Y ES ye t  th e goa l  looks-fals e i n th e mode l  (an d s o doe s th e 
give n necessarily) .  T o th e exten t  tha t  subject s ar e workin g 
fro m thi s model ,  the y shoul d b e biase d t o incorrectl y 
respon d N O sinc e th e goa l  L Q X  R M doe s no t  appea r  tru e 
i n thi s diagram .  I n ite m type s a  &  d ,  th e mode l  i s 
consisten t  wit h th e correc t  answer ,  s o model-base d 
reasoner s w h o rel y o n thi s mode l  onl y wil l  perfor m bette r 
on thes e ite m type s tha n o n th e matche d item s c  &  b . 
State d anothe r  way ,  subject s w h o ten d t o us e th e provide d 
diagra m a s a  mode l  wil l  answe r  Y E S o n th e looks-tru e 
item s mor e ofte n tha n o n th e looks-fals e items . 

Our  hypothesi s wa s no t  tha t  subject s woul d rel y purel y 
on th e diagra m provided .  I n fact ,  w e wer e hopin g t o find 
evidenc e o f  proo f  plannin g don e i n servic e o f  solvin g thes e 
problems .  Whil e finding  evidenc e tha t  subject s perfor m 
abov e chanc e o n thi s tas k woul d b e consisten t  wit h th e 
hypothesi s tha t  the y wer e bringin g proo f  t o bear ,  i t  woul d 
not  rul e ou t  othe r  reliabl e strategie s lik e considerin g 
multipl e instance s o f  th e give n statements .  However ,  w e 
ca n ge t  mor e discriminatin g evidenc e o n th e us e o f  proo f 
by pickin g problem s fo r  whic h th e underlyin g proo f  varie s 
i n difficulty .  I f  student s ar e doin g proofs ,  the y shoul d b e 
mor e successfu l  o n problem s whic h hav e "easy "  proof s 
tha n o n problem s tha t  requir e "hard "  proofs .  W e define d 
difficult y wit h respec t  t o th e conceptua l  step s i n th e 
psychologica l  mode l  o f  informa l  proo f  plannin g identifie d 
by ou r  prio r  researc h (Koedinge r  &  Anderson ,  1990) . 
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Answer 

Diagra m 

Looks-tru e 

Looks-fals e 

YES 

a: 

I f  ̂ B C O =  ^ D C A . 

mus tAB lCD ? 

A C 

D 

:  B 

c:  R \ 
I f  ̂ Q M R =  ̂ L M R ,  \ 
m u s t L Q l R M ? \ 

1 ^  - ^ 

NO 

b: 
I fACsCB , 
mus iAB lCD ? 

A C 

d:  R v 
I f L M s M Q ,  \ 
m u s t L Q l R M ? \ 

^  M 

D 

B 

- Q 

Figur e 2 .  Trut h judgmen t  ite m types .  Ite m type s a  &  c  hav e th e sam e diagram ,  respectively ,  a s ite m type s b  &  d , 
whil e apar t  fro m poin t  labels ,  a  &  b  hav e th e sam e proble m statement ,  respectively ,  a s c  &  d . 

Th e shortes t  proo f  tha t  verifie s a  Y E S answe r  o n "easy " 
problem s require s on e conceptua l  step ,  whil e th e shortes t 
proo f  tha t  verifie s a  Y E S answe r  o n "hard "  problem s 
require s tw o o r  mor e conceptua l  steps .  Thi s categorizatio n 
i s onl y directl y relevan t  t o th e Y E S item s ( a &  c) ,  bu t  i n 
reportin g th e dat a th e matchin g item s ( b &  d )  wil l  b e 
include d i n thi s categorization . 

We designe d eigh t  group s (1-8 )  o f  fou r  item s eac h (a-d ) 
fo r  a  tota l  o f  3 2 items .  Ite m group s 1- 4 ar e "easy " 
problems ,  whil e ite m group s 5- 8 ar e "hard "  problems .  Th e 
ite m i n Figur e I  i s  8a :  i t  require s a  "hard "  proof ,  th e given s 
and goa l  look-tru e i n th e diagram ,  an d th e correc t  answe r  i s 
YES. 

Method 

Subjects .  3 0 student s participate d fo r  pa y i n th e summe r 
crfte r  completin g a  hig h schoo l  geometr y course . 
Procedure .  Thi s dat a wa s collecte d a s par t  o f  th e pr e an d 
pos t  testin g i n a  stud y comparin g tw o intelligen t  tutorin g 
system s (ITS )  fo r  geometr y proo f  proble m solvin g (se e 
Koedinger ,  1990) .  Th e complet e se t  o f  3 2 item s wa s spli t 
int o tw o tes t  versions :  1 6 item s fo r  versio n A  an d 1 6 
matchin g item s fo r  versio n B .  Hal f  th e subject s receive d 
versio n A  a s a  pre-tes t  an d B  a s a  post-test ;  th e othe r  hal f 
di d versio n B  first  an d A  a s th e post-test .  Betwee n th e pr e 
an d pos t  tests ,  subject s receive d 8  hour s o f  proo f 
instructio n usin g on e o f  th e ITSs . 

The tes t  instruction s (1 )  explaine d tha t  an y point s whic h 
appea r  colinea r  (o n th e sam e line )  i n a  diagra m ca n b e 
assume d t o b e colinear ,  (2 )  warne d tha t  "th e diagra m ma y 
be misleading" ,  an d (3 )  provide d tw o exampl e problem s 
(type s c  &  d )  tha t  bot h containe d misleadin g diagram s an d 
that ,  i n on e case ,  illustrate d a n informa l  proo f  a s a  goo d 
reaso n t o answe r  Y E S and ,  i n th e other ,  illustrate d a 
counter-exampl e a s a  goo d reaso n t o answe r  N O . 

Results 

Th e first  thin g t o not e i s tha t  o n a  separat e tes t  o f  proo f 
skill ,  w e observe d a  significan t  improvemen t  i n students ' 
abilit y t o writ e two-colum n proofs .  Th e mea n scor e wen t 
fro m 3 6 % o n a  pre-tes t  befor e th e IT S instructio n t o 

on th e post-tes t  ( p <  .001) .  Give n tha t  th e proo f  problem s 
on th e proo f  tes t  wer e equall y difficul t  a s th e proof s 
underlyin g th e "hard-YES "  problem s o n th e trut h judgmen t 
test ,  w e migh t  expec t  t o se e simila r  improvement s o n th e 
trut h judgmen t  task .  However ,  trut h judgmen t  performanc e 
showe d onl y margina l  improvement ,  goin g fro m 6 7 % o n 
th e pre-tes t  t o 7 2 % o n th e post-tes t  ( p >  .09 )  ̂  Whil e ther e 
m ay hav e bee n som e transfer ,  i t  appear s tha t  student s wer e 
not  full y  appreciatin g th e relevanc e o f  proo f  t o solvin g 
trut h judgmen t  problems .  Thi s i s no t  t o sa y tha t  student s 
wer e no t  tryin g proof s i n th e servic e o f  makin g trut h 
judgments ,  i n fact ,  a s demonstrate d belo w i t  i s  clea r  the y 
were .  Rather ,  i t  appear s ther e wa s som e slippag e i n th e 
transfe r  fro m th e structure d problem s i n th e trainin g wher e 
a proo f  i s  explicitl y  require d t o th e open-ende d trut h 
judgmen t  problem s wher e student s mus t  determin e fo r 
themselve s whethe r  an d whe n proo f  i s relevant .  Thes e 
result s ar e no t  change d b y focussin g th e dat a analysi s o n 
th e item s fo r  whic h improve d proo f  skill s  migh t  b e mos t 
relevan t  (e.g. ,  th e hard-YE S problems) :  Th e improvemen t 
trend s o f  abou t  5 % ar e unifor m acros s al l  proble m types . 

Give n tha t  ther e ar e n o qualitativ e difference s betwee n 
students '  performanc e o n th e trut h judgmen t  pre -  an d post -
tests ,  th e remainde r  o f  th e analysi s use s subjects '  score s o n 
th e pre -  an d post-test s combined .  Th e goa l  i s  t o ge t  a 
genera l  sens e o f  th e reasonin g strategie s student s use d t o 
make trut h judgments .  I n particular ,  t o wha t  exten t  di d 
the y brin g proo f  t o bear ? T o wha t  exten t  ar e the y 
influence d b y th e provide d diagram ? I s ther e evidenc e fo r 
othe r  strategies ? Th e result s ar e displaye d i n th e lef t  han d 
grap h i n Figur e 3 .  Thi s grap h show s th e mea n probabilit y 
of  answerin g YE S fo r  th e 8  cell s i n th e 2x2x 2 ite m design . 
Ther e ar e thre e significan t  mai n effect s o n eac h o f  thre e 
dimension s (correc t  answer ,  difficulty ,  an d diagram )  an d 
on e significan t  interactio n betwee n correc t  answe r  an d 
difficulty .  The y ar e summarize d a s follow s b y indicatin g 
whic h ite m type s lea d t o a  highe r  probabilit y  fo r  answerin g 
YES: 

^Thi s improvemen t  i s no t  a s quit e a s smal l  a s i t  seem s sinc e 
gettin g 5 0 % o n thes e YE S o r  N O problem s i s no t  difficult . 
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1.  Mai n effect .  YE S item s >  N O item s 
2.  Mai n effect :  looks-tru e item s >  looks-fals e item s 
3.  Mai n effect :  eas y item s >  har d item s 
4.  Interaction :  easy-YE S >  hard-YES , 

but  easy-N O =  hard-YE S item s 

All of these effects are significant across both subjects and 
item s ( p <  .01) .  W e wil l  conside r  the m i n mor e detail . 

Lookin g a t  th e answe r  dimensio n (represente d b y th e 
tw o line s i n th e graph) ,  student s respon d YE S significantl y 
mor e ofte n whe n th e correc t  answe r  i s Y E S (se e th e dar k 
line )  tha n whe n th e correc t  answe r  i s N O (th e ligh t  line) . 
Thi s indicate s tha t  the y wer e no t  behavin g randoml y an d 
had som e sens e fo r  correc t  answers :  the y go t  6 6 % o f  th e 
YES-problem s correc t  an d 7 1 % o f  th e NO-problems .  Tha t 
proo f  skil l  wa s a n importan t  facto r  i n thi s succes s i s 
indicate d b y th e fac t  tha t  performanc e significantl y 
diminishe s goin g fro m eas y problem s (76 % correct )  t o har d 
problem s (61% )  and ,  mor e importantly ,  tha t  thi s differenc e 
occur s fo r  th e YES-problem s bu t  no t  fo r  th e NO-problems . 
Averagin g ove r  diagra m appearance ,  subject s ar e 8 3 % 
correc t  o n easy-YE S item s bu t  4 9 % correc t  fo r  hard-YE S 
item s whil e the y ar e 6 9 % correc t  fo r  easy-N O item s an d 
7 3 % fo r  hard-N O items .  I n othe r  words ,  th e evidenc e tha t 
student s ar e doin g proof s i s tha t  students '  performanc e 
varie s i n a  predictabl e wa y o n th e problem s fo r  whic h proo f 
i s  required ,  bu t  no t  o n th e problem s fo r  whic h proo f  i s  no t 
required . 

Thoug h smalle r  i n magnitude ,  th e diagra m ha d a  clea r 
and consisten t  effec t  o n studen t  performance .  Independen t 
of  th e correc t  answer ,  student s wer e mor e likel y t o sa y YE S 
on th e looks-tru e item s tha n o n th e looks-fals e items .  I n 
Figur e 3 ,  not e ho w th e point s dro p fro m th e fu-s t  colum n 
(looks-true )  t o th e secon d (looks-false )  an d fro m th e thir d 
t o th e fourth .  Thi s mean t  tha t  the y mad e significantl y mor e 
error s o n proble m type s b  &  c  wher e th e correc t  answe r 
and th e look s o f  diagra m wer e i n conflic t  tha n o n proble m 
type s a  &  d  wher e th e answe r  an d diagra m wer e i n accord . 
Statin g thi s resul t  i n a  differen t  way ,  student s showe d a 
significan t  tendenc y t o reaso n fro m th e provide d diagra m 
(o r  model )  makin g th e inductiv e lea p tha t  i f  th e goa l  looks -
tru e (looks-false )  i n th e model ,  die n YE S (NO )  i t  mus t  (not ) 
be tru e i n general . 

Modeling Reasoning Strategies and Biases 

I n thi s section ,  w e firs t  presen t  a  tas k analysi s o f  wha t 
strategie s migh t  b e brough t  t o bea r  o n thi s tas k an d th e 
circumstance s i n whic h the y ar e effective .  Wit h tha t 
background ,  w e nex t  discus s wha t  strategie s thes e student s 
appea r  t o hav e use d an d ho w the y interact .  W e propos e a 
mathematica l  mode l  a s a  concis e summar y o f  ou r  claim s 
abou t  wha t  student s ar e doing .  Th e mode l  i s supporte d 
bot h b y it s clos e fit  t o th e quantitativ e dat a a s wel l  a s fro m 
some preUminar y protoco l  data . 

Task Analysis 

Effectivel y solvin g thes e trut h judgmen t  problems ,  require s 
tw o complementar y strategies .  A  deductiv e rule-base d 

strateg y tha t  involve s lookin g fo r  a  proo f  (i.e. ,  a  sequenc e 
of  rules )  whic h derive s th e proble m goa l  fro m th e givens . 
I f  on e finds a  correc t  proof ,  on e ca n conclud e Y E S wit h 
certainty .  However ,  i f  on e fail s t o fin d a  proof ,  i t  i s  no t 
necessaril y  tha t  cas e tha t  ther e isn' t  one .  I n thi s case ,  on e 
ca n answe r  N O heuristicall y wit h som e bette r  tha n chanc e 
probabilit y  o f  bein g right .  A n inductiv e example-base d 
strateg y i s complementar y i n tha t  whe n properl y applie d 
on e ca n answe r  N O wit h certainty ,  bu t  ca n answe r  Y E S 
onl y heuristically .  Thi s strategy ,  lik e Johnson-Laird' s 
menta l  mode l  approach ,  involve s considerin g example s o f 
th e give n statement s an d checkin g whethe r  th e goa l  i s  tru e 
i n thes e examples .  I f  i t  i s  i n al l  cases ,  on e ca n answe r  YE S 
but  onl y heuristicall y sinc e ther e i s n o guarante e tha t  th e 
nex t  exampl e won' t  contradic t  th e proble m statement .  I f 
th e goa l  i s  eve r  foun d t o b e false ,  thi s exampl e i s counter -
exampl e t o th e proble m statemen t  an d on e ca n answe r  N O 
wit h certainty . 

The normativ e overal l  strateg y i s t o alternativel y pursu e 
on e an d the n th e othe r  o f  thes e strategie s unti l  on e o f  the m 
yield s a  certai n result ,  tha t  is ,  unti l  eithe r  a  proo f  o r  a 
counter-exampl e i s found . 

A Mathematical Model 

By lookin g a t  th e statistica l  result s fro m th e study ,  i t 
appeare d tha t  students '  behavio r  coul d b e characterize d b y 
th e interactio n o f  a  proo f  strateg y an d a  degenerat e versio n 
of  th e inductiv e example-base d strateg y a s follows : 

1.  Subject s initiall y  attemp t  t o find a  proo f  an d answe r 
YES i f  the y find  one . 

2.  I f  the y don' t  fm d a  proof ,  the y "guess "  a t  th e answe r 
base d o n a n inductio n fro m th e provide d diagram . 

I n mathematica l  terms ,  thi s is : 
prob(YES )  =  p•^(l-p) g 

wher e p  =  pro b o f  finding  a  proo f 
g =  pro b o f  guessin g YE S 

Thi s genera l  for m i s instantiate d i n differen t  way s 
dependin g o n th e proble m characteristics .  I f  th e correc t 
answe r  t o th e proble m i s N O ,  th e probabilit y  o f  findin g a 
proo f  i s 0 .  I f  th e correc t  answe r  i s YES ,  th e mode l  claim s 
tha t  student s fin d a  proo f  wit h probabilit y  e  fo r  a n eas y 
proble m o r  probabilit y  h  fo r  a  har d problem .  I f  the y don' t 
find  a  proof ,  the y wil l  gues s Y E S wit h probabilit y  l  i f  th e 
proble m goa l  looks-tru e i n th e diagra m o r  /  i f  th e goa l 
looks-false .  I n summary ,  p= 0 fo r  N O problems ,  p= e fo r 
easy-YE S problems ,  an d p= h fo r  hard-YE S problem s whil e 
g=t  fo r  looks-tru e problem s an d g= f  fo r  looks-fals e 
problems . 

Not e tha t  th e mode l  implie s tha t  ther e shoul d b e n o 
differenc e betwee n th e eas y an d har d problem s whe n th e 
correc t  answe r  i s N O .  Thi s i s h o w th e mode l  capture s th e 
interactio n betwee n correc t  answe r  an d difficulty .  Th e 
grap h o n th e righ t  i n Figur e 3  show s th e mode l  prediction s 
fo r  th e followin g se t  o f  paramete r  values ,  e=.77 ,  h=.29 , 
t=.37 ,  f=.19 .  Th e mode l  provide s a  clos e fit  t o th e data .  A 
chi-squar e tes t  indicate s tha t  i t  doe s no t  deviat e 
significanU y from  th e dat a {X\A ,  N=30 )  =  2.19 ,  p>.5 ) 
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DATA MODEL 

Probo f 
-YES' 

Answer  4 0 % 

Q% 

100 % ? 100 % Correc t 
Answer 

'• -  YE S 

-o. NO 

Easy & E«sy & Hai d A  Haid A 
Looks- T Looks- F Looks- T Looks- F 

Difficult y &.  Diagra m 

Easy & Easy A Har d &  Har d & 
Looks- T Looks- F Looks- T Look s F 

Difficult y A.  Diagra m 

Figur e 3 .  Eigh t  dat a point s an d mode l  prediction s fo r  th e 2x2x2 ,  answe r  b y difficult y b y diagram ,  ite m design .  I n th e 
data ,  al l  thre e mai n effect s ar e significan t  acros s bot h subject s an d item s an d s o i s th e interactio n betwee n answe r  an d 
difficulty .  Th e mode l  doe s no t  deviat e significantl y fro m th e dat a (X^4 .  A/=30 )  =  2.19 ,  p>.5) . 

Thi s mode l  o f  studen t  performanc e suggest s thre e 
deviation s fro m th e normativ e one .  First ,  th e deductiv e 
strateg y componen t  i s  quantitativel y differen t  i n tha t 
ideall y student s shoul d b e abl e t o find  al l  th e proof s fo r  th e 
Y ES problems ,  no t  jus t  7 7 % (th e valu e o f  e )  fo r  th e easy -
Y ES problem s an d 2 9 % o f  th e hard-YE S problems . 
Second ,  th e model' s inductiv e example-base d strateg y i s 
differen t  i n tha t  student s ar e no t  considerin g multipl e 
examples ,  bu t  ar e onl y considerin g th e provide d exampl e 
and als o i n tha t  the y ar e no t  realizin g tha t  th e looks-fals e 
problem s ar e no t  goo d examples .  Third ,  ther e i s n o 
alternatio n i n th e mode l  betwee n th e deductiv e an d 
inductiv e strategy . 

Other Evidence for the Model 

O ne sourc e o f  additiona l  evidenc e fo r  th e mode l  come s 
fro m th e note s student s wrot e o n th e tes t  handou t  provided . 
I n suppor t  o f  th e clai m i n th e mode l  tha t  student s ar e no t 
pursuin g a  searc h fo r  counter-example s an d ar e no t 
recognizin g tha t  th e looks-fals e problem s ar e no t  goo d 
examples ,  w e looke d t o se e h o w ofte n subject s dre w 
anothe r  diagra m i n additio n t o th e on e provided .  Ther e 
wer e onl y thre e case s ou t  o f  48 0 possibl e opportunitie s i n 
whic h a  subjec t  redre w a  looks-fals e diagram .  Whil e thi s 
was a  N O problem ,  non e o f  thes e diagram s wer e a  counter -
example ,  tha t  is ,  th e goa l  stil l  looked-tni e i n th e diagram s 
th e student s drew .  T w o othe r  instance s o f  redrawin g 
occurre d o n a  differen t  looks-tru e proble m apparentl y t o 
matc h u p correspondin g point s o f  potentiall y  congruen t 
triangles . 

We recentl y gav e a  versio n o f  th e tes t  i n whic h w e aske d 
student s t o giv e reason s fo r  thei r  answers .  A  larg e numbe r 
of  th e reason s student s provid e ar e idiosyncratic ,  alon g th e 
line s o f  "becaus e I  thin k so" .  Bu t  ther e ar e als o a  numbe r 
of  mor e sensibl e responses .  Th e reason s student s provid e 
fo r  problem s the y answe r  Y E S ar e ofte n informa l  proofs , 
citin g intermediat e step s and/or  theorem s fro m thei r 
geometr y class .  O n problem s the y answe r  N O ,  w e hav e ye t 

t o fin d a  singl e instanc e wher e th e studen t  provide d a 
counter-example .  Instead ,  th e mos t  typical ,  non -
idiosyncrati c reaso n fo r  sayin g N O i s tha t  th e studen t  think s 
ther e i s n o wa y t o prov e th e goal . 

Conclusion 

While these results provide some partial support for 
Johnson-Laird' s menta l  mode l  theory ,  ther e ar e tw o ke y 
difference s fro m tha t  theory .  First ,  studen t  reasonin g wa s 
not  exclusivel y model-base d (inductive) ,  i n fact ,  mor e 
prominen t  i n thei r  reasonin g i s a  deductiv e strateg y t o find 
a proof .  Second ,  whil e subject s solvin g syllogis m 
problem s appea r  t o conside r  multipl e models ,  student s i n 
thi s stud y showe d littl e o r  n o evidenc e o f  considerin g an y 
alternativ e model s beyon d th e give n one .  Thi s i s 
particularl y surprisin g give n tha t  hal f  o f  th e provide d 
model s (th e looks-fals e items )  di d no t  accuratel y represen t 
th e proble m statement .  Fro m a  pedagogica l  standpoint ,  thi s 
stud y suggest s tha t  student s nee d exu a instructio n bot h 
1)  i n recognizin g th e applicabilit y o f  th e proo f  stfateg y 
outsid e th e standar d contex t  an d 2 )  i n understandin g an d 
executin g th e inductiv e model-base d strategy . 
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