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Abstrac t 

The broad context of this study is the investigation of the 
natur e o f  computatio n i n recurren t  network s (RNs) .  Th e cur -
ren t  stud y ha s tw o parts .  Th e first  i s  t o sho w tha t  a  R N ca n 
solv e a  proble m tha t  w e tak e t o b e o f  interes t  ( a countin g task) , 
and th e secon d i s t o us e th e solutio n a s a  platfor m fo r  develop -
in g a  mor e genera l  understandin g o f  R N s a s computationa l 
mechanisms .  W e begi n b y presentin g th e empirica l  result s o f 
trainin g R N s o n th e countin g task .  Th e tas k { a b  )  i s th e sim -
ples t  possibl e gramma r  tha t  require s a  P D A o r  counte r  A  R N 
was traine d t o predic t  th e deterministi c element s i n sequence s 
of  th e for m a"b "  *  wher e n= l  t o 12 .  Afte r  training ,  i t  general -
ize d t o n=18 .  Contrar y t o ou r  expectations ,  o n analyzin g th e 
hidde n uni t  dynamics ,  w e find  n o evidenc e o f  unit s actin g lik e 
counters .  Instead ,  w e find  a n oscillato r  W e the n explor e th e 
possibl e rang e o f  behavior s o f  oscillator s usin g iterate d map s 
and i n th e secon d par t  o f  th e pape r  w e describ e th e us e o f  iter -
ate d map s fo r  understandin g R N mechanism s i n term s o f 
"activatio n landscapes" .  Thi s analysi s lead s t o use d a n under -
standin g o f  th e behavio r  o f  networ k generate d i n th e simula -
tion  study . 

I n t r o d u c t i o n 

It is common to view the brain as a computer. But the real 

questio n is .  W h a t  sor t  o f  compute r  migh t  th e brai n be ? 

O ne reasonabl e assumptio n i s tha t  th e functionally ,  brai n 

computatio n ca n b e understoo d withi n th e framewor k o f  dis -

cret e finite  automat a (DFA) .  O n e ca n the n us e th e Chomsk y 

Hierarch y a s a  too l  fo r  inferentiall y  classifyin g th e computa -

tiona l  powe r  o f  th e brain .  I f  brain s produc e behavior s whic h 

fal l  entirel y withi n th e real m o f  context-fre e grammars ,  fo r 

example ,  w e migh t  suppos e tha t  th e brai n i s th e computa -

tiona l  equivalen t  o f  a  Linea r  Bounde d Automat a (sinc e thi s 

clas s o f  machine s i s  bot h necessar y an d sufficien t  fo r  th e 

generatio n an d recognitio n o f  suc h languages) . 

I n reality ,  however ,  forma l  analysi s o f  behavio r  doe s no t 

sugges t  tha t  suc h a  nea t  typin g wil l  b e possible .  Furthermore , 

i n th e pas t  decade ,  i t  ha s bee n suggeste d tha t  th e brai n m a y 

not  b e bes t  modele d a s a  typ e o f  D F A ,  bu t  rathe r  a s a  contin -

uou s analo g automato n o f  th e sor t  represente d b y neura l  net -

works . 

Thi s possibilit y  the n raise s th e question .  W h a t  sor t  o f  com -

puter s ar e neura l  networks ? Attempt s t o answe r  thi s ques -

tio n generall y attemp t  eithe r  t o prob e capacit y throug h 

empirica l  experimentatio n (e.g. ,  o f  th e sor t  reporte d i n 

Cleeremans ,  Servan-Schreiber ,  &  McClelland ,  1989 ; 

Elman ,  1991 ;  Giles ,  Miller ,  Chen ,  Chen ,  Sun ,  &  Lee , 

1992 ;  Manolio s &  Fanelli ,  1994 ;  Watrou s &  Kuhn ,  1992 ) 

or  els e t o establis h theoretica l  capacit y throug h forma l 

analysi s (Kolen ,  1994 ;  Pollack ,  1991 ;  Seligman n &  Son -

tag ,  1992) . 

Lackin g i n m u c h o f  thi s work ,  however ,  ha s bee n a 

close-graine d analysi s o f  th e precis e mechanism s whic h 

ca n b e employe d b y neura l  network s i n th e servic e o f  spe -

cifi c  computationa l  tasks .  E lma n (1991) ,  fo r  example , 

demonstrate s th e abiUt y o f  a  recurren t  networ k t o emulat e 

certai n aspect s o f  a  pushdow n automato n (namely ,  t o pro -

ces s recursivel y embedde d structure s t o a  limite d depth) ; 

th e analysi s o f  thi s networ k suggest s tha t  th e networ k par -

tition s th e hidde n uni t  stat e spac e t o represen t  grammatica l 

categorie s an d dept h o f  embedding .  Th e networ k weight s 

the n implemen t  a  dynamic s whic h allo w th e networ k t o 

m o ve throug h thi s stat e spac e i n a  rule-followin g manne r 

whic h i s  consisten t  wit h th e context-fre e gramma r  tha t 

produce s th e inpu t  strings .  Thi s analysi s i s suggestiv e a t 

best ,  however ,  an d leave s man y importan t  question s unan -

swered .  H o w doe s th e R N solutio n compar e wit h tha t  o f  a 

stac k i n term s o f  processin g capacity ? Ar e th e solution s 

functionall y exactl y equivalen t  o r  ar e ther e differences ? 

Ar e thes e difference s relevan t  t o understandin g cognitiv e 

behaviors ? I f  R N s ar e dynamica l  systems ,  the n h o w ca n 

dynamic s b e employe d t o carr y ou t  specifi c  computationa l 

tasks ? 

Our  goa l  i n th e projec t  whic h thi s wor k initiate s i s t o 

redres s thi s failing .  W e wis h t o investigat e th e natur e o f 

computatio n i n recurren t  network s b y discoverin g th e 

detaile d mechanism s whic h ar e employe d t o carr y ou t  spe -

cifi c  computationa l  requirements .  Th e strateg y i s  first  t o 

ti-ain  a  recurren t  networ k t o produc e a  behavio r  whic h i s o f 

a prior i  interest ,  an d whic h ha s k n o w n a  computationa l 

solutio n withi n th e real m o f  D F A .  W e the n analyz e th e 

recurren t  networ k t o discove r  whethe r  th e solutio n i s 
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equivalen t  t o tha t  o f  th e D F A o r  whethe r  i t  i s  different .  I f  th e 

solutio n i s different ,  th e questio n the n become s whethe r  th e 

solutio n i s mor e o r  les s likel y t o provid e insigh t  int o th e 

computationa l  mechanism s employe d b y th e brai n i n th e ser -

vic e o f  cognitiv e behaviors . 

S i m u l a t i o n 

The work of Giles and colleagues has demonstrated that 

recurren t  network s (RNs )  ca n provid e reasonabl e approxi -

mation s o f  th e simples t  clas s o f  D F A s :  Finit e Stat e Automat a 

(FSA) .  Th e networ k solutio n appear s t o involv e a n instantia -

tio n o f  th e stat e spac e require d b y th e FSA ,  althoug h ther e 

ar e interestin g an d possibl y usefu l  differences .  (Fo r  example , 

pat h informatio n tend s t o b e saved—gratuitously—i n th e 

R N,  an d th e R N stat e spac e probabl y ha s a n intrinsi c seman -

tic s wherea s th e topolog y o f  th e F S A is ,  asid e fro m th e stat e 

transitions ,  undefined. )  Ou r  interes t  i s  therefor e i n explorin g 

behavior s whic h requir e th e nex t  highes t  categor y o f  D F A , 

namel y context-fre e languages .  Thes e requir e a  for m o f 

pushdow n automato n know n a s a  Linea r  Bounde d Automa -

ton . 

Task and stimuli 

One of the simplest CF languages one can devise is the lan-

guag e a"/?" ;  tha t  is ,  th e languag e consistin g o f  string s o f 

some numbe r  o f  a s followe d b y th e sam e numbe r  ofbs .  Thi s 

languag e require s a  pushdow n stor e i n orde r  t o kee p trac k o f 

th e a s i n orde r  tha t  eac h a  m a y b e matche d b y a  late r  b .  I n 

reality ,  though ,  th e ful l  powe r  o f  th e stor e i s no t  reall y essen -

tial .  Al l  tha t  i s  require d i s a  counter . 

We generate d a  trainin g se t  consistin g o f  35 6 strings ,  con -

tainin g a  tota l  o f  2,29 8 token s o f  a  an d b .  Thes e string s con -

forme d t o th e for m a"b" ,  wit h n  rangin g from 1  t o 1 1 

(meanin g strengt h lengt h varie d from 2  t o 22) .  Lengt h wa s 

biase d towar d shorte r  string s (e.g. ,  ther e wer e 12 9 string s o f 

dept h 1  an d 7o f  dept h 11) . 

A separat e se t  o f  tes t  stimul i  wer e generate d whic h con -

siste d o f  al l  possibl e string s wit h n  rangin g from 1  t o 3 0 s o 

tha t  w e migh t  tes t  generalizatio n t o depth s greate r  tha n tha t 

encountere d durin g training . 

The network' s tas k wa s t o tak e a  symbo l  a s it s inpu t  an d t o 
predic t  th e nex t  input .  Successfu l  performanc e woul d requir e 

tha t  th e networ k predic t  a n initia l  a  (sinc e al l  string s begi n 

wit h thi s token) ;  th e networ k shoul d the n predic t  ao T b  wit h 

equiprobabilit y  unti l  th e first  b  i s encountered .  Th e networ k 

shoul d the n predic t  b  fo r  n  timesteps ,  wher e n  equal s th e 

number  o f  a s tha t  wer e input .  Followin g that ,  th e networ k 

shoul d the n predic t  a n a  t o indicat e th e en d o f  th e ol d strin g 

and beginnin g o f  th e nex t  string . 

N e t w o r k a n d trainin g 

20 recurren t  network s o f  th e for m sho w i n Figur e 1  wa s 

used .  Ther e wer e tw o inpu t  unit s (representin g th e tw o 

Outpu t  unit s 

Hidde n unit s 

Inpu t  unit s 

Figur e 1 :  Networ k architectur e 

possibl e inputs ,  a  an d b )  an d tw o outpu t  unit s (represent -

in g th e network' s prediction s fo r  th e nex t  inputs) .  T w o 

hidde n unit s wer e connecte d wit h ful l  recurrence .  Net -

work s wer e initialize d wit h differen t  rando m weights . 

Network s wa s traine d usin g bac k propagatio n throug h 

tim e (fo r  8  tim e steps) .  Trainin g wa s carrie d ou t  fo r  a  tota l 

of  3  miUio n inputs . 

Results 

The networks' performance was evaluated using the test 

dat a i n whic h al l  string s from  dept h 1  t o 3 0 wer e present . 

Testin g wa s carrie d ou t  followin g 1 ,  2 ,  an d 3  millio n train -

in g cycles . 

Afte r  1  millio n trainin g cycle s 9  o f  th e network s learne d 

th e languag e a"b "  fo r  «  -  7  .  O n e networ k generalize d t o 

«=11 .  Th e othe r  network s learne d th e languag e a  b  .  Thi s 

i s th e languag e consistin g o f  an y numbe r  o f  a s followe d 

by an y numbe r  o f  bs ;  i n thi s cas e th e networ k simpl y pre -

dict s it s  input . 

Afte r  2  millio n trainin g cycles ,  4  o f  th e 2 0 network s 

generalize d th e correc t  languag e t o n=l2 .  O n e networ k 

generalize d t o n=18 .  Remainin g network s ha d learne d 

ab* . 
Afte r  3  millio n trainin g cycles ,  n o network s wer e suc -

cessfu l  fo r  n>ll .  Thos e network s whic h ha d exhibite d 

generalizatio n a t  earlie r  stage s o f  learnin g los t  thei r  solu -

tio n an d i n m a n y case s reverte d t o a  b  . 

Subsequen t  replication s o n additiona l  group s o f  2 0 net -

work s yiel d essentiall y  th e sam e statistics ,  includin g a t 

leas t  on e networ k whic h generalize s t o approximatel y a 
dept h o f  18 .  W e therefor e focu s o n thi s networ k fo r  analy -

sis . 

Analysis :  Par t  I 

Our first conjecture was that the network might have 

solve d thi s tas k b y employin g on e o r  bot h o f  it s  hidde n 

unit s a s counters .  Thi s woul d b e indicate d b y tha t  hidde n 
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unit' s  activatio n functio n changin g (e.g. ,  increasing )  a s a 

monotoni c functio n o f  th e numbe r  o f  a  inputs .  Th e magni -

tud e o f  th e fina l  activatio n stat e o f  th e uni t  woul d therefor e 

encod e n . 

However ,  whe n w e plotte d th e hidde n uni t  activation s a s a 

functio n o f  inpu t  w e sa w nothin g whic h resemble d a  counter . 

Instead ,  t o ou r  surprise ,  w e foun d bot h unit s oscillatin g i n 

activatio n valu e ove r  tim e (bu t  no t  i n synchrony) .  W e too k 

thi s a s prim a faci e evidenc e tha t  th e counte r  hypothesi s wa s 

falsifie d an d the n attempte d t o construc t  anothe r  hypothesis . 

Thi s involve d steppin g bac k an d considerin g i n mor e genera l 

term s wha t  sort s o f  dynamica l  behavior s migh t  b e generate d 

i n recurren t  network s unde r  ver y limitin g conditions . 

Dynamics in recurrent networks 

Let us consider a simpler version of the network used in the 

simulation ;  thi s networ k wil l  hav e tw o inputs ,  tw o outputs ,  a 

bias ,  an d a  singl e hidde n uni t  wit h a  self-recurren t  connec -

tion .  Thi s networ k i s show n i n Figur e 2 . 

fixe d poin t 

Oa Ob 

\ 

i a i b 

Figur e 2 :  Networ k use d i n analysi s 

We are interested in the dynamics of the hidden unit, h, 

unde r  variou s conditions .  Thi s uni t  ha s severa l  source s o f 

input :  inpu t  tokens ,  bias ,  an d self-recurrence .  W e begi n b y 

recognizin g tha t  whe n di e inpu t  i s  hel d constan t  (a s whe n th e 

networ k i s processin g a  strin g o f  a s whic h i t  ha s t o count) , 

the n th e onl y thin g whic h change s i s di e self-recurren t  exci -

tation .  W e ca n therefor e subsum e al l  othe r  input s unde r  a 

bia s term : 

netinpu t  =  bia s +  î w ^  +  if̂W y +  / i  ( f  -  1 )  w 

netinpu t  =  b  +  h(i-^) w 

The activatio n functio n fo r  thi s uni t  i s  the n 

''̂' ^  "  j_̂ -̂(wA(r-l)+fc ) 

If we let w= 10 and Z>=-5 then we observe the unit has the 

propertie s show n i n Figur e 3 .  Th e uni t  ha s 3  fixed  points . 

Thus ,  ove r  time ,  i f  w e begi n wit h h(0 )  greate r  tha n 0.5 ,  w e 

see th e movemen t  i n activatio n spac e show n i n Figur e 4 . 

fixe d poin t 

fixe d p o m 

h(t ) 

Figur e 3 :  Dynamica l  propertie s o f  networ k show n i n 

Figur e 2 ,  wit h w=1 0 an d b=- 5 

ti(2 )  h(3 ) 

0.8 

Q 0. 6 

0.2 

Figur e 4 :  Convergenc e propertie s o f  networ k i n Figur e 2 

Suppose the sign of the self-recurrent weight is nega-

tive .  I n effect ,  thi s flips  th e activatio n functio n an d 

change s th e convergenc e properties .  W e no w find  tha t  w e 

hav e fixed  point s a s before ,  bu t  w e oscillat e bac k an d fort h 

abov e an d belo w th e middl e fixed  point .  Dependin g o n th e 

steepnes s o f  th e slop e an d ou r  initia l  value ,  w e eithe r 

diverg e ou t  o r  converg e inward .  Thi s i s show n i n Figur e 5 . 

Finally ,  w e not e tha t  i f  w e coul d chang e th e slop e o f  th e 

hidde n unit' s  activatio n functio n dynamicall y  (i.e. ,  durin g 

processing) ,  the n w e coul d produc e tw o regimes ,  e.g. ,  first 

convergin g an d the n diverging .  Thi s i s show n i n Figur e 6 . 

We no w as k ho w suc h behavio r  migh t  b e usefu l  t o us ? 
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h(t ) 

Convergin g 

+ 
Si 

h(t ) 
Divergin g 

Figure 5: Oscillating behavior found with negative self-

recurren t  weight . 

In Figure 6 we see the activation function of the single hid-

den uni t  i n th e networ k i n Figur e 2 ,  first  whe n th e slop e i s 

shifte d t o th e left ,  an d the n whe n th e activatio n functio n i s 

shifte d t o th e right .  I n bot h case s th e hidde n uni t  compute s 

an iterate d m a p o n itself ,  give n a  constan t  input . 

Let  u s imagin e tha t  w e hav e tw o hidde n unit s instea d o f 

one ,  s o tha t  thes e tw o slope s represen t  differen t  units .  Fur -

ther ,  le t  u s imagin e tha t  th e grap h show n o n th e lef t  i s  th e 

first  hidde n unit' s  respons e t o a  serie s o f  a  inputs .  Th e unit' s 
activatio n wil l  converg e o n successiv e iterations ;  h o w fa r  i t 

converge s depend s o n h o w man y iteration s wit h th e sam e 

inpu t  w e carr y out .  N o w le t  u s assum e tha t  th e inpu t  change s 

t o b .  Th e grap h o n th e right  migh t  represen t  th e iterate d m a p 

on th e secon d hidde n unit .  Th e initia l  startin g poin t  depend s 

on th e final  stat e valu e o f  th e first  hidde n unit ;  i t  the n 

diverge s outward . 
To mak e us e o f  thi s fo r  a  countin g task ,  w e nee d tw o mor e 

Figur e 6 :  Convergin g oscillation s followe d b y divergin g 

oscillation s 

thing s t o b e true .  First ,  w e nee d outpu t  unit s whic h ca n 

implemen t  a  hyperplan e o n th e divergenc e phas e s o tha t 

th e networ k ca n establis h a  criteria l  valu e whic h wil l  sig -

nal  th e en d o f  sequence .  Second ,  durin g th e initia l  phase , 

whil e th e first  hidde n uni t  i s  converging ,  w e woul d lik e t o 

hav e th e secon d hidde n uni t  (rightmos t  graph )  "ou t  o f  th e 

way" ;  thi s coul d b e accomplishe d i f  th e inpu t  i t  receive s 

fro m th e first  hidde n uni t  shift s th e slop e t o it s asymptoti c 

region .  Then ,  durin g th e secon d phase ,  whil e th e secon d 

hidde n uni t  i s  diverging ,  w e woul d lik e t o hav e th e first 

hidde n uni t  suppresse d i n a  simila r  way .  Le t  u s retur n t o 

th e actua l  simulatio n t o se e i f  thi s i s wha t  happens . 

Analysis: Part II 

Returning to the trained network shown in Figure 1, we 

ca n grap h th e activatio n functio n o f  eac h hidde n uni t 

unde r  condition s whe n a  sequenc e o f  a s ar e received ,  an d 

when a  sequenc e o f  fes  ar e received .  Figur e 7  show s th e 

activatio n functio n o f  th e first  hidde n u  ni t  durin g presen -

tatio n o f  a s (rightmos t  plot )  an d fes  (leftmos t  plot) .  Figur e 

8 show s th e activatio n function s o f  th e secon d hidde n uni t 

unde r  simila r  conditions . 

W h at  w e se e i s tha t  eac h uni t  i s  "on "  (i.e. ,  ha s a n activa -

tio n functio n whic h i s capabl e o f  producin g discriminabl y 

differen t  outputs )  onl y durin g on e typ e o f  input ,  an d eac h 

uni t  respond s t o a  differen t  input .  Whil e on e uni t  i s  active , 

i t  shut s of f  th e othe r  unit .  W h e n th e inpu t  sequenc e 

switche s fro m a  t o b ,  th e othe r  uni t  become s activ e an d 

shut s th e first  uni t  off . 

N o w le t  u s loo k a t  th e actua l  patter n o f  response s whil e 

thi s networ k processe s a  rea l  sequence .  Thi s i s show n i n 

Figur e 9 .  Her e w e se e exactl y th e desire d behavior :  O n e 

hidde n uni t  i n essenc e "wind s up "  lik e a  sprin g a s i t  count s 

successiv e a  inputs ;  whe n th e first  b  i s encountered ,  th e 

secon d uni t  "unwinds "  fo r  exactl y th e amoun t  o f  tim e 
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hl(t ) 

Figur e 7 :  Activatio n functio n o f  hidde n uni t  1  durin g 

presentatio n o f  a  sequenc e o f  as ,  an d bs . 

a inpu t 

/ 

/ 

) 
k 

/ 

/  b  inpu t 

h(t ) 

Figure 9: Hidden unit oscillations in trained network, 

processin g 7  a' s (spira l  o n lowe r  left ,  representin g hid -

den uni t  1) ,  followe d b y 7  b s (spira l  o n uppe r  right,  rep -

resentin g hidde n uni t  2) . 

0.8 

0.6 
+ 

ainp u 

0. 2 0. 4 0. 6 0. 8 

hl(t ) 

Figure 8: Activation function of hidden unit 2 during 

presentatio n o f  a  sequenc e o f  as ,  an d b s 

whic h correspond s t o th e numbe r  o f  a  inputs . 

D iscuss io n 

We began by posing the question of how a recurrent net-

wor k migh t  solv e a  tas k (i.e. ,  th e languag e a"fc")which , 

give n a  D F A ,  i s know n t o requir e a  pushdow n store .  W e 

hypothesize d tha t  th e networ k migh t  solv e thi s tas k b y devel -
opin g a  counter . 

What  w e foun d wa s somethin g quit e different .  Th e solu -

tio n involve d instea d th e constructio n o f  tw o dynamica l 

regimes .  Durin g th e first  phase ,  on e hidde n uni t  goe s int o 

an oscillator y regim e i n whic h th e activatio n value s con -

verged .  W e migh t  thin k o f  thi s a s aki n t o th e network' s 

"windin g u p a  spring. "  Thi s phas e continue s unti l  a  b  i s 

presented .  Th e effec t  o f  th e b  i s t o mov e th e networ k int o 

th e secon d regime ;  i n thi s phas e th e first  hidde n uni t  i s 

n o w dampe d an d th e secon d hidde n uni t  "unwinds "  th e 

sprin g fo r  a s lon g a s correspond s t o th e numbe r  o f  as . 

Thi s solutio n i s effectiv e wel l  beyon d th e dept h o f 

string s (n=ll )  presente d durin g training .  Ou r  networ k wa s 

abl e t o generaliz e easil y t o lengt h n=21 .  W e foun d throug h 

makin g additiona l  smal l  adjustment s o f  recurren t  weight s 

by han d tha t  th e generalizatio n coul d b e extende d t o /i=85 . 

The solutio n i s interestin g becaus e i t  demonstrate s tha t  a 

tas k whic h putativel y require s a  counte r  ca n i n fac t  b e 

solve d b y a  mechanis m whic h share s som e bu t  no t  al l  th e 

propertie s o f  a  counter .  Thi s particula r  dynamica l  solution , 

fo r  example ,  solve s th e proble m o f  indicatin g whe n t o 

expec t  th e beginnin g o f  a  ne w string ;  bu t  ther e i s n o wa y 

t o rea d of f  fro m th e interna l  stat e a t  an y poin t  i n tim e 

exactl y wha t  th e curren t  coun t  i s (althoug h onc e i n th e b 

phase ,  on e ca n tel l  h o w man y mor e b s ar e expected) .  I n 

thi s regard ,  th e networ k i s ver y muc h lik e othe r  dynamica l 

systems :  Th e instantaneou s vie w o f  a  chil d i n motio n o n a 

swin g wil l  no t  revea l  h o w man y time s th e chil d ha s oscil -

late d t o ge t  t o tha t  position . 

We ar e currentl y involve d i n extendin g thi s wor k b y 

lookin g a t  relate d language s suc h a s parenthesi s balancin g 

(i n whic h th e coun t  m a y b e non-monotonic ,  a s oppose d t o 
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th e a h ^  case) .  W e ar e als o intereste d i n case s suc h a s th e 

palindrom e language ,  whic h mor e clearl y motivat e th e nee d 

fo r  a  stack-lik e mechanisms .  Finally ,  w e ar e developin g tool s 

fo r  studyin g dynamica l  solution s i n network s whic h hav e a 

large r  numbe r  o f  hidde n units .  Thi s pose s a  majo r  challenge , 

sinc e th e dynamic s mad e possibl e throug h th e interaction s o f 

many hidde n unit s ar e muc h mor e comple x tha n th e cas e 

studie d here . 

At  thi s poin t  w e prefe r  no t  t o evaluat e thi s solutio n a s bet -

te r  o r  wors e tha n tha t  provide d b y a  conventiona l  counte r  o r 

by th e pushdow n stor e o f  a  DFA .  W e simpl y not e tha t  th e 

solutio n i s different .  A n d w e tak e thi s a s a n objec t  lesso n tha t 

prio r  notion s o f  ho w recurren t  network s migh t  b e expecte d 

t o solv e familia r  computationa l  problem s ar e t o b e regarde d 

as ope n hypothese s only .  W e shoul d b e prepare d fo r  sur -

prises . 
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