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Abstrac t 
In thi s pape r  w e examin e th e rol e playe d b y workin g memor y 
demands i n determinin g proble m difficult y durin g th e solutio n o f 
Tower  o f  Hano i  Proble m isomorphs .  W e d o s o b y describin g a 
productio n syste m mode l  tha t  account s fo r  subjects ' 
performanc e o n thes e problem s vi a a  dynami c analysi s o f  th e 
memory k>a d imposed  b y th e proble m an d o f  change s i n tha t 
loa d durin g th e proble m solvin g episode .  W e als o presen t  th e 
result s o f  detaile d testin g o f  th e mode l  agains t  huma n subjec t 
data .  Th e mode l  use s a  highl y constraine d workin g memor y t o 
accoun t  fo r  a  numbe r  o f  feature s o f  th e proble m solvin g 
behavior ,  includin g th e dichotomou s (explorator y an d fina l 
path )  natur e o f  th e proble m solving ,  th e relativ e difficult y o f  th e 
problems ,  th e particula r  move s mad e i n eac h stat e o f  th e 
proble m space ,  and  th e tempora l  patternin g o f  th e fina l  pat h 
moves. 

Introduction: Human Problem Solving Performance 
O ne o f  th e larg e issue s i n proble m solvin g researc h i s th e 
questio n o f  vî ha t  make s a  proble m har d o r  eas y t o solve .  Thi s 
issu e i s o f  interes t  bot h t o educator s intereste d i n designin g 
instructio n s o a s t o mor e effectivel y understan d an d promot e 
th e growt h o f  proble m solvin g skills ,  an d t o cognitiv e scientist s 
intereste d i n th e informatio n processin g involve d i n proble m 
solving .  I t  i s  fro m th e latte r  perspectiv e tha t  w e attemp t  her e 
t o examin e h o w th e processin g demand s impose d b y differen t 
proble m feature s interac t  wit h limite d workin g m e m o r y t o 
determin e proble m difficulty .  W e d o s o b y describin g a  mode l 
of  proble m solvin g tha t  account s fo r  subjec t  performanc e o n a 
set  o f  Towe r  o f  Hano i  Proble m isomorphs .  Th e mode l 
incorporate s a  dynami c analysi s o f  proble m processin g demand s 
i n th e for m o f  memor y load ,  th e effect s o f  change s i n tha t  loa d 
ove r  th e cours e o f  proble m solving ,  an d th e limitation s inheren t 
i n shor t  ter m memory .  I n attemptin g t o accoun t  fo r  proble m 
difficult y b y m e a n s o f  th e processin g d e m a n d s o r  "load -
impose d b y variou s feature s o f  th e problem ,  th e mode l  include s 
desig n parameter s base d o n fairl y precis e dat a obtaine d fro m a 
number  o f  experiment s wit h h u m a n subjects .  Th e mode l  i s 
teste d vi a detaile d comparison s o f  it s behavio r  agains t  tha t  o f 
human subjects . 

Whil e th e wor k present s a  detaile d analysi s o f  th e model' s 
applicatio n t o a  particula r  domain ,  a  se t  o f  isomorph s o f  th e 
Tower  o f  Hano i  Problem ,  th e implication s o f  th e wor k ar e no t 
limite d t o tha t  proble m domain ,  bu t  rathe r  addres s a  se t  o f 
issue s applicabl e t o a  wid e variet y o f  proble m solvin g situations . 

I n 1974 ,  Haye s an d Simo n publishe d th e firs t  o f  a  serie s o f 
article s o n Towe r  o f  Hano i  proble m isomorph s (Haye s &  Simo n 
1974,1977 ,  Simo n &  Haye s 1976) .  Th e se t  o f  isomorph s the y 

investigate d consiste d o f  problem s tha t  ha d th e sam e proble m 
stat e spac e a s th e thre e dis k Towe r  o f  Hano i  Problem .  T w o 
proble m type s wer e labelle d eithe r  "Monste r  Move "  problem s 
becaus e the y involve d monster s passin g globe s bac k an d forth , 
or  "Monste r  Change "  problem s becaus e the y ha d monster s 
changin g th e size s o f  globe s the y wer e holding .  A  majo r  findin g 
w as tha t  isomorphi c problem s could  diffe r  significantl y i n 
difficulty .  I n particular ,  the y obtaine d difficult y (solutio n time ) 
ratio s averagin g abou t  2: 1 betwee n Monste r  Chang e an d 
Monste r  Mov e problems .  Kotovsky ,  Hayes ,  an d Simo n (1985) . 
extende d th e investigatio n t o a  broade r  arra y o f  problems , 
obtainin g difficult y ratio s o f  u p t o 16: 1 fo r  thei r 
hardest/easies t  pai r  o f  isomorphs ;  th e easies t  bein g th e origina l 
Tower  o f  Hano i  disk/pe g problem . 

Th e differen t  problem s ar e define d b y th e subjects ' 
interna l  proble m representatio n whic h include d th e mov e 
operator s tha t  defin e m o v e legality .  Thi s representatio n i s 
engendere d b y eithe r  a n externa l  depictio n o f  importan t 
feature s o f  th e proble m suc h a s th e physica l  peg s an d disk s o f 
th e Towe r  o f  Hano i  problem ,  o r  a  "cove r  story "  tha t  describe s 
th e monsters ,  thei r  globe s an d th e move s o r  change s th e 
monster s ca n mak e wit h thei r  globes .  Tabl e 1  present s th e rule s 
fo r  tw o problem s tha t  wer e use d t o produc e muc h o f  th e dat a 
discusse d here ,  a  Monste r  Mov e Problem ,  an d a  Monste r  Chang e 
Problem .  Th e cove r  stor y tha t  define d th e proble m ha d thre e 
differen t  size d monster s tryin g t o m o v e o r  chang e globe s t o 
conver t  a n initia l  arrangemen t  o f  monster—glob e pairing s int o a 
fina l  arrangement . 

Monste r  Mov e Proble m 

1.  Onl y on e glob e m a y b e transferre d a t  a  time . 
2.  I f  a  monste r  i s holdin g tw o globes ,  onl y th e large r  o f  th e 

tw o m a y b e transferred . 
3.  A  glob e m a y no t  b e transferre d t o a  monste r  wh o i s holdin g 

a large r  globe . 
Monste r  Chang e Proble m 
1.  Onl y on e glob e ma y b e change d a t  a  time . 
2.  I f  tw o globe s hav e th e sam e size ,  onl y th e glob e hel d b y th e 

large r  monste r  m a y b e changed . 
3.  A  glob e ma y no t  b e change d t o th e sam e siz e a s th e glob e 

of  a  large r  monster . 

Thi s researc h wa s supporte d i n par t  b y th e Personne l  an d Trainin g 
Researc h Programs ,  Psychologica l  Science s Division ,  Offic e o f 
Naval  Research ,  unde r  contrac t  N00014-85-K-0696 . 

Tabl e 1 :  Proble m Rule s 

Th e fac t  tha t  th e problem s ar e isomorphi c i n th e abov e 
wor k remove s proble m searc h spac e structura l  feature s 
(branchines s o f  th e proble m space ,  lengt h o f  th e minimu m 
solutio n path ,  etc. )  a s possibl e source s o f  th e larg e difficult y 
difference s tha t  wer e discovered .  I n a n attemp t  t o discove r 

what  wer e th e source s o f  th e difficult y differences ,  tw o 
finding s emerge d fro m th e Kotovsky ,  Haye s an d Simo n (1985 ) 
wor k tha t  ar e th e startin g point s fo r  th e researc h reporte d 
here .  Thos e finding s are :  (a )  th e crucia l  rol e playe d b y th e mov e 
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operato r  an d it s interactio n wit h h u m a n informatio n processin g 
limitation s i n determinin g proble m difficulty ,  an d (b )  th e 
discover y o f  a  dichotomou s patter n o f  move s tha t  occurre d a s 
peopl e move d throug h th e proble m spac e t o reac h a  solutio n t o 
th e problem . 

Th e firs t  findin g w a s tha t  mor e difficul t  problem s 
employe d mov e operator s tha t  impose d mor e o f  a  processin g 
loa d vi a th e numbe r  o f  entitie s (monster s an d globes )  an d th e 
number  o f  separat e loc i  tha t  ha d t o b e image d i n testin g th e 
legalit y o f  a  move .  A  rankin g o f  individua l  move s o r  problem s b y 
th e numbe r  o f  separat e entitie s an d loc i  tha t  ha d t o b e 
simultaneousl y hel d i n workin g memor y w a s predictiv e o f  bot h 
th e difficult y o f  makin g individua l  move s an d als o o f  overal l 
proble m difficulty .  Thus ,  i n on e experiment ,  whe n subject s wer e 
aske d t o judg e th e legalit y o f  singl e move s tha t  wer e presente d 
tachistoscopically ,  thei r  respons e latencie s wer e correlate d 
wit h th e numbe r  o f  entitie s tha t  ha d t o b e image d i n orde r  t o 
make th e judgement .  Fo r  example ,  i n th e Mov e Problem ,  subjects ' 
judgement s wer e relativel y fas t  w h e n the y compare d th e size s 
of  tw o globe s hel d b y th e sam e monste r  (Rul e 2 )  an d relativel y 
slo w w h e n the y compare d th e size s o f  tw o globe s hel d b y 
differen t  monster s (Rul e 3) .  Th e explanatio n w a s tha t 
comparin g tw o globe s w h e n the y wer e a t  tw o separat e loc i 
entaile d carryin g on e i n memor y an d thu s impose d a n adde d uni t 
of  memor y load .  A n eve n harde r  compariso n occur s i n th e 
Change Proble m wher e subject s ha d t o imagin e changin g th e 
siz e o f  a  globe ,  an d the n tes t  th e image d siz e agains t  th e siz e o f 
anothe r  glob e tha t  w a s hel d b y eithe r  th e s a m e monste r  (Rul e 
2)  o r  anothe r  monste r  (Rul e 3) .  I n tha t  case ,  th e impose d loa d 
was highe r  becaus e o f  th e nee d t o imagin e th e siz e chang e 
befor e doin g th e comparison .  Ther e wer e positiv e correlation s 
betwee n th e processin g loa d impose d b y th e m o v e operators , 
operato r  applicatio n time ,  an d proble m difficulty .  I n th e 
curren t  work ,  thi s loa d i s terme d th e "image "  load . 

The secon d findin g w a s tha t  subjects '  m o v e makin g w a s 
dichotomous ,  consistin g o f  a n initial ,  "explorator y phase "  (whos e 
lengt h differe d acros s problems )  i n whic h m o v e s wer e slow , 
particularl y i n th e harde r  isomorphs ,  an d resulte d i n n o ne t 
progres s towar d th e goal ,  followe d b y a  subsequen t  "fina l 
path "  phas e (virtuall y identica l  acros s problems )  wher e move s 
wer e uniforml y fast ,  relativel y erro r  free ,  an d quickl y le d t o th e 
solution .  Th e differenc e w a s du e t o subject s i n th e fina l  pat h 
phas e bein g abl e t o pla n an d execut e subgoal s (a s evidence d b y 
fina l  pat h pattern s o f  m o v e latencies) ,  wherea s earlie r  i n th e 

problem ,  the y wer e no t  abl e to.' '  Th e empirica l  evidenc e 
suggeste d tha t  subject s attaine d thi s abilit y  t o subgoa l  b y 

'Ther e i s evidenc e tha t  subjects ,  jus t  prio r  t o th e fina l  path ,  wer e 
not  abl e t o successfull y execut e a  subgoal-goa i  pai r  o f  move s whe n 
the y wer e i n a  situatio n tha t  calle d fo r  suc h a  mov e pair .  Th e 
evidenc e wa s obtaine d fro m a n analysi s o f  move s mad e whe n 
subject s wer e i n a  subgoa l  situatio n jus t  prio r  t o th e fina l  path .  Thi s 
was define d a s a  locu s i n th e proble m stat e spac e tha t  require d a 
subgoa l  mov e befor e a  progress-makin g mov e coul d b e made . 
Even whe n th e analysi s wa s restricte d t o th e en d o f  th e explorator y 
phase ,  th e mov e latencie s indicat e tha t  th e subject s di d no t  execut e 
th e move s a s a  mov e pai r  a t  a  frequenc y greate r  tha n chance .  I f 
the y encountere d th e sam e situatio n durin g th e fina l  pat h phase ,  i t 
was con'ectl y execute d a s a  move-pai r  wit h a  frequenc y wel l  abov e 
chanc e (Kotovsk y &  Fallside ,  1989) . 

reducin g th e memor y demand s involve d i n learnin g an d applyin g 
th e proble m mov e legalit y test s durin g th e cours e o f  solvin g th e 
proble m (Kotovsk y e t  a l  1985) . 

Thi s "rul e learning "  effec t  o n th e m e m o r y loa d impose d b y 
learnin g an d rememberin g th e proble m rule s o r  m o v e legalit y 
test s occurre d a s peopl e m a d e moves .  The y starte d ou t  makin g 
error s (illega l  moves )  becaus e o f  starlin g t o m o v e befor e the y 
kne w th e mles ,  bu t  b e c a m e progressivel y bette r  a t  usin g th e 
proble m rule s a s the y receive d practice .  Th e difficult y o f 
learnin g th e m o v e rule s presente d i n isolatio n w a s determined , 
an d o n tha t  basi s an d primaril y vi a a  linguisti c analysi s o f  th e 
statemen t  o f  th e proble m rules ,  th e relativ e processin g 
demands o f  th e variou s problems '  rule s wer e determined .  Thi s 
"rul e load "  decrease d a s th e proble m solvin g proceede d an d th e 
rule s wer e learned . 

The resul t  o f  thi s rul e learnin g w a s tha t  subjects '  move s i n 
th e stat e spac e regularl y exhibite d th e surprisingl y 
dichotomou s "exploratory "  an d "fina l  path "  patter n describe d 
above .  Th e explorator y move s wer e m a d e slowly ,  the y occupie d 
th e majo r  phas e o f  th e proble m solvin g time ,  an d the y wer e mor e 
difficul t  (too k m u c h longer )  i n th e harde r  isomorphs . 
Furthermore ,  subject s wer e a s fa r  fro m th e goa l  afte r  makin g 
thes e move s a s the y wer e a l  th e beginnin g o f  th e problem .  I n 
contrast ,  th e fina l  pat h move s (afte r  subject s ha d compile d th e 
proble m rules )  wer e relativel y erro r  free ,  wer e m a d e ver y 
rapidly ,  wer e execute d a t  a  simila r  spee d acros s al l  proble m 
isomorphs ,  an d le d almos t  immediatel y t o a  proble m solution . 
Thi s dichotomou s patter n o f  slo w o r  difficul t  m o v e makin g tha t 
m a de n o ne t  progress ,  an d whos e lengt h reflecte d th e relativ e 
difficult y o f  th e problems ,  followe d b y a  rapi d das h t o a  solutio n 
i n th e las t  minut e o r  s o o f  th e solutio n process ,  regardles s o f 
isomorph ,  i s characteristi c o f  a  numbe r  o f  othe r  problem s a s 
wel l  (Kotovsk y &  Simo n 1989) . 

Thi s discover y o f  distinctiv e explorator y an d fina l  pat h 
phase s provide d a  plausibl e lin k betwee n m o v e operato r 
difficult y an d proble m difficulty .  Th e issu e w a s tha t  althoug h 
th e processin g loa d impose d b y th e m o v e operator s predicte d 
th e orderin g o f  isomorp h difficulty ,  th e difference s i n m o v e 
tim e wer e no t  grea t  enoug h t o accoun t  fo r  th e ver y larg e 
difference s i n proble m solutio n time .  Th e linkag e w a s tha t 
durin g th e explorator y phase ,  th e difficult y o f  rememberin g an d 
applyin g th e rule s (legalit y tests )  prevente d subject s fro m 
plannin g m o v e sequences ;  eve n thos e o f  lengt h two ,  an d 
prevente d thei r  makin g progres s towar d th e goa l  (movin g dow n 
th e fina l  path). ^  A n informatio n processin g analysi s o f  th e loa d 
impose d i n makin g goal-subgoa l  pair s o f  move s showe d tha t  th e 
harder .  Monste r  Chang e problem s impose d muc h highe r  memor y 
load s tha n th e Monste r  M o v e problems .  A  singl e m o v e i n th e 
Monste r  Chang e proble m alway s require s on e mor e entit y t o b e 
image d tha n a n equivalen t  m o v e i n th e Monste r  Mov e problem . 
The directio n o f  thi s differenc e i s wha t  woul d b e expecte d fro m 

^^A n alternativ e explanatio n fo r  th e exploratory-fina l  pat h 
dichotom y ha s bee n provide d b y Anderso n (1990 )  a s par t  o f  hi s 
rationa l  analysi s o f  cognition .  Hi s ver y interestin g analysi s i s 
predicate d o n th e relativ e cost s o f  hill-climbin g versu s means-end s 
analysis ,  rathe r  tha n th e near-impossibilit y  o f  means-end s analysi s 
withi n th e memor y limitation s w e believ e ar e operating .  A  detaile d 
compariso n o f  th e tw o model s i s beyon d th e scop e o f  thi s paper . 
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th e patter n o f  mov e operato r  difficultie s foun d fo r  individua l 
moves i n th e variou s isomorphs .  W h e n subject s trie d t o pla n 

pair s o f  moves ,  th e loa d difference s wer e magnified . 
To tes t  th e hypothesi s tha t  subject s wer e plannin g move -

pair s durin g th e fina l  pat h phase ,  th e mov e latencie s o f  th e fina l 
pat h wer e analyze d fo r  evidenc e o f  subgoal-goa l  pair s o f 

moves. 3 Th e analysi s indicate d tha t  th e subject s solve d thes e 
five-mov e minimu m pat h problem s i n tw o rapi d sequence s o f 
moves ,  correspondin g t o tw o goal-subgoa l  pair s o f  moves , 
followe d b y a  fina l  fas t  mov e o f  th e las t  glob e t o it s fina l  goa l 
position .  Th e patter n o f  mov e latencie s wa s long-shor t  follov̂ re d 
by long-short-short .  Thi s i s wha t  w e woul d expec t  i f  th e 
subjec t  attaine d th e abilit y  t o pla n an d execut e a  subgoal-goa l 
move pair ,  a s contraste d wit h th e patter n i f  the y m a d e 
individua l  moves ,  o r  planne d an d execute d al l  fiv e fina l  pat h 
moves a s a  compile d whole .  Th e long-shor t  patter n o f  mov e 
latencie s i s presumabl y du e t o a  planning-plus-mov e step , 
followe d b y a  mov e step .  No t  onl y di d th e subject s fo r  w h o m 
fina l  pat h mov e latencie s wer e recorde d exhibi t  th e long-shor t 
and long-short-shor t  tempora l  patterns ,  bu t  a s note d earlier , 
subject s i n th e explorator y phas e di d not . 

The Model 
The mode l  w e repor t  o n attempt s t o accoun t  fo r  th e abov e 
finding s wit h a  smal l  numbe r  o f  mechanism s an d assumptions . 

The mode l  consist s o f  a  productio n system *  containin g 2 1 
production s tha t  incorporate s th e followin g features :  a  limite d 
workin g memory ,  a  stat e memor y tha t  record s recen t  move s an d 
act s t o preven t  looping ,  a  representatio n o f  th e relativ e 
difficult y o f  th e proble m rules ,  a  chunkin g o r  learnin g mechanis m 
tha t  operate s o n th e proble m rule s an d a  derive d measur e o f 
move latencies .  Thes e majo r  feature s o f  th e mode l  ar e 
implemente d a s follows : 

Workin g Memor y i s th e commo n "work-space "  o f  th e model . 
It  i s  ver y limited ,  abl e t o hold ,  i n th e "standard "  versio n o f  th e 
model ,  abou t  fiv e entitie s o r  chunks .  It s content s ar e th e 
model' s curren t  subgoal s (th e overal l  goa l  o f  gettin g eac h 
monste r  it s  ow n size d glob e i s assume d t o b e i n a  longe r  ter m 

store) ,  th e proble m rules ,  an d th e entitie s (globes ,  monsters ) 
tha t  hav e t o b e hel d i n min d o r  image d i n orde r  t o b e compare d 
as par t  o f  th e rule-legalit y check s durin g mov e plannin g an d 
execution .  Th e previousl y describe d imag e loa d act s here .  Th e 
loa d impose d b y variou s item s i n it s  content s a t  an y poin t  i n tim e 
ar e calculate d o n th e basi s o f  empirica l  dat a acquire d fro m th e 
experimenta l  wor k discusse d above .  A n additiona l  featur e i s 
tha t  i f  thi s memor y i s overloaded ,  ever y ite m i t  contain s i s a 
candidat e fo r  bein g displaced ,  wit h equa l  likelihood .  Ther e i s a 
wori<in g memor y breakpoint ,  a n inflectio n poin t  nea r  whic h eac h 

entit y currentl y i n workin g memor y become s separatel y eligibl e 

^An exampl e o f  a  subgoal-goa l  mov e pai r  i s  tha t  encountere d i n th e 
Move Proble m whe n tryin g t o mov e th e mediu m glob e t o th e mediu m 
monste r  whe n th e mediu m monste r  i s alread y holdin g th e larg e 
globe .  Th e completio n o f  th e mov e require s th e subgoa l  o f 
"clearing "  th e mediu m monste r  b y movin g th e larg e glob e elsewhere , 
followe d b y th e goa l  mov e o f  movin g th e mediu m glob e t o th e 
mediu m monster . 

*Th e productio n syste m i s writte n i n a  modifie d versio n o f  Grape s 
(Sauer s &  Farrell ,  1982) . 

fo r  displacement ,  wit h a  probabilit y  obtaine d a s follows : 

p(displacement) = , ^ Qbreakpoint - load 

wher e 
loa d =  "imag e load "  (th e numbe r  o f  image d entitie s involve d 

i n th e mov e o r  planne d move ) 

+ "spatia l  load "  (th e numbe r  o f  loc i  tha t  ha d t o image d 
i n th e mov e o r  planne d move ) 

+ "subgoa l  load "  (th e numbe r  o f  subgoals ) 
+ "rul e load "  (rememberin g th e curren t  mov e rule ) 

The breakpoin t  i s  thu s th e poin t  wher e th e p(displacement)='/2 . 
The functio n rapidl y goe s t o zer o whe n th e loa d i s les s tha n th e 
breakpoin t  an d t o on e whe n th e loa d move s abov e th e 
breakpoint .  Thi s relativel y stee p functio n i s mean t  t o 
approximat e th e behavio r  obtaine d i n test s o f  memor y spa n 
wher e th e brea k i s fairl y  shar p a s th e limi t  o f  a  person' s spa n i s 
approached .  Fo r  th e dat a presente d here ,  th e breakpoin t  wa s 
chose n t o b e five .  (I t  i s  possibl e t o var y thi s paramete r  t o 
matc h th e performanc e o f  differen t  subjects. )  Thi s stringentl y 
limite d abilit y  t o manag e informatio n i n makin g o r  plannin g move s 
i s a  majo r  determinan t  o f  th e model' s behavior ,  a s i t  i s  th e 
behavio r  o f  th e subjects .  Thi s i s particularl y tru e durin g th e 
explorator y phas e o f  th e proble m solving . 

Stat e Memor y i s posite d t o b e a  somewha t  longe r  ter m 
recognitio n memor y fo r  recentl y mad e move s i n th e proble m 
space .  I t  function s t o preven t  loopin g (repeatedl y traversin g 
th e sam e portio n o f  th e proble m stat e space )  o r  perseveratin g 
on tryin g th e sam e mov e ove r  an d ove r  again .  I t  i s  implemente d 
as a  separat e stor e t o whic h th e curren t  mov e (an d th e stat e 
fro m whic h i t  i s  bein g attempted )  i s adde d (wit h probabilit y  = 
p)  eac h tim e a  subgoa l  o r  goa l  mov e i s planne d o r  made ,  an d fro m 
whic h th e oldes t  elemen t  i s displace d (wit h probabilit y  =  q )  o n 
eac h productio n firing .  Th e probabilities ,  p  an d q ,  wer e se t 
equa l  t o 0. 5 an d 0. 1 i n th e mode l  dat a reporte d here . 

The rul e loa d designate s th e immediat e memor y loa d 
(numbe r  o f  chunks )  impose d b y rememberin g th e proble m move -
legalit y  rules .  Thi s wa s calculate d primaril y o n th e basi s o f  a 
clausa l  analysi s o f  th e statemen t  o f  th e rules ,  bolstere d b y som e 
dat a o n th e learnin g tim e require d b y subject s t o lear n t o 
paraphras e o r  repea t  th e mles .  Th e rul e "loads "  impose d b y 
th e proble m rule s i n th e orde r  o f  sourc e rul e an d destinatio n 
njle ,  wer e fo r  th e Mov e Problem ,  3  chunk s an d 4  chunks ,  an d fo r 
th e Chang e Problem ,  4  chunk s an d 5  chunk s respectively .  Tlies e 
wer e th e initia l  load s impose d b y th e rules .  A s subject s (huma n 
or  computer )  starte d makin g moves ,  the y ofte n mad e en-or s i n 
whic h cas e the y wer e force d t o tak e bac k th e illega l  mov e an d 
wer e re-expose d t o th e statemen t  o f  th e violate d rule .  Thi s 
learnin g experience ,  b y whic h subject s eventuall y learne d t o 
remember  an d appl y th e rul e coul d eventuall y reduc e th e rul e 
loa d t o one .  I t  wa s implemente d vi a th e followin g mechanism . 

Rul e chunkin g i s a  learnin g mechanis m tha t  i s  invoke d eac h 
tim e a  mov e rul e wa s violated .  Upo n eac h violation ,  th e relevan t 
rul e wa s "chunked "  (ie .  it s  impose d loa d wa s reduce d t o 1  fro m 
it s initia l  valu e o f  3 ,  4  o r  5 )  wit h som e probability .  Fo r  th e 
result s reporte d here ,  th e probabilit y  wa s se t  equa l  t o 0. 6 an d 
0. 3 fo r  th e Mov e an d Chang e proble m respectively .  Thi s 
chunkin g i n th e mode l  corresponde d t o th e automati c 
restatemen t  o f  an y violate d rul e t o huma n subject s eac h tim e i t 
was violated . 

Tr y Somethin g Els e i s a  mechanis m tha t  get s invoke d 

792 



wheneve r  th e model' s plannin g functio n resulte d i n it s loopin g 
(perseverating )  w h e n tryin g t o pla n a  particula r  subgoal-goa l 
move pai r  o r  it' s  tryin g a  m o v e tha t  ha d recentl y t)ee n trie d (ie . 
was i n stat e memory) .  Th e mechanis m operate d b y randoml y 
choosin g a  mov e fro m a m o n g th e se t  o f  al l  lo p goal "  move s (ie . 
moves tha t  vwul d m o v e a  glot *  t o it s fina l  o r  "home "  position) ,  + 
al l  trivia l  m o v e s (ie .  an y m o v e s tha t  d o no t  requir e legalit y 
check s a t  eithe r  th e sourc e o r  destination) ,  +  on e randoml y 
chose n mov e tha t  i s  no t  curentl y i n slat e memory . 

Move latenc y \ s determine d b y assumin g tha t  th e amoun t  o f 
tim e i t  take s a  productio n t o fir e i s a  functio n o f  th e complexit y 
of  a  productio n (th e numbe r  o f  element s o n it s conditio n side ) 
an d th e workin g m e m o r y loa d extan t  a t  th e tim e o f  th e 
production s firing .  Th e calculatio n assume s tha t  th e large r  th e 
curren t  content s o f  workin g m e m o r y (a s a  percentag e o f  th e 
breakpoin t  capacity )  th e les s resource s availabl e fo r  th e 
demands o f  th e particula r  productio n an d a s a  result ,  th e slowe r 
th e firing .  Thi s calculatio n o f  a  memory-conditione d productio n 
firin g tim e allow s u s t o deriv e a  measur e o f  m o v e latenc y b y 
simpl y addin g th e time s o f  al l  th e production s tha t  fir e betwee n 
a pai r  o f  moves .  A  m o v e latenc y measur e i s neede d i f  w e ar e t o 
compar e th e tempora l  pattern s o f  th e model' s move s wit h th e 
characteristi c tempora l  pattern s obtaine d fro m h u m a n 
subjects '  data . 

Results 
The operatio n o f  th e mode l  consist s o f  tryin g t o reac h th e 
specifie d goa l  state ,  whic h ha s eac h monste r  endin g u p holdin g 
his/he r  correspondin g size d globe ,  b y tryin g t o mak e move s tha t 
wil l  ge t  th e correc t  globe s t o thei r  appropriat e monsters . 
W h en move s ar e blocke d b y th e problem' s rules ,  th e mode l  tries , 
as subject s do ,  t o pla n an d execut e subgoa l  move s tha t  wil l  clea r 
th e wa y fo r  desire d goa l  moves .  I n th e beginnin g o f  solvin g th e 
problem ,  th e mode l  ofte n make s illega l  move s (b y forgettin g on e 
or  mor e o f  th e m o v e legalit y  checks) .  Furthe r  alon g i n th e 
proble m solving ,  th e model ,  a s i t  remember s t o chec k th e legalit y 
of  contemplate d moves ,  trie s t o "unblock "  desire d m o v e s b y 
executin g subgoa l  moves ,  bu t  i s unabl e t o accomplis h thi s 
becaus e o f  th e memor y loa d involve d i n plannin g an d makin g th e 
pai r  o f  moves .  Thi s result s i n repeate d attempt s t o m a k e move s 
tha t  ar e repeatedl y frustrated ,  mor e erro r  pron e move-makin g 
(whe n a  legalit y chec k i s on e o f  th e item s displace d fro m th e 
overloade d workin g memory) ,  o r  a  retrea t  t o a n easie r  bu t  les s 
usefu l  move .  Towar d th e en d o f  th e problem-solvin g episode , 
th e mode l  frequentl y exhibit s th e h u m a n subjects '  lina l  path " 
typ e o f  behavio r  o f  efficaciousl y an d quickl y makin g move s tha t 
achiev e th e goa l  state .  Thi s i s accomplishe d whe n i t  ha s learne d 
th e rule s wel l  enoug h s o tha t  the y d o no t  overloa d workin g 
memory,  thu s allowin g s o m e plannin g t o occur .  A s thi s verba l 
summary indicates ,  th e model' s behavio r  i s roughl y simila r  t o 
tha t  reporte d fo r  h u m a n subjects .  W e tur n n o w t o a  mor e 
detaile d compariso n o f  th e behavio r  o f  th e mode l  wit h tha t  o f 
peopl e solvin g th e sam e problems . 

M o ve dat a i s presente d i n Tabl e 2  whic h contain s th e 
number s o f  lega l  an d illega l  move s i n eac h o f  fou r  problems .  Th e 
problem s ar e chang e an d m o v e problems ,  eac h wit h tw o 
differen t  startin g positions .  T h e dat a sho w tha t  th e mode l 
solve s th e variou s problem s i n abou t  ttie  sam e numbe r  o f  moves , 
makin g abou t  th e sam e numbe r  o f  errors ,  a s th e huma n subjects . 

wit h th e fi t  somewha t  bette r  fo r  th e Chang e problem s tha n fo r 

th e Mov e problems . 

Problem :  Star t  Stat e 
M o ve Typ e 

Change :  LS M 
Lega l 
Illega l 

Ctiange :  M L S 
Lega l 
Illega l 

Move:  L S M 
Lega l 
Illega l 

Move:  M L S 
Lega l 
Illega l 

Model 

12 
10 

17 
11 

12 
6 

17 
11 

H u m an 
Subject s 

13 
10 

18 
14 

16 
9 

15 
8 

Tabl e 2 :  Solutio n Pat h Lengt h (lumbe r  o f  Moves ) 

Move latencies :  knoihe r  wa y i n whic h th e behavio r  o f  th e 
model  ca n b e compare d wit h th e behavio r  o f  huma n subject s wa s 
by mean s o f  th e tempora l  patternin g o f  move s an d th e rat e o f 
progres s towar d a  solutio n durin g variou s phase s o f  th e 
proble m solving .  Th e issu e i s whethe r  th e mode l  exhibite d th e 
explorator y an d fina l  pat h dichotom y foun d i n mos t  subjects ' 
behavior ;  tha t  is ,  whethe r  th e mode l  exhibite d a  patter n o f  non -
progres s makin g move s followe d b y a  rapi d das h t o a  solution .  A 
furthe r  questio n i s whethe r  th e mode l  als o exhibite d th e 
evidenc e o f  subgoalin g tha t  wa s s o crucia l  a n elemen t  i n th e 
human subject s becomin g abl e t o mov e dow n th e fina l  pat h t o th e 
goal .  Th e derive d tim e measur e i s a t  bes t  onl y a n indicato r  o f 
relativ e times ,  an d it s result s shoul d b e interprete d wit h 
caution .  Observatio n o f  th e model' s performanc e di d revea l  th e 
characteristi c dichotom y o f  explorator y an d fina l  pat h phase s 
of  moving .  Tha t  is ,  ther e wa s a  period ,  ofte n quit e extended , 
durin g whic h th e mode l  mad e non-optima l  move s tha t  containe d a 
hig h frequenc y o f  illega l  move s an d resulte d i n n o ne t  progres s 
towar d th e goal .  Thi s w a s followe d b y a  rapi d das h t o a 
solution ,  durin g whic h th e mode l  m a d e ver y fe w errors ,  an d th e 
moves wer e optimall y directe d towar d th e goal .  Further ,  th e 
tempora l  patternin g o f  move s a t  th e en d o f  th e proble m solvin g 
episod e fo r  a n absolut e majorit y o f  solution s i n whic h th e mode l 
exhibite d fina l  pat h behavio r  di d exhibi t  th e L-S-L-S- S 
patter n o f  mov e latencie s tha t  indicate d th e subgoal-goa l  mov e 
patter n s o eviden t  o n th e subjects '  fina l  path .  Thi s evidenc e o f 
fina l  pat h behavio r  capture s a  majo r  featur e o f  th e subjects ' 
behavior ;  th e learnin g o f  th e proble m rule s an d resultan t 
acquisitio n o f  a  bi t  o f  expertis e a t  usin g the m t o pla n moves . 
Thi s learnin g occur s durin g th e explorator y phas e o f  th e 
proble m solvin g episod e an d allow s th e plannin g o f  subgoal-goa l 
move pairs ,  thu s permittin g th e subject ,  h u m a n o r  machine ,  t o 
pla n move s withi n th e shar p constraint s impose d b y a  ver y 
limite d workin g memory . 

Move pathway s an d stat e visits :  O n e questio n tha t  ca n b e 
aske d o f  th e model' s performance ,  i n additio n t o h o w man y 
moves i t  too k t o solv e th e problem ,  i s whethe r  i t  move s throug h 
th e sam e portion s o f  th e proble m stat e spac e a s ar e traverse d 
by th e h u m a n subjects .  Th e answe r  t o thi s questio n i s 

complicate d b y th e fac t  tha t  ther e i s grea t  diversit y i n th e 
pathway s chose n b y differen t  subject s an d b y differen t  run s o f 
th e model .  W e constructe d a  displa y syste m tha t  mappe d ou t 
set s o f  subject s an d set s o f  mode l  m n s an d displaye d th e move s 
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Figur e 1 :  N u m b e r  o f  Visit s t o Eac h Stat e o f  th e Proble m Space ,  Mode l  an d Subject s 
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(preservin g thei r  latencies )  throug h th e proble m spac e fro m 
star t  t o goal .  I n general ,  th e agreemen t  seeme d t o b e high ;  th e 

diversit y i n th e subjects '  move s w a s matche d b y th e diversit y 
foun d amon g differen t  run s o f  th e model .  A  mor e controlle d 
compariso n w a s performe d b y comparin g th e numbe r  o f  visit s 
t o eac h o f  th e 2 7 state s (monster-glob e arrangements )  i n th e 
proble m spac e mad e b y ou r  huma n subject s wit h thos e mad e b y a 
set  o f  mode l  run s fo r  fou r  differen t  f̂ onste r  Problems .  Th e 
fou r  problem s wer e tw o M o v e Problem s an d tw o Chang e 
problems ,  wher e th e pair s o f  eac h typ e wer e define d b y 

differen t  proble m star t  states. ^  Th e dat a i s containe d i n 
Figur e 1 ,  wher e i t  ca n b e see n tha t  th e stat e visit s o f  th e mode l 
closel y approximat e thos e o f  th e subjects. ^ 

Move comparisons :  A n eve n mor e detaile d compariso n o f 
model  an d subjec t  behavio r  ca n b e m a d e b y comparin g th e 
particula r  move s m a d e fro m eac h o f  th e 2 7 proble m spac e 
locations .  Thi s provide s 10 5 comparison s (th e numbe r  o f  eac h 
of  th e thre e lega l  move s togethe r  wit h th e numbe r  o f  illega l 

moves fro m eac h stat e i n th e proble m space). ^  Th e averag e 
correlatio n betwee n move s chose n fo r  th e mode l  an d human s 
acros s th e fou r  isomorp h type s i s 0.73 ,  wit h th e fou r  problems ' 
correlation s rangin g fro m 0.6 0 t o 0.87 .  A n eve n fine r  grai n 
analysi s ca n b e m a d e b y considerin g eac h typ e o f  illega l  mov e 
separately .  Tha t  is ,  fro m eac h stat e i n th e proble m space ,  ther e 
ar e thre e possibl e illega l  move s tha t  ca n b e mad e b y movin g on e 
globe .  (I f  w e allo w th e simultaneou s movin g o f  mor e tha n on e 
globe ,  the n a  mov e ca n b e m a d e betwee n an y stat e i n th e searc h 

spac e an d an y othe r  state ,  producin g a  tota l  o f  27x2 6 possibl e 
moves) .  Th e experimen t  constraine d subject s s o the y coul d no t 
move tw o globe s a t  onc e (somethin g tha t  rarel y happen s eve n i n 
unconstraine d experiments) ,  s o th e rea l  limi t  o n th e numbe r  o f 

possibl e move s i s 27x 6 ( 3 lega l  +  3  illega l  moves )  fro m eac h 
state ,  excep t  fo r  th e thre e state s wher e onl y tw o lega l  move s 
possible .  Comparin g th e mode l  wit h th e subject s o n th e choic e 
of  move s fo r  al l  15 9 possibl e moves ,  th e correlation s rang e fro m 
0.5 7 t o 0.86 ,  wit h a  m e a n o f  0.70 .  I n evaluatin g thi s quit e 
positiv e result ,  on e possibilit y  i s  tha t  th e structur e o f  th e stat e 
spac e itsel f  constrain s bot h mode l  an d subject s t o certai n 
state s an d move s becaus e o f  th e particula r  transition s tha t  ar e 
allowed .  I n orde r  t o tes t  thi s possibility ,  w e constructe d a 
rando m mov e generatin g mode l  tha t  randoml y chos e on e o f  th e 
si x possibl e one-glob e moves ,  an d con'elate d it s performanc e 
wit h tha t  o f  th e subjects .  Th e resul t  w a s tha t  ther e i s a 
correlatio n betwee n th e rando m mode l  an d th e h u m a n 
performanc e data ,  bu t  i t  i s  smal l  compare d t o tha t  foun d wit h 
th e actua l  model .  Thu s th e correlation s betwee n th e rando m 
model  an d th e huma n dat a range d fro m 0.3 7 t o 0.5 0 fo r  th e 
differen t  problems ,  wit h a  m e a n o f  0.44 .  I n addition ,  th e 
rando m mode l  accounte d fo r  non e o f  th e temporall y patterne d 

^Th e subjec t  dat a consist s o f  set s o f  betwee n 1 0 an d 2 0 subject s 
per  proble m condition .  Th e numbe r  o f  run s o f  th e mode l  wa s se t  a t 
25 t o insur e a n adequat e sampling ,  an d th e subjec t  dat a wer e 
normalize d t o 2 5 i n orde r  t o mak e th e dat a set s comparable . 
Ŝtat e visit s include d visit s t o a  stat e i n th e proble m spac e resultin g 

fro m eithe r  a  lega l  o r  a n illega l  move .  I f  onl y visit s resultin g fro m 
lega l  move s ar e considered ,  th e fi t  i s  comparable . 

^Thre e o f  th e proble m spac e loc i  allo w onl y 2  lega l  moves ,  thu s 
accountin g fo r  th e 10 5 instea d o f  10 8 possibilities . 

fina l  pat h behavio r  tha t  th e mode l  reproduced .  Thu s whil e th e 
structur e o f  th e stat e spac e doe s pla y som e rol e i n constrainin g 
th e behavio r  o f  thos e movin g throug h it ,  i t  i s  no t  nearl y 
constrainin g enoug h t o sen/ e a s th e explanatio n o f  th e result s 

we hav e obtained . 
Our  model ,  whic h incorporate s th e finding s tha t  hav e bee n 

m a de abou t  th e difficultie s impose d b y variou s feature s o f  th e 
proble m togethe r  wit h a  sharpl y limite d workin g m e m o r y 
provide s a  goo d accoun t  o f  a  numbe r  o f  aspect s o f  people' s 
behavio r  o n thes e problems .  Thi s i s tru e whethe r  th e 
compariso n i s o f  th e portio n o f  th e proble m searc h spac e visite d 
on a  subjec t  b y subjec t  basis ,  th e frequenc y o f  particula r  stat e 
visits ,  th e aggregat e frequenc y o f  particula r  m o v e s ,  th e 
relativ e frequenc y o f  lega l  an d illega l  moves ,  th e frequenc y wit h 
whic h al l  possibl e move s ar e m a d e o r  th e tempora l  pattern s 
exhibite d b y th e mode l  i n th e fina l  stage s o f  it s  solutio n o f  th e 
problem .  Thes e an d othe r  detaile d comparison s o f  th e mode l 
wit h huma n dat a allo w a  rigorou s testin g o f  th e hypothese s tha t 
underli e th e model' s design ,  an d provide d convergen t  evidenc e 
fo r  th e conclusion s reache d i n previou s wor k o n thes e problems . 
The wor k wit h th e mode l  i s stil l  i n it s  earl y stages .  W e hav e ye t 
t o investigat e transfe r  fro m on e proble m t o another ,  no r  hav e 
we use d th e powe r  o f  th e mode l  t o systematicall y explor e 
factor s tha t  accoun t  fo r  individua l  difference s i n performanc e 
or  fo r  performanc e o n a  wide r  arra y o f  proble m isomorphs . 
Work o n thes e issue s i s currentl y i n progress . 
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