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Abstrac t 

According to the received view in the psychology of rea-
soning ,  Piaget' s vie w tha t 

: F Human s naturall y develo p a  context-fre e deductiv e 
reasonin g schem e a t  th e leve l  o f  elementar y first-order 
logic . 

has bee n overthrow n b y th e poo r  performanc e o f  educate d 
adul t  subject s o n specifi c  logi c problem s (e.g. ,  Wason' s 
selectio n task) .  I  propos e tha t  Piaget' s . F (o r  a t  leas t  a  vari -
ant )  i s  aliv e an d well ,  becaus e th e subject s i n questio n ar e 
simpl y victim s o f  a  defectiv e education .  Wit h a  modicu m 
of  th e right  sor t  o f  logi c training ,  human s reaso n deduc -
tivel y o n logi c problem s wel l  enoug h t o vindicat e Piaget . 

T h e Receive d View :  Piage t  Dea d o n 

Deductiv e Reasonin g 

Whil e som e element s o f  Piaget' s though t  remai n ver y 

much aliv e today ,  th e consensu s seem s t o b e tha t  a t  leas t 

one par t  ha s lon g bee n reduce d t o a  carcass :  th e par t  ac -

cordin g t o whic h 

^ Humans naturally develop a context-free deductive 

reasonin g schem e a t  th e leve l  o f  elementar y first-orde r 

logic ' 

As evidence that .F is generally regarded to be stone 

col d dead ,  on e ca n d o n o bette r  tha n Pete r  Wason' s 

[Wason ,  1995 ]  relaxe d remark s i n hi s contributio n t o a  re -

centl y publishe d boo k [Newstea d an d Evans ,  1995 ]  writ -

te n i n hi s honor .  Waso n i s credite d wit h devisin g th e 

semina l  experiment s tha t  le d t o th e rejectio n o f  T  (w e 

wil l  visi t  tw o o f  th e experiment s below) ,  an d th e remark s 

i n questio n aris e from  hi s retrospectio n o n thes e experi -

ments .  Fo r  example ,  w e read :  "Th e first  forma l  exper -

iments ,  don e partl y i n Scotland ,  met  wit h grav e look s 

fro m dedicate d Piagetians ;  th e subjects '  wer e clearl y in -

compatibl e wit h 'forma l  operations '  "  ([Wason ,  1995] , 

296) .  Waso n write s her e an d elsewher e a s i f  .? ^  ha s bee n 

lon g buried ;  mos t  other s i n th e psycholog y o f  reasonin g 

follo w suit .  Fo r  example ,  th e othe r  contributor s t o th e 

volum e i n question ,  eac h an d ever y on e o f  them ,  i s like -

minded :  the y eithe r  explicitl y  rejec t  o r  presuppos e th e 

falsit y  o f  Piaget' s J^ } 

I n thi s shor t  pape r  I  presen t  a  prolegomeno n fo r 

vindicatin g Piaget' s affirmatio n o f  T  an d it s rela -

tives .  Th e pape r  i s structure d a s follows .  I n sectio n 

2 I  presen t  fou r  logi c problem s o n whic h th e vas t 

majorit y o f  educate d adul t  subject s d o indee d ex -

hibi t  poo r  performance :  Wason' s selectio n tas k an d 

"THOG"  problem ,  a  well-know n an d thoroughl y stud -

ie d invali d syllogis m [Oakhilletal. ,  1989] ,  an d a n 

ingeniou s fourt h proble m involvin g exclusiv e disjunc -

tio n recentl y introduce d b y Johnson-Lair d an d Savar y 

[Johnson-Lair d an d Savary ,  1995]. ^  I n sectio n 3  I  briefl y 

revie w th e mai n response s tha t  hav e develope d i n re -

spons e t o th e experiment s an d dat a discusse d i n sectio n 

2.  I n sectio n 4  I  briefl y presen t  m y response .  I n th e final 

section ,  5 ,  I  discus s empirica l  suppor t  fo r  m y response , 

garnere d fro m m y attemp t  t o produc e i n student s th e 

reasonin g abilit y  Piage t  believe d woul d develo p a t 

th e stag e o f  "forma l  operations. "  Thi s discussio n i s 

accompanie d b y synopti c forma l  analysi s o f  tw o o f  th e 

problem s presente d i n sectio n 2 . 

Four Puzzles 

The psychology of reasoning is in many ways driven by a 

smallis h se t  o f  classi c reasonin g problems .  Firs t  an d fore -

most  amon g thes e i s n o doub t  th e Waso n selectio n task.'' . 

I f  yo u haven' t  see n thi s before ,  g o ahea d an d tr y t o solv e 

it ,  an d recor d you r  answe r  an d justification . 

'Tha t  is ,  a t  th e leve l  o f  th e propositiona l  calculu s plu s com -
mand ove r  som e se t  o f  simpl e operation s involvin g th e quanti -
fiers  'some *  ( 3 i n F O L )  an d 'all '  ( V i n FOL)) .  Th e propositio n 
!F ,  o r  a t  leas t  a  thesi s ver y clos e t o i t  (mor e abou t  variant s o n 
T below) ,  i s articulate d an d defende d b y Piage t  an d Inhelde r  i n 
[Inhelde r  an d Piaget ,  1958] . 

For  example ,  a s Johnson-Lair d (sarcastically? )  says : 

It seems that adult subjects in the selection task have not 
reache d th e Piagetia n leve l  o f  forma l  operations .  Ye t  the y 
ar e suppose d t o hav e aUaine d i t  aroun d th e ag e o f  12 . 
([Johnson-Laird ,  1995] ,  133 ) 

^As cognoscenti know, Johnson-Laird worked with 
Wason i n th e "earl y days "  t o devis e th e experiment s 
take n b y nearl y al l  t o overthro w th e like s o f  J ^  (e.g. ,  se e 
[Waso n an d Johnson-Laird ,  1972]) . 

^  Waso n first  describe d thi s proble m i n prin t  i n 
[Wason ,  1966] . 
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P I :  W a s o n ' s Selectio n T a s k 

Suppos e tha t  1  hav e a  pac k o f  card s eac h o f  whic h ha s a 
lette r  writte n o n on e sid e an d a  numbe r  writte n o n th e othe r 
side .  Suppos e i n additio n tha t  I  clai m th e followin g rul e i s 
true ; 

•  I f  a  car d ha s a  vowe l  o n on e side ,  the n i t  ha s a n eve n 
number  o n th e othe r  side . 

Imagin e tha t  I  no w sho w yo u fou r  card s fro m th e pack : 

E t 1 4  [ 7 

Whic h car d o r  card s shoul d yo u tur n ove r  i n orde r  t o de -
cid e whethe r  th e rul e i s tru e o r  false ? 

•  Answer : 
•  Justification : 

Only about 5% of the educated population give the cor-

rec t  answer ,  whic h i s E  an d 7 .  I f  yo u sai d E ,  yo u sa w tha t 

th e rul e i n questio n woul d b e overthrow n wer e ther e t o b e 

an od d numbe r  o n th e othe r  sid e o f  thi s car d — bu t  yo u 

faile d t o not e tha t  i f  th e 7  car d ha s a  vowe l  o n th e othe r 

side ,  thi s to o i s a  cas e tha t  shoot s d o w n th e rule . 

P2: The THOG Problem 

Here' s a  secon d problem ,  onc e agai n fro m Pete r  Wason ; 

tr y agai n t o solv e it ,  an d recor d you r  answe r  an d justifi -

cation. ' 

Suppos e tha t  ther e ar e fou r  possibl e kind s o f  objects : 

•  a n unhapp y dodecahedro n 
•  a  happ y dodecahedro n 
•  a n unhapp y cub e 
•  a  happ y cub e 

Suppos e a s wel l  tha t  I  hav e writte n dow n o n a  hidde n piec e 
of  pape r  on e o f  th e attitude s (unhapp y o r  happy )  an d on e 
of  th e shape s (dodecahedro n o r  cube) .  N o w rea d th e fol -
lowin g rul e carefully : 

•  A n objec t  i s  a  G O K E i f  an d onl y i f  i t  ha s eithe r  th e at -
tiuid e I  hav e writte n down ,  o r  th e shap e I  hav e writte n 
down,  bu t  no t  both . 

I  wi n tel l  yo u tha t  th e unhapp y dodecahedro n i s a  G O K E. 
Whic h o f  th e othe r  objects ,  i f  any ,  i s  a  G O K E? 

If your answer is 'happy cube' you are right. If you 

misse d thi s proble m (know n originall y a s th e T H O G 

problem )  you'r e no t  alone :  onl y abou t  1 0 % o f  th e edu -

cate d adul t  populatio n get s th e righ t  answer. ^ 

'This is Wason's [Wason, 1977] THOG problem, with 
th e shape-name s change d t o wor k alongsid e a  repre -
sentatio n o f  thi s proble m i n th e Hype rp roo f  syste m 
[Barwis e an d Etchemendy ,  1994 ]  I  us e t o teac h logic ,  auto -
mate d theorem-proving ,  an d AI .  HYPERPROOF i s discusse d 
below . 

*  Actually ,  i n 1 2 year s o f  presentin g th e selectio n tas k an d th e 
T H OG problem ,  I  hav e neve r  obtaine d onl y a  5 % differentia l 
betwee n i t  an d PI .  I n m y experienc e a t  Brow n Universit y an d 
Rensselaer ,  student s find  th e T H O G proble m muc h easie r  tha n 
th e selectio n task .  E.g ,  i n Genera l  Psycholog y o f  Fal l  1997 , 
1 0 % o f  th e student s (a t  th e star t  o f  th e semester )  solve d th e se -
lectio n task ,  bu t  ove r  3 0 % solve d th e T H O G.  I n a  recen t  offer -
in g o f  Introductio n t o Logi c Programming ,  8 0 % solve d T H O G, 
6 0 % th e selectio n task . 

Thoug h thes e problem s ar e stil l  catalyzin g 

ne w researc h today ,  the y wer e devise d decade s 

ago b y Wason .  Let' s tur n n o w t o a  recen t  prob -

lem ,  a n ingeniou s on e devise d b y Johnson-Lair d 

[Johnson-Lair d an d Savary ,  1995) : 

P3 
What  ca n yo u infe r  abou t  th e han d i n questio n fro m th e 
followin g if-the n statement ? 

•  I f  ther e i s a  kin g i n th e hand ,  the n ther e i s a n ace ,  o r  els e 
i f  ther e isn' t  a  kin g i n th e hand ,  the n ther e i s a n ace . 

Many subjects infer that there must be an ace in the 

hand .  Bu t  alas ,  thi s i s wrong .  (A s t o why ,  i f  yo u don' t 

know ,  I' m afrai d I' m goin g t o kee p yo u hangin g til l  I  for -

mall y diagnos e thi s proble m i n th e final  section) . 

Let  m e roun d thing s ou t  wit h a  fourt h logi c proble m 

presente d i n [Oakhil l  e t  a!. ,  1989] : 

P4 
What  follow s fro m th e followin g tw o premises ? 

(1 )  Al l  th e Frenchme n i n th e roo m ar e wine-drinkers . 
(2 )  Som e o f  th e wine-drinker s i n th e roo m ar e gourmets . 

Many subjects in this case infer 

(3)  Some of the Frenchman in the room are gourmets. 

But (3) doesn't follow from (1) and (2). (Do you see pre-

cisel y why ? Onc e again ,  forma l  diagnosi s i s give n late r 

on. ) 

Responses 

Ther e ar e thre e mai n response s t o th e fac t  tha t  peopl e ar e 

dreadfu l  a t  solvin g th e quarte t  presente d i n th e las t  sec -

tion: ^ 

The Mental Logic Response According to this re-

sponse ,  whic h i s promote d (e.g. )  b y Lanc e Rip s 

[Rips ,  1994 ]  an d Davi d O'Brie n [O'Brien ,  1995] , 

humans d o naturall y acquir e th e abilit y  t o deduc e 

abstractly ,  bu t  the y ar e restricte d t o a  deductiv e 

scheme havin g considerabl y les s powe r  tha n standar d 

first-order  logi c — an d thi s schem e i s no t  adequat e t o 

crac k problem s lik e thos e see n i n th e quarte t  displaye d 

i n th e previou s section . 

The Pragmatic Reasoning Schemas Response This 

respons e — th e chie f  advocate s fo r  whic h ar e Chen g 

and Holyoac k (e.g. ,  [Chen g an d Holyoak ,  1985] , 

[Holyoa k an d Cheng ,  1995] )  — spring s fro m th e 

fac t  tha t  whe n conditional s lik e th e on e see n i n th e 

selectio n tas k ar e change d int o "deontic "  conditionals , 

'  A s I  say ,  thes e ar e th e mai n responses .  On e respons e I  leav e 
asid e hold s tha t  ther e i s a  procedur e fo r  "checkin g fo r  cheaters " 
tha t  ha s evolve d i n u s a s a  resul t  o f  namra l  selectio n (e.g .  se e 
[Cosmides ,  1989]) .  Thi s respons e appeal s t o muc h o f  th e sam e 
experimenta l  dat a appeale d t o b y proponent s o f  th e Pragmati c 
Reasonin g Schema s Response . 
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performanc e improve s substantially .  Fo r  example , 

Grigg s an d C o x [Grigg s an d Cox ,  1982 ]  showe d tha t 

deonti c conditional s lik e 

• If a person is drinking beer then the person must be 

ove r  18 . 

tended to elicit correct selections. Here is an example 

of  a  schem a tha t  th e previou s conditiona l  migh t  b e a n 

instantiatio n of : 

• If the precondition is not satisfied, then the action 

must  no t  b e taken . 

The Mental Models Response The response has been 

champione d fo r  quit e a  whil e n o w b y Johnson-Lair d 

(e.g. ,  [Johnson-Laird ,  1995] ,  [Johnson-Laird ,  1997]) . 

Logician s will *  identif y th e respons e wit h semanti c 

tableaux ,  bu t  Johnson-Lair d prefer s a  somewha t  id -

iosyncrati c specification ,  an d h e ha s recentl y produce d 

a compute r  progra m tha t  instantiate s thi s specification . 

Accordin g t o thi s program ,  a  disjunctio n ( ^  V  V '  i s  repre -

sente d b y tw o models ,  on e i n whic h ( p obtains ,  an d on e 

i n whic h i )  obtains ;  th e tw o model s ar e writte n (on e t o 

a line )  a s 

If the reasoner now learns that <i> is false, she strikes out 

th e first  mode l  an d i s lef t  wit h th e secon d — i n whic h 

V*  i s  true .  (Thi s the n become s a  menta l  model s versio n 

of  uni t  resolution.) ' 

Now as a matter of fact I see fatal problems infecting 

eac h o f  thes e response s (a s wel l  a s th e other s I  don' t  ex -

plicitl y  consider),' "  bu t  m y objectiv e her e i s jus t  t o ai r  th e 

response s i n orde r  t o plac e m y o w n i n th e ful l  contex t  o f 

th e psycholog y o f  reasonin g an d Piaget' s IF .  I  tur n n o w 

t o m y o w n response . 

^Correctly ,  i n m y opinion :  I  thin k tha t  menta l  model s i s 
provabl y reducibl e t o semanti c tableaux . 

'Wha t  I  hav e jus t  sai d i s i n n o wa y offere d a s a  thoroug h 
descriptio n o f  th e menta l  model s approach . 

'"Her e i s th e ti p o f  th e iceber g o f  problem s I  see : 

• The permission schema reaction fails to account (e.g.) 
fo r  consistentl y better-than-guessin g performanc e o n syllo -
gisms .  Subject s ca n b e give n a  choic e betwee n fou r  conclu -
sio n o f  th e A ,  E ,  I  o r  O  form ,  a s wel l  a s "n o conclusio n fol -
lows, "  producin g a  chanc e rat e o f  2 0 % fo r  correc t  solution . 
A correc t  respons e rat e o f  mor e tha n 5 0 % i s common ;  I  hav e 
replicate d thi s rat e man y time s i n m y psychology ,  logic ,  an d 
compute r  scienc e classes . 

• Pragmatic reasoning schemas by definition fail to apply to 
(o r  t o explai n competenc e with )  abstrac t  reasonin g problem s 
havin g nothin g t o d o wit h pragmati c reasoning . 

• Both the mental logic and mental models approach fails to 
"scal e up "  t o logi c problem s mor e difficul t  tha n th e simpl e 
ones tha t  dominat e th e psycholog y o f  reasonin g literature . 

My Respons e 

Put  brutally ,  m y respons e i s this .  Th e reaso n tha t  subject s 

perfor m poorl y o n problem s lik e thos e see n i n th e quar -

te t  abov e i s tha t  thei r  educatio n i s defective ;  an d becaus e 

thei r  educatio n i s defective ,  the y haven' t  reache d Piaget' s 

stag e o f  forma l  operations .  I  realize ,  o f  course ,  tha t  T 

use s th e ter m 'naturally, '  an d I  realiz e a s wel l  tha t  thi s 

connote s tha t  people ,  withou t  specia l  training ,  wil l  reac h 

th e competenc e i n question. "  Bu t  thi s i s  a  bluf f  I' m quit e 

willin g t o call .  What ,  precisely ,  doe s 'naturally '  m e a n ? 

We al l  k n o w tha t  withou t  specia l  trainin g human s aren' t 

abl e t o solv e eve n simpl e arithmeti c problems .  Fo r  ex -

ample ,  conside r  thi s problem : 

• John is given | of a chocolate chip cookie. Each 

of  hi s te n friend s wil l  b e conten t  i f  the y receiv e g 

of  suc h a  cookie .  I f  Joh n i s willin g t o kee p non e 

fo r  himself ,  an d h e ca n divid e hi s cookie-par t  pre -

cisely ,  h o w m a n y friend s ca n h e satisfy ? 

Even educated adults do poorly on this problem.'^ (At a 

recen t  tal k a t  a  majo r  university ,  I  found ,  upo n present -

in g thi s problem ,  tha t  a  goodl y numbe r  o f  professor s ha d 

completel y forgotte n h o w t o divid e fractions. )  Doe s poo r 

performanc e o f  m a n y subject s o n a  puzzl e lik e thi s impl y 

th e falsit y o f  som e suc h propositio n a s th e followin g one ? 

F^A Humans naturally develop a context-free scheme at 

th e leve l  o f  elementar y arithmetic . 

If not, then why should .?^ fall? Perhaps, again, the prob-

le m pertain s no t  t o underlyin g cognitiv e development , 

but  rathe r  t o education ,  pur e an d simple .  I f  someon e in -

sist s o n a  rathe r  stric t  readin g o f  'naturally, '  accordin g t o 

whic h onl y a  bar e m i n i m u m o f  "official "  educatio n i s re -

quire d t o suppor t  th e ascriptio n o f  th e adver b naturally , 

and therefor e accordin g t o whic h F a i s indee d take n t o 

be false ,  the n I  wil l  b e quit e conten t  t o settl e fo r  defendin g 

th e vie w tha t 

F' If educated in logic as they are in arithmetic, humans 

develo p a  context-fre e deductiv e reasonin g schem e a t 

th e leve l  o f  elementar y first-order  logi c — a  schem e 

tha t  wil l  allo w fo r  th e solvin g o f  problem s lik e thos e 

see n i n ou r  quarte t  above ,  an d significantl y harde r 

problem s a s well . 

" I  realiz e als o tha t  par t  o f  wha t  I'v e bee n callin g th e 're -
ceive d view '  i s  tha t  som e suc h ter m i s par t  o f  th e thesi s a t  stake . 
For  example ,  i n thei r  discussio n o f  th e psycholog y o f  reason -
ing ,  StiUing s e t  al .  [Stilling s e t  al. ,  1995 ]  opin e tha t  a  proposi -
tio n virtuall y identica l  t o J F i s "obviously "  overthrow n b y th e 
fac t  tha t  th e vas t  majorit y o f  subject s fai l  t o solv e problem s lik e 
thos e visite d i n ou r  quartet . 

'̂ Here' s anothe r  proble m wit h a  slightl y differen t  twist : 
• 293 students from Grover Middle School are going on 

a field  tri p t o N e w Yor k City .  Eac h bu s carrie s 3 2 stu -
dents .  H o w man y buse s wil l  b e neede d fo r  th e trip ? 
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I  se e a t  leas t  tw o genera l  way s t o repl y t o m y view ;  i n 

a nutshel l  the y are : 

1. "You are stretching the concept of 'naturally acquire' 

to o far .  /• '  i s  true ,  bu t  thi s doesn' t  vindicat e Piaget. " 

2. ''T' is false — or at least you've done nothing to con-

vinc e u s tha t  it' s  true. " 

The first complaint seems to be easy enough to han-

dle .  Clearly ,  T '  i s  firmly  i n th e spiri t  o f  Piaget ,  an d 

I  woul d b e quit e conten t  wit h havin g defende d hi m t o 

thi s degree .  Besides ,  th e poin t  o f  th e referenc e i n T '  t o 

arithmeti c i s t o limi t  th e trainin g i n logi c t o somethin g 

wel l  shor t  o f  sustaine d an d intens e trainin g o f  th e sor t 

an aspirin g mathematicia n o r  logicia n woul d encounter . 

Th e trainin g i n questio n i s suppose d t o b e analogou s t o 

what  peopl e receiv e i n arithmeti c i n th e norma l  cours e 

of  developmen t  i n civilize d society.' ^  Th e secon d objec -

tio n i s mor e formidable .  I n fact ,  som e reader s wil l  b e 

of  th e opinio n tha t  thi s objectio n i s ver y formidabl e — 

becaus e apparentl y trainin g i n logi c does n ' t  caus e facil -

itatio n o n problem s lik e thos e see n i n th e abov e quarte t 

(se e [Chen g e t  al. ,  1986]) .  I  mus t  confes s tha t  I  hav e lon g 

foun d th e clai m tha t  logi c trainin g fail s t o facilitat e o n 

problem s lik e ou r  quarte t  nothin g shor t  o f  astonishing . 

Afte r  all ,  al l  fou r  o f  th e problem s abov e (and ,  indeed ,  al l 

logi c problem s a t  th e hear t  o f  th e psycholog y o f  reason -

ing) ,  fro m th e standpoin t  o f  th e conten t  o f  a  first-course 

i n mathematica l  logic ,  ar e painfull y  simple .  W h a t  aspec t 

of  th e trainin g coul d b e preventin g facilitation ? 

Empirical Support for My Response 

I  hypothesize d tha t  th e trainin g provided ,  becaus e i t  i s 

confine d t o merel y bris k coverag e o f  certai n purel y syn -

tacti c rule s o f  inference ,  fail s  t o giv e students/subject s 

th e forma l  tool s require d fo r  solvin g (P I  )-(P4) ,  an d othe r 

problem s fro m th e sam e genera l  class.'" *  W h a t  migh t 

'̂ Thi s i s a s goo d a  plac e a s an y t o sa y tha t  I  d o hap -
pen t o believ e tha t  carefu l  readin g o f  Piaget' s wor k o n th e 
issue s befor e u s — e.g. ,  [Inhelde r  an d Piaget ,  1958 ]  an d 
[Bet h an d Piaget ,  1966 ]  — reveal s tha t  a  sucessfu l  defens e o f 
Ĵ '  constitute s hi s vindicatio n i n th e are a o f  logica l  reasoning , 
but  exegesi s o f  hi s writing s wil l  hav e t o wai t  fo r  a  tim e whe n I 
hav e mor e space . 

'''Th e trainin g i n question ,  unfortunately ,  i s  probabl y equiva -
len t  t o tha t  require d an d suppbe d i n a  numbe r  o f  state s a s par t  o f 
thei r  K-1 2 mat h curricula .  Fo r  example ,  student s i n N e w Yor k 
Stat e ar e taugh t  t o manipulat e symbol s i n th e prepositiona l  cal -
culus ,  bu t  the y ar e no t  taugh t  an y o f  th e thing s I  enumerat e im -
mediatel y belo w i n m y hypothese s H1-H3 .  T o mak e th e poin t 
a bi t  mor e focussed ,  student s i n N e w Yor k Stat e ar e taugh t  ho w 
t o respon d t o question s lik e 
Given the statements 

- a V-. 6 
b 
c —*  a 

whic h on e o f  th e followin g statement s mus t  als o b e true ? 
(Chec k th e correc t  answer. ) 

be missing ,  I  specificall y hypothesized ,  i s (amon g othe r 

things ) 

HI teaching of </«proofs; 

H2 teaching of diagrammatic techniques; 

H3 and teaching of rigorous and general-purpose proce-

dure s fo r  formalizin g natura l  languag e logi c problem s 

i n first-order  logi c s o tha t  the y ca n the n b e solve d b y 

proof . 

In order to test these hypotheses, I have repeatedly taught 

student s h o w t o us e certai n theorem-provin g technolo -

gie s i n orde r  t o produc e proof s tha t  constitut e solution s 

t o problem s a t  th e leve l  o f  ou r  quartet ,  an d wel l  beyond . 

Thes e technologie s allo w fo r  bot h th e constructio n o f  dis -

proof s (so-calle d "proof s o f  non-consequence" )  an d fo r 

diagrammati c reasoning ;  an d th e us e o f  thes e system s 

t o generat e proof s absolutel y require s tha t  student s b e 

abl e t o formaliz e natura l  languag e logi c problem s i n first-

orde r  logi c s o tha t  suc h problem s ca n b e mechanicall y 

solve d b y proof . 

I n thre e separat e pre-test/post-tes t  designs ,  usin g th e 

syste m H y p e r p r o o f  [Barwis e an d Etchemendy ,  1994 ] 

(an d t o som e degre e th e syste m OTTER;  bot h ar e treate d 

by m e i n clas s a s theorem-provers ,  thoug h th e forme r  i s 

designe d mostl y fo r  pedagogica l  purpose s whil e th e lat -

te r  i s  use d b y professiona l  mathematicians) ,  thi s i s  pre -

cisel y wha t  I  found .  Fo r  example ,  i n th e first  experiment , 

whil e 2 0 % o f  student s a t  th e star t  o f  a  H y p e r p r o o f -

base d first  cours e i n mathematica l  logi c solve d th e selec -

tio n task ,  PI ,  ove r  8 0 % solve d a  forma l  analogu e a t  th e 

end o f  th e course .  Similarl y dramati c improvemen t  wa s 

obtaine d fo r  P2-P4 .  M o r e importantly ,  a t  th e conclusio n 

of  th e cours e student s wer e abl e t o routinel y solv e logi c 

problem s muc h mor e difficul t  tha n P1-P4 .  Thi s leve l  o f 

performanc e wa s replicate d twic e i n th e tw o othe r  exper -

iments .  O f  course ,  Piage t  predicte d tha t  deductiv e oper -

ation s woul d b e somethin g a  youn g perso n woul d maste r 

(wit h suitabl e interchang e wit h th e environment) .  I  se e 

no reaso n t o thin k that ,  say ,  sixt h grader s couldn' t  rou -

tinel y lear n t o d o wha t  m y colleg e student s routinel y lear n 

t o do ;  an d I' m plannin g experiment s a t  thi s grad e leve l  t o 

see i f  I' m correct. " 

D 
D 
D 
D 
D 
D 

c 
- 6 
-• c 
h 
a 
none of  th e abov e 

But  the y ar e no t  taugh t  ho w t o disprov e th e incorrec t  answer s 
here ,  no r  ho w t o us e establishe d diagrammati c technique s t o 
carr y ou t  proof s an d disproof s a t  thi s level ,  no r  ho w t o tak e a n 
Englis h wor d (logic )  proble m an d transfor m i t  int o a  forma l  rep -
resentatio n tha t  ca n the n b e use d t o mechanicall y generat e a  so -
lutio n i n th e for m o f  a  proof . 

" a fiiUer  descriptio n o f  th e experiment s I'v e conducted ,  a s 
wel l  a s thos e I' m planning ,  i s  forthcoming . 
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Let  m e conclud e b y briefl y diagnosin g th e tw o mem-

ber s o f  th e quarte t  P1-P 4 i n th e contex t  o f  m y hypothese s 

and th e pedagog y wit h whic h the y ar e associated .  (Mor e 

detail s ca n b e foun d b y lookin g a t  th e course s o n m y we b 

site. ) 

Conside r  first  th e selectio n tas k i n connectio n wit h H3 . 

My student s wer e tol d tha t  the y ha d t o cas t  th e selectio n 

tas k i n a  for m tha t  woul d allo w th e automate d theore m 

prove r  OTTE R t o solv e it .  Her e i s  a  sampl e inpu t  file: 

% Wason' s Selectio n Tas k 
% Thi s i s ci n inpu t  fil e fo r  th e 
% proo f  tha t  i f  car d 
% 4  (whic h show s a  7 ) ,  whe n flipped , 
% reveal s a  vowel , 
% the n a  contradictio n results . 

set(auto). 

formula_list(usable). 
% Th e rule : 
al l  X  (Vowel(x )  - > Even(x) ) . 
% Wha t  w e observ e facin g u s 
% befor e flipping : 
Vowel(c l ) . 
Consonant(c2) . 
Even(c3) . 
Odd(c4) . 
% Th e fac t  tha t  eve n an d od d 
% number s ar e dist inct : 
al l  X  (Even(x )  <- > -Odd(x) ) . 
% Th e possibi l i t y  tha t  car d 
% 4  bear s a  vowel : 
Vowel(c4) . 
end_of_list . 
And here is the proof from a sample output file ($F indi-
cate s tha t  a  contradictio n ha s bee n found) : 

[ ] 
[ ] 
[ ] 
[ ] 

PROOF 
-Vowe l  (x )  I  Eve n (x )  . 
-Even(x) I  -Odd(x) . 
Odd(c4) . 
Vowe l (c4) . 

1 
2 
6 
8 
10 [hyper,8,1 ]  Even(c4) . 
11 [hyper,10,2,6 ]  $F . 

en d o f  proo f 
My students get so good at this process that even logic 
problem s muc h harde r  tha n P I  ca n b e formalize d an d sen t 

t o OTTE R t o b e solve d b y proof .  Fo r  example ,  the y ar e 

soo n abl e t o solv e a  proble m lik e th e Dreadsbur y Man -

sio n Mystery:' * 

Someone Who lives in Dreadsbury Mansion killed Aunt 
Agatha .  Agatha ,  th e butler ,  an d Charle s liv e i n Dreads -
bur y Mansion ,  an d ar e th e onl y peopl e wh o liv e therein . 
A kille r  alway s hate s hi s victim ,  an d i s neve r  richer  tha n 
hi s victim .  Charle s hate s n o on e tha t  Aun t  Agath a hates . 
Agath a hate s everyon e excep t  th e butler .  Th e butle r  hate s 
everyon e no t  richer  tha n Aun t  Agatha .  Th e butle r  hate s 
everyon e Agath a hates .  N o on e hate s everyone .  Agath a 
i s  no t  th e butle r 
Now,  give n th e abov e clues ,  ther e i s  a  bi t  o f  a  disagree -
ment  betwee n thre e (incompetent? )  Norwegia n detec -
tives ;  Inspecto r  Bjo m i s sur e tha t  Charle s didn' t  d o it .  I s 

he right ? Inspecto r  Reida r  i s  sur e tha t  i t  wa s a  suicide .  I s 
he right?  Inspecto r  Ola f  i s  sur e tha t  th e butler ,  despit e con -
ventiona l  wisdom ,  i s innocent .  I s h e right? 

Let's consider now the teaching of disproofs, and let's 

ancho r  th e discussio n t o P4 :  I  note d abov e tha t  i n P 4 (3 ) 

doesn' t  follo w fro m (1 )  an d (2) .  Thi s sequenc e — (3 ) 

fro m (1 )  an d (2 )  — i s on e o f  25 6 syllogism s studie d b y 

Aristotl e (ou t  o f  thi s space ,  1 5 ar e valid) .  It' s  for m i s 

Al l  A s ar e B s 
Some B s ar e C s 
Some A s ar e C s 

I n orde r  t o confor m t o th e geometri c pred -

icate s buil t  int o th e H y p e r p r o o f  syste m 

[Barwis e an d Etchemendy ,  1994] ,  let' s  recas t  thi s 

inferenc e i n first-order  logi c a s follows . 

Vx(Dodec(x) ^ Happy(x)) 
3a:(Happy(i )  A  Large( x 

'*Thi s problem ,  pose d i n HYPERPROOF,  ca n b e obtaine d 
fro m m y we b sit e (unde r  Intr o t o Logic) .  Th e proble m formal -
ize d fo r  an d solve d b y OTTER ca n b e foun d o n th e sit e a s wel l 
(unde r  Intr o t o Logi c Programming) . 

3i(Dodec(x )  A  Large(x) ' 

Now, it is possible to prove in Hyperproof that this in-

ferenc e i s invalid .  Th e finished  proo f  i s  show n i n Fig -

ur e 1 .  Yo u wil l  notic e tha t  th e first  tw o line s o f  symboli c 

tex t  matc h th e premises ;  thi s i s  th e "given "  information . 

You wil l  the n se e wha t  i s  calle d a  "sub-proo f  unde r  thes e 

lines ;  th e sub-proo f  i s  compose d o f  thre e lines .  I n th e first 

lin e o f  th e sub-proo f  (a n assumption )  a  visua l  situatio n i s 

constructe d i n whic h tw o dodec s (frenchmen )  ar e happ y 

(wine-drinkers) ,  an d som e happ y thing s (wine-drinkers ) 

ar e larg e (gourmets) .  I n th e secon d lin e o f  th e sub-proof , 

a chec k i s don e t o mak e sur e tha t  thi s visua l  situatio n i s 

consisten t  wit h th e give n informatio n ( a ̂ /  indicate s tha t 

we hav e consistency) .  Finally ,  i n th e las t  line ,  w e sim -

pl y observ e tha t  th e conclusio n i n questio n i s fals e i n th e 

visua l  situation .  Thi s constitute s a  disproo f  o f  th e syllo -

gism . 

I n conclusio n an d i n short ,  Piage t  i s right:  human s ca n 

rathe r  easil y reac h th e leve l  o f  forma l  deductiv e opera -

tion s i f  the y ar e educate d i n logi c a s the y ar e i n area s lik e 

readin g an d arithmetic.' ^ 
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