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Abstrac t 

Much proble m solvin g an d learnin g researc h i n mat h an d 
scienc e ha s focuse d o n forma l  representations .  Recentl y 
researcher s hav e documente d th e us e o f  unschoole d strategie s 
fo r  solvin g dail y problem s - -  informa l  strategie s whic h ca n b e 
as effective ,  an d sometime s a s sophisticated ,  a s school-taugh t 
formalisms .  Ou r  researc h focuse s o n ho w forma l  an d 
informa l  strategie s interac t  i n th e proces s o f  doin g an d 
learnin g mathematics .  W e foun d tha t  combinin g informa l  an d 
forma l  strategie s i s mor e effectiv e tha n singl e strategies .  W e 
provid e a  theoretica l  accoun t  o f  thi s multipl e strateg y effec t 
and hav e begu n t o formulat e thi s theor y i n a n ACT- R 
compute r  model .  W e sho w wh y student s ma y reac h commo n 
impasse s i n th e us e o f  writte n algebra ,  an d ho w subsequen t  o r 
concurren t  us e o f  informa l  strategie s lead s t o bette r  problem -
solvin g performance .  Forma l  strategie s facilitat e computatio n 
becaus e o f  thei r  abstrac t  an d syntacti c nature ;  however , 
abstractio n ca n lea d t o nonsensica l  interpretation s an d 
conceptua l  errors .  Reapplyin g th e forma l  strateg y wil l  no t 
repai r  suc h errors ;  switchin g t o a n informa l  on e may .  W e 
explai n th e multipl e strateg y effec t  a s a  complementar y 
relationshi p betwee n th e computationa l  efficienc y o f  forma l 
strategie s an d th e sense-makin g functio n o f  informa l 
strategies . 

Introduction 

Much research on problem solving and learning in math and 
scienc e ha s focuse d o n th e forma l  representation s an d 
procedure s tha t  ar e th e stuf f  o f  traditiona l  textbook s 
(Anderson ,  Greeno ,  Kline ,  &  Neves ,  1981 ;  Larkin , 
M c D e r m o t t ,  S i m o n ,  S i m o n ,  1980) .  O u r  curren t 
understandin g o f  h o w formal ,  algorithmi c approache s 
operat e i s  wel l  grounded .  However ,  peopl e ofte n rel y o n 
thei r  implici t  understandin g o f  situation s an d th e behavio r  o f 
quantitie s i n a  situatio n t o solv e problem s an d answe r 
questions .  Thi s understandin g i s a  foundatio n o n whic h a 
solver ,  o n a n unfamilia r  o r  taxin g problem ,  m a y formulat e 
n e w problem-solvin g strategies .  Th e documente d us e o f 
unschoole d strategie s fo r  solvin g dail y problem s suggest s 
tha t  thes e strategie s ca n b e a s sophisticate d an d a s effectiv e 
as school-taugh t  formalism s (Barane s e t  al. ,  1989 ;  Hal l  e t 
al. ,  1989 ;  Koedinge r  &  Tabachneck ,  1994 ;  Lave ,  1984 ; 
Scribner ,  1984 ;  Stigle r  &  Perry ,  1989) .  Whil e informa l 
mathematic s i s  ofte n sufficien t  fo r  everyda y situations , 
forma l  mathematics ,  wit h it s  abstrac t  an d syntacti c nature , 
provide s rea l  leverag e i n difficul t  situation s which ,  thoug h 

The orde r  o f  firs t  tw o author s i s arbitrary . 

les s frequent ,  ar e ofte n th e mos t  consequential .  Forma l 
mathematic s i s  no t  flawless ,  however .  Th e abstractio n 
proces s ca n lea d t o nonsensica l  interpretation s an d syntacti c 
manipulatio n ca n b e erro r  prone .  Informa l  strategie s ca n 
hel p her e t o m a k e sens e o f  proble m situations .  Thus ,  rathe r 
tha n seein g forma l  an d informa l  approache s a s competing , 
our  researc h ha s focuse d o n h o w forma l  an d informa l 
strategie s complemen t  eac h othe r  i n th e proces s o f  doin g 
and learnin g mathematics . 

We provid e preliminar y result s o f  a  compute r  modelin g 
effor t  directe d a t  thi s issue .  Informe d b y quantitativ e 
finding s an d analyse s o f  verba l  protocols ,  ou r  developin g 
model  show s h o w solver s us e thei r  understandin g o f  a 
proble m situatio n t o characteriz e i t  mathematically .  W e 
sho w w h y student s ca n reac h impasse s wit h algebra ,  an d 
h o w th e us e o f  informa l  strategie s ca n lea d t o th e bette r 
problem-solvin g performance s o f  ou r  experimenta l  subjects . 
Th e emergin g mode l  o f  people' s us e o f  problem-solvin g 
strategie s show s solver s t o b e opportunisti c an d flexible . 
Th e weaknesse s o f  on e strateg y ar e ofte n compensate d fo r 
by combinin g i t  wit h anothe r  t o ai d comprehension , 
facilitat e it s  mathematization ,  o r  t o suppor t  th e 
computationa l  solution . 

The Multiple Strategy Effect 

Koedinger and Tabachneck (1994) observed a high 
frequenc y o f  informal ,  non-algebr a strategie s (use d i n 8 3 % 
of  al l  solutio n attempts )  i n colleg e students '  solution s o f 
algebr a wor d problems .  Th e subjects ,  twelv e Carnegi e 
Mello n undergraduates ,  wer e simpl y aske d t o "solv e thes e 
problems" ;  algebr a wa s neve r  mentioned .  Subject s wer e 
traine d t o giv e a  "think-aloud "  concurren t  verba l  protoco l 
(Ericsso n an d Simon ,  1984 )  an d wer e audio-taped . 

Example Problem: A man has 3 times as many quarters as he has 
dimes .  Th e valu e o f  th e quarter s i s on e dolla r  an d 3 0 cent s mor e 
tha n th e valu e o f  th e dimes . 
Qla :  H o w man y dime s doe s th e ma n have ? (answer :  2  dimes ) 
Qlb .  I f  th e tota l  valu e o f  th e coin s ha d bee n 2.55 ,  ho w man y 
coin s woul d th e ma n hav e ha d altogether ? (answer :  1 2 coins ) 

Strategy and Representation IdentiTication 

We identifie d fou r  differen t  strategie s i n subjec t  protocol s 
whic h w e call :  algebra ,  guess-and-test ,  verbal-math ,  an d 
diagra m (describe d below) .  Th e fou r  strategie s mak e us e o f 
th e followin g externa l  representation s liste d roughl y i n orde r 
fro m mor e natura l  one s t o mor e forma l  ones :  1 )  verba l 
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propositions ,  2 )  verba l  arithmeti c (arithmeti c operation s 
expresse d verbally) ,  3 )  verba l  algebr a (equation s expresse d 
verbally) ,  4 )  diagrams ,  5 )  writte n arithmeti c (arithmeti c 
operation s expresse d i n traditiona l  symbols) ,  an d 6 )  writte n 
algebr a (equation s expresse d i n traditiona l  symbols) .  A s 
illustrate d i n Figur e 1 ,  eac h strateg y involve s movemen t 
betwee n representations ,  o r  translations ,  an d manipulation s 

withi n a  representation ,  o r  transformation s (cf .  Lesh ,  Post ,  & 

Behr ,  1987) .  S o m e representation s ar e associate d wit h a 
specifi c  strategy ,  fo r  example ,  writte n algebr a wit h th e 
algebr a strategy ,  whil e othe r  representation s ar e use d i n 
more tha n on e strategy ,  fo r  example ,  verba l  arithmeti c i s 
used wit h guess-and-tes t  an d verbal-math . 

Strategie s 

Algebr a 
Representation s 

VERBAL TFWiSLftTE ^  WRITTEN ALGEBRA t ^  WRITTEN ALG E 

Guess-and-tes t  VERBAL -mANSiATE ^  ARITHMETI C 

t 
•raANSPORM 

Verbal-math VERBAL TRANfilftTf^ ARITHMEnC^^"^ 

ttWrsL 

Diagra m VERBAL TFWJSIATE^ ^  DIAGRAM 

Figur e I 

I. Algebra (ALG): The most formal strategy employed by 
subjects .  Th e verba l  proble m statemen t  i s translate d t o 
algebrai c assignment s an d equations .  Th e equation s ar e 
transforme d t o fin d a  solutio n (solv e fo r  th e unknown) . 
2.  Guess-and-tes t  f G & T ) :  Th e verba l  proble m statemen t  i s 
translate d int o calculatio n recipes ,  represente d eithe r 
verball y o r  a s writte n arithmeti c (e.g. ,  "h e drov e 5  mile s 
more tha n h e hiked "  i s translate d int o "th e mile s drive n i s 
calculate d b y addin g 5  t o th e mile s hiked") .  A  valu e fo r  a n 
unknow n i s guesse d a t  an d tha t  valu e i s propagate d throug h 
th e recipes .  I f  a  compute d valu e eve r  conflict s wit h a  give n 
value ,  the n th e gues s i s wron g an d ne w guesse s ar e made . 
Whil e w e cal l  thi s strateg y "guess-and-test" ,  sometime s 
proble m solver s leav e of f  th e tes t  phas e an d us e jus t  th e 
gues s an d propagatio n phase s t o develo p a  bette r 
understandin g o f  th e proble m situatio n (cf ,  th e model-base d 
strateg y i n Hal l  e t  al. ,  1989) . 
3.  Verbal-mat h ( V M V Th e verba l  proble m statemen t  i s 
transforme d int o alternativ e verba l  forms .  Ther e ar e tw o 
type s o f  transformations :  1 )  verba l  recoding s intende d t o 
facilitat e translatio n o r  2 )  qualitativ e operation s t o estimat e 
unknow n values .  Include d i n thi s strateg y ar e translation s t o 
"verba l  algebra "  wher e equation s ar e describe d verball y an d 
transformation s ar e performe d tha t  ar e analogou s t o writte n 
algebr a transformations. ' 

1 Verba l  algebr a wa s performe d b y subject s i n on e conditio n 

4.  Diaerammati c ( D O ) :  Th e verba l  proble m statemen t  i s 

translate d int o a  d iagrammat i c representation . 
Transformation s ar e performe d o n th e diagram ,  includin g 
annotation s an d diagra m supporte d inferences . 

Multiple Strategy Use Correlates with Success 

T h e analyse s yielde d n o reliabl e difference s i n 
performanc e a s a  functio n o f  strateg y use .  O f  th e 3 6 
solutions ,  informa l  strategie s produce d correc t  solution s 
6 5 % o f  th e tim e whil e th e formall y taugh t  algebr a strateg y 
produce d a  correc t  solutio n 5 4 % o f  th e tim e — a  differenc e 
whic h wa s no t  statisticall y significant .  Additionally , 
solution s use d on e strateg y o r  mor e tha n on e strategy . 
Student s wer e foun d t o b e mor e effectiv e w h e n the y use d 
multipl e strategie s i n solvin g a  proble m tha n whe n the y 
stuc k wit h a  singl e strategy .  O f  th e 1 9 solution s i n whic h 
mor e tha n on e strateg y wa s used ,  1 5 o f  the m o r  7 9 % wer e 
correct .  Al l  1 9 solution s involve d a t  leas t  on e switc h fro m a 
forma l  t o a n informa l  strateg y (o r  vic e versa) .  1 3 o f  thos e 
involve d A L G -  V M switches .  O f  th e 1 7 solution s involvin g 
a singl e strategy ,  7  o f  the m o r  4 1 % wer e correc t  (X2(36,l )  = 
4.2 ,  p  =  .02) .  I n othe r  words ,  multipl e strateg y us e wa s abou t 
twic e a s effectiv e a s singl e strateg y use .  Koedinge r  an d 
Tabachnec k (1994 )  terme d thi s advantag e th e Multipl e 

Strateg y Effect .  Othe r  candidat e feature s o f  successfu l 

performanc e (e.g. ,  interaction s wit h aptitude )  di d no t 
distinguis h proble m solvin g succes s fro m failure . 

Impasses ,  sticking ,  o r  switching .  Th e protocol s wer e 
classifie d int o fiv e stage s relatin g t o proble m solving : 

1.  Parsin g an d Understandin g -  readin g o r  rereadin g o f  proble m 
statemen t  an d question ,  an d superficia l  transform s o f  th e 
proble m statement s 
2.  Solutio n Setu p -  settin g u p th e proble m solutio n (e.g. , 
formulatin g a n equation ,  drawin g a  diagram ,  makin g a  guess) . 
3.  Solutio n -  carryin g ou t  th e computation s 
4.  Solutio n Answe r  findin g th e answe r  resultin g fro m th e 
previou s computatio n 
5.  Proble m Answe r  -  findin g th e answe r  t o th e proble m questio n 
usin g th e solutio n answer . 
Becaus e thes e problem s wer e challengin g t o thes e 

students ,  the y rarel y wen t  throug h thes e step s i n a  singl e 
linea r  sequence .  Mor e ofte n student s wer e observe d t o m a k e 
some progres s throug h thes e stages ,  the n retur n t o a  previou s 
stage ,  almos t  alway s stag e 1 ,  an d procee d throug h th e stage s 
agai n (c f  progressiv e deepenin g i n Newel l  &  Simon ,  1972) . 
We use d thes e retur n event s t o operationa l  iz e a  notio n o f 
"gettin g stuck "  o r  reachin g a n "impasse" .  Proble m solvin g 
betwee n impasse s i s a n episode .  Eac h episod e wa s code d fo r 
th e strateg y subject s use d i n tha t  episode .  A  strateg y doe s 
not  nee d t o b e use d t o completio n i n orde r  t o b e code d a s a 
strateg y use . 

On som e solution s attempt s (38% )  subject s di d no t  reac h 
an impasse ,  eithe r  becaus e a  correc t  solutio n wa s foun d 
withou t  troubl e o r  becaus e a n erro r  wen t  unnotice d ( 5 0 % 
successes) .  W h e n solutio n attempt s involve d a n impasse , 
stickin g wit h th e sam e strateg y an d tryin g i t  agai n alway s 
le d t o failur e ( 0 % successes) ,  whil e switchin g strategie s wa s 
fa r  mor e likel y t o b e successfu l  ( 7 9 % successes) . 

of  Maye r  (1982 )  an d i s a  generalization s o f  th e "ratio "  strateg y 
identifie d b y Hall .  et.a L (1989) . 
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U n d e r s t a n d i n g th e Mu l t i p l e St ra teg y Effec t 

Scope of the effect. Multiple strategies will not be effective 
i n routin e o r  eas y tasks ,  a s proble m solver s ca n appl y a 
singl e special-purpos e strateg y wit h hig h success .  I t  onl y 
makes sens e t o us e multipl e strategie s i n nove l  o r  comple x 
domain s wher e th e chanc e o f  erro r  i s substantia l  (e.g. ,  a s i n 
th e 4 0 % erro r  rat e i n thi s study) .  Further ,  i n non-routin e 
tasks ,  multipl e strategie s wil l  onl y b e mor e effectiv e tha n a 
singl e strateg y i f  error s mad e wit h th e on e strateg y ar e no t 
th e sam e error s m a d e wit h anothe r  strategy ,  tha t  is ,  i f 
multipl e strategie s ar e somewha t  independen t  i n thei r 
probabilit y  o f  bein g effective .  Thi s wil l  happe n onl y i f  the y 
hav e feature s whic h complemen t  eac h other . 

DifTerence s i n strateg y features .  Althoug h ther e ar e othe r 
feature s tha t  distinguis h thes e strategies ,  w e presen t  th e 
followin g thre e feature s a s a  minima l  se t  o f  feature s fo r 
illustratin g thei r  complementar y strength s an d weaknesses : 
1)  th e difficult y o f  translatio n o r  i n othe r  words ,  th e 
"distance "  betwee n th e representatio n o f  th e proble m 
situatio n an d th e representatio n use d fo r  computin g a n 
answer ,  2 )  th e efficienc y o f  computin g withi n thi s 
representation ,  an d 3 )  th e workin g m e m o r y demand s o f 
computin g withi n thi s representation .  Se e Figur e 1  fo r  th e 
connectio n betwee n th e strategie s an d th e representation s i n 
whic h computation s ar e performed .  Tabl e 1  show s h o w th e 
strategie s ran k o n eac h o f  thes e features . 

ALG 
G&T 
VM 
DC 

ALC=Al j 

Tabl e 1 ;  Strateg y difference s 
D I S T A N CE 

FROM 
SITUATION 

far 
clos e 
clos e 

mediu m 
ebrd .  G&T=Guess-i i 

COMPUTATIONAL 
EFFICIENCY 

efficien t 
inefficien t 
efficien t 

varie s 
nd-tesl ,  VM=Vertjl-math .  T)G = 

WORKING 
MEMORY 
DEMANDS 

lo w 
lo w 
hig h 
lo w 

Diagra m 

As s h o w n i n th e first  co lum n o f  Tabl e 1 ,  th e algebr a 
strateg y ha s th e advantag e o f  easin g th e proces s o f 
computin g answers .  Thi s i s becaus e th e essenc e o f  comple x 
proble m situation s ca n b e abstracte d int o shor t  string s tha t 
ca n b e manipulate d b y well-define d rules .  However ,  th e 
proces s o f  translatin g proble m situation s int o abstrac t  string s 
i s fa r  firom  trivial .  I n addition ,  th e computation s performe d 
on thes e abstrac t  string s ar e don e withou t  connectio n t o th e 
situationa l  contex t  an d thu s ca n lea d t o string s lackin g 
meaningfu l  situationa l  interpretations .  Thes e ar e bot h a 
consequenc e o f  th e distanc e betwee n th e situatio n an d 
algebr a notatio n (se e colum n 1  o f  Tabl e 1) . 

I n contras t  t o algebra ,  th e guess-and-tes t  an d verbal-mat h 
strategie s involv e us e o f  mor e familia r  verba l  an d arithmeti c 
representation s tha t  ar e close r  t o th e situationa l  contex t  o f 
th e problem .  Thus ,  conceptua l  error s ar e les s likel y t o occu r 
an d m o r e likel y t o b e repaire d i f  the y d o (cf .  Hal l  e t  al. , 
1989) .  However ,  guess-and-tes t  an d verbal-mat h hav e thei r 
o wn weaknesses .  T h e numerou s iteration s o f  guessin g tha t 
m ay b e require d i n guess-and-tes t  m a k e i t  computationall y 
inefficien t  — particularl y fo r  non-intege r  solutions . 
Computatio n withi n th e verbal-mat h strateg y i s analogou s t o 

algebr a an d ca n b e jus t  a s efficient .  However ,  unlik e 
algebr a wher e th e symboli c string s ar e shor t  an d writte n 
d o w n ,  verbal-algebr a involve s m u c h longe r  string s whic h 
ar e no t  writte n d o w n an d mus t  b e maintaine d i n workin g 
memory .  Th e difficult y o f  maintainin g suc h string s mean s 
tha t  thi s strateg y i s rarel y use d t o find  solution s t o comple x 
problems .  Lik e guess-and-test ,  thi s strateg y i s ofte n use d 
withi n multipl e strateg y solution s t o ai d comprehensio n bu t 
the n i s abandone d i n favo r  o f  algebr a fo r  performin g th e 
computations . 

Lik e th e algebrai c strategy ,  comprehensio n withi n th e 
diagra m strateg y consist s o f  attempt s t o translat e th e 
prob le m statement s int o a n alternativ e abstrac t 
representation .  However ,  thi s representatio n result s i n a 
structur e tha t  maintain s s o m e o f  th e semantic s o f  th e 
proble m an d thu s i s a t  a n intermediat e distanc e fro m th e 
proble m situation .  Fo r  instance ,  i n ou r  exampl e problem , 
on e subjec t  dre w row s o f  bigge r  circle s (quarters )  an d 
smalle r  circle s (dimes) .  I t  i s  thi s semantic-preservin g qualit y 
tha t  make s i t  eas y t o understand .  Translatio n an d calculatio n 
d e m a nd littl e capacit y sinc e th e structure s ar e draw n o n 
pape r  i n sequentia l  smal l  steps .  T h e computationa l 
efficienc y varies :  problem s don' t  len d themselve s equall y 
wel l  fo r  diagramming ,  an d i t  i s  no t  alway s eas y t o dra w th e 
diagra m i n suc h a  w a y tha t  th e u n k n o w n i s  easil y 
computabl e (o r  eve n visible) . 

A Cognitive Model 

Our modeling has focused on clarifying one of the ways that 
multipl e strategie s ca n b e effective :  th e us e o f  informa l 
strategie s fo r  "sense-making "  durin g proble m solving .  W e 
model  h o w subjects '  informa l  strategie s operat e an d ho w th e 
use o f  thes e strategie s i n concer t  wit h algebr a circumvent s 
impasse s an d lead s t o greate r  problem-solvin g performanc e 
tha n singl e strateg y use .  Th e curren t  mode l  provide s a n 
accoun t  o f  th e following : 
•  H o w conceptua l  error s occu r  -  thes e ca n b e generate d b y 

shallo w comprehensio n processe s tha t  m a y fai l  t o 
distinguis h betwee n a  quantit y an d a n intensiv e measur e 
of  tha t  quantit y o r  m a y incorrectl y infe r  logica l  structur e 
fro m th e syntacti c structure . 

•  H o w sense-makin g strategie s ca n avoi d errors . 
Th e mode l  i s writte n withi n th e A C T - R theor y whic h ha s 

a lon g histor y o f  succes s a s a  unifie d theor y o f  cognitio n 
(Anderson ,  1993) . 

Modeling how Conceptual Errors Occur 

Becaus e writte n algebr a i s th e mos t  abstrac t  representation , 
i t  require s bot h th e larges t  translatio n effor t  an d th e 
transformation s don e t o comput e answer s ar e don e wit h th e 
leas t  semanti c suppor t  fro m th e proble m situation .  Th e 
latte r  fac t  i s  particularl y relevan t  w h e n shallo w 
comprehensio n processe s produc e algebrai c structure s tha t 
do no t  m a k e sens e o r  conflic t  wit h th e proble m statement . 
Becaus e o f  th e abstractnes s o f  algebr a suc h conflict s g o 
unrecognized .  Fo r  example ,  w e observe d i n th e protocol s a 
frequen t  bu g o f  thi s sort ,  th e value-numbe r  bug . 

Protoco l  example .  T h e value-numbe r  bu g i s illustrate d i n 
th e protoco l  i n appendi x la .  I n line s 4-6 ,  th e studen t 
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translate s th e proble m statemen t  " A m a n ha s 3  time s a s 
many quarter s a s h e ha s dimes "  int o "numbe r  o f  dime s i s 
equal  t o x ,  an d th e numbe r  o f  quarter s i s  3x" .  Despit e hi s 
verba l  us e o f  "numbe r  o f  dimes "  (L6 )  an d "valu e o f  dimes " 
(LIO) ,  thi s distinctio n i s los t  i n th e translatio n t o algebr a 
betwee n line s 1 0 an d 11 .  Here ,  "Th e valu e o f  th e quarter s i s 
one dolla r  an d 3 0 cent s mor e tha n th e valu e o f  th e dimes "  i s 
translate d t o "3 x =  x  +  130" .  Thi s formulatio n ignore s th e 
fact s tha t  dime s ar e 1 0 cent s i n valu e an d quarter s ar e 2 5 
cent s an d thus ,  th e correc t  equatio n shoul d b e "3*25 x =  lO x 
+ 130" .  B y assignin g 3 x t o th e numbe r  o f  quarter s an d x  t o 
th e numbe r  o f  dimes ,  on e strip s th e unit s an d th e associate d 
meanin g i n goin g t o th e abstrac t  representation .  Thi s 

assignmen t  strip s bot h th e "coinness "  an d th e "quarter-and -
dime-ness "  fro m th e representation ,  an d th e cu e "value "  i n 
th e secon d sentenc e i s simpl y no t  see n a s relevant .  Afte r 
abstractin g t o 13 0 fro m "on e dolla r  an d 3 0 cents" ,  th e lef t 
and righ t  han d side s o f  th e equatio n ca n b e pu t  togethe r 
withou t  ringin g conceptua l  warnin g bells .  Th e computatio n 
of  th e resultin g equatio n i s carrie d ou t  efficientl y an d result s 
i n a  valu e o f  x  =  65 .  I n lin e 15 ,  th e studen t  state s th e uni t  o f 
th e resul t  a s 6 5 cent s presumabl y becaus e 13 0 i s i n cents .  I n 
lin e 16 ,  h e appear s t o realiz e tha t  6 5 cent s i s a n unlikel y 
resul t  fo r  dime s (a t  thi s poin t  havin g conceptuall y merge d 
th e notio n o f  numbe r  an d valu e o f  dimes) .  Th e student' s 
respons e t o thi s impass e i s stic k wit h th e algebr a strateg y 
and tr y i t  again ,  mor e carefull y (no t  shown) .  I n tw o mor e 
attempt s h e make s th e sam e erro r  an d finally  give s up . 

Model  description .  Ou r  mode l  o f  comprehensio n an d 
translatio n involve s productio n rule s tha t  loo k fo r  know n 
pattern s i n proble m statement s tha t  ca n b e translate d t o othe r 
representation s lik e algebrai c assignment s an d equations . 
Terms o r  phrase s encountere d i n earlie r  proble m statement s 
whic h refe r  t o th e sam e objec t  o r  quantit y mus t  b e propert y 
mapped t o th e interna l  representatio n o f  tha t  objec t  o r 
quantity .  I n general ,  thi s mappin g canno t  b e don e verbati m 
becaus e problem s ofte n us e differen t  term s o r  phrase s o f  th e 
same referent .  Also ,  i n capturin g th e appropriat e gis t  o f  a 
problem ,  specifi c  feature s ar e ofte n appropriatel y ignore d 
suc h a s "Th e m a n "  i n proble m la .  However ,  thi s gist -
oriente d comprehensio n ca n sometime s g o awr y a s 
illustrate d b y th e value-numbe r  bug .  Below ,  w e illustrat e a 
productio n rul e fro m ou r  model ,  i n pseudo-Englis h form , 
tha t  comprehend s a  nou n phras e o f  th e for m ".. .  <quantity -
term > ... "  b y mappin g t o th e sam e workin g memor y elemen t 
(wme)  tha t  th e us e o f  "<quantity-term> "  i n a  previou s 
phras e wa s mappe d to . 

Comprehend*noun-phrase*shallow-mapping 
I F goa l  i s  t o comprehen d th e nou n phras e "...<quantity-term>..." , 

and <quantity-term > wa s represente d befor e a s <quantity-wme > 
THEN 

represent".. .  <quantity-term > ... "  a s <quantity-wme> . 

I n th e cas e o f  proble m la ,  thi s productio n inappropriatel y 
strip s awa y relevan t  informatio n a s illustrate d i n thi s 
exampl e applicatio n o f  th e rule : 

The goal is to comprehend "value of the quarters". 

and "quarters "  ha s alread y bee n represente d a s quarters ^ 
T H E R E F O RE 

represen t  "valu e o f  th e quarters "  a s quarter s 

The second column in Appendix la provides an abstracted 
trac e o f  ou r  mode l  o n proble m l a parameterize d t o perfor m 
onl y th e algebr a strategy .  Lik e th e subject ,  th e mode l 
ignore s th e number-valu e distinction .  I t  applie s th e 
comprehend*noun-phrase*shallow-mappin g productio n i n 
cycle s 7  an d 8  (fo r  bot h dime s an d quarters) .  T h e 
consequenc e o f  thi s shallow-mappin g i s show n i n cycle s 1 1 
and 1 2 wher e th e mode l  map s QUARTERS an d d ime s bac k t o 
th e algebrai c representatio n define d i n cycle s 2-6 .  I n cycl e 
15 ,  th e mode l  reache s a n impass e a s i t  recognize s tha t  th e 
result ,  0.65 ,  doe s no t  mak e sens e a s a  numbe r  o f  dimes . 

Modelin g h o w Sense-Makin g Strategie s Avoi d Error s 

Th e value-numbe r  bu g di d no t  appea r  i n eithe r  th e guess -
and-tes t  o r  verbal-mat h strategie s i n an y o f  th e protocols . 
Becaus e thes e strategie s remai n i n th e verba l  prepositiona l 
representation ,  th e meaning s o f  quantitie s an d thei r  rol e i n 
th e proble m (e.g. ,  th e numbe r  o f  dimes )  ar e maintained . 

Protoco l  example .  Lik e subjec t  3 ,  subjec t  9  als o starte d 
wit h algebr a an d mad e th e value-numbe r  bug .  However , 
afte r  recognizin g tha t  th e answe r  sh e ha d foun d di d no t 
m a ke sense ,  thi s subjec t  switche d t o th e guess-and-tes t 
strategy .  Th e first  colum n o f  Appendi x l b pick s u p th e 
protoco l  a t  thi s point .  Afte r  makin g a  gues s a t  th e numbe r 
of  dime s bein g tw o (lin e 17) ,  sh e immediatel y think s o f 
thes e dime s a s totalin g 2 0 cent s (lin e 18 )  an d thu s avoid s th e 
value-numbe r  bug .  Usin g th e constraint ,  identifie d earlier , 
tha t  th e quarter s i s 13 0 cent s mor e tha n th e dimes ,  sh e 
determine s th e valu e o f  quarter s t o b e " a dolla r  50 "  (lin e 19) . 
She repeat s o r  rehearse s thi s reasonin g i n line s 20-22 .  I n 
lin e 23 ,  sh e reason s tha t  " a dolla r  50 "  i s 6  quarter s (doin g a n 
embedde d guess-and-test) .  Finally ,  sh e return s t o th e 
constrain t  i n th e first  sentenc e o f  th e proble m t o determin e 
tha t  i f  ther e wer e 2  dime s ther e shoul d b e 6  quarters .  Thi s i s 
consisten t  wit h th e previou s result ,  s o th e gues s i s accepte d 
as th e solutio n (whic h i s correct) . 

M o d el  description .  A s wit h th e algebr a strategy ,  w e 
assume tha t  subject s usin g th e guess-and-tes t  strateg y m a y 
comprehen d proble m statement s equall y shallowl y an d 
initiall y  b e n o mor e awar e o f  th e value-numbe r  distinction . 
Thus ,  th e comprehend*noun-phrase*shal low-mappin g 
productio n show n abov e i s als o applie d her e (cycl e 2 8 i n th e 
model  trace) .  However ,  w h e n subject s begi n t o gues s 
value s an d propagat e the m throug h th e proble m constraints , 
th e nee d t o conver t  fro m numbe r  o f  coin s t o th e valu e i s 
supporte d b y th e situationa l  contex t  tha t  i s stil l  active .  Thi s 
i s modele d wit h th e followin g production : 

G&T*apply-addition-recipe*convert-input-unit 
I F th e goa l  i s  t o appl y th e arithmeti c recipe : 

<output-quantity > ca n b e foun d b y addin g <known-quantity > 
t o <guessed-quantity> , 

and <known-quantity > i s know n t o b e <valuel > <unitl> , 
and <guessed-quantity > i s guesse d t o b e <value2 > <unit2> , 

^Her e quarter s indicate s a  workin g memor y element . 
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and <unitl > i s no t  th e sam e a s <unit2> , 
and on e <unit2 > i s <convert-faclor > <unitl>' s 

T H EN 
<value2 > <guessed-quant > i s <convert-factor>*<value2 > <unitl > 

In trying to compute the quarters, this production 
recognize s tha t  t o ad d 2  dime s t o 1.3 0 dollars ,  th e dime s 
most  firs t  b e converte d t o 0.2 0 dollars .  I n thi s case ,  th e 
productio n woul d b e instantiate d a s follows : 
th e goa l  i s  t o appl y th e recipe : 

quarter s ca n b e foun d b y addin g on e dolla r  an d 3 0 cent s t o th e 
dimes , 
and on e dolla r  an d 3 0 cent s i s know n t o b e 1.3 0 dollars , 
and dime s i s guesse d t o b e 2  dimes , 
and dollar s i s no t  th e sam e a s dimes , 
and on e dim e i s 0.1 0 dollars , 
T H E R E F O RE 
2 dime s i s 0.2 0 dollar s 

This is shown in cycle 30. At cycle 31, the model finishes 
applyin g thi s recipe .  I t  the n need s t o conver t  th e outpu t  o f 
th e recip e whic h i s i n dollar s bac k t o quarter s (lin e 32 )  an d 
finall y chec k tha t  applyin g th e firs t  recip e (quarter s i s 3 
time s dimes )  yield s th e sam e result . 

S u m m a r y.  Clearly ,  individua l  strategie s hav e inheren t 
weaknesses .  O u r  mode l  illustrate s h o w switchin g 
representation s ca n mak e proble m solvin g mor e successfu l 
by compensatin g fo r  thes e weaknesses .  S o m e unschoole d 
strategie s (e.g. ,  V M an d G & T )  naturall y suppor t 
comprehensio n b y retainin g th e proble m semantics ,  thu s 
avoidin g c o m m o n conceptua l  errors .  I n th e multipl e strateg y 
exampl e provided ,  th e strategie s wer e use d non -
interactively .  Othe r  protocol s sho w h o w strategie s ca n b e 
use d interactivel y a s result s fro m a n intermediat e strateg y 
fee d bac k int o th e origina l  one .  Fo r  example ,  subject s ma y 
star t  wit h th e algebr a strategy ,  ru n int o a n error ,  tur n t o 
anothe r  strateg y t o ai d th e comprehensio n an d translatio n 
subtasks ,  an d g o bac k t o algebr a t o solv e th e problem . 
Multipl e strateg y us e allow s on e t o adap t  t o th e loca l 
difficultie s o f  a  proble m throug h selectio n o f  a  strateg y tha t 
i s  bes t  fo r  eac h subprocess . 

Conclusion 

Problem solvers regularly use unschooled strategies. Since 
integratin g suc h c o m m o n sens e strategie s an d forma l 
mathematic s ha s me t  wit h instructiona l  succes s (Carpente r 
& Fennema ,  1992 ;  C o b b e t  al. ,  1991) ,  exactl y h o w thes e 
strategie s functio n an d interac t  wit h previousl y learne d 
problem-solvin g strategie s i s a  matte r  o f  grea t  interes t  t o 
cognitiv e scientist s an d educators .  W e showe d throug h a 
computationa l  mode l  h o w multipl e strateg y us e help s 
solver s t o understan d a  proble m an d t o compensat e fo r  th e 
weaknesse s o f  a  give n strateg y an d thei r  o w n limitation s i n 
executin g it .  Ou r  A C T - R mode l  i s intende d t o captur e th e 
cognitiv e processe s involve d i n selecting ,  performing ,  an d 
integratin g multipl e strateg y us e i n algebr a proble m solving . 
Th e emphasi s her e i s no t  o n th e identificatio n o f  strategi c 
alternative s t o algebr a (thoug h th e V M strateg y fo r  verba l 
algebr a i s somewha t  novel )  ~  other s hav e identifie d simila r 
strategie s (e.g. ,  Barane s e t  al ,  1989 ;  Hal l  e t  al. ,  1989) . 

The emphasi s i s o n understandin g h o w thes e strategie s ar e 

use d interactively ,  on e strateg y providin g a  sense-makin g 
functio n w h e n anothe r  failed .  T o understan d thi s 
compensator y interaction ,  w e hav e identifie d dimension s o f 
strength s an d weaknesse s o f  thes e strategies : 
representationa l  format ,  familiarity ,  computationa l 
efficiency ,  an d capacit y demands .  A  majo r  focu s i s t o 
understand ,  throug h modeling ,  th e specifi c  circumstance s 
unde r  whic h eac h strateg y i s effectiv e bot h a s a  basi c 
researc h goa l  an d fo r  pedagogica l  purposes .  Furthe r  wor k 
wil l  identif y issue s i n strateg y developmen t  intende d t o 
provid e a  theoretica l  explanatio n o f  h o w mor e familia r 
student-develope d representation s an d strategie s (e.g. , 
guess-and-check ,  verba l  algebra )  ca n b e use d a s ram p i n th e 
acquisitio n o f  unfamilia r  forma l  representation s an d 
strategie s (writte n algebra )  (Kaput ,  1989) . 

Forma l  strategie s facilitat e computatio n becaus e o f  thei r 
abstrac t  an d syntacti c nature ,  however ,  th e abstractio n 
proces s ca n lea d t o nonsensica l  interpretation s an d syntacti c 
errors .  Th e remed y t o preventin g o r  repairin g suc h error s i s 
not  mor e carefu l  reapplicatio n o f  th e forma l  strategy ,  rathe r 
proble m solver s ar e bette r  of f  switchin g t o a n informa l 
strateg y t o mak e sens e o f  th e proble m situatio n o r  t o identif y 
conceptuall y inconsisten t  slips .  W e explaine d th e multipl e 
strateg y effec t  i n term s o f  th e complementar y relationshi p 
betwee n th e computationa l  efficienc y o f  forma l  strategie s 
and th e sense-makin g functio n o f  informa l  strategies . 
Effectiv e proble m solvin g i n nove l  situation s result s fro m 
opportunisti c an d flexible  applicatio n o f  bot h forma l  an d 
informa l  strategies . 
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APPENDIX 1 :  DATA-MODEL M A T CH 

l a 
line : 
1-3 
4-6 

7-9 

10 

II 
12 
13 
14 
15 
16 

17-3 3 
34 
35 

Verba l  report ,  Subjec t  3 ,  P rob le m l a 

[Read s proble m statement ] 
So,  we'r e goin g t o sa y dime s ar e equa l  t o x  -
number  o f  dime s i s equa l  t o x 
and th e numbe r  o f  quarter s i s 3 x 
[repeat s 3-6 ] 

and th e valu e o f  th e quarter s i s on e dolla r  an d 3 0 
cent s mor e tha n th e valu e o f  th e dime s 

so,  3 x =  x + 13 0 
so the n I  subtrac t  x  fro m th e on e side . 
Iget2x=13 0 
x = 2/13 0 whic h is-u h 
6 -  6 5 cents . 
whic h doe s no t  mak e sense . 

[Repeat s algebr a an d erro r  twic e more ] 
I  ge t  X  =  65 . 
So 1  hav e a  valu e -  it' s  no t  makin g sense ,  though . 

cycle : 
1 
2-6 

7-9 

10 
11-1 2 

13-1 4 
15 

M o d el  outpu t  o f  bugg y algebr a version , 
Proble m l a 
Ah,  a n algebr a problem . 
X =  DIME S 
3X =  Q U A R T E RS 

[Readin g 'value-o f  DIMES '  a s DIMES '  an d 'value -
of  QUARTERS'  a s QUARTERS'] 
Q U A R T E RS i s DIME S plu s ONE-DOLLAR-AND-
30-CENTS. 
They wan t  t o kno w th e numbe r  o f  DIMES . 
3X =  X-Hl.3 0 

X =  0.6 5 
Solutio n valu e 0.6 5 doe s no t  mak e sense .  DIME S 
shoul d b e a n intege r 
[Note :  Lik e th e subject ,  th e mode l  wil l 
continu e t o retr y algebr a an d mak e th e sam e 
error. ] 

l b 
line : 
1-1 4 
15-1 6 

17 
18 
19 

20-2 1 

22 
23 

24 

25 

Verba l  report ,  Subjec t  9 ,  P rob le m l a 

[Bugg y algebr a translation .  Simila r  t o l a above. ] 
[Reread s proble m indicatin g impass e an d switche s 
t o th e Guess-and-tes t  strategy ] 

right -  s o i f  h e ha d -  i f  h e ha d 2  dimes , 
tha t  woul d b e 2 0 cents . 
and i f  h e ha d a  dolla r  5 0 i n quarters . 

ho w man y woul d tha t  be ? Tha t  woul d b e -  well ,  i f 
he ha d tw o dimes ,  tha t  woul d b e 2 0 cents . 
and then ,  2 0 - ^  13 0 woul d b e 150 . 
and tha t  woul d b e ho w man y quarter s woul d tha t 
be? .. .  tha t  woul d b e 4  5- 6 .. .  tha t  woul d b e 6 
quarter s 
2 time s 3  i s 6  -  oh ,  ok .  Easy . 

Uh -  th e ma n ha s 2  dimes . 

cycle : 
1-1 6 
17-1 8 

19-2 8 

29 
30 
31 

32 

33-3 5 

36 

M o d el  outpu t  o f  buggy-algebr a -i -  guess-and -
tes t  version ,  P r o b l e m l a 
[Bugg y algebr a translation .  Sam e a s l a above. ] 
I' m goin g t o tr y th e guess-and-tes t  method . 

[Recomprehend in g proble m sentences. ] 
Q U A R T E RS i s DIME S plu s ONE-DOLLAR-AND-
30-CENTS. 
Guessin g valu e fo r  DIME S i s 2 . 
2 DIME S woul d b e 0. 2 D O L L A RS 
Becaus e DIMES-IN-DOLLAR S i s 0. 2 D O L L A RS 
and ONE-DOLLAR-AND-30 -CENT S i s 1. 3 
D O L L A R S,  QUARTERS- IN-DOLLARS i s 1. 5 
DOLLARS. 
[Repea t  o f  cycle s 29-30 ] 

[Repea t  o f  cycl e 31 ] 
1. 5 DOLLARS woul d b e 6. 0 Q U A R T E RS 

Becaus e DIME S i s 2  an d 3  i s 3 ,  Q U A R T E RS i s 6.0 . 
That' s right !  That' s wha t  I  go t  before . 
The proble m wa s askin g fo r  DIMES . 
DIMES wa s foun d t o b e 2 . 
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