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Abstrac t 

Traditionally, regularity in a data set is assessed by fit-
tin g a  mode l  t o th e dat a an d examinin g th e exten t  t o 
whic h th e variamc e accounte d fo r  b y th e mode l  i s larg e 
compare d t o th e overal l  varianc e i n th e system .  Suc h 
approaches ,  however ,  d o no t  addres s th e complementcur y 
questio n o f  ho w muc h regulcirit y  i s presen t  i n th e data , 
i n th e first  place ,  an d ho w muc h wor k i s expecte d t o b e 
require d t o captur e a  pcirticula x amoun t  o f  regularity . 
I n thi s wor k w e us e th e notio n o f  Kolmogoro v complex -
it y t o deriv e a  measur e o f  syste m regularit y independen t 
of  an y particula r  model .  Thus ,  i n ou r  framework ,  th e 
explanator y adequac y o f  a  mode l  ca n b e readil y quan -
tified ,  s o tha t  on e ca n examin e th e exten t  t o whic h th e 
model  i s  satisfactory ,  o r  whethe r  additiona l  mechanism s 
need b e postulated . 

I n t r o d u c t i o n 

Readin g [English ]  alou d — th e proces s o f  convertin g 
printe d letter s int o sound s — i s a  classi c an d well-studie d 
exampl e o f  a  quasi-regula r  syste m (e.g .  Plaut ,  McClel -
land ,  Seidenberg ,  &  Patterson ,  1996) .  Mos t  o f  th e dat a 
can b e capture d ver y simply ,  bu t  ther e ar e stil l  a  larg e 
number  o f  irregula r  "exceptions "  o f  varyin g degree s o f 
subregularit y themselves ,  an d a  ful l  accoun t  o f  th e read -
in g proble m mus t  tak e thes e int o account .  Differen t 
model s o f  readin g wil l  addres s irregularit y i n differen t 
ways ,  an d a  reasonabl e questio n i s ho w muc h regular -
it y mus t  b e take n int o account ,  o r  jus t  ho w irregula r  i s 
th e particula r  syste m o f  readin g aloud ? Simila r  quasi -
regularit y ca n b e foun d i n m a n y othe r  systems ,  suc h a s 
th e productio n o f  morphologicall y inflecte d form s fro m 
thei r  stems ,  th e acquisitio n an d descriptio n o f  syntaoc , 
similarit y judgements ,  o r  almos t  an y non-trivia l  psycho -
logica l  process . 

Traditiona l  statistica l  technique s tha t  addres s suc h is -
sues provid e a  mecisur e o f  variance ,  no t  regularity ,  i n th e 
absenc e o f  a  specifi c  model .  Regularit y itsel f  ca n usu -
jJl y onl y b e measure d afte r  th e fact .  O n e develop s a 
model ,  confirm s tha t  i t  account s (o r  doe s no t  account ) 
fo r  enoug h o f  th e dat a t o b e interesting ,  an d the n de -
clare s a  syste m o r  relatio n t o b e regula r  i f  th e dat a i s 
wel l  describe d an d th e mode l  i s  simpl e enough .  Nei -
the r  o f  thes e determination s ar e particularl y objectiv e 
or  quantifiable ;  no r  ar e the y eas y t o compar e betwee n 
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differen t  models .  Furthermore ,  ther e i s littl e insigh t  o n 
th e tota l  regularit y presen t  and ,  crucially ,  o f  th e propor -
tio n o f  regularit y accounte d fo r  b y an y give n model . 

I n thi s work ,  w e us e th e notio n o f  "Kolmogoro v com -
plexity "  (L i  &  Vitanyi ,  1997 ;  Chaitin ,  1995/1996 )  t o sug -
ges t  a  framewor k unde r  whic h regularit y ca n b e directl y 
and quantitativel y measured .  Thi s pape r  develop s a  nu -
merica l  theor y tha t  ca n b e use d t o measur e th e com -
plexit y o f  a  cognitiv e o r  computationa l  functio n (suc h a s 
readin g alou d o r  inflectin g wor d stem s t o othe r  forms ) 
i n term s o f  th e expecte d performanc e o f  a n estimate d 
bes t  possibl e model ,  an d thu s independen t  o f  an y spe -
cifi c  mode l  tha t  th e researche r  m a y choos e t o employ . 
Thi s wil l  allo w researcher s t o addres s previousl y unan -
swerabl e question s suc h a s th e degre e o f  irregularity ,  o r 
th e degre e t o whic h an y mode l  coul d predic t  a  se t  o f  data , 
or  th e amoun t  o f  additiona l  informatio n tha t  woul d nee d 
t o b e provide d t o allo w accurat e predictions .  I t  furthe r 
provide s a  theory-neutra l  c o m m o n groun d fo r  th e discus -
sio n o f  th e performanc e o f  variou s model s o n th e sam e 
task ,  o r  th e sami e mode l  o n differen t  tasks . 

Background 

Syste m Regularit y 

W h at  i s meant ,  i n thi s context ,  b y "syste m regularity" ? 
Focusin g fo r  th e m o m e nt  o n th e proble m o f  readin g alou d 
(i n Enghsh) ,  a  simpl e letter-to-soun d conversio n tabl e 
wil l  produc e good ,  bu t  no t  superb ,  results .  Performanc e 
ca n b e improve d b y addin g mor e comple x rules ,  fo r  ex -
ampl e tha t  'c '  i s  pronounce d /s /  i n fron t  o f  a n 'e '  'i '  o r 
'y' ,  o r  b y enumeratin g exception s wit h irregula r  pronun -
ciation .  Th e mor e comple x th e rule s nee d t o be ,  o r  th e 
mor e exception s tha t  nee d b e tabulated ,  th e greate r  i s 
th e complexit y o f  th e syste m described . 

Thi s notio n shoul d no t  b e confuse d wit h simpl e vari -
ance ;  a  syste m m a y produc e widel y varyin g output s 
base d o n subtl e bu t  ver y simpl e change s i n th e inputs . 
For  example ,  dialin g telephon e number s a t  rando m i s 
likel y t o produc e extrem e variatio n i n wher e th e cal l 
goes .  However ,  inspectio n o f  th e first  fe w digit s (th e 
are a cod e o r  th e exchange )  wil l  allo w someon e t o predic t 
th e call' s  destinatio n t o withi n a  smal l  area ,  capturin g 
much o f  th e geographi c varianc e b y a  relativel y simpl e 
system .  Withou t  th e insigh t  t o loo k fo r  are a code s an d 
exchanges ,  however ,  predictin g o f  destination s (perhap s 
as a  functio n o f  th e factor s o f  th e telephon e numbers? ) 
woul d b e ver y difficult . 

555 

mailto:todd.dailey@psy.ox.ac.uk
mailto:pothos@psy.ox.ac.uk
mailto:JU0LA@MATHCS.DUQ.EDU


I n man y cases ,  a  determinatio n o f  th e exac t  rule s un -
derlyin g a  particula r  tas k i s no t  eas y o r  possibl e — fo r 

exaimple ,  i n th e telephon e syste m abov e o r  i n artificia l 
grcunmai -  learnin g [se e later ,  a s wel l  (Reber ,  1967 ;  Potho s 
& Beiiley ,  1997)] .  However ,  a  syste m ca n stil l  b e regarde d 
as mor e regula r  i f  a  few ,  common ,  eas y rule s ca n captur e 
more o f  it s  varianc e tha n rule s o f  comparabl e complex -
it y coul d captur e o f  another .  I n thi s framework ,  then , 
syste m regularit y ca n b e regarde d a s a  measur e o f  th e 
ease o f  expressin g a  se t  o f  dependen t  dat a i n term s o f  a n 
associate d se t  o f  independen t  observations .  I f  thi s "dif -
ficulty "  ca n b e suitabl y formalized ,  thi s yield s a  theory -
neutrj d measur e o f  syste m regularity . 

Kolmogorov Complexity 

Even given a highly predictable system, the prediction 
tas k ma y b e non-trivial ,  a s th e system/dat a ma y no t 
reduc e t o a n obviou s mode l  — fo r  example ,  a  high-degre e 
polynomia l  i s  ver y predictable ,  bu t  attempt s t o fin d a 
lo w degre e (o r  linear )  fi t  t o tha t  polynomia l  wil l  resul t 
i n abjec t  failures .  I t  i s  usefu l  t o hav e a n ide a o f  ho w 
redundan t  — o r  predictabl e — a  syste m is ,  i n orde r  t o 
figur e ou t  whethe r  a  particula r  mode l  seem s t o b e abl e 
t o captur e a  meaningfu l  generalizatio n o f  th e data ,  o r  t o 
determin e whe n on e i s doin g pointles s curve-fitting . 

To thi s end ,  w e us e th e information-theoreti c con -
cept  o f  Kolmogoro v complexit y (L i  &  Vitanyi ,  1997 ; 
Chaitin ,  1995/1996) .  Fo r  an y sequenc e o f  symbols ,  th e 
Kolmogoro v complexit y i s th e lengt h o f  th e shortes t  ed -
gorith m (compute r  program )  tha t  wil l  exactl y generat e 
tha t  sequenc e (an d the n stop) .  A  sequenc e o f  a  mil -
lio n questio n marks ,  fo r  example ,  woul d hav e a  ver y lo w 
Kolmogoro v complexity ,  a s i t  coul d b e generate d fro m a 
simpl e loo p an d a  counter .  O n th e othe r  hand ,  a  univer -
sit y telephon e book ,  althoug h probabl y containin g fewe r 
tha n a  millio n characters ,  woul d hav e a  muc h highe r  Kol -
mogoro v complexity ,  i n par t  becaus e th e assignmen t  o f 
names t o telephon e number s i s difficul t  t o predic t  (an d 
woul d hav e t o b e heind-code d i n t o an y program) .  A t 
th e extreme ,  a  sequenc e o f  rando m digit s ha s th e highes t 
Kolmogoro v complexit y o f  all ,  a s ther e i s n o algorith m 
(b y definition )  tha t  ca n exactl y reconstruc t  a  sequenc e 
of  rando m digit s shorte r  tha n hand-copyin g the m fro m 
memory. 

Conditiona l  Kolmogoro v complexit y measure s th e 
minima l  amoun t  o f  informatio n (th e shortes t  program ) 
require d t o generat e a  strin g o f  dependen t  dat a fro m 
a strin g o f  independen t  dat a (conditiona l  complexit y i s 
closel y relate d t o "informatio n distance" ,  bu t  th e forme r 
i s asymmetri c whil e th e latte r  i s  symmetric ;  cf .  L i  an d 
Vitany i  (1997) ,  ch .  8.3) .  Chate r  an d Hah n (1997 )  hav e 
argued ,  mor e generally ,  tha t  conditiona l  Kolmogoro v 
complexit y capture s th e psychologica l  aspect s o f  distor -
tio n an d similarity .  Specifically ,  th e amoun t  o f  wor k nec -
essar y t o transfor m on e menta l  representatio n int o an -
othe r  ca n b e linke d bot h t o th e computationa l  complex -
ity ,  broadl y defined ,  o f  th e transformatio n a s wel l  a s th e 
perceptua l  similarit y betwee n th e tw o representations . 

Juol a ha s similarl y argue d tha t  Kolmogoro v complex -
it y ca n b e use d a s a  metri c fo r  th e amoun t  o f  informa -

tio n containe d i n a  give n text ,  an d tha t  thi s complexit y 
can b e use d t o directl y measur e cultura l  effect s an d ex -

plicitnes s i n translatio n (Juola ,  1997 )  an d indirectl y t o 
asses s morphologica l  complexit y (Juola ,  i n press) .  B y 
systematicall y distortin g morphologica l  regularities ,  on e 
can determin e th e degre e o f  importanc e o f  morphologi -
cal  regularitie s b y th e amoun t  tha t  th e tota l  complexit y 
changes .  A  simila r  techniqu e i s use d her e t o systemati -
call y distor t  functiona l  relationship s a s a n assessmen t  o f 
syste m regularity . 

Specifically ,  w e assum e tha t  th e dat a describin g a  sys -
te m ca n b e encode d int o a n (ordered )  strin g o f  <  X i  > , 
F{ < X i  > )  pairs ,  wher e <  l i  >  an d F( < n  > )  migh t 
be,  fo r  instance ,  a  strin g o f  character s t o b e rea d alou d 
and th e correc t  pronunciatio n o f  tha t  string .  Appendin g 
many spelling-pronunciatio n pair s togethe r  (i n som e or -
der )  wil l  yiel d a  ver y lon g strin g definin g th e globa l  dat a 
set .  Thi s strin g describe s ever y dat a poin t  tha t  need s t o 
be fitted  i n a  mode l  o f  th e dat a — an d thu s th e mos t 
regula r  mode l  fo r  tha t  strin g wil l  b e ver y clos e t o a  mos t 
regula r  mode l  fo r  th e dat a itself . 

A regula r  syste m i s jus t  on e i n whic h eac h F( < X j  > ) 
i s  predictabl e fro m <  X j  > .  W e ca n furthe r  identif y sub -
categorie s o f  regularity ,  includin g a  regularit y impose d 
by lac k o f  varianc e (i f  ever y F{ < x  > )  wer e constant) ,  o r 
mappin g regularity ,  wher e F( < X j  > )  i s  predictabl e fro m 
< X j  >  bu t  not ,  i n general ,  fro m an y (random )  <  X j  >) . 
I n othe r  words ,  i n a  regula r  system ,  eac h <  X i  >  contain s 
a lo t  o f  informatio n abou t  th e correspondin g F( < x i  >) , 
informatio n whic h i s no t  necessaril y  triviall y  availabl e 
but  whic h depend s o n th e relationshi p define d i n th e 
pairing . 

Measuring Kolmogorov Complexity 

Working directly with the Kolmogorov complexity of ob-
ject s i s difficult .  First ,  Kolmogoro v complexit y itsel f  is , 
strictl y  speaking ,  uncomputabl e — althoug h th e ques -
tio n "doe s thi s strin g hav e a  complexit y o f  les s tha n N " 
can b e definitivel y answere d affirmativel y (b y showin g 
suc h a  program) ,  ther e i s n o wa y t o prov e a  "no "  an -
swer  withou t  provin g tha t  n o progra m shorte r  tha n N 
print s th e strin g an d the n stops .  Provin g tha t  a  progra m 
stop s i s th e well-know n an d unsolvabl e "haltin g prob -
lem. "  Thus ,  finding  a n exac t  measur e o f  Kolmogoro v 
complexit y i s als o unsolvable .  Secondly ,  Kolmogoro v 
complexit y i s onl y well-define d fo r  strings ,  an d not ,  fo r 
example ,  fo r  functions .  Th e relate d notio n (conditiona l 
Kolmogoro v complexity ,  o r  informatio n distance )  tha t 
can b e use d t o describ e th e complexit y o f  functions ,  i s 
no mor e computable .  Nevertheless ,  Kolmogoro v com -
plexit y ca n b e estimated . 

I n fact ,  an y successfu l  file  compression ,  a s don e b y an y 
number  o f  standar d tool s suc h a s gzip ,  ca n b e regarde d 
as a n estimat e o f  th e Kolmogoro v complexit y o f  a  give n 
file.  Th e proo f  (foun d i n L i  & :  Vitanyi ,  1997) ,  ca n b e see n 
intuitivel y b y observin g tha t  a  decompressio n progra m 
plu s th e compresse d file  serv e a s a  compute r  progra m t o 
(re)generat e th e origina l  file.  Becaus e th e decompressio n 
progra m itsel f  i s  hel d constant ,  complexit y difference s i n 
th e origina l  string s (t o b e compressed )  ca n onl y appea r 

556 



as difference s i n th e lengt h o f  th e compresse d data .  Mos t 
moder n compressio n algorithms ,  suc h a s Zi v an d Lem -
pel  (1977 ,  1978) ,  caj i  b e prove n t o b e "asymptoticall y 
optimal, "  o r  i n othe r  words ,  t o converg e t o withi n an y 
desire d degre e o f  accurac y give n enoug h dat a t o wor k 
with . 

The Compressivity Test 

We apply compression to get estimates of the system reg-
ularitie s presen t  i n a  se t  o f  data .  Specifically ,  w e assum e 
tha t  th e dat a ca n b e encode d int o a n (ordered )  strin g o f 
< X  > ,  F { < X  > )  pairs ,  a s describe d above .  Compress -
in g thi s strin g yield s a n estimat e o f  th e collectiv e com -
plexitie s o f  th e data ,  th e orderin g o f  th e data ,  an d th e 
functiona l  relationshi p F .  Accidenta l  effect s produce d 
by th e orderin g o f  th e dat a ar e eliminate d b y repeatedl y 
permutin g th e se t  o f  pair s prio r  t o compressio n (i n othe r 
words ,  appendin g th e pair s i n differen t  orders )  an d tak -
in g th e mea n valu e o f  th e complexit y estimates .  Thi s 
mean value ,  whic h w e denot e b y C ,  i s  a n estimat e o f  th e 
order-independen t  complexit y o f  th e dat a set .  Specifi -
cally ,  C  ca n b e interprete d a s a n estimat e o f  th e tota l 
complexit y o f  th e distributio n o f  independen t  variable s 
< X  > ,  th e dependen t  variable s F ( < x  > ) ,  an d th e map -
pin g betwee n them . 

To estimat e th e degre e t o whic h mappin g regularity , 
i n particular ,  play s a  par t  i n th e overal l  complexit y mea -
surement ,  w e brea k th e (fixed )  mappin g b y reassignin g 
th e se t  o f  dependen t  variable s randomly .  Th e degre e o f 
thi s sor t  o f  regularit y ca n b e quantifie d i n term s o f  th e 
differenc e i n complexit y betwee n th e strin g o f  <  X j  > , 
F ( < X j  > )  pair s an d th e strin g o f  scramble d <  X j  > , 
F { < X j  > )  pair s (mappin g regularit y i s relate d to ,  bu t 
distinc t  fro m "algorithmi c information "  a s define d b y L i 
and Vitany i  (1997) ,  ch .  2.8) .  I n othe r  words ,  w e pro -
duc e a  ne w strin g o f  <  x ^  > ,  F ( < X j  > )  pairs ,  wher e 
< X j  >  i s som e elemen t  chose n randoml y (withou t  re -
placement )  fro m th e se t  o f  al l  stimuli .  Compressin g thi s 
string ,  o f  course ,  wil l  yiel d a  slightl y differen t  complex -
it y estimat e o f  a  differen t  functio n ove r  th e sam e domai n 
and range ,  bu t  wit h th e causa l  an d statistica l  connec -
tion s betwee n domai n an d rang e broke n (an d replace d 
by rando m "noise") .  Again ,  permutin g th e pair s an d 
takin g th e mea n complexit y yield s a n overal l  estimat e o f 
th e complexit y o f  th e scramble d data ;  averagin g acros s 
differen t  scramble d pairing s (thi s mea n valu e wil l  b e de -
note d R )  yield s a n estimat e o f  th e complexit y (an d pre -
dictability )  o f  th e scramble d dat a itsel f  irrespectiv e o f 
any syste m regularitie s tha t  ca n b e use d t o predic t  th e 
origina l  F  <  x  >  fro m <  x  > .  Thus ,  R  i s estimate s th e 
tota l  complexit y o f  th e dat a unde r  th e assumptio n tha t 
th e mappin g i s rando m (an d henc e maximall y complex) . 
The differenc e betwee n thes e tw o measure s { R — C )  esti -
mate s th e th e degre e t o whic h th e mappin g fro m <  x  > 
t o F  <  X  >  differ s fro m a  completel y rando m assign -
ment ,  i.e .  th e degre e o f  syste m regularit y describe d b y 
F.  I t  ma y see m od d t o tak e th e mea n o f  a  serie s o f  over -
estimates ,  instea d o f  th e min imum ,  bu t  fo r  simpl e com -
parison s betwee n tw o set s o f  semi-reliabl e estimate s (a s 
don e here) ,  th e mea n differenc e i s a  mor e consisten t  dis -

tanc e measur e tha n th e min imum .  Th e followin g sectio n 
describe s tw o pilo t  compute r  simulation s t o demonstrat e 
th e applicatio n o f  thi s technique . 

Simulations 

S imu la t i o n 1 

Th e first  simulatio n i s a  demonstratio n o f  th e correspon -
denc e betwee n intuitiv e notion s o f  "regularity "  an d th e 
result s o f  th e compressio n techniqu e describe d above . 
Th e dat a se t  ca n b e regarde d a s a  ver y simpl e versio n 
of  readin g aloud ,  wit h a  simpl e (regular )  task ,  an d a 
graduall y increasin g numbe r  o f  "exceptions "  whic h re -
quir e somethin g slightl y differen t  (althoug h stil l  self -
consistent )  t o b e done . 

For  independen t  variables ,  w e use d a  collectio n o f  ten -
plac e binar y vector s an d include d al l  vector s wit h exactl y 
one o r  tw o bit s se t  t o 1  (an d th e rest ,  o f  course ,  se t  t o 
zero) .  Thi s yielde d a n experimental  se t  o f  fifty-five  vec -
tors .  Wit h eac h vector ,  w e associate d a s th e dependen t 
variabl e eithe r  th e vecto r  itsel f  (identit y  output) ,  o r  th e 
bitwis e invers e o f  th e vecto r  (s o th e vecto r  010010000 0 
woul d b e associate d eithe r  wit h th e vecto r  010010000 0 
or  wit h 1011011111) .  Intuitively ,  on e ca n thin k o f  ten -
bi t  image s an d producin g eithe r  a  positiv e o r  a  negativ e 
image .  Th e choic e betwee n th e vecto r  o r  it s invers e Wci s 
made randoml y (pe r  datum) ,  wit h som e probabilit y  p 
betwee n zer o an d one .  (Alternately ,  w e assigne d som e 
number  N  betwee n 0  an d 55 ,  inclusive ,  o f  th e vector s t o 
thei r  inverses) . 

We furthe r  analyz e th e tota l  complexit y (C )  o f  th e 
of  th e resultin g file  a s compose d o f  thre e factor s — th e 
complexit y o f  th e domai n (whic h i s constant) ,  th e com -
plexit y o f  th e rang e a s distinc t  fro m th e domai n (whic h 
wil l  graduall y an d monotonicall y increas e a s p  increases , 
reflectin g th e gradua l  additio n o f  mor e an d mor e nove l 
rang e elements) ,  an d th e complexit y o f  th e mappin g be -
twee n th e domai n an d rang e (whic h intuitivel y i s th e 
difficult y o f  decidin g whethe r  o r  no t  t o inver t  an y par -
ticula r  domai n element) . 

Intuitively ,  settin g p  (N )  equa l  t o 0  describe s a  ver y 
simpl e tas k o f  copyin g input s t o outputs ,  requirin g n o 
processin g a t  al l  fo r  F .  Thi s produce s a n extremel y sim -
ple ,  regula r  file  wit h relativel y lo w Kolmogoro v complex -
ity .  Settin g p  equa l  t o 1  ( N =  55 )  will ,  intuitively ,  resul t 
i n a  slightl y les s compressabl e file  — althoug h th e func -
tio n itsel f  i s  o f  approximatel y equa l  complexity ,  th e com -
plexit y o f  th e domai n an d th e range ,  take n a s a  se t  union , 
i s greater .  Thus ,  th e overal l  complexit y o f  th e file  woul d 
be increased .  Fo r  intermediat e value s o f  p ,  however ,  w e 
expec t  t o se e greatl y increase d complexit y resultin g fro m 
th e indeterminac y o f  whethe r  o r  no t  an y individua l  da -
tu m take s a  positiv e o r  negativ e image .  A t  th e tw o ex -
tremes ,  th e tas k o f  decidin g whethe r  o r  no t  t o inver t 
th e datu m i s ver y simpl e a s i t  i s  eithe r  always ,  o r  never , 
done .  I n th e middle ,  however ,  th e proble m o f  decidin g 
whethe r  a  particula r  patter n i s inverte d i s simpl y on e o f 
decidin g betwee n tw o rando m subsets .  Fo r  p  =  0.5 ,  thi s 
decisio n i s maximall y diflRcul t  (an d maximall y complex) , 
droppin g symmetricall y t o zer o a t  th e extremes .  C o m -
binin g thes e tw o prediction s suggest s tha t  C  wil l  b e a t  a 
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tilimalK )  C 

Figur e 1 :  Mea n value s o f  C  fo r  increasin g numbe r  o f 

"inverse "  production s 

globa l  minimu m a t  p  =  0 ,  a  relativ e minimu m a t  p  =  1 , 
and achiev e a  max imu m somewher e jus t  abov e p  =  0. 5 
(wher e th e near-maximu m decisio n complexit y combine s 
wit h th e smoothl y increasin g domain/rang e complexit y 
t o achiev e a  maximum) . 

Figur e 1  show s th e mea n valu e o f  C  fo r  10 0 trial s a t 
eac h valu e o f  N .  Graphin g N  agains t  C  show s th e ex -
pecte d concave-downwar d patter n tha t  achieve s a  stabl e 
maximu m jus t  pas t  th e hjilfwa y point .  Th e increasin g 
complexit y observe d i n th e lef t  hal f  o f  th e grap h reflect s 
th e increasin g complexit y o f  th e rang e a s additiona l  ex -
ceptio n item s ar e added ,  combine d wit h th e increasin g 
complexit y o f  th e mappin g fro m domai n t o rang e a s th e 
mappin g become s les s predictable .  Th e decreas e i n C  a s 
N increase s pas t  abou t  3 0 show s that ,  eve n thoug h th e 
complexit y o f  th e rang e continue s increasin g a s mor e aji d 
more exceptio n item s ar e added ,  thi s i s  mor e tha n offse t 
by th e increase d regularit y wit h whic h th e decisio n t o 
inver t  i s  predicted .  I n othe r  words ,  th e overal l  complex -
it y o f  thi s quasi-regula r  syste m i s measurabl y decreasin g 
(a t  N  >  30) .  , 

Simulation 2 

The second simulation was a replication of the analy-
si s o f  th e artificia l  gramma r  learnin g (hencefort h A G L ) 
dat a fro m (Potho s &  Bailey ,  1997) .  A s i s typica l  i n A G L 
experiments ,  subject s i n thi s experimen t  wer e presente d 
wit h a  se t  o f  trainin g image s generate d b y a  standar d 
finite-stat e language .  (Strictl y speaking ,  subject s wer e 
expose d t o a  se t  o f  neste d geometri c shape s converte d 
vi a a  simpl e transformatio n fro m a  standar d finite-stat e 
language) .  Subject s wer e the n asked ,  first ,  whethe r  a  se t 
of  nove l  stimul i  complie d wit h th e "rules "  o f  th e finite -
stat e languag e (whethe r  th e nove l  stimul i  wer e "gram -
matical") ,  an d secondly ,  t o mak e pairwis e judgement s 
abou t  th e similarit y betwee n a n individua l  subse t  o f  th e 
tes t  an d trainin g items . 

The questio n asked ,  an d answered ,  b y Potho s an d Bai -
ley ,  W81S whethe r  th e collectiv e se t  o f  pairwis e similaritie s 

was a  significan t  predicto r  o f  th e grammaticalit y judge -
ments .  The y measure d th e exten t  t o whic h a  Nosofsk y 
classifie r  (Nosofsky ,  1992 )  woul d correctl y predi c t  th e 
subjects '  grammaticalit y judgement s o n th e basi s o f  thei r 
(independent )  similarit y judgements .  Thei r  results ,  i n 
brief ,  ar e tha t  similarit y — o r  mor e accurately ,  th e sor t 
of  similarit y t o whic h a  Nosofsk y classifie r  i s  sensitiv e — 
can accoun t  fo r  a  significan t  amoun t  o f  th e varianc e i n 
grammaticalit y judgements . 

Of  course ,  a  failur e t o fin d an y similarit y effect s woul d 
not  hav e demonstrate d tha t  similarit y wa s no t  predic -
tiv e o f  grammaticalit y judgements ,  onl y tha t  th e mode l 
tha t  the y applie d (th e particula r  versio n o f  th e Nosof -
sk y classifier )  wa s no t  sensitiv e t o th e type s o f  simi -
larit y tha t  wer e presen t  i n th e experimen t  an d predic -
tive .  Fo r  instance ,  t o find  thi s effec t  require d a  certai n 
amount  o f  analysi s an d tunin g o f  th e paramete r  space , 
suc h a s determinin g th e optimu m numbe r  o f  dimension s 
i n whic h t o projec t  th e similarit y judgements ,  an d th e 
optima l  metri c t o use .  A  se t  o f  suboptima l  parameter s 
woul d hav e resulte d i n a  wors e fit,  possibl y eve n a  non -
significan t  fit,  wit h correspondin g implication s abou t  th e 
effect s o f  similarit y judgement s o n classification .  Simi -
larly ,  som e classificatio n problem s migh t  b e structure d 
suc h tha t  n o Nosofsk y mode l  wil l  captur e th e variance , 
whil e stil l  bein g (i n theory )  predictiv e accordin g t o a 
more appropriat e model .  A n exampl e o f  suc h a  proble m 
i s give n i n th e followin g section . 

We applie d th e compressivit y tes t  t o determin e 
whethe r  o r  no t  Kolmogoro v complexit y woul d con -
firm  tha t  similarit y predict s grammaticality ,  withou t 
th e necessit y o f  derivin g o r  developin g a  model .  B y 
testin g whethe r  C  (th e overal l  complexit y o f  empiri -
cal  similarity-grammaticalit y pairs )  differ s significan t  l y 
fro m R  (th e complexit y o f  a  rando m mappin g betwee n 
similarit y an d grammaticalit y  judgements) ,  on e ca n de -
termin e if ,  i n principle ,  ther e i s an y structur e o r  predic -
tivit y t o b e discovered .  Becaus e o f  th e limite d amoun t 
of  dat a availabl e [onl y 47 2 dat a points ,  eac h describ -
in g th e behavio r  o f  on e subjec t  (o f  16 )  o n on e partic -
ula r  nove l  patter n (o f  31)] ,  th e similarit y matri x an d 
grammaticalit y endorsement s wer e thermomete r  coded . 
Each numbe r  wa s replace d b y a  strin g o f  asterisk s ('*' ) 
of  lengt h proportiona l  t o it s magnitude .  Thi s codin g 
scheme make s explici t  th e similarit y structur e assum e d 
t o exis t  betwee n numericall y similarit y ratings .  W e ex -
pecte d thi s woul d facilitat e compressio n i n general ,  mak -
in g th e resultin g estimate s o f  complexit y mor e reliabl e 
and sensitiv e t o syste m regularit y i f  i t  wa s there . 

The se t  o f  similarit y judgement s wei s treate d a s th e 
independen t  variabl e vector ,  th e grammaticalit y judge -
ment s wer e treate d a s th e dependen t  variabl e vector ,  an d 
th e pairing s permute d (o r  rearrange d an d permuted )  t o 
yiel d estimates ,  a s above ,  o f  C  {R ,  respectively) . 

Simpl e statistica l  method s wer e applie d t o determin e 
whethe r  R  wa s significantl y large r  tha n C .  W e estimate d 
th e valu e o f  C  b y takin g th e mea n o f  40,00 0 permutation s 
of  th e dat a points ,  an d compare d thi s wit h a n estimat e o f 
R calculate d b y takin g 20 0 separat e rando m mappings , 
and estimatin g thei r  complexit y 20 0 time s each .  Thi s 
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yielde d a  sampl e o f  20 0 "random "  complexit y estimates , 
fro m whic h w e calculate d mean s an d deviations .  Consis -
ten t  wit h th e finding s o f  Potho s an d Bailey ,  a  one-taile d 
t-tes t  yielde d significan t  diflference s (t(198 )  =  2.17.'i ,  p 
< .025) .  W e conclud e tha t  ther e i s a  significan t  amoun t 
of  informatio n i n th e similarit y judgement s tha t  ca n b e 
applie d t o th e grammaticalit y judgemen t  task ,  an d thu s 
— withou t  developin g a  mode l  o f  ho w similarit y deter -
mine s grammaticalit y — w e kno w tha t  ther e i s a t  leas t 
a partijJl y regula r  mappin g betwee n th e two . 

Discussion 

So why go to all this trouble of taking complexity es-
timate s whe n a  simpl e Nosofsk y classifie r  wil l  alread y 

sho w tha t  similarit y an d grammaticalit y judgement s ar e 
related ? A s hinte d above ,  th e Nosofsk y classifie r  wil l 
captur e differen t  amount s o f  variance ,  dependin g upo n 
th e dimension s an d metric s used .  Furthermore ,  th e gen -
eralize d Nosofsk y mode l  i s itsel f  sensitiv e t o particula r 
aspect s o f  similarity ,  derive d fro m specifi c  assumption s 
about  th e wa y similcirit y  i s  determined .  Thi s i s ver y use -
fu l  fro m a  theoretica l  perspectiv e a s i t  ma y tel l  u s some -
thin g abou t  th e wa y th e huma n min d determine s simi -
larity .  However ,  i t  wil l  obviousl y no t  captur e aspect s o f 
systemati c regularit y tha t  d o no t  fit  thos e assumptions . 

Par t  o f  th e reaso n fo r  applyin g th e compressivit y tes t 
migh t  simpl y b e econom y o f  effor t  — rathe r  tha n care -
full y developin g an d tunin g a  se t  o f  parameter s t o find 
th e bes t  model ,  complexit y estimate s ca n provid e a  sim -
ple ,  model-fre e descriptio n o f  ho w muc h regularit y i s  i n 
a particula r  dat a se t  t o find.  Thi s ca n b e use d a s a n 
upper  boun d t o compar e wit h th e regularitie s foun d un -
der  an y give n model ,  o r  mor e simpl y a s a  smok e tes t  t o 
determin e whethe r  regularitie s ar e ther e t o find. 

Anothe r  proble m wit h th e model-base d analyses ,  o f 
course ,  i s  th e ris k o f  pickin g th e wron g model .  Consider , 
fo r  a  moment ,  a  hypothetica l  problem-spac e wher e th e 
high-scorin g tes t  item s ar e th e one s o f  intermediat e sim -
ilarit y fro m th e trainin g items .  A  physica l  exampl e o f 
thi s migh t  b e a  mode l  o f  judges '  opinion s o f  artwor k o r 
essay s — a n essa y to o clos e t o an y particula r  trainin g 
datu m coul d b e regarde d a s derivative ,  o r  eve n plagia -
ristic ,  whil e a n essa y to o fa r  awa y fro m al l  trainin g dat a 
i s irrelevant ,  misguided ,  o r  simpl y unacceptable .  How -
ever ,  a  Nosofsky-styl e classifie r  develope d a s a  mode l  fo r 
thi s sor t  o f  judgemen t  distributio n woul d no t  describ e 
i t  particularl y well .  Offhand ,  it' s  no t  clea r  wha t  sor t  o f 
well-understoo d an d accepte d mode l  woul d captur e thi s 
distribution .  Th e regularit y estimatio n techniqu e devel -
oped above ,  b y generalizin g ove r  al l  models ,  woul d pro -
vid e a  wa y o f  demonstratin g th e existenc e an d degree ,  i f 
not  th e type ,  o f  regularity . 

More generally ,  th e unit s i n whic h Kolmogoro v com -
plexit y ar e measure d ar e th e sam e "bits "  correspondin g 
t o real-worl d yes/n o questions ,  an d ca n b e regarde d a s a 
descriptio n no t  o f  ho w muc h varianc e ther e is ,  bu t  ho w 
how predictabl e th e vau-ianc e is ,  an d thu s o f  ho w muc h 
wor k migh t  b e expecte d t o b e necessar y t o captur e th e 
variance .  I n thi s sense ,  on e ca n i n principl e us e thi s a s a 
guid e t o determin e wha t  sor t  o f  model s ar e overcomple x 

and overdctermined ,  an d als o a s a  well-under s too d uni t 
fo r  describin g ho w overdetermine d the y are . 

Anothe r  majo r  advantag e o f  thi s framewor k i s tha t 
i t  provide s a  commo n currenc y fo r  comparin g differen t 
sort s o f  irregularit y an d complexity .  Th e artisti c exam -
pl e above ,  fo r  instance ,  ca n b e argue d t o b e th e super -
positio n o r  o f  tw o (nested )  judgements ,  on e o f  original -
ity ,  an d a  muc h broade r  on e o f  relevance .  Similarly , 
th e dat a use d i n th e first  simulatio n abov e coul d b e a 
ver y simpl e mode l  o f  som e sor t  o f  morphology .  Fro m a 
ver y structure d vocabular y o f  fifty-five  words ,  ther e ar e 
N "irregular "  form s tha t  ar e inverte d upo n inflection , 
whil e th e res t  ar e ("regular" )  identit y mappings .  Intu -
itively ,  on e woul d conside r  a  languag e lik e this ,  wit h tw o 
inflectiona l  paradigms ,  t o b e les s comple x tha n a  lem -
guag e wit h thre e o r  fou r  separat e paradigms .  However , 
one woul d als o conside r  a  languag e wit h fou r  ver y rar e 
paradigm s an d on e ver y commo n on e t o b e mor e regula r 
tha n a  languag e wit h tw o equall y commo n paradigms . 
Thi s formalism ,  then ,  ca n provid e a  unifie d structur e 
t o examin e question s suc h a s th e complexit y o f  Englis h 
past  tens e morphology ,  wit h it s dominan t  "regular "  (ad d 
"ed" )  paradig m an d man y semi-regula r  paradigm s suc h 
as identit y mappings ,  vowe l  changes ,  an d s o forth . 

Future Work 

One obviou s futur e developmen t  fo r  thi s wor k woul d b e 
th e developmen t  an d adaptatio n o f  bette r  compressio n 
or  complexit y estimatio n techniques ;  althoug h gzi p i s 
asymptoticall y optimal ,  ther e ar e algorithm s wit h faste r 
convergenc e rate s tha t  migh t  b e applie d t o achiev e mor e 
accurat e estimates ,  especiall y o n smal l  dat a sets .  Also , 
th e gzi p progra m i s mor e sensitiv e t o short-rang e (o r 
adjacent )  dependencie s tha n t o longer-distanc e relation -
ships .  Some mor e genera l  framewor k [suc h a s mutua l 
informatio n o r  Kc-complexit y (L i  &  Vitanyi ,  1997) ]  ma y 
ultimatel y provid e bette r  results . 

The thermomete r  codin g introduce d i n th e secon d sim -
ulatio n wa s intende d t o cu e th e compressio n algorith m 
t o numerica l  structur e whic h i s no t  explici t  i n digita l 
codings .  A s yet ,  i t  i s  unclea r  t o wha t  exten t  th e result -
in g complexit y estimate s ar e dependen t  o n assumption s 
buil t  int o a  particula r  codin g scheme . 

Perhap s mos t  importantl y fo r  practica l  applications , 
some normalizatio n techniqu e shoul d b e develope d t o 
addres s th e issu e o f  th e dat a size ;  a s develope d here , 
a large r  se t  o f  dat a point s wil l  almos t  certainl y hav e a 
large r  complexit y tha n a  smalle r  se t  o n th e sam e func -
tion .  Thi s i s intuitiv e i n tha t  th e dat a point s themselve s 
shoul d ad d complexity ,  an d als o tha t  addin g dat a point s 
constrain s th e functio n furthe r  (an d thu s make s i t  mor e 
complex) . 

Conclusions 

Kolmogoro v complexit y ca n b e regarde d a s th e ultimat e 
measur e o f  th e degre e o f  (lac k of )  structur e o f  a  give n 
symbol-string ,  eve n whe n on e particula r  mode l  o r  ap -
proac h ca n find  n o structure .  Despit e th e computationa l 
intractability ,  i t  ca n b e reliabl y an d quickl y estimate d b y 
any standar d compressio n technique .  W e presen t  her e a 
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metho d fo r  applyin g Kolmogoro v complexit y t o captur e 
th e notio n o f  syste m regularit y a s a  unifie d measur e fo r 
th e computationa l  — and ,  a s ha s bee n suggeste d (Chate r 
& Hahn ,  1997) ,  cognitiv e — difficult y o f  a  particula r  sys -
tem. 

I n particular ,  w e hav e applie d thi s techniqu e i n tw o 
small-scal e simulations .  Th e result s easil y an d clearl y 
captur e standar d intuition s an d psychologica l  results . 
The stron g difference s i n th e area s measure d (o n th e on e 
hand ,  complexit y ari d regularit y o f  a  functiona l  trans -
formation ,  an d o n th e other ,  th e degre e o f  predictabilit y 
and regularit y capture d b y a  particula r  se t  o f  data )  in -
dicat e tha t  thi s techniqu e ca n b e widel y an d easil y ap -
plie d a s a  model-fre e metho d o f  determinin g wha t  sor t 
of  performanc e ca n b e expecte d fro m an y (o r  th e opti -
mal )  mode l  befor e actuall y developin g th e model .  I t  fur -
the r  provide s a  fundamental ,  theory-neutra d framewor k 
fo r  describin g th e difficult y an d complexit y o f  a  tas k an d 
Cei n b e use d a s commo n groun d fo r  comparin g widel y dif -
ferin g task s i n a  controlle d environmen t  — fo r  example , 
comparin g th e degre e o f  irregularit y presen t  i n pas t  tens e 
acquisitio n vs .  graphem e t o phonem e acquisition ,  bot h 
of  whic h hav e bee n presente d a s quintessentia l  complex , 
irregula r  systems .  Finally ,  th e unit s o f  measurements , 
bits ,  ar e themselve s meaningfu l  an d ca n b e directl y re -
late d t o real-worl d behaviora l  an d information-theoreti c 
data . 

Furthe r  wor k i s require d t o sharpe n th e tool s use d t o 
measur e an d t o determin e wher e th e limit s o f  applica -
tio n are .  Ou r  results ,  however ,  demonstrat e a  nove l  an d 
powerfu l  techniqu e fo r  th e measuremen t  an d compari -
son o f  syste m regularit y i n a  general ,  model-free ,  an d 
theory-neutra l  environment . 
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