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Abstrac t 

Past research in cognitive science reveals that prototyp-
ica l  configuration s o f  domai n objects ,  calle d perceptual -
chunks ,  underli e th e abilitie s o f  expert s t o solv e prob -
lem s efficiently .  Littl e research ,  however ,  ha s bee n car -
rie d ou t  o n th e mechanis m use d fo r  learnin g perceptual -
chunk s fro m solvin g problems .  Th e presen t  pape r  ad -
dresse s thi s issu e i n th e domai n o f  geometr y proo f 
problem-solving .  W e hav e develope d a  computationa l 
model  tha t  chunks ,  fro m proble m diagrams ,  configura -
tio n o f  th e element s whic h ar e visuall y groupe d together , 
base d o n perceptua l  chunkin g criterion .  Thi s criterion , 
calle d recognitio n rules ,  reflect s ho w peopl e se e prob -
le m diagram s an d thu s work s effectivel y t o determin e 
whic h portio n o f  proble m diagram s ar e mor e likel y t o 
be groupe d a s a  chunk .  Thi s distinguishe s th e propose d 
metho d fro m th e goal-oriente d ch\in]un g technique s use d 
i n machine-learnin g community .  Experiment s o n solvin g 
geometr y problem s sho w tha t  ou r  techniqu e ca n detec t 
essentia l  diagra m configuration s commo n t o man y prob -
lems .  Additionally ,  implication s o f  th e recognitio n rule s 
ar e discusse d fro m a  cognitiv e poin t  o f  view . 

Introduction 

Characterizin g th e adaptiv e processe s tha t  allo w fo r  th e 
acquisitio n o f  expertis e i s a  significan t  goa l  o f  cognitiv e 
science .  I n th e pas t  ther e hav e bee n extensiv e studie s 
on expert-novic e distinction s i n m a n y aspects .  O n e as -
pec t  o f  thi s is ,  a s D e Groo t  (1966 )  showed ,  ches s master s 
exhibi t  bette r  recal l  o f  realisti c boar d position s tha n d o 
novices ,  bu t  no t  randoml y place d boar d positions .  Simi -
la r  findings  wer e presente d i n othe r  domain s a s well ,  suc h 
as i n th e sequenc e o f  a  basebal l  g a m e (Vos s e t  al. ,  1980 ) 
an d i n a n electri c circui t  diagra m (Ega n k  Schwaltz , 
1979) .  Anothe r  aspec t  i s  tha t  expert s sho w a  greate r 
tendenc y t o reaso n forwar d fro m th e give n condition s o f 
a proble m rathe r  tha n backwar d fro m th e goa l  (Pate l  & 
Groen ,  1986) .  I n othe r  words ,  the y reac t  t o som e fea -
ture s withi n a  proble m fo r  devisin g appropriat e plans , 
withou t  resortin g t o goal-directe d backwcir d planning . 
Agr e call s thi s reasonin g b y readin g (Agr e &  C h a p m a n , 
1987) .  Expert' s  reaxtiv e performanc e i s observe d i n th e 
tas k o f  x-ra y film  perceptio n a s wel l  (Kunde l  &  Nodine , 
1983) ;  thei r  visua l  attentio n tend s t o b e immediatel y 
directe d towar d th e part s containin g abnormalies ,  with -
ou t  searchin g throug h th e entir e film.  Thes e aspect s o f 
expertis e ar e attribite d primaril y t o th e cognitiv e struc -
ture s fo r  storin g prototypica l  configuration s o f  object s 

abou t  whic h reasonin g i s  performed .  The y ar e calle d 
perceptual-chunk s (o r  schemas) . 

H o w,  then ,  d o peopl e lear n perceptual-chunk s throug h 
experienc e tha t  allo w the m t o transfor m themselve s fro m 
novice s t o experts ? Thi s i s  calle d a  schem a acquisi -
tio n problem .  Surprisingly ,  littl e researc h ha s bee n car -
rie d ou t  o n thi s issue .  Swelle r  (1988 )  attribute d thi s 
lac k o f  activit y t o th e conventiona l  framewor k o f  goal -
directe d problem-solving ,  suc h a s means-end s analysis . 
He pointe d ou t  tha t  th e restricte d focu s o n reducin g dif -
ference s betwee n a  give n proble m stat e an d th e goa l  stat e 
unde r  a  means-end s strateg y deprive s problem-solver s o f 
bot h th e intentio n an d cognitiv e processin g capacit y nec -
essar y t o detec t  essentia l  schemati c feature s i n proble m 
structures .  Mos t  learnin g system s hav e bee n necessar -
il y  goal-oriente d a s well ,  sinc e the y lear n fro m problem -
solvin g trace s tha t  goad-directe d solver s make .  Fo r  exam -
ple ,  S O A R (Lair d e t  al. ,  1987 )  chunk s i n a  goal-oriente d 
way base d o n universa l  suhgoalin g technique ,  an d vari -
ous explanation-base d learner s (Mitchel l  e t  al. ,  1986) ,  i n 
concep t  formatio n an d macro-operato r  learning ,  chun k 
goal/subgoa l  structure s tha t  explai n th e solver' s targe t 
concepts .  Althoug h goal-orientednes s i s preferabl y gen -
era l  an d domain-independent ,  i t  follow s a t  th e sam e tim e 
tha t  thos e learner s fai l  t o reflec t  h u m a n regulau-it y i n feel -
in g whic h portion s o f  proble m structure s ar e mor e likel y 
t o b e chunke d int o schemas .  Th e mechanis m o f  chunk -
in g the m seem s mor e perceptua l  aoi d mor e specifi c  t o th e 
domai n object s themselve s appearin g i n problem-solvin g 
situation s (Koedinge r  k ,  Anderson ,  1989) . 

Thi s pape r  present s a  computationa l  mode l  calle d th e 
P C L E A RN (perceptua l  chunkin g learner )  tha t  learn s 
perceptual-chunk s i n geometr y proo f  problem-solving , 
base d o n a  perceptua l  criterio n tha t  reflect s h u m a n reg -
ularit y i n perceivin g an d detectin g essentia l  feature s i n 
proble m strcutures .  Geometr y proof s ar e suitabl e fo r 
thi s stud y becaus e solvin g an d learnin g fro m geometr y 
problem s involve s recognizin g diagrammati c informatio n 
of  problem s perceptually .  I n th e secon d section ,  w e dis -
cus s regularit y i n experts '  solvin g an d learnin g geometr y 
problems .  T h e thir d sectio n explain s ou r  perceptual -
chunkin g metho d an d investigate s it s feasibilit y  fro m re -
sult s provide d b y ou r  model .  I n th e fourt h section ,  w e 
argu e tha t  learnin g perceptual-chunk s i s relevan t  t o con -
structin g "good "  an d "meaningful "  menta l  model s tha t 
m ay facilitat e efficien t  an d flexible  problem-solvin g per -
formance . 
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H o w peopl e solv e an d lear n i n geometr y 

domain s 

As discusse d i n man y studie s o n geometr y proo f 
problem-solvin g (Greeno ,  1983 ;  McDouga l  i c  Hammond, 
1992;  Koedinge r  ii .  Anderson ,  1990) ,  perceptua l  chunk s 
underli e th e abilit y  o f  expert s t o solv e an d lear n ef -
ficiently;  expert s solv e problem s b y matchin g familia r 
chunk s t o th e subpart s o f  diagrsun s representin g entir e 
problem s (Koedinge r  i c Anderson ,  1990) ,  an d the y the n 
extrac t  certai n essentia l  subdiagram s a s ne w perceptual -
chunks .  Thi s latte r  proces s o f  decomposin g th e entir e 
diagra m int o subdiagram s fo r  perceptual-chunk s eithe r 
used o r  newl y extracte d i s essentia l  fo r  understandin g 
proble m structures . 

CItaflfcl ] 

Chunk 2 

W Z  X 

Cue.for.retrieval :  XY=Y Z 

IE XY=YZ, WY=YV. coUinearXYZ. 
colUnearVY W 

THEN 
/XYW=ZZYV,  ̂XYW^AZYV, 
ZXWY^ZVY,  ZWXY=ZVZY, 
XW/VZ,  XW=ZV 

Cue.for.retrieval :  Y W = Y X 

I E YW=YX,  ZWYZ=ZXYZ. 
coUinearWZ X 

THEN 
^WYZ •AXYZ.ZYZW=ZYZX , 
ZYWZ= ZYXZ ,  WZ=XZ, 
W X ± YZ 

Figur e 1 :  Typica l  perceptual-chunk s i n th e domai n o f 
geometr y 

Figure 1 shows diagrams for two typical perceptual-
chunk s wit h thei r  correspondin g macro-operators .  Thes e 
macro-operator s ar e neede d fo r  thes e chunk s t o b e ap -
plie d t o problem-solvin g situations ;  eac h chun k i s re -
calle d b y th e existenc e o f  a  certai n proble m featur e tha t 
matche s cue-for-retrieva l  informatio n and ,  thus ,  th e cor -
respondin g macro-operato r  i s teste d fo r  application .  I f 
al l  th e statement s i n th e I F par t  ar e satisfie d withi n 
th e curren t  problem ,  th e instantiate d statement s o f  th e 
THEN par t  wil l  creat e ne w node s i n th e proo f  tree . 

What  portion s o f  th e proble m diagram s ar e mor e likel y 
t o b e chunke d a s essentia l  informatio n int o perceptual -
chunks ? I n othe r  words ,  wha t  kin d o f  regularit y d o ex -
pert s revea l  i n detectin g an d chunkin g proble m features ? 
Koedinge r  e t  al .  (1990 )  presente d evidenc e fro m ver -
bal  report s o n subject s indicatin g that ,  whe n subject s 
applie d perceptueil-chunks ,  the y coul d no t  alway s im -
mediatel y recal l  wha t  intermediat e macro-operato r  se -
quence s th e chunk s wer e configure d firom.  I t  i s  mor e 
likel y tha t  expert s perceptuall y chun k a n aggregatio n o f 
domai n object s appearin g i n problem-solvin g situations , 
not  sequence s o f  consecutivel y applie d problem-solvin g 

operators ,  an d tha t  the y remembe r  th e diagram s corre -
spondin g t o th e chunke d objects . 

Thi s regularit y theor y i s consisten t  wit h observation s 
tha t  eve n expert s canno t  solv e problem s withou t  draw -
in g diagram s o f  th e proble m involved .  W h y diagram s 
ar e essentia l  i s a  common questio n amon g al l  studie s o n 
diagrammati c reasonin g (Narayana n e t  al. ,  1992) .  On e 
possibilit y  ma y b e tha t  diagrammati c informatio n cue s 
relevan t  perceptual-chunk s i n a  curren t  problem-solvin g 
contex t  becaus e the y ar e memorize d a s configuration s 
of  diagrammati c features .  I f  so ,  regularit y i n acquirin g 
perceptual-chunk s ma y aris e fro m seein g diagrammati c 
feature s i n a  curren t  geometr y problem . 

Perceptual-chunking method 

We designe d ou r  mode l  P C L E A RN t o chun k th e dia -
gra m element s o f  a  proble m tha t  ar e visuall y groupe d to -
gether ,  whe n i t  ha s solve d th e problem .  W e hypothesize d 
tha t  domain-specifi c  knowledg e abou t  ho w peopl e se e di -
agrammati c feature s o f  domai n object s determine s whic h 
element s shoul d b e visuall y groupe d together ,  an d calle d 
th e knowledg e recognitio n rules .  Extractio n o f  diagra m 
configuratio n b y us e o f  recognitio n rule s i s performe d i n 
proces s 2  describe d later .  I n orde r  fo r  acquire d chunk s 
t o b e reall y usefu l  i n futur e problem-solvin g situations , 
P C L E A RN refer s t o th e proof-tre e o f  a  targe t  proble m 
i n th e followin g objectives ;  (1 )  t o detec t  seed s tha t  mo -
tivat e chunkin g processe s (proces s 1) ,  (2 )  t o provid e a 
macro-operato r  t o th e extracte d diagra m element s (pro -
cess 3) ,  (3 )  an d t o remov e irrelevan t  portion s fro m th e 
diagra m element s o f  a n extracte d chun k s o tha t  i t  wil l 
be meaningfu l  i n problem-solvin g context s (proces s 3) . 

The mai n poin t  tha t  distinguishe s th e P C L E A RN sys -
te m fro m conventiona l  learnin g systems ,  includin g EB L 
systems ,  i s th e us e o f  recognitio n rule s a s a  chunkin g 
criterion .  Conventiona l  system s chun k suc h problem -
solvin g trace s tha t  lea d t o a  certai n targe t  concep t 
(Mitchel l  e t  al. ,  1986 ;  Minto n e t  al. ,  1989 )  o r  hav e bee n 
develope d unde r  a  subgoa l  i n th e goal-structur e hierar -
chy (Lair d e t  al. ,  1987) .  Consequently ,  i f  w e hav e a  care -
fu l  loo k a t  th e learne d chunks ,  the y ar e no t  alway s iden -
tica l  wit h thos e t o b e acquire d perceptuall y b y huma n 
experts . 

Recognition rules 

A domai n object ,  O ,  i s "recognizable "  whe n peo -
pl e becom e awar e o f  it s  existenc e i n chunkin g pro -
cesses ,  an d thi s statemen t  i s represente d a s a  litera l 
recognizable^O) .  Eac h recognitio n rul e describe s th e 
condition s necessar y fo r  a  domai n objec t  t o b e recog -
nizable .  It s hea d i s a  litera l  expressin g tha t  a  targe t 
objec t  i s  recognizable ,  an d it s bodie s ar e conjunction s 
of  (1 )  th e literal s expressin g tha t  othe r  relate d object s 
ar e recognizabl e an d (2 )  th e literal s expressin g tha t  ad -
ditiona l  condition s hol d amon g thos e objects .  B y re -
lated ,  w e mea n part-whol e relationships .  Fo r  example , 
th e domai n object s w e dea l  wit h i n geometr y ar e points , 
segments ,  angle s an d triangles .  Part-whol e relationship s 
ar e suc h tha t  a  poin t  i s a  par t  o f  a  segment ,  a  segmen t 
i s a  par t  o f  a n angl e o r  a  triangle ,  an d s o on .  I n th e first 
case w e ca n sa y tha t  th e poin t  an d th e segmen t  hav e 
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recognizable(X): -  recognizable(s(X ,  Y)) . 
recognizable(s(X .  Y)): -  recognizable(a(X .  Y.Z)) . 
recognizable(s(X ,  Y)): -  recognizable(tr(X ,  Y,Z)) . 

recognizable(s(X ,  Y)): -
recognizable(X) .  recognizable(Y) ,  exLu(s(X.Y)) . 

Kcognizable(s(X ,  Y)): -
recognizable(X) ,  recognizable(Y) ,  coUinear(X.Z,Y l 

recognizable(a(X.Y.Z)): -
recogmzable(s(X ,  Y)) ,  recognizable(s(Y,Z)) . 

recognizable(tr(X ,  Y.Z)): -
recogmzable{s(X ,  Y)) ,  recognizable(s(Y,Z)) , 
recognizable(s(ZX)) . 

wher e s(X,Y )  --segmen t  X Y ,  rrTX.KZ)--triangl e X Y Z , 
a(XY,Z)-angl e X Y Z 

Th e literal s underline d ar e additiona l  conditions . 

Figur e 2 :  T h e se t  o f  recognitio n rule s use d i n geometr y 

a part-whol e relationship ,  an d i n general ,  whol e object s 
i n a  domai n constitut e a  partiall y  ordere d hierarch y i n 
term s o f  paurt-whol e relationships . 

Figur e 2  i s th e se t  o f  recognitio n rule s w e provide d fo r 
geometry .  T h e first  rul e state s tha t  poin t  X  i s  alway s 
recognizabl e whe n segmen t  X Y i s  recognizable .  W h e n 
an objec t  i s  recognizable ,  it s  partia l  object s wil l  b e al -
ways recognizabl e a s well .  T h e first  thre e rule s liste d 
i n Fig .  2  pertai n t o thi s category .  I n contrast ,  whe n 
certai n partia l  object s o f  a n objec t  ar e recognizable ,  w e 
canno t  alway s determin e recognizablit y  o f  th e objec t  an d 
sometime s nee d som e additiona l  conditions .  Fo r  exam -
ple ,  fo r  segmen t  X V t o b e recognizable ,  i t  doe s no t  suf -
fice  t o confir m th e recognizabilit y o f  th e tw o en d point s 
X an d Y ;  additionall y w e hav e t o prov e th e statemen t 
tha t  segmen t  X Y actuall y exist s i n th e proble m dia -
g ra m (exist{s{X,Y)) )  o r  th e statemen t  tha t  segment s 
X Z an d Z Y ar e o n th e sam e lin e fo r  Jinothe r  poin t  Z 
{collineariX,Z,Y)) . 

Eac h rul e onl y expresse s th e interrelationshi p betwee n 
th e recogni z abilit y o f  relate d objects .  Therefore ,  recog -
nitio n rule s ca n b e use d t o determin e th e entir e se t  o f 
recognizabl e object s onl y whe n statement s fo r  certai n 
recognizabl e object s ar e initiall y  give n (se e Proces s 2  fo r 
th e detail s o f  thei r  use) . 

Perceptual-chunking processes 

Perceptual-chunkin g i s  performe d afte r  th e solve r  fin-
ishe s solvin g a  problem ,  i.e .  constructin g a  ful l  proof -
tree .  I t  consist s o f  th e followin g fou r  processes . 
Proces s 1 :  Detectin g seed s fo r  chunk in g 
T h e first  proces s involve s identifying ,  i n th e proof -
tree ,  seed s whic h motivat e chunkin g processes .  Th e 
P C L E A RN solve r  searche s fo r  applicabl e problem -
solvin g operator s and/o r  perceptual-chunk s i t  ha s al -
read y retaine d i n orde r  t o produc e a n A N D / O R proo f 
tree^ .  A  see d nod e fo r  learnin g i s th e on e whic h i s rele -

van t  t o provin g th e goa l  nod e an d als o t o whic h irrele -
van t  problem-solvin g operator s hav e bee n teste d and/o r 
applied' .  Thi s nod e i s  calle d a  contro l  decisio n nod e 
( C D N ) ,  an d th e relevan t  problem-solvin g operato r  ap -
plie d a t  a  C D N i s calle d S A O (successfull y applie d op -
erator) .  Th e notio n o f  C D N itsel f  i s no t  original ;  thi s 
correspond s t o a  trainin g exampl e selecte d b y th e "other -
operators-have-failed "  heuristi c i n P R O D I G Y system s 
(Minto n e t  al. ,  1989) . 

C D Ns ar e promisin g fo r  learnin g seed s because ,  i f  a 
problem-solvin g searc h a t  a  C D N i s directe d wel l  b y us -
in g a  relevan t  perceptual-chunk ,  th e solve r  m a y sav e th e 
cos t  o f  applyin g othe r  irrelevan t  operators .  Th e subse -
quen t  thre e processe s wil l  b e performe d fo r  eac h C D N 
identified .  Figur e 3  i s a n exampl e o f  th e proo f  tre e fo r 
proble m I  i n th e se t  o f  problem s show n i n Appendi x 
A.  Onl y relevan t  node s an d link s ar e represente d here , 
not  thos e node s produce d bu t  irrelevan t  t o th e goa l  no r 
thos e operator s tha t  hav e bee n teste d bu t  no t  applied . 
Th e underline d node s her e ar e th e C D N s .  W e explai n 
th e subsequen t  proces s fo r  th e C D N ,  A C =  C F . 

C D :  nod e 

^:linlc 

(zbac=zde Q 

^zdeF ) 

^ZOEF) CECFcoliinear ) 

problem-solvin g operato r  ^ A C & w ^ C E ^ 

(ZCAB=ZCFn) 

"Cong-by-SAS " 

( M E ^ u m 
^ CZBCA=:ZDĈ 

(ACFcollinear )  (BC D coUinear ) 

'Th e tre e consist s o f  node s an d links ;  th e node s represen t 
th e statement s give n initiall y o r  produce d durin g th e proof . 

Figur e 3 :  A  proof-tre e fo r  Proble m 1 

Process 2: Extracting diagram configuration as a 
c h u n k 
Chunkin g fo r  a  C D N start s b y seein g th e diagra m el -
ement s include d i n th e S A O fo r  th e C D N .  Technicall y 
thi s mean s assertin g tha t  th e domai n object s appearin g 
as argument s o f  th e constituen t  statement s fo r  th e S A O 
ar e al l  recognizabl e a s initia l  givens .  Proces s 2  involve s 
extractin g th e diagra m configuratio n compose d o f  thos e 
domai n object s whic h ar e groupe d i n a  chun k togethe r 
wit h th e abov e recognizabl e object s i n th e S A O .  W e be -
gi n b y matchin g th e recognizabilit y  o f  SAO-involvin g ob -
ject s t o th e bodie s o f  recognitio n rule s an d finally  pro -
duc e th e entir e se t  o f  recognizabl e domai n objects . 

and a link between several nodes and their upper node repre-
sent s a n operato r  use d fo r  provin g th e existenc e o f  th e uppe r 
nod e whe n th e lowe r  node s exist .  Th e nod e o n to p o f  th e tre e 
represent s th e goa l  statement . 

^Durin g problem-solvin g search ,  i n general ,  man y trial s 
of  testin g t o appl y th e availabl e problem-solvin g operator s 
occur ,  mos t  o f  whic h wil l  fai l  i n vain . 
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T h e S A O fo r  A C =  C F i s th e theore m o f  congruenc e 
by S A S (tw o side s an d on e angle )  (se e Fig .  3) .  Object s 
BC,  AC ,  CD ,  CF ,  LBCA ,  LDCF ,  A A C B an d A F C D 
ar e involve d i n th e S A O an d thes e ar e initiall y  asserte d 
as recognizable .  Us e o f  recognitio n rules ,  then ,  prove s 
th e recognizabilit y o f  th e followin g objects ;  A ,  B ,  C ,  D , 
F,  AB ,  DF ,  BD ,  AF ,  L B AC ,  LBAF ,  LABC ,  LABD , 
LDFC,  LDFA ,  LFDC ,  LFDB ,  LBC F an d LACD. 
The entir e se t  o f  extracte d recognizabl e object s form s a 
diagra m configuration . 

Proces s 3 :  Providin g a  macro-operato r  t o th e di -
agra m configuratio n 
Thi s proces s begin s b y identifyin g th e followin g state -
ment s i n th e proo f  tree ;  (1 )  th e statement s o f  th e aiii -
tiona l  condition s appearin g i n th e recognitio n rule s use d 
i n proces s 2 ,  onl y whe n the y wer e verified ,  an d (2 )  th e 
statement s constitutin g th e S A O .  Thes e tw o kind s o f 
statement s cir e th e one s tha t  h u m a n being s woul d recog -
niz e whe n the y se e th e diagram s element s o f  th e S A O . 
Especiall y th e first  one s ar e importan t  becaus e the y ar e 
implicitl y  include d i n th e curren t  appearanc e o f  th e ex -
tracte d diagra m configuratio n an d thu s the y wil l  b e es -
sentia l  feature s constitutin g th e mcicro-operato r  t o b e 
provided .  Example s o f  th e first  ar e collinearAC F an d 
collinearBC D verifie d i n provin g th e recognizabilit y o f 
A F an d B D .  Example s o f  th e secon d ar e A C =  C F , 
BC =  CD ,  LAC B =  /.FC D an d /lAC B =  A F C D . 
Thes e ar e show n i n Fig .  3  a s gre y nodes . 

T h e statement s locate d lowes t  o n th e proof-tre e ou t 
of  al l  thes e identifie d one s wil l  for m th e anteceden t  par t 
of  th e macro-operato r  t o b e attache d t o th e extracte d 
diagra m configuration .  I n ou r  example ,  A C =  C F , 
B C =  C D ,  co l l inearAC F an d co l l i nearBC D corre -
spon d t o these .  Th e intermediat e an d th e remanin g 
part s o f  th e macro-operato r  ar e obtaine d b y derivin g 
al l  th e possibl e statement s i n th e restricte d environ -
ment  wher e onl y th e abov e identifie d statement s hol d 
withi n th e diagra m extracte d i n proces s 2 .  B y thi s 
derivation ,  w e obtai n A B =  F D ,  L C A B =  L C F D , 
L C BA =  L C D F an d A B / / D F .  Th e las t  tw o shoul d b e 
incorporate d i n a  chun k althoug h the y wer e no t  relevan t 
i n th e curren t  proof .  Thi s derivatio n proces s i s essentia l 
als o fo r  th e followin g objective .  Thos e diagra m element s 
tha t  d o no t  appea r  durin g thi s proces s ar e judge d t o b e 
irrelevan t  t o problem-solvin g context s an d thu s remove d 
fro m th e diagra m configuration .  Th e ne w diagra m con -
figuration  develope d her e i s th e final  configuratio n o f  th e 
perceptual-chun k t o b e acquired . 

No diagra m element s wer e remove d i n th e example s w e 
hav e shown .  A  goo d exampl e o f  thi s  i s th e chunkin g pro -
cess fo r  th e C D N ,  A B =  F D .  I n thi s case ,  th e extracte d 
diagra m configuratio n i n proces s 2  include s segmen t  A F 
wit h th e collinea r  statemen t  collinearAEF .  Becaus e th e 
collinearit y  i s irrelevan t  i n obtainin g th e macro-operator , 
however ,  segmen t  A F wil l  b e remove d an d thu s th e con -
strain t  forcin g poin t  A  o n th e sam e lin e a s segmen t  E F 
wil l  b e eliminated . 

Proces s 4 :  Generalizin g 
The final  proces s involve s generalizin g eac h nod e i n th e 
macro-operato r  sequence s b y dissolvin g problem-specifi c 

instantiation s o f  eac h constituen t  operator .  Th e gener -
alize d versio n o f  th e macro-operato r  wil l  b e attache d t o 
th e diagra m configuratio n acquire d i n proces s 3 .  Th e 
lef t  perceptual-chun k i n Fig .  1  i s acquire d fo r  th e C D N , 
AC =  CF . 

Not e her e tha t  us e o f  recognitio n rule s restrict s th e 
derivatio n i n proces s 3  t o a  portio n o f  th e entir e proof -
tre e an d thu s determine s whic h portio n o f  th e entir e 
proble m diagram s shoul d b e chunke d int o a  perceptual -
chunk . 

Experimental Results 

A desirabl e computationa l  mode l  tha t  learn s perceptual -
chunk s shoul d provid e fo r  th e identificatio n o f  visua l 
cue s c o m m o n t o diff'eren t  problems .  Th e followin g ex -
perimen t  support s th e feasibilit y o f  ou r  model .  W e se -
lecte d twent y geometr y problem s belongin g t o tw o cat -
egorie s o f  geometr y proofs^ ,  expectin g tha t  the y woul d 
revea l  cross-proble m commonalitie s i n term s o f  chunks . 
Th e whol e se t  o f  problem s use d fo r  thi s experimen t  i s 
show n i n Appendi x A .  P C L E A R N solve s eac h proble m 
i n ascendin g orde r  o f  proble m complexity^ .  Afte r  solvin g 
eac h one ,  i t  acquire s perceptual-chunk s an d store s them . 
I n solvin g problems ,  th e solve r  i s  allowe d t o us e th e 
perceptual-chunk s acquire d fro m solvin g th e previou s 
ones^ .  Afte r  solvin g al l  twent y problems ,  w e examine d 
th e frequencie s a t  whic h th e sam e perceptual-chunk s i n 
term s o f  diagrammati c information ^  ar e learne d fro m 
solvin g differen t  problems . 

Tabl e 1 :  Th e frequencie s o f  perceptual-chunk s bein g 
learne d 

Frequenc y 

1 
2 
3 
4 

more tha n 4 

tota l 

The numbe r  o f  perceptual-chunk s 

PCLEARN 

43 
9 
5 
3 
4 

64 

EBL 
86 
7 
0 

1 
0 

94 

We compare d th e resul t  fo r  P C L E A R N wit h tha t  fo r 
an explanation-base d learne r  (Minto n e t  al. ,  1989 )  whic h 
chunk s th e inferenc e pat h tha t  reache s ou t  fro m eac h 
C DN t o th e goa l  node .  Tabl e 1  show s th e numbe r  o f  th e 

^Paralle l  line s an d angle s an d congruenc e o f  triangle s 
^Fo r  simplicity ,  w e us e th e su m o f  th e number s o f  line s 

and point s a s a  measur e o f  complexity . 
^Strictl y  speaking ,  th e preferentia l  orde r  o f  macro -

operator s bein g selecte d fo r  us e wil l  affec t  problem-solvin g 
performanc e a s wel l  a s th e kin d o f  chunk s t o b e acquire d 
i n future .  Analysi s o f  cost-effectiv e utilit y  o f  learne d knowl -
edg e m a y b e th e bes t  t o provid e orderin g t o th e entir e se t 
of  macro-operators .  Reader s ca n refe r  t o (Suw a &  Motoda , 
1993 )  fo r  furthe r  informatio n o n this . 

*  Variou s macro-operato r  sequence s ar e possibl e i n a  dia -
gra m configuration . 

833 



kind s o f  perceptual-chunk s fo r  eac h frequenc y a t  whic h 
the y wer e acquired .  Th e tota l  numbe r  o f  chunk s ac -
quire d fro m differen t  problem s mor e tha n tw o time s ar e 
21 i n P C L E A RN an d 8  i n EBL .  Thi s suggest s tha t  th e 
perceptua l  chunkin g techniqu e provide s advantage s ove r 
goal-oriente d chunkin g i n extractin g essentia l  diagram -
mati c configuration s common t o differen t  problems . 

As fo r  improvemen t  o f  problem-solvin g performanc e 
by us e o f  perceptual-chunks ,  w e hav e paper s (Suw a fc 
Motoda ,  1993 ;  1994 )  o n cumulativ e cost s fo r  solvin g th e 
twent y problem s i n P C L E A R N,  th e EB L syste m an d 
th e syste m withou t  an y learnin g module .  A  brie f  char -
acterizatio n o f  th e compariso n i s tha t  w e obted n bet -
te r  problem-solvin g performanc e i n P C L E A RN tha n th e 
syste m withou t  learning ,  bu t  heav y degreuiatio n i n th e 
E BL systems .  Thi s i s mainl y becaus e th e chunk s learne d 
by E B L ten d t o b e specifi c  t o th e goal-structur e o f  th e 
origina l  proble m an d thu s hav e extremel y lo w applica -
bilit y  t o othe r  problems .  I n contras t  t o that ,  th e chunk s 
learne d b y P C L E A RN ar e suc h one s tha t  ca n b e recog -
nize d conunonl y i n man y problem s an d thu s hav e highe r 
applicability .  Se e detail s i n th e abov e references . 

General Discussions 

If we assume that perceptual-chunks are domain-specific 
visua l  categorie s acquire d throug h experiences ,  argu -
ment s ma y aris e o n whethe r  the y shoul d b e acquire d 
as "visuall y goo d chunks "  determine d b y gestal t  princi -
ple s (Bowe r  k  Glass ,  1976) ,  o r  a s chunk s "meaningful " 
t o theoretica l  knowledg e an d problem-solvin g planning . 
Thi s i s a n importan t  bu t  ope n question .  Fo r  X-ra y film 
recognitio n (Kunde l  &  Nodine ,  1983) ,  theoretica l  knowl -
edge abou t  organs ,  cance r  an d s o o n help s u s decompos e 
th e entir e film  are a int o chunks .  I n ches s domai n (Chas e 
& Simon ,  1973) ,  chunk s ar e configure d s o tha t  the y re -
flect  plan s i n attac k an d defence .  Thi s mean s tha t  the y 
ar e mezuiingfu l  chunks .  I n contrast ,  typica l  gestal t  law s 
tha t  contro l  th e proces s o f  perceivin g lin e drawing s ar e 
common directio n an d proximit y (Bowe r  &  Glass ,  1976) . 
Gestal t  law s sa y tha t  tw o diagra m element s satisfyin g a s 
a whol e eithe r  featur e ar e likel y t o b e chunke d together . 

I n ou r  model ,  a s suggeste d i n sectio n 3 ,  th e recognitio n 
rul e containin g a  coZ/inea r  statemen t  play s a n importan t 
rol e i n perceptual-chunking .  Usin g thi s rul e an d incor -
poratin g coUinearht y a s a  featur e i n a  perceptual-chun k 
has exactl y th e sam e connotatio n a s recognizin g tw o seg -
ment s wit h a  common directio n a s a  chunk .  I n thi s sense , 
th e P C L E A RN mode l  ha s a n aspec t  o f  chunkin g "visu -
all y good "  subdiagrams .  I t  als o ha s a n aspec t  o f  chunk -
in g "meaningful "  diagram s i n th e thre e way s mentione d 
earlier ;  i t  use s informatio n o n problem-solvin g trace s fo r 
detectin g motivatio n fro m whic h t o learn ,  fo r  assignin g a 
macro-operato r  t o th e extracte d diagra m configuration , 
and fo r  removin g th e diagra m element s tha t  ar e irrel -
evan t  t o problem-solvin g knowledge .  A s fo r  th e effec t 
of  eliminatin g irrelevan t  diagra m elements ,  i t  woul d b e 
valuabl e t o d o a  sensitivit y analysi s o f  th e processe s i n 
P C L E A RN fo r  evaluatin g whic h processe s ar e reall y cen -
tra l  fo r  acquirin g "meaningful "  perceptual-chunks .  Tha t 
i s on e o f  ou r  futur e work . 

Relate d t o thi s issu e ar e th e pas t  extensiv e psycho -
logica l  experiment s i n whic h subject s ar e expose d t o a 
whol e diagra m an d ar e suppose d t o recal l  subdiagram s 
or  recal l  th e diagra m fro m som e partia l  cue s (Bowe r  k 
Glass ,  1976 ;  Reed ,  1974) .  Here ,  configuration s natura l 
t o huma n eye s provid e goo d visua l  cues .  Thes e experi -
ments ,  however ,  wer e don e i n th e contex t  o f  lookin g a t 
diagram s withou t  objective s o r  intentions .  Rathe r  ho w 
subject s se e diagram s i n th e contex t  o f  problem-solvin g 
objective s ma y b e a n interestin g issu e fo r  psychologica l 
investigation .  Tha t  i s on e o f  ou r  futur e wor k i n thi s 
domai n becaus e geometr y proof s ar e suitabl e fo r  thi s  in -
vestigation . 

Recognitio n rule s ca n b e extende d s o a s t o appl y 
i n man y domain s a s a  perceptual-chunkin g criterion . 
Recognitio n rule s ar e th e knowledg e representin g ho w 
human being s se e diagrammati c feature s o f  domai n ob -
jects .  Sinc e peopl e wit h differen t  level s o f  knowledg e dif -
ferentl y recogniz e proble m structures ,  P C L E A RN coul d 
potentiall y  mode l  differen t  skil l  level s b y manipulatin g 
th e sophisticatio n o f  th e rules . 

Visuall y decomposin g th e proble m diagram s int o 
subpart s i s relevan t  t o constructin g menta l  model s 
(Johnson-Laird ,  1983 )  an d recognizin g analog y acros s 
problems .  I n orde r  t o establis h a  theor y tha t  allow s fo r 
th e constructio n o f  menta l  model s whic h ar e good ,  natu -
ra l  an d meaningfu l  an d fo r  efficien t  analogica l  reasoning , 
furthe r  wor k alon g thes e line s mus t  b e pursued . 

Conclusion 

We developed a computational model PCLEARN that 
learn s prototypica l  configuration s o f  diagra m elements , 
calle d perceptual-chunks ,  i n th e domau n o f  geometr y 
proo f  problem-solving .  Ou r  mode l  perceptuall y chunks , 
fo r  eac h o f  th e see d node s i n th e proof-tree ,  th e por -
tio n o f  proble m diagram s tha t  ar e visuall y groupe d to -
gethe r  wit h th e diagram s correspondin g t o th e problem -
solvin g operato r  applie d t o th e see d node .  W e us e a 
perceptua l  chunkin g criterion ,  calle d recognitio n rules . 
Thi s criterio n i s domain-specifi c  knowledg e abou t  ho w 
peopl e se e proble m diagram s an d thu s work s effectivel y 
t o determin e whic h portio n o f  diagram s shoul d b e vi -
suall y groupe d together .  Thi s distinguishe s ou r  chunk -
in g metho d fro m othe r  theorie s i n th e machin e learn -
in g communit y whic h chun k knowledg e i n term s o f 
goal/subgoa l  structure s i n problem-solvin g treices .  Th e 
acquire d chunk s i n ou r  mode l  ar e mean t  t o b e "visuall y 
good an d natural "  becaus e P C L E A RN use s perceptua l 
criterion ,  an d ar e als o mean t  t o b e als o "meaningful "  i n 
problem-solvin g situations ,  becaus e i t  use s informatio n 
fro m a n explore d problem-solvin g proo f  tre e fo r  provid -
in g relevan t  macro-operato r  an d fo r  removin g irrelevan t 
diagra m element s fro m th e extracte d configuration . 
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A. The geometry problems used for 
experiment s 

m 

A 

Givtm : 
bc=<;d . 
AC=CF, 
AB=f)E . 
BCD collinear , 
ACF coUinear , 
GtM/. -

BDCcolline v 
AB=AC, 
^ A D = Z C AD 

BD=CD 

2 AB=AC,  / F '^=A„ ^ 
/ \  ^AD=ZCAD a /  E^f" < 

\ BDC ^_A:^FAE= 

GIvtmt : 
AB=AC, 
AE#BC. 
BAF co l  linear . 

k 

Givtm : 

ZABDt^CBD, 
ZACE=^CE. 
AEB coHioca r 
ADC col l  inu r 

C Goal :  BD=CE 
Glrem: 

BECcollinear , 
J )  AF E collioear , 

AD#BC, 
ZABF=zEBF 

-f f  ZBAE=ZDAE 
''Goal : 

ZBFA=a. 

GIvtai : 
AEC coUinear . 
BED coUinear , 
AB=AD. 
BC=DC ^ 
Goal :  y 
ZBEA=X B 

6 
Jt 

y ) 
/  j 

\ >H 

Gtvtmt : 
AB#CD. 
ADTBC. 
BM=MC, 

ABP collinear , 
PMDcollinear . 
B MC coUinear , 

Goof :  AB=B P 

16 

Given : 
AEB collinear , 

w AD C cdUnear , 
BDM colUnear , 

CENcolUnear , 
AE=EB, 
AD=DC 

C BD=DM, 
CE=EN 

Goal :  AN=A M 
Giveiu : 

BNMC coUinear , 
AEN coUinear , 
ADM collinear . 
ZABD^CBD, 
^CE=tfCE , 

ZADB=X. 
ZAEC=X 

[ E 

M 

Givtiu : 
AFC collinear , 
B CD collinear , 
AF=FC 
B&:<iD , 
AB=CD, 

ZAFE=J. 
Goal: ^ 
Glvtai: 

AG=GD. 
BG=GE, 
CG=GF, 
A GD collinear . 
BGE collinear , 

CGF collinea r 
Goal : 
iLABC=i£DE F 

GAwm: 
ADC collinea r 
ZADB=X, 
ZABD=ZCBD 
Godi :  AD=CD 

ZFAE=XCAE 

GIvemt : 
BDHC coUinear , 
DH=HC, 
XDHA=i, 

^  ZDBA=;£DA B 
i  Coal :  BD=AC 
Gittrnt: 

BD=DC, 
AF=AC, 

ilUnear ,  FAF=AC, 
y i  DE<rBF , 

»,  A ^ /  BA F coUinear . 
I,  y T T f c BD C coUinear , 
L,  / A d CEFcoUinea r 

12 

Goal : 
ZAEC=J. 

Giveai : 
ADB coUinear , 

A D  B ZADC=U. 

15 

A D C 
M 

Goal :  DE#MN 

19 

j > A 

Gtvtmt : 
AEC colUnear , 
ADB colUnear , 
DYE coUinear , 
BXC colUnear , 
AYX coUinear , 

^  f  ^  AD=DB,AE=E C 
Goal :  AY=Y X 

Givea$ :  VTZ ] 
ADB colUnear ,  i.." : 
ACE coUinear ,  9 
DME collinear , 
BFMC coUinear , 

BD=CE,  P . 
r  CM=MF,  / 
'  DM=ME B  R 

Goal :  AB=A C 
Givems: 

BAR colUnear , 
BPC coUinear , 
APE colUnear , 
AQDC collinear , 
PQR colUnear , 
AB=CD,  BP=PC, 
AP=PE,AQ=QD 

Goal :  AQ=AR 

GIvemt : 
ADC colUnear , 
AEF colUnear , 
BED coUinear , 
BFOC collinear , 
A D = DC 

BE=ED, 
AF#DG 

Goal :  BF=C G 
Given : 

RPQ coUinear , 
APB collinear , 
C AQ colUnear , 
BRC collinear , 
AB=AC, 
Z B R Q =X 
Goal :  AP=A Q 

835 


	cogsci_1994_830-835



