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Abstrac t 

Mathematical problems presenting themselves in the 
workplac e an d i n academi a ar e ofte n solve d b y informa l 
strategie s i n additio n t o o r  instea d o f  th e normativ e forma l 
strategie s typicall y taugh t  i n school .  B y itsel f  thi s observatio n 
does littl e t o tel l  u s whether ,  whe n an d ho w muc h thes e 
technique s shoul d b e taught .  T o groun d argument s abou t  th e 
appropriat e rol e o f  altemativ e problem-solvin g technique s i n 
education ,  w e nee d t o first  understan d th e demand s o f  th e 
task s the y address .  Ou r  focu s her e i s o n algebr a an d pre -
algebra ,  or ,  mor e specifically ,  o n th e se t  o f  problem s tha t 
resis t  solutio n b y mor e elementar y arithmeti c methods . 
We presen t  a  tas k analysi s o f  thi s  se t  o f  problem s tha t  i s  base d 
on th e identificatio n o f  mathematica l  an d situationa l  proble m 
difficult y factors .  Thes e factor s provid e a  framewor k fo r 
comparin g th e candidat e representation s an d strategie s t o 
meet  th e demand s o f  mor e comple x problems .  W e summariz e 
th e altemativ e technique s tha t  hav e bee n observe d i n effectiv e 
proble m solvin g an d discus s thei r  relativ e strength s an d 
weaknesses .  Th e tas k analysi s alon g wit h thi s comparativ e 
analysi s provide s a  basi s fo r  hypothesizin g developmenta l 
sequence s an d fo r  informin g instmctiona l  design . 

Rethinkin g Normat i v e Algebr a 

Human reasoning has often been shown to exhibit certain 
biase s tha t  see m irrationa l  whe n compare d wit h normativ e 
standard s (e.g. ,  Kahnema n &  Tversky ,  1973 ;  Waso n & 
Johnson-Laird ,  1972) .  However ,  reasonin g approache s tha t 
appear  irrationa l  i n th e contex t  o f  a  narro w se t  o f  task s an d 
norms ca n tur n ou t  t o b e quit e rationa l  whe n understoo d 
withi n th e contex t  o f  th e broade r  se t  o f  tas k demand s t o 
whic h the y ar e adapte d (Anderson ,  1990 ,  p .  3 5 an d Polk , 
1992 provid e suc h response s respectivel y t o th e example s 
above) .  Fo r  reasonin g domain s tha t  ar e taugh t  i n school , 
lik e mathematics ,  i t  i s rational ,  a t  leas t  a t  firs t  blush ,  t o tak e 
th e schoole d strategie s a s normative .  However ,  ther e i s 
much curren t  activit y amon g educator s an d cognitiv e 
scientist s i n rethinkin g schoo l  objectives ,  particularl y i n 
mathematic s ( N C T M ,  1989) .  M a n y o f  thes e effort s hav e 
been drive n b y th e empirica l  observatio n tha t  peopl e ofte n 
effectivel y solv e mathematica l  problem s usin g mean s othe r 
tha n th e school-taugh t  approache s (e.g. ,  Carraher ,  Carraher , 
& Schlieman ,  1987 ;  Hall ,  Kibler ,  Wenger ,  an d Truxaw , 
1989 ;  Resnick ,  1987) .  Nevertheless ,  ther e ar e als o stron g 
advocate s fo r  a n emphasi s o n basi c forma l  skill s  (e.g. . 

Geary ,  1995) . 
To pu t  thi s debat e o n mor e soli d footing ,  wha t  i s neede d i s 

an analysi s o f  th e tas k demand s fo r  mathematica l  proble m 
solvin g an d a n analysi s o f  th e rol e o f  bot h forma l  an d 
informa l  approache s i n meetin g thes e demands .  W e hav e 
performe d a  tas k analysi s wit h th e followin g objectives :  1 ) 
t o characteriz e th e scop e o f  th e tas k environmen t  an d 
identif y th e tas k demand s place d o n a  mathematic s proble m 
solver ;  2 )  t o presen t  a  comparativ e analysi s o f  th e feature s 
of  th e availabl e problem-solvin g representation s an d 
strategie s fo r  meetin g thes e demands ;  an d 3 )  t o discus s th e 
implication s o f  thi s wor k fo r  specifyin g a  developmenta l 
model  o f  mathematica l  competenc y tha t  ca n infor m 
instructiona l  design .  Thi s analysi s i s targete d a t  algebr a an d 
pre-algebr a leve l  math . 

Scope of the Investigation 

The objectives of mathematics instruction beyond arithmetic 
ar e largel y two-fold ;  (1 )  t o furthe r  develo p an d refin e 
students '  mathematica l  problem-solvin g capabilitie s fo r 
everyda y lif e an d (2 )  t o prepar e student s fo r  furthe r  studies , 
particularl y i n th e mathematica l  sciences .  Ther e i s a n 
apparen t  conflic t  betwee n th e symboli c focu s o f  academi c 
mat h an d th e recognitio n tha t  informa l  non-symboli c 
method s ar e use d frequentl y ou t  o f  school .  However ,  thi s 
dichotom y i s mor e apparen t  tha n real .  Symboli c method s 
ca n improv e workplac e effectivenes s an d informa l  method s 
hav e alway s bee n a  par t  o f  effectiv e academi c science .  Th e 
recognitio n tha t  technique s beside s symboli c algebr a ar e 
effectiv e doe s littl e t o tel l  u s whether ,  whe n an d h o w muc h 
thes e technique s shoul d b e taught .  W e nee d a  broade r 
conceptio n o f  algebra ,  bu t  als o w e nee d a  basi s fo r  makin g 
decision s lik e these .  W e nee d t o k n o w wha t  thes e 
alternativ e technique s ar e goo d fo r  an d wha t  ar e thei r 
limitations . 

To star t  suc h a n investigation ,  w e nee d t o understan d wha t 
environmenta l  demand s thes e strategie s meet .  O n e migh t 
characteriz e thes e demand s a s jus t  thos e task s tha t  symboli c 
algebr a wa s designe d t o address .  Bu t  usin g "algebra "  i n thi s 
characterizatio n i s circula r  an d overconstrained .  Instead ,  w e 
characteriz e th e scop e o f  th e tas k environmen t  a s thos e task s 
fo r  whic h arithmeti c technique s ar e inadequat e o r 
unacceptabl y inefficient . 

What  problem s ar e beyon d th e reac h o f  arithmeti c 
technique s depend s bot h o n th e achievemen t  leve l  o f  th e 
solve r  an d o n th e particular s o f  th e problem .  W e can , 
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however ,  characteriz e th e difficult y factor s tha t  stretc h th e 
limit s o f  arithmeti c effectivenes s an d thus ,  provid e likel y 
feature s fo r  estimatin g whe n mor e advance d method s ma y 
be appropriate . 

Tax Pai d 
INFER 

Tax rat e =  6 % 
GIVEN 

Taxabl e Incom e 
INFER 

Effectiv e ta x 
rat e =  5 % 

GIVEN 

Incom e 

"NKNDWN 

Amount  untaxe d 
= $10,00 0 

Figur e 1 :  Directe d quantitativ e networ k fo r  proble m P O 

Tas k D e m a n d s o f  Earl y Algebr a 

In analyzing the task of mathematical problem solving it is 
usefu l  t o distinguis h betwee n "th e quantitativ e structur e o f 
relate d mathematica l  entitie s an d th e situationa l  structur e o f 
relate d physica l  entitie s withi n a  problem "  (Hall ,  e t  al. , 
1989 ,  p .  227) .  Befor e discussin g difficult y factor s relate d 
t o quantitativ e an d situationa l  structure ,  w e begi n b y 
presentin g a  schem e fo r  aidin g th e analysis . 

Directed Quantitative Networks 

We use a modified "quantitative network" representation 
(cf .  Hall ,  e t  al. ,  1989 ;  Shali n &  Bee ,  1985 )  a s a n analyti c 
too l  fo r  summarizin g an d clarifyin g ou r  investigation . 
Figur e 1  show s a  directe d quantitativ e networ k fo r  th e 

followin g problem' : 

PO.  On e pla n fo r  a  stat e incom e ta x require s 
thos e person s wit h incom e o f  $10,00 0 o r  les s 
t o pa y n o ta x an d thos e person s wit h incom e 
g rea te r  tha n $10 ,00 0 t o pa y a  ta x o f  6 
percen t  onl y o n th e par t  o f  thei r  incom e tha t 
exceed s $10,000 .  A  person' s ef fect iv e ta x 
rat e i s  de f ine d a s th e percen t  o f  tota l 
incom e tha t  i s  pa i d i n tax .  Base d o n thi s 
definit ion ,  coul d an y person' s effectiv e ta x 
rat e b e 5  percen t ? 

Th e networ k i n Figur e 1  show s on e wa y i n whic h th e 
underlyin g quantitie s an d arithmeti c constraint s i n thi s 
proble m ca n b e represented .  Quantitie s ar e represente d a s 
node s an d constraint s a s 3-par t  directe d relation s wher e th e 

1A proble m fro m th e 199 2 N A E P fo r  whic h onl y 3 % o f  U S twelv e 
grader s provide d a  satisfactor y solutio n an d explanatio n (NAEP , 
1993) . 

quantit y a t  th e arro w i s th e outpu t  an d th e othe r  tw o 
quantitie s ar e input s tha t  ar e combine d wit h th e arithmeti c 
operatio n t o produc e th e output .  Fo r  example ,  th e constrain t 
at  th e to p ha s Tax-rat e an d Taxable-incom e a s input s an d 
Tax-pai d a s th e outpu t  compute d b y multiplyin g th e inputs . 
S o me constraint s an d quantitie s ar e explicitl y  mentione d i n 
a problem ,  whil e other s (e.g .  Taxabl e income )  ar e implied . 

Some Quantitative Factors 

Result-Unknown vs. Start-Unknown Problems 
Literatur e o n elementar y wor d proble m solvin g show s tha t 
proble m difficult y i s strongl y affecte d b y th e positio n o f  th e 
unknow n quantit y withi n th e proble m statemen t  (e.g. , 
Hiebert ,  1982 ;  Stau b &  Reusser ,  i n press) .  Problem s lik e P I 
i n whic h th e unknow n quantit y i s th e resul t  o f  th e event s 
bein g described ,  ten d t o b e significantl y easie r  tha n 
problem s lik e P 2 i n whic h th e unknow n quantit y  i s a  star t  o r 
transitio n stat e i n th e event s bein g described : 

PI .  Mar y ha d 3  marbles .  The n Joh n gav e he r  5 
marb les .  Ho w man y marb le s doe s Mar y hav e 
now? 

P2. Mary had some marbles. Then John gave 
he r  3  marbles .  No w Mar y ha s 5  marbles .  Ho w 
many marble s di d Mar y hav e i n th e beginning ? 

Rile y an d Green o (1988 )  foun d tha t  whil e 1s t  an d 3r d 
grad e student s wer e 1 0 0 % correc t  o n PI ,  the y wer e 3 3 % an d 
9 5 % correct ,  respectively ,  o n P2 .  Thi s unknow n positio n 
effec t  ca n b e capture d withi n th e directe d quantitativ e 
network .  Problem s ar e mor e difficul t  whe n th e unknow n i s 
an inpu t  t o a  constraint .  Proble m P O become s a  result -
unknow n i f  incom e i s given . 

Mathematical Complexity 
Althoug h 3r d grader s ca n solv e certai n start-unknow n 
problems ,  lik e P2 ,  ther e ar e numerou s othe r  factor s tha t  ca n 
quickl y pu t  start-unknow n problem s ou t  o f  reac h o f 
elementar y student s an d eve n man y adults .  A  strikin g 
exampl e o f  thi s i s  a  loca l  busines s executiv e w h o wa s 
strugglin g wit h a  proble m lik e P3 . 

P3.  80 % o f  som e numbe r  i s 100 .  Wha t  i s  th e 
ntimber ? 

He neede d t o d o a  serie s o f  calculation s wher e h e kne w 
th e resul t  (e.g. ,  $100 )  o f  takin g 8 0 % o f  som e numbe r  an d 
wante d t o find  tha t  number .  Whil e th e solutio n procedur e o f 
dividin g th e $1(X )  b y 0. 8 i s analogou s t o subtractin g 3  fro m 
5 i n P2 ,  thi s proble m prove d daunting .  Th e relevan t 
dimensio n her e i s tha t  changin g th e typ e o f  th e number s i n a 
proble m (e.g. ,  fro m integer s t o percents )  make s i t  mor e 
difficul t  t o determin e th e appropriat e inversio n operation . 
Had th e proble m bee n 1 5 time s som e numbe r  i s 100 ,  h e 
woul d hav e ha d littl e troubl e decidin g t o divide .  Anderson , 
Reder ,  &  Ritte r  (i n preparation )  provid e experimenta l 
evidenc e fo r  thi s difficult y factor . 

Th e numbe r  o f  arithmeti c operator s i n th e proble m i s 
anothe r  difficult y factor .  Proble m P 4 i s a  start-unknow n 
proble m wher e tw o operations ,  multiplicatio n an d addition , 
ar e neede d t o ge t  t o th e result . 

P4.  Whe n Te d go t  hom e fro m hi s waite r  job . 
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he multiplie d hi s hourl y wag e b y th e 6  hour s 
he worke d tha t  day .  The n h e adde d th e $6 6 h e 
made i n tip s an d foian d h e earne d $81.90 .  Ho w 
much pe r  hou r  doe s Te d make ? 

A simila r  on e operato r  proble m (e.g. ,  withou t  th e lip )  i s 
straightforward .  However ,  i n a  stud y o f  urba n hig h schoo l 
student s (Koedinge r  &  Tabachneck ,  1995) ,  tw o operato r 
start-unknow n problem s lik e P 4 wer e solve d onl y 5 9 % o f 
th e time .  The y wer e substantiall y  mor e difficul t  tha n 
analogou s result-unknow n problem s tha t  wer e solve d 7 3 % 
of  th e time .  Whil e th e Rile y an d Green o (1988 )  stud y 
showe d th e effec t  o f  unknow n positio n o n on e operato r 
problem s nearl y disappearin g b y 3r d grade ,  wit h th e adde d 
complexit y o f  tw o operato r  problem s thi s effec t  appear s 
agai n eve n fo r  muc h olde r  students . 

Connected vs. Disconnected Problems 
Bednar z an d Janvie r  (i n preparation )  mak e a  distinctio n 
betwee n "connected "  an d "disconnected "  problem s t o she d 
ligh t  o n "th e passag e fro m arithmeti c t o algebra" .  I n 
connecte d problem s " a relationshi p ca n b e easil y establishe d 
betwee n tw o quantitie s thu s leadin g t o th e possibilit y  o f 
arithmeti c reasoning "  whil e disconnecte d mean s "n o direc t 
link s (o r  bridges )  ca n b e directl y establishe d betwee n th e 
known quantities "  (Bednar z &  Janvier ,  i n preparation ,  p . 
10) . 

P5.  Connecte d problem :  Alber t  ha s 4  time s a s 
many stamp s a s Judit h an d 7  time s a s man y a s 
Sophie .  I f  Alber t  ha s 50 4 stamps ,  ho w man y 
do th e thre e childre n hav e altogether ? 

P6.  Disconnecte d problem :  38 0 student s ar e 
registere d i n sport s act iv i t ie s fo r  th e 
season .  Basketbal l  ha s 7 6 mor e student s tha n 
skatin g an d swimmin g ha s 11 4 mor e tha n baske t 
ball .  Ho w man y student s ar e ther e i n eac h o f 
th e activities ? 

The differenc e i n difficult y betwee n connecte d an d 
disconnecte d problem s i s large .  Fo r  example ,  Bednar z an d 
Janvie r  repor t  tha t  thei r  middl e schoo l  ag e subject s (1 2 t o 
13)  wer e 8 2 % correc t  o n th e connecte d proble m P 5 an d onl y 
5 % correc t  o n th e disconnecte d proble m P6 .  Th e 
disconnectednes s dimensio n ha s bee n use d a s a  wa y o f 
distinguishin g betwee n arithmeti c an d algebr a problem s 
(Kieran ,  1992 ,  p .  393) ;  however ,  i t  seem s clea r  tha t  som e 
connecte d problems ,  lik e P 3 an d P 4 above ,  requir e 
mathematica l  powe r  a t  o r  beyon d th e edg e o f  arithmeti c 
competency . 

Quantitativ e network s ca n b e use d t o provid e a  mor e 
precis e definitio n o f  th e connected-disconnecte d distinction . 
A proble m i s connecte d whe n a  solutio n ca n b e foun d b y 
successivel y propagatin g th e result s fro m constraint s wit h 
tw o know n values .  Proble m P O i s disconnecte d becaus e 
ther e ar e n o constraint s wit h tw o know n values .  However , 
i f  th e Tax-rat e wer e unknow n an d Incom e given ,  i t  woul d b e 
connecte d (bu t  no t  result-unknown) . 

S o me Situationa l  Factor s 

Situational Facilitation 

P7.  Situationa l  faci l i tat ion :  Ther e ar e 5 
bird s an d 3  worms .  Ho w man y bird s won '  t  ge t 
a worm ? 

P8.  Neutral :  Ther e ar e 5  bird s an d 3  worms . 
How man y mor e bird s ar e ther e tha n worms ? 

Conside r  problem s P 7 an d P8 .  Proble m P 7 provide s 
situationa l  suppor t  fo r  th e computatio n a s i t  suggest s a  one -
to-on e matchin g solutio n strategy .  Nurser y schoo l  student s 
wer e 8 3 % correc t  o n P 7 bu t  onl y 1 7 % correc t  o n P 8 
(Hudson ,  1983) .  Thes e problem s ar e clearl y withi n 
arithmeti c competence ;  however ,  the y nicel y illustrat e th e 
kind s o f  situationa l  facilitatio n tha t  ca n occu r  a t  an y level . 
Example s tha t  g o beyon d arithmeti c competenc e wil l  b e 
give n below . 

Quantitativ e network s d o no t  captur e situationa l 
facilitation ,  excep t  t o th e exten t  tha t  a  implici t  constrain t  o r 
quantit y i s  mor e likel y t o b e include d i n th e proble m solver' s 
conceptio n o f  th e proble m whe n ther e i s appropriat e 
situationa l  suppor t  (Natha n &  Resnick ,  1993). 

Problem Presentation and Context 
The mentio n o f  "stor y problems "  elicit s groan s o f  pai n 
among student s an d thei r  purporte d difficult y i s ingraine d i n 
Americ a culture ,  s o muc h s o tha t  stor y problem s ar e 
standar d stoc k fo r  cartoon s (e.g. ,  Gar y Larson' s "Librar y 
fro m Hell "  whic h ha s onl y stor y proble m books) .  Cummins , 
et  al .  (1988 )  commen t  o n thi s widesprea d belief :  "a s 
student s advanc e t o mor e sophisticate d domains ,  the y 
continu e t o find  wor d problem s i n thos e domain s mor e 
difficul t  t o solv e tha n problem s presente d i n symboli c 
forma t  (e.g. ,  algebrai c equations)" .  However ,  th e empirica l 
suppor t  fo r  thi s belie f  i s  unclear . 

A recen t  stud y wit h nint h grader s (Koedinge r  & 
Tabachneck ,  1995 )  showe d that ,  al l  othe r  thing s bein g 
equal ,  stor y problem s wer e easie r  t o solv e tha n th e 

analogou s algebrai c equations .  Student s wer e onl y correc t 
5 0 % o f  th e tim e whe n solvin g algebrai c equations ,  lik e P9 . 
They wer e muc h bette r  ( 75 % correct )  wit h th e additio n o f  a 
stor y context ,  lik e PIO . 

P9.  ( X -  64 )  /  3  =  26. 5 

PIO .  Afte r  hearin g tha t  Mo m wo n a  lotter y 
pr ize ,  Bi l l  too k th e amoun t  sh e wo n an d 
subtracte d th e $6 4 tha t  Mo m kep t  fo r  herself . 
Then h e divide d th e remainin g mone y amon g he r 
3 son s givin g eac h $26.50 .  Ho w muc h di d Mo m 
win ? 

Pll .  Startin g wit h som e number ,  i f  I  subtrac t 
64 an d the n divid e b y 3 ,  I  ge t  26 .5 .  Wha t 
number  di d I  star t  with ? 

Carrahe r  e t  al .  (1987 )  foun d a  simila r  effec t  wit h 3r d 
grader s o n on e operato r  result-unknow n problems .  The y 
attribute d students '  relativ e succes s o n wor d problem s (56% ) 
versu s analogou s symboli c problem s (38% )  t o effect s o f 
"context" .  Follow-u p studie s b y Baranes ,  Perry ,  an d Stigle r 

(1989 )  refine d thi s notio n t o conclud e tha t  i t  i s  "relevan t 
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context "  tha t  counts .  However ,  a  secon d resul t  fro m 
Koedinge r  an d Tabachnec k (1995 )  suggest s tha t  ther e ma y 
be mor e goin g o n here .  Student s di d a s wel l  o n situation -
fre e verball y state d equation s lik e P I  1  ( 7 4 % correct )  a s the y 
di d o n wor d problem s lik e PIO .  Th e advantage s ma y deriv e 
fro m students '  familiarit y wit h word s a s representation s o f 
procedure s rathe r  tha n fro m an y situationa l  content . 

Problem s tha t  presen t  themselve s i n natura l  setting s m a y 
provid e opportunitie s fo r  situationa l  facilitatio n tha t  ar e no t 
presen t  o r  no t  a s likel y i n th e verball y presente d problem s i n 
th e classroo m o r  laboratory .  Fo r  example ,  students '  non -
sensica l  answer s (e.g. ,  311/ 3 buses )  o n tes t  problem s lik e 
th e well-know n buse s proble m (PI2 )  see m les s likel y i f 
give n a  rea l  settin g (cf .  Silve r  &  Shapiro ,  i n press) . 

P12.  A n arm y bu s hold s 3 6 soldiers .  I f  1,12 8 
so ld ier s ar e be in g buse d t o thei r  t ra inin g 
s i te ,  h o w man y buse s ar e needed ? 

Despit e muc h emphasi s o n situationa l  factor s i n cognition , 
ther e ar e a  numbe r  o f  larg e gap s i n wha t  w e kno w abou t  th e 
characteristic s o f  th e everyday/workplac e tas k environment . 
Our  analysi s ha s mostl y focuse d o n verball y presente d 
problem s i n classroo m an d laborator y contexts .  Ther e i s n o 
stron g evidenc e a t  thi s poin t  t o believ e tha t  thi s analysi s wil l 
not  b e applicabl e t o naturall y presente d problems .  But ,  thi s 
i s a n are a wort h furthe r  investigation . 

Tabl e 1  summarize s difficult y factor s w e identified . 
Problem s characterize d b y easie r  value s o f  thes e factor s ten d 
t o b e arithmeti c problems .  Problem s wit h harde r  value s 
ten d t o requir e competenc e beyon d arithmetic . 

Tabl e 1 .  Difficult y 

Difficult y F a c t o r s 

U n k n o w n positio n 

Connectednes s 

N u m b er  o f  operator s 

N u m b er  type s o f  quantit y 

Kind s o f  operator s 

Number-fac t  facilitatio n 

Situationa l  factor s 

factor s tha t  pus h Arithmeti c 

Easie r  .  . .  Harde r 

resul t  star t 

connecte d disconnecte d 

one man y 

intege r  rea l  comple x 
+ *  /  A 

facilitat e neutra l  inhibi t 

facilitat e neutra l  inhibi t 

C o g n i t i v e R e p r e s e n t a t i o n s a n d S t r a t e g i e s 

Although mathematics instruction tends to focus 
overwhelmingl y o n symboli c representation s an d 
computationa l  procedure s o f  proble m solvin g (e.g. , 
Leinhardt ,  1988) ,  student s us e a  variet y o f  alternativ e 
method s t o addres s problems .  I n on e study ,  grad e 5  childre n 
withou t  trainin g use d a  trial-and-erro r  strateg y exclusivel y 
i n solvin g mathematic s problem s (Lester ,  1980) .  Eve n 
matriculate d adult s wit h man y year s o f  experienc e usin g 
symboli c representations ,  spontaneousl y us e alternat e 
method s suc h a s guess-and-chec k o r  proportiona l  reasonin g 
fo r  solvin g mor e comple x problem s (e.g. .  Hal l  e t  al. ,  1989 ; 
Tabachneck ,  e t  al. ,  1994) .  Ther e i s mountin g evidenc e tha t 
students '  alternativ e way s o f  quantitativ e reasonin g ar e mor e 
comple x an d efficaciou s tha n ha s bee n previousl y suggeste d 
i n th e misconception s literatur e (e.g. .  Smith ,  diSessa ,  & 

Roschelle ,  1993) . 
Th e fundamenta l  difficult y o f  problem s tha t  pus h a 

studen t  t o g o beyon d arithmeti c calculation s i s tha t  i t  i s  no t 
possibl e t o produc e a  solutio n b y propagatin g give n value s 
throug h th e directiona l  constraint s implie d b y th e problem . 
Ther e ar e tw o distinguishabl e classe s o f  problem-solvin g 
method s fo r  dealin g wit h thi s difficulty .  Th e firs t  clas s o f 
method s i s generat e an d test :  generat e a  candidat e valu e fo r 
on e o r  mor e unknowns ,  propagat e i t  throug h th e constraints , 
tes t  whethe r  the y ar e met ,  an d i f  necessar y iterate .  Th e 
secon d clas s o f  method s i s constrain t  untangling :  revers e 
th e directionalit y o f  th e constraint s an d otherwis e transfor m 
the m s o tha t  i t  become s possibl e t o forwar d propagat e th e 
give n value s t o produc e a  solution .  I n constrain t  untangling , 
th e object s o f  manipulatio n ar e th e constraint s themselves . 
I n arithmeti c an d generate-and-test ,  th e constraint s ar e 
procedure s t o follo w an d th e quantitie s the y relat e ar e th e 
object s o f  manipulation .  Th e proces s o f  objectifyin g 
arithmeti c procedure s a s object s o f  manipulatio n evolve d 
ove r  thousand s o f  year s i n th e historica l  developmen t  o f 
algebrai c techniqu e an d notation s (Sfar d &  Linchevski , 
1993) .  I t  i s  perhap s n o surpris e tha t  thi s transitio n i s quit e 
difficul t  fo r  students . 

Othe r  thing s equa l  thes e method s ar e a t  opposit e end s o f 
th e "preparatio n vs .  deliberatio n tradeof f  (Newell ,  1990 ,  p . 
102) .  Generat e an d tes t  method s ca n b e performe d wit h les s 
knowledg e (les s learnin g tim e investment) ,  bu t  ten d t o b e 
les s efficien t  an d requir e greate r  deliberation .  Constrain t 
untanglin g method s ca n b e quit e efficient ,  bu t  requir e 
significan t  learnin g time . 

Table 2: Strategies vary by reasoning method and 
representation . 

Representationa l  format s 

Method s i 

Generat e 
A nd Tes t 

Constrain t 
Untanglin g 

symboli c verba l  diagra m situationa l 

Plug-i n Guess & Enumerat e Model -
chec k base d 

Algebr a Verba l  Diagra m Us e object s 
algebr a annotat e Rati o 

As illustrate d i n Tabl e 2 ,  bot h classe s o f  method s hav e 
instance s i n a  variet y o f  differen t  representationa l  formats . 
For  instance ,  constrain t  untanglin g don e i n th e symboli c 
forma t  i s th e traditiona l  algebr a strategy .  A n illustratio n o f 
thi s strateg y i s show n i n th e first  colum n o f  Tabl e 3 .  Th e 
nex t  tw o column s illustrat e constrain t  untanglin g i n tw o 
othe r  representationa l  format s whic h hav e bee n observe d i n 
studie s o f  verba l  an d writte n problem-solvin g protocol s 
(Hal l  e t  al. ,  1989 ;  Tabachnec k e t  al. ,  1994) .  Onl y th e 
transformation s withi n a  give n representatio n ar e illustrated . 
The difficul t  proces s o f  translatin g a  give n proble m t o on e 
of  thes e solution-enablin g representation s i s addresse d 
below . 
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Tabl e 3 :  Instance s o f  th e constrain t  untanglin g metho d i n thre e differen t  representationa l  format s o n isomorph s o f 
th e problem :  " I  pai d $3 8 fo r  jeans .  I  go t  the m a t  a  2 0 % discount .  Ho w muc h di d I  save?" . 

Algebr a 

p .2 p =  3 8 

.8 p =  3 8 

p =  38/. 8 =  47. 5 

s =  p - 3 8 

s =  9. 5 

Verba l  algebr a 

Th e origina l  pric e 

minu s 2 0 % i s $38 . 

So,  8 0 % o f  th e 

origina l  pric e i s 

$38 . 

T o ge t  th e origina l 

price ,  divid e $3 8 

by . 8 whic h i s 47.5 . 

Th e amoun t  save d 

i s th e origina l  pric e 

minu s $38 . 

That' s $9.50 . 

Oiagra m annotatio n 

P 

38 

P 

38 

.8 p 

47. 5 
P 

38 

.8 p 

47. 5 

P 

•2 p 

•2 p 

•2 p 

38 .2 p 
.8 p 47.5-3 8 

47. 5 
P 

38 

.8 p 
•2 p 
9. 5 

Generi c operato r 

Give n 

Forwar d constrain t 

propagatio n (Simplify ) 

Backwar d constrain t 

propagatio n (Unwind ) 

Give n 

Constrain t  combinatio n 

(Substitut e an d Simplify ) 

When th e generat e an d tes t  metho d i s applie d t o a 
symboli c representation ,  th e resultin g strateg y i s terme d 
"plug-in "  o r  "plug-and-chug" ,  an d i s commonl y use d wit h 
algebrai c formulae .  Th e verba l  metho d i s a  commonl y 
invente d metho d use d b y student s acros s grad e level s (e.g. , 
Lester ,  1980) .  Th e situation-base d metho d reflect s a n 
attemp t  o n th e par t  o f  th e solve r  t o mode l  o r  simulat e th e 
event s o f  th e proble m by ,  fo r  example ,  examinin g earning s 
at  on e dollar ,  the n two ,  etc .  Thes e methods ,  whil e 
conceptuall y simpl e an d easil y invente d b y student s o f  a 
wid e rang e o f  achievemen t  levels ,  ar e quit e powerful ,  an d 
li e a t  th e cor e o f  numerica l  method s throughou t  statistic s 
and analytica l  geometry . 

Alon g th e representationa l  forma t  dimensio n ther e i s a 
concisenes s vs .  elaboratio n tradeoff .  Symboli c 
representation s ar e mor e concis e an d abstracte d fro m th e 
proble m situation ,  whil e situationa l  representation s ar e 
elaborate d wit h informatio n tha t  i s ofte n redundan t  to ,  bu t 
not  essentia l  fo r  th e computationa l  process .  Thi s 
redundanc y ha s clea r  advantages ,  though .  Student s w h o ar e 
otherwis e quit e capabl e o f  algebr a equatio n solvin g (wh o 
hav e pai d th e preparatio n price) ,  nevertheles s ar e quit e 
susceptibl e t o difficultie s wit h translatio n (Hall ,  e t  al. , 
1989) . 

C o m p e n s a t o r y Benefit s o f  R e d u n d a n t 
Representation s 

It stands to reason that different representations and 
strategie s ar e effectiv e fo r  differen t  kind s o f  environmenta l 
demands .  Verbally-base d strategie s ar e highl y effectiv e a t 
highlightin g error s du e t o mistranslation ;  diagrammati c 
strategies ,  fo r  capturin g spatia l  relations ;  symboli c 
strategies ,  fo r  supportin g computation ;  situationa l  strategies , 
fo r  simulatin g processes .  I n othe r  words ,  ther e i s n o singl e 
representatio n o r  strateg y tha t  i s  universall y effective . 
Tabachnec k e t  al .  (1994 )  foun d correlationa l  evidenc e tha t 
th e us e o f  multipl e strategie s durin g non-routin e proble m 
solvin g yield s greate r  solutio n succes s (80% )  tha n th e us e o f 
a singl e strateg y (40%) . 

Implications for Instructional Design 

The difficulty factors can be used to hypothesize a 
developmentall y appropriat e proble m sequence .  Teacher s 
ca n us e thes e factor s t o diagnos e a  student' s zon e o f 
proxima l  developmen t  (eg. .  B rown ,  1994 )  an d selec t 
problem s tha t  ar e withi n reac h o f  th e studen t  ye t  presen t 
demands tha t  pul l  he r  towar d mor e sophisticate d 
mathematica l  strategies .  Introductio n o f  symboli c strategie s 
ca n provid e student s wit h greatl y enhance d mathematica l 
power .  Nevertheless ,  teacher s shoul d suppor t  an d 
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encourag e student s i n continue d us e an d referenc e t o thei r 
o wn informa l  strategies .  Whil e ofte n les s powerfu l  o r 
general ,  thes e informa l  strategie s provid e a n importan t 
sourc e o f  redundanc y tha t  aid s student s i n sense-making , 
reducin g th e chanc e o f  erro r  an d providin g a  sourc e fo r  self -
supervise d learning . 
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