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Abstrac t 

Macro-operator s an d chunk s hav e lon g bee n use d t o 

model  th e acquisitio n an d refinemen t  o f  procedura l 

knowledge .  However ,  i t  i s  clea r  tha t  huma n learner s us e 

more sophisticate d technique s t o encod e mor e powerfu l 

operator s tha n simpl e linea r  macro-operators : 

specifically ,  linea r  macro-operator s canno t  represen t 

arbitrar y repetition s o f  operators .  Thi s pape r  present s a 

process-mode l  fo r  th e acquisitio n o f  iterativ e macro -

operators ,  whic h ar e a n efficien t  representatio n o f 

repeatin g operators .  W e sho w tha t  inducin g iterativ e 

macro-operator s fro m empirica l  problem-solvin g trace s 

provide s dramaticall y bette r  efficienc y result s tha n simpl e 

linea r  macro-op)erators .  Thi s domain-independen t 

learnin g mechanis m i s integrate d int o th e FERMI  problem -

solver ,  givin g mor e evidenc e tha t  human s hav e a  simila r 

learnin g capability . 

1. Introducing Iterative Macro-operators 

O ne o f  th e mai n goal s o f  knowledg e compilatio n i s t o 

reformulat e o r  recycl e proble m solvin g knowledg e i n 

orde r  t o reduc e th e amoun t  o f  searc h necessar y t o solv e 

problems .  A  numbe r  o f  differen t  method s fo r  reducin g 

searc h hav e evolved .  Fo r  example ,  i f  th e derivationa l 

analog y algorith m (Carbonell ,  1986 ,  HickmanetalQO , 

1990 )  ca n retriev e th e solutio n t o a  proble m simila r  t o th e 

curren t  problem ,  the n i t  wil l  adap t  th e previou s solutio n 

t o th e n e w problem .  Explanation-base d learnin g (DeJon g 

& M o o n e y ,  1986) ,  o n th e othe r  hand ,  reformulate s 

axiom s whic h wer e use d t o solv e a  problem ,  int o 

operator s whic h ca n mor e efficientl y solv e th e proble m 

th e nex t  tim e i t  i s  encountered .  Anothe r  reformulatio n 

metho d i s  chunkin g i n Soa r  (Lair d e t  al ,  1986 )  an d 

macro-operator s (Anderson ,  1983 ,  Fikes ,  1971) .  B y 

summarizin g th e behavio r  o f  a  sequenc e o f  forward -

chainin g operators ,  macro-operator s als o reduc e th e 

amount  o f  operator-spac e searc h require d b y th e 

problem-solver . 

Ther e ar e a  numbe r  o f  problem s wit h bot h linea r 

macro-operator s an d chunks ,  whic h iterativ e macro -

operator s address .  Simpl e linea r  macro-operator s ca n 

neve r  generaliz e t o a n arbitrar y numbe r  o f  application s o f 

atomi c operators .  Fo r  example ,  differen t  macro-op s mus t 

be learne d t o solv e th e 2-dis k towe r  o f  Hanoi ,  th e 3-dis k 

one ,  etc .  It' s  clea r  tha t  peopl e hav e a  mor e flexibl e 

learnin g metho d tha n linea r  macro-operators ,  an d tha t 

the y ca n someho w generaliz e t o a n arbitrar y numbe r  o f 

application s o f  a n operator .  Furthermore ,  bot h linea r 

macro-op s an d Soa r  chunk s whic h encod e multipl e 

application s o f  a  rul e tur n polynomial-tim e matche s int o 

exponentia l  one s (Tambe ,  1988) .  Iterativ e macro -

operators ,  a s depicte d i n figure  1-1 ,  woul d solv e th e 

"expensiv e chunk "  proble m i n S O A R i f  adapte d t o tha t 

paradigm .  The y als o addres s th e increase d match-tim e 

searc h proble m whic h occur s whe n larg e number s o f 

macro-operator s ar e learne d (Minto n e i  al ,  1988) . 
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Figur e 1-1 :  Formatio n o f  iterativ e macro-operator s 

I n principle ,  ther e ar e tw o differen t  way s i n whic h 

macro-operator s (iterativ e o r  otherwise )  ca n reduc e 

search .  First ,  the y ca n reduc e th e amoun t  o f  searc h 

necessar y i n th e operato r  state-space .  Secondly ,  the y ca n 

compil e awa y temporar y computatio n i n th e matchin g 

proces s itself .  Thu s match-leve l  optimization s ca n reduc e 

"fine-grai n search "  whil e operator-leve l  aggregation s ca n 

reduc e "coarse-grai n search" . 

Althoug h previou s approache s t o iterativ e operator s 

suc h a s (Chen g &  Carbonell ,  1986 ,  Riddle ,  1988 , 

Shavlik ,  1990 )  addres s th e coarse-granularit y searc h 

reductio n problem ,  the y d o no t  addres s th e equall y 

importan t  issu e o f  optimizin g th e macro-o p itself .  I f  on e 

know s tha t  a  se t  o f  operator s wil l  b e applie d i n a  fixed 
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iterativ e sequence ,  the n th e operator s themselve s ca n b e 

transforme d int o mor e efficien t  iterativ e macro-operators . 

The transformatio n algorith m ha s bee n generalize d 

sinc e (Shel l  &  Carbonell ,  1989 )  t o cove r  mor e domains , 

and i s summarize d i n sectio n 2 .  Sectio n 4  present s 

empirica l  result s i n thes e ne w domains ,  showin g 

speedup s a s hig h a s 14-fold .  Thi s i s significan t  give n tha t 

th e operator s ar e implemente d i n a  RETE-base d syste m 

calle d FRuleki t  (She U &  Carbonell ,  1986) ,  whic h i s 

alread y fairl y efficient .  Furthermore ,  ne w theoretica l 

result s i n sectio n 3  sho w tha t  iterativ e operator s 

significantl y improv e ove r  linea r  operator s i n bot h th e 

coarse-granularit y operato r  searc h spac e an d i n th e 

operato r  matc h space .  Thes e theoretica l  an d empirica l 

result s o f  th e proces s mode l  giv e mor e credenc e t o th e 

ide a tha t  peopl e hav e a  simila r  techniqu e fo r  learnin g 

genera l  iterativ e macro-operators . 

2. Iterative-Operator Composition 

To explai n h o w iterativ e operator s ar e faste r  tha n linea r 

operators ,  thi s sectio n wil l  summariz e th e iterative -

operato r  compositio n algorithm ,  an d wil l  sho w a  sampl e 

iterativ e operator .  A  mor e detaile d descriptio n o f  th e 

algorith m i s presente d i n (Shel l  an d Carbonell ,  1991) . 

Generatin g iterative-operator s involves : 

I .  Detectin g th e Repeate d Operator .  W h e n a  linea r 
operato r  o r  macro-operato r  repeats ,  i t  i s  eligibl e 
fo r  transformatio n int o a n iterativ e macro -
operator . 

2. Encapsulation of the Invariant Structure. 
Variable s matche d i n th e precondition s tha t  bin d 
identicall y eac h cycl e nee d no t  b e rematche d eac h 
iteration . 

3. Solution of Recurrence Relations. Local data 
update s betwee n eac h cycl e (suc h a s 
decrementin g a n arra y index )  ar e extracte d int o a 
singl e ste p externa l  t o th e loop .  Mor e comple x o r 
open-for m update s remai n insid e th e iteratio n 
loop . 

4. Composition of the Total Iterative 
Macro-operator .  Th e preconditions ,  iterativ e 
bod y an d exi t  condition s ar e deduce d fro m th e 
sourc e atomi c operato r  sequenc e an d compile d 
int o productio n rules . 

Iterativ e operator s ar e efficien t  becaus e condition s an d 

action s i n th e sourc e rul e tha t  ar e unnecessar y ar e 

eliminated .  Unnecessar y condition s an d action s ar e 

define d as : 

•  Condition s tha t  matc h object s tha t  neve r  chang e 
whil e th e iterativ e operato r  runs , 

• Conditions that match objects that are modified 
by th e operator . 

•  Action s tha t  modif y object s tha t  ar e matche d b y 
th e operator , 

• And repeated actions which can be induced to a 
singl e ste p a s a  functio n o f  N . 

Al l  othe r  condition s an d action s ar e retained . 

Th e iterativ e operato r  i s alway s equivalen t  t o th e 

original .  Th e outlin e o f  a n iterativ e macro-operato r  i s 

show n i n figur e 2-1 .  Thi s operato r  i s use d i n th e FERMI 

syste m fo r  solvin g system s o f  simultaneou s algebrai c 

equations . 

RULE Pre-Iterative-solve 
CONDITIONS: 

I f  al l  condi t ion s o f  solve-unknow n ex is t . 
And w e ar e no t  cur rent l y i terat in g 

ACTIONS: 
Add th e goa l  t o i terat e solve-unknow n 

RULE Iterative-solve 
CONDITIONS: 

The goa l  i s  t o i terat e solve-unknow n 
And al l  o f  th e reta ine d test s o f 

solve-unknow n ar e st i l l  sat is f ie d 
ACTIONS: 

Per for m th e act ion s whic h wer e retaine d 
fro m th e or ig ina l  opera tor . 

RULE Post-Iterative-solve 
CONDITIONS: 

The goa l  i s  t o i terat e solve-unknow n 
And th e retaine d test s o f  solve-unknow n 

ar e n o longe r  sat is f ie d 
ACTIONS: 

Remove th e goa l  t o i terat e solve-unknow n 
And updat e workin g memor y w i t h th e act ion s 

Figure 2-1: Iterative operator to fmd the next equation 
t o eliminate ,  generate d b y F E R M I . 

3. Analytical Results 

Thi s sectio n mathematicall y describe s h o w muc h 

iterativ e operator s ca n reduc e searc h ove r  linea r 

operators .  W e deriv e complexit y analyse s o f  bot h th e 

tim e fo r  searchin g throug h a  se t  o f  operators ,  an d th e tim e 

t o matc h an d execut e individua l  operators .  Thi s analysi s 

must  b e approximate ,  a s ther e i s no t  sufficien t  roo m t o 

loo k i n detai l  a t  eac h tes t  an d actio n o f  ever y operator . 

3.1. Search Speed-up 

Thi s sectio n present s a n average-cas e complexit y 

analysi s o f  ho w muc h iterativ e operator s reduc e searc h i n 

th e operato r  space .  Assum e a  breadth-firs t  searc h 

disciplin e wit h b  operator s an d a  solutio n a t  dept h n .  Th e 

exponentia l  complexit y o f  searc h is :  X/Lo''' '  whic h i s 

dominate d b y th e las t  term :  b "  fo r  value s o f  b  >  2 .  I f  w e 

introduc e c  linea r  macro-operator s w e ca n estimat e th e 

dominan t  ter m as : 

(b + c)''/('+Pm('^i)) 
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I n th e formula ,  m i s th e averag e lengt h o f  a  macro -

operato r  (i.e. ,  th e numbe r  o f  bas e operators )  an d p ^  i s th e 

rati o o f  macro-operator s t o th e tota l  (bas e an d macro ) 

operator s i n th e solutio n sequence .  Addin g man y useles s 

macro-operator s increase s th e bas e b  +  c  considerabl y bu t 

does no t  reduc e th e exponent ,  wherea s addin g a  fe w ver y 

usefu l  operator s reduce s th e exponen t  withou t 

significantl y increasin g th e base . 

An iterativ e macro-operato r  consist s o f  repeate d 

application s o f  a  bas e operato r  o r  a  linea r  macro-operator . 

An iterativ e macro-operato r  i s  operationall y equivalen t  t o 

K linea r  macro-operators ,  wher e M i s th e maxima l 

number  o f  iteration s reasonabl e i n th e give n domain .  Th e 

searc h reduction ,  i f  al l  macro-operator s coul d b e reduce d 

t o iterativ e one s woul d b e calculate d b y dividin g th e 

macro-operato r  branchin g facto r  b y th e averag e K : 

( b +  c/K)''/('+Pm('̂ i) ) 

The ide a i s t o reduc e searc h dept h whil e minimall y 

increasin g searc h breadth .  Thi s translate s int o generatin g 

th e mos t  powerfu l  possibl e macro-operators . 

3.2. Match Speed-up 

I n additio n t o speedin g u p th e operato r  searc h time , 

iterativ e operator s matc h an d execut e faste r  tha n thei r 

linea r  counterparts .  Thi s sectio n wil l  mathematicall y 

analyz e th e amoun t  o f  matc h speed-u p realize d b y 

individua l  iterativ e macro-operators . 

3.2.1. Sources of Speed-up 

Ther e ar e thre e differen t  way s tha t  iterativ e operator s 

optimiz e th e matchin g o f  linea r  operators : 

1.  The y eliminat e conditio n elements ; 

2.  The y eliminat e actions ; 

3.  The y mov e test s t o earlie r  part s o f  th e rule . 

The first  tw o ar e th e mos t  common an d wil l  b e th e 

focu s o f  thi s analysis .  Eliminatin g unnecessar y conditio n 

element s make s th e rul e faste r  b y decreasin g th e numbe r 

of  test s whic h th e rul e mus t  perform .  Eliminatin g action s 

als o speed s u p th e proces s sinc e th e action s caus e th e 

syste m t o re-match . 

3.2.2. The Cost of Performing an Action 

The cos t  o f  performin g a n operato r  i s th e su m o f  th e 

cost s o f  th e action s i n tha t  rule .  Th e cost s o f  thos e 

action s i n tur n depen d o n ho w muc h matchin g th e rule s 

perform .  Th e cos t  Act-cost ^  o f  performin g an y actio n a 

i n a  RETE-base d operato r  i s  derive d i n th e repor t  (Shel l 

and CarboneU .  1991) .  I t  is : 

Act-cost^ = P^2C + ACp„_2ltr (^y~' 

Where: 

A i s th e averag e siz e o f  th e input ; 
^  i s  th e numbe r  o f  tuple s o f  object s whic h hav e 

successfull y combine d a t  conditio n elemen t  n ; 
C i s th e averag e cos t  o f  testin g a  conditio n element ; 
D tell s  u s ho w discriminatin g th e condition s arc .  I f  D  i s 

smal l  the n fe w object s pas s th e test s i n th e conditions . 
I f  D  i s bi g the n ther e ar e mor e partia l  matches .  I.e. ,  D 

time s [P„ ]  time s A  equal s [P„+i] ; 

and L  i s th e numbe r  o f  condition s i n th e rule . 

3.2.3 .  Speed-u p o f  th e Iterative-Operato r 

As ca n b e see n fro m th e las t  equation ,  th e spee d o f  a 

rul e i s determine d b y th e (AD )  produc t  -  th e rat e a t  whic h 

th e siz e o f  th e partia l  matc h grows .  I n expensiv e rules , 

th e numbe r  o f  partia l  matche s grow s a s th e RET E ne t  i s 

traversed .  Thus ,  (AD )  i s greate r  tha n 1  an d th e cos t 

increase s exponentially . 

I n thi s case ,  th e secon d hal f  o f  th e abov e equatio n 

dominates .  Suppos e tha t  i n th e iterativ e operator ,  on e 

conditio n elemen t  ha s bee n removed .  The n th e cos t  o f  a n 

actio n i n thi s operato r  woul d b e approximately : 

ACP„_2lf;r '  (AD)- l 

Thus th e speed-u p o f  th e iterativ e operato r  ove r  th e 

linea r  operator ,  i s  th e quotient : 

Acp„_2Itr^Az^)'- ' 

I f ; ;  (AD/- ' 

which ,  a s L  increases ,  approache s AD . 

When t  condition s ar e remove d fro m th e iterativ e 

operator ,  th e speed-u p is : 

itr <«)'-' 
which ,  a s L  increases ,  approache s (AD)' . 

I n efficien t  rule s suc h a s th e one s whic h wer e profile d 

fo r  thi s paper ,  th e produc t  A D i s 1  fo r  som e condition s 

and greate r  tha n 1  fo r  others .  I.e. ,  th e partia l  matc h doe s 

not  alway s grow .  Thus ,  th e speed-u p wil l  b e polynomia l 

or  Unea r  instea d o f  exponential ,  dependin g o n ho w man y 

expensiv e test s ther e are . 

4. Empirical Results 

Timing s o f  th e iterative-operato r  learnin g metho d o n 

thre e differen t  domain s i s show n here .  W e firs t  presen t  a 

summary o f  th e efficienc y gain s i n eac h domain ,  an d the n 

sho w graph s o f  th e performanc e improvemen t  o f  a n 

iterative-operato r  i n tw o o f  th e domains . 
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4.1 ,  Speed-u p o f  Iterativ e Operator s 

Th e domain s fo r  whic h iterativ e operator s wer e teste d 

rang e fro m a  nine-rul e circuit s proble m solve r  t o a  mor e 

realisti c ninety-rul e exper t  system .  Th e secon d colum n 

shows th e tota l  run-tim e speed-u p (tim e require d t o ru n 

th e linea r  operato r  divide d b y th e tim e require d t o ru n th e 

iterativ e operator) .  Th e nex t  colum n show s th e speed-u p 

i n matc h time ,  whic h i s th e amoun t  o f  tim e spen t 

matchin g i n th e R E T E net . 

Speed-u p o f  Iterativ e Operator s 

Domai n 

Circuit s 
Algebr a 
Machinin g 

Run-tim e 
Speed-u p 

1.6 9 X 
4.6 6 X 
ll.B x 

Match-tim e 
Speed-u p 

1.8 8 X 
4.7 2 X 
14. 3 X 

# Rule s 

9 
23 
90 

As th e tabl e shows ,  th e large r  th e domain ,  th e bette r 

th e speed-up . 

4.2. Detailed Timings 

For  tw o o f  th e abov e domains ,  th e matc h time s wil l  b e 

graphe d fo r  th e iterativ e macro-operator ,  th e linea r 

macro-operator ,  an d th e se t  o f  bas e operator s withou t  an y 

macro-operators .  Th e input-siz e i s plotte d o n th e X-axi s 

and th e matc h tim e i s o n th e Y-axis .  A s w e shal l  see ,  th e 

iterativ e operato r  wa s alway s faste r  tha n th e origina l 

ones . 

Th e Algebr a Domain .  Th e algebr a syste m i s a  se t  o f 

production s whic h solv e simultaneou s system s o f  N 

equation s i n N  unknowns .  I t  i s  a  modul e o f  th e ferm i 

genera l  scientifi c  problem-solve r  (Larkin ,  Rei f  & 

Carbonell ,  1986) .  Th e X-axi s plot s th e numbe r  o f 

equation s an d unknown s give n t o th e syste m (figur e 4-1) . 

As the graphs show, the "expensive macro-operator" 

(Minto n e t  al ,  1988 )  proble m rear s it s hea d again .  Th e 

linea r  macro-operato r  i s initiall y  faste r  tha n th e origina l 

rules ,  bu t  a s th e siz e o f  th e inpu t  increases ,  i t  become s 

more expensive .  However ,  th e iterativ e macro-o p 

eliminate s th e expensiv e par t  o f  th e linea r  macro-o p an d 

i s muc h faste r  tha n bot h th e linea r  macro-o p an d th e 

origina l  rules . 

Th e Machinin g Domain .  Th e machinin g domai n i s 

an exper t  syste m fo r  proces s planning .  Th e tas k i s t o 

produc e machin e part s tha t  hav e specifie d characteristics , 

suc h a s a  rectangula r  bloc k o f  give n dimension s mad e 

wit h a  certai n materia l  an d containin g a  centere d hole . 

Thi s domai n i s th e larges t  productio n se t  tha t  th e 

iterative-operato r  algorith m ha s bee n teste d o n yet ,  an d i t 

shows th e bes t  improvemen t  ove r  linea r  operators .  Th e 

in 

I 

•I 

I 

I  Origina l  operator s 
*  - •  Linea r  macro-o p 
0-  O  Iterativ e macro-o p 

45.0 0 

35.0 0 

30.0 0 

25.0 0 

20.0 0 

15.0 0 -

10.0 0 -

5.0 0 . 

20 3 0 4 0 5 0 e O 
N u m b er  o f  Equat ion s 

Figur e 4-1 :  T im e t o Solv e System s o f  Equation s 

X-axis displays the number of holes it drills (figure 4-2). 
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H 1-  Origina l  operator s 
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*•  O  Iterativ e macro-o p 

0.0 0 S-  T-f r  I 
15 2 0 2 5 
N u m b er  o f  Hole s 

Figur e 4-2 :  T im e t o Dril l  N  Hole s 

As i n th e algebr a domain ,  th e linea r  macro-o p i s mor e 

expensiv e tha n th e origina l  operators ,  bu t  th e iterativ e 

operato r  i s faste r  tha n both . 

5. Conclusions 

Iterativ e operator s generaliz e t o N  b y efficientl y 

composin g recursiv e subsequences .  The y hav e bee n 

show n t o improv e o n linea r  operator s b y a s muc h a s 14 -

fold .  A s w e hav e see n throug h complexit y analysi s an d 

detaile d empirica l  results ,  iterativ e operator s effectivel y 
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addres s som e fundamenta l  shortcoming s o f  th e standar d 

macro-operato r  an d chunkin g knowledg e compilatio n 

methods .  The y d o thi s b y requirin g a  smalle r  numbe r  o f 

tota l  macro-operators ,  avoidin g th e "expensive-chunk " 

and "expensive-macro-operator "  problems ,  an d b y 

makin g th e macro-operator s mor e efficient . 

Althoug h thi s pape r  make s n o claim s abou t  ho w peopl e 

for m iterativ e macro-operators ,  thi s production-syste m 

model  fo r  iterativ e macro-operator s ma y b e a  startin g 

poin t  fo r  a  cognitiv e model .  Ke y question s t o as k woul d 

be: 

•  Unde r  wha t  condition s d o peopl e for m iterativ e 
rathe r  tha n linea r  macro-operators ? 

• How do people form iterative macro-operators? 
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