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Abstrac t 

Differential calculus provides various ways to conceptualize 
change ,  an y o f  whic h ca n b e employe d wit h applie d 
problems .  Expert s associate d wit h differen t  academi c 
discipline s (chemistry ,  physics ,  mathematics )  wer e aske d 
t o thin k ou t  lou d whil e workin g o n a  proble m requirin g a 
differentia l  equatio n fo r  it s exac t  solution .  Thes e expert s 
used strikingl y differen t  representation s i n solvin g th e 
problem .  Comparison s betwee n thei r  protocol s ar e base d 
on a  historical-cognitiv e approac h tha t  tie s present-da y 
representationa l  practice s o f  differentia l  calculu s t o th e 
histor y an d conceptua l  developmen t  o f  th e calculus . 
Agency ,  her e define d a s th e tas k assigne d t o th e proble m 
solve r  b y th e representation ,  i s  a t  th e hear t  o f  thi s lin k 
betwee n pas t  an d presen t  practices .  Wherea s th e agenc y 
characteristi c o f  th e Leibnizia n calculu s i s  choice ,  th e 
agenc y characteristi c o f  Newtonia n calculu s i s 
transformation ,  an d tha t  o f  th e moder n function-base d 
calculu s may ,  i n applie d contexts ,  b e characterize d a s 
observatio n an d manipulation . 

Multiple Representations 

Contemporar y us e o f  calculu s i s  characterize d no t  onl y b y 
multipl e notations ,  dy/dx ,  f ' ( x ) ,  y ,  an d s o on ,  bu t  als o 
by multipl e representations .  Thi s representationa l 
multiplicit y o f  th e differentia l  calculu s goe s beyon d th e 
distinctio n betwee n graphica l  an d symbolica l  mathematica l 
representatio n an d implicate s th e centra l  concept s o f  th e 
differentia l  calculus ,  i n particular ,  th e derivativ e an d it s 
conceptua l  precursors .  I n fact ,  th e existenc e o ? multipl e 
representation s i s no t  uniqu e t o th e differentia l  calculu s bu t  a 
featur e o f  calcul i  i n genera l  (Kurz ,  Gigerenzer ,  &  Hoffrage , 
i n press) .  Representationa l  multiplicit y ha s bee n 
characteristi c o f  differentia l  calculu s sinc e it s ver y inceptio n 
i n th e lat e 17t h centur y an d wa s alread y presen t  i n th e 
mathematica l  writing s o f  th e tw o eminen t  figure s credite d 
wit h it s  breakthrough ,  Isaa c Newto n (1642-1727 )  an d 
Gottfrie d Wilhel m Leibni z (1646-1716) .  Fo r  a  considerabl e 
tim e th e natur e o f  th e mathematica l  representatio n o f  chang e 
and th e associate d method s wer e th e cente r  o f  controversy .  I n 
th e secon d hal f  o f  th e 19t h centur y thes e debate s wer e settle d 
and question s concernin g rigorou s mathematica l 
representatio n o f  chang e becam e t o a  larg e exten t  merel y o f 
historica l  interest .  I n anothe r  sense ,  however ,  calculu s neve r 
lef t  it s  histor y behind . 

I n th e historica l  literatur e i t  i s  frequently  acknowledge d 
tha t  i n th e cours e o f  hi s work ,  Newto n employe d variou s 
algebrai c an d geometri c method s t o justif y th e ne w calculus ; 
moreover ,  Newto n als o employe d variou s way s t o 
conceptualiz e change ,  usin g moments ,  fluxions ,  an d th e 
ultimat e rati o (Boyer ,  1949 ;  Kitcher ,  1973) .  I n th e 
Leibnizia n calculus ,  b y contrast ,  differential s wer e centra l 

(Bos ,  1993) .  Althoug h thes e variou s way s t o conceptualiz e 
chang e employe d b y Newton ,  Leibniz ,  an d thei r  respectiv e 

follower s le d t o equivalen t  solution s o f  particula r  problems , 
the y stil l  entaile d differen t  representation s o f  change .  Th e 
subsequen t  conceptua l  developmen t  o f  calculu s has  adde d ne w 
representations ,  specifically ,  representation s base d o n explici t 
definition s o f  th e mathematica l  concep t  o f  limit ,  eventuall y 
includin g a  purel y arithmeti c representation~th e "epsilon -
delta "  formulation .  However ,  i n applie d context s th e 
historicall y recen t  an d rigorous  e - S formulatio n i s  usuall y 
not  th e representatio n o f  choice .  I n a n introductor y calculu s 
textboo k writte n b y th e mathematicia n Morri s Klin e (1967) , 
thi s poin t  wa s mad e explicit :  "Th e reader  m a y conclud e tha t 
th e mathematicia n constantl y applie s th e e  -  5  definitio n 
t o decid e whethe r  a  functio n has  a  give n numbe r  a s a  limit . 
[... ]  Th e workin g mathematicia n an d certainl y th e theoretica l 
physicis t  an d enginee r  d o no t  appl y th e rigorou s definition s 
and proofs .  The y reaso n o n th e basi s o f  th e geomeuica l 
interpretation ,  physica l  evidence ,  intuitiv e arguments ,  an d 
relativel y loos e analytica l  procedures. "  I n effect ,  Klin e wa s 
raisin g a  cognitiv e question :  W h a t  ar e th e mathematica l 
representation s o f  chang e use d i n applie d contexts ? 

Expert s associate d wit h differen t  academi c discipline s 
(chemistry ,  physics ,  mathematics )  wer e aske d t o solv e a 
proble m requirin g a  differentia l  equatio n fo r  it s  exac t 
solution .  Thes e expert s use d strikingl y differen t 
representation s i n solvin g th e problem .  I n th e followin g I 
wil l  first  characteriz e th e solution s worke d ou t  b y th e exper t 
participants .  The n I  wil l  sugges t  systemati c comparison s 
base d o n a  historical-cognitiv e approac h (Kurz ,  1997) .  Thi s 
approac h tie s present-da y representationa l  practice s o f 
differentia l  calculu s t o it s  histor y an d conceptua l 
development .  Agency ,  s o m y argumen t  goes ,  i s  a t  th e hear t 
of  thi s lin k betwee n pas t  an d presen t  representationa l 
practices . 

Calculus Experts at Work 

Calculu s experts ,  a s define d fo r  th e purpose s o f  thi s project , 
ar e peopl e w h o hav e gon e throug h th e kin d o f  mathematica l 
trainin g obligatory ,  fo r  instance ,  fo r  mos t  o f  th e natura l 
sciences ,  an d w h o encounte r  calculu s o n a  regula r  basi s i n 
thei r  are a o f  specialization .  Thre e suc h expert s wer e aske d t o 
thin k ou t  lou d whil e solvin g a  mixtur e proble m calle d th e 
Flas k Problem .  Th e proble m wa s adopte d fro m Problem s i n 
differentia l  equation s b y Brenne r  (1963) .  Th e followin g 
proble m statemen t  wa s presente d t o th e exper t  participants : 
" A flask  contain s 1 0 liter s o f  wate r  an d t o i t  i s  bein g adde d a 
sal t  solutio n tha t  contain s 0. 3 kilogram s o f  sal t  pe r  liter . 
Thi s sal t  solutio n i s bein g poure d i n a t  a  rat e o f  2  liter s pe r 
minute .  Th e solutio n i s bein g thoroughl y mixe d an d draine d 
off ,  an d th e mixtur e i s draine d of f  a t  th e sam e rat e s o tha t  th e 

585 

mailto:kurz@mpib-berlin.mpg.de


flask  contain s 1 0 liter s a t  al l  times .  H o w m u c h sal t  i s  i n th e 
flask  afte r  5  minutes? "  Th e Flas k Proble m ca n b e modele d b y 

a first-orde r  linea r  ordinar y differentia l  equation ,  whic h state d 
i n Newtonia n notation ,  is :  i  =  0. 6 -  0.2x .  Solvin g th e 
equatio n an d takin g int o accoun t  tha t  initiall y  ther e i s n o sal t 
i n th e flask  th e answe r  t o th e proble m i s x  =  3  -  Se"""" ^  o r 
1. 9 kilogram s (rounde d t o on e decima l  position) . 

W h at  make s th e Flas k Proble m a  suitabl e problem ? A 
most  importan t  featur e o f  th e Flas k Proble m wit h respec t  t o 
th e objectiv e o f  thi s project-namely ,  th e stud y o f  th e 
representationa l  practic e o f  calculus-i s tha t  th e proble m 
require s a  conceptualizatio n o f  instantaneou s change . 
Consider ,  fo r  example ,  th e followin g "mutilation "  o f  th e 
problem :  " A flask  contain s 1 0 liter s o f  wate r  an d t o i t  i s 
bein g adde d a  sal t  solutio n tha t  contain s 0. 3 kilogram s o f 
sal t  pe r  liter .  Thi s sal t  solutio n i s bein g poure d i n a t  a  rat e o f 
2 liter s pe r  minute .  H o w m u c h sal t  i s  i n th e flask  afte r  5 
minutes? "  Th e answe r  is ,  o f  course ,  3  kilograms ,  almos t 
onl y a n exercis e i n multiplication .  I n thi s versio n th e 
proble m stil l  require s us e o f  th e rat e o f  chang e o f  incomin g 
salt ,  bu t  ther e i s n o nee d (cognitivel y speaking! )  t o operat e 
wit h th e concep t  o f  instantaneou s change .  I n it s  "full " 
versio n th e Flas k Proble m make s i t  necessar y t o 
conceptualiz e instantaneou s chang e an d t o operat e wit h it . 
A n excitin g featur e o f  calculu s i s tha t  i t  provide s mor e tha n 
on e w a y t o d o that . 

Participant s wer e aske d t o thin k ou t  loud ,  usin g 
instructiona l  material s adapte d fro m Ericsso n an d S imo n 
(1993) .  Th e protocol s wer e tape d an d transcribe d (Kurz , 
1997) .  Participant s wer e allowe d t o us e pape r  an d penci l  an d 
a han d calculator ,  bu t  n o acces s t o referenc e book s wa s 
permitted .  Participant s wer e no t  tol d tha t  th e proble m 
require s calculu s fo r  it s  solution .  Th e obtaine d protocol s 
wer e divide d int o proble m solvin g episodes .  Thi s analysi s 
serve s a s th e basi s fo r  th e followin g brie f  description s o f 
participant s T ,  U ,  an d S' s proble m solvin g processes . 

Th e protoco l  obtaine d wit h participan t  T  wa s als o encode d 
and represente d a s a  Proble m Behavio r  Grap h (PBG ;  Kurz , 
1997) .  Th e us e o f  thi s approac h wa s inspire d b y Twene y an d 
Hoffner' s (1987 )  applicatio n o f  protoco l  analysi s t o th e 
scientifi c  workin g diar y o f  th e Britis h physicis t  Michae l 
Faraday .  I n thei r  encodin g o f  portion s o f  Faraday' s scientifi c 
diary ,  Twene y an d Hoffne r  (1987 )  modifie d th e origina l  state -
operato r  schem e (Newel l  &  Simon ,  1972 )  t o accommodat e 
th e complexit y an d multiplicit y o f  relevan t  proble m space s 
(som e o f  whic h ar e bes t  describe d a s bein g open) .  Similarly , 
th e codin g schem e develope d her e consiste d o f  thre e majo r 
categories :  Plans ,  Actions ,  an d Evaluation s (se e als o 
Kilpatrick ,  cite d i n Ericsso n &  Simon ,  1993) .  Wit h thi s 
codin g schem e a n almos t  complet e an d highl y reliabl e 
encodin g o f  T' s protoco l  wa s achieve d (reliabilit y  wa s 
assesse d acros s tw o independen t  coder s fo r  par t  o f  th e dat a an d 
was i n th e rang e o f  9 0 % ) .  Th e encode d protoco l  wa s the n 
use d t o construc t  a  P B G fo r  eac h proble m solvin g episode . 
However ,  thes e graph s wer e largel y uninformativ e wit h 
respec t  t o th e goa l  o f  achievin g a n understandin g o f  th e 
representationa l  us e o f  th e calculus .  Thi s i s no t  surprisin g 
give n th e task-independenc e o f  th e codin g categories .  B y 
contrast ,  th e encodin g o f  Michae l  Faraday' s scientifi c  diarie s 
by Twene y an d Hoffne r  wa s fruitfu l  i n thi s respec t  becaus e 
th e experimenta l  manipulation s tha t  Farada y performe d coul d 

be see n a s analogou s t o operator s o n menta l  states .  N o 
attemp t  wa s mad e t o encod e an d represen t  th e othe r  protocol s 
as P B G s ;  instea d anothe r  "content-oriented "  (Newel l  & 
Simon ,  1972 )  analysi s base d o n th e episodi c structur e o f  th e 
protocol s wa s pursued . 

Participant T: A mathematician 

Participan t  T  i s a  young ,  highl y productiv e mathematicia n 
whos e majo r  field  i s analysis .  T  i s a  facult y member  i n a 
doctora l  leve l  mathematic s department .  H e worke d abou t  2 5 
minute s o n th e Flas k Problem .  Hi s protoco l  consiste d o f  !  1 
episodes . 

Afte r  havin g rea d th e proble m statemen t  (Episod e I) ,  T 
starte d ou t  wit h a  schematize d pictoria l  representatio n o f  th e 
flask  an d th e in -  an d outflo w o f  mixtur e (Episod e II) .  Th e 
flask  wa s depicte d a s a  rectangle ,  fluid flowing  i n an d ou t  a s 
arrows .  Thi s pictur e wa s complemente d b y labelin g th e rat e 
at  whic h solutio n flows  i n an d out ,  an d th e concentratio n o f 
th e sal t  solutio n comin g i n wa s note d nex t  t o th e arro w 
indicatin g influx .  T  proceede d b y assignin g variable s 
(specificall y X (  fo r  "th e concentratio n o f  kilogram s pe r  lite r 
at  an y give n time" )  an d briefl y considere d a  rul e o f  three-lik e 
approac h (Episod e III) .  Bu t  becaus e h e coul d no t  find  anothe r 
tim e t  fo r  whic h h e kne w th e concentration ,  beside s tim e t  = 
0,  h e abandone d th e approach . 

He the n realize d tha t  h e "shoul d probabl y us e som e 
calculus ,  i n th e sens e o f  rate s o f  change "  (Episod e IV) ,  mor e 
specifically ,  tha t  a  "derivativ e wit h respec t  t o time "  wa s 
needed .  Bu t  whe n tryin g t o implemen t  suc h a  calculus-base d 
approac h T  foun d himsel f  i n a  tangl e o f  relate d concepts , 
occurrin g i n th e followin g orde r  (Episode s I V & V ) :  "rate s o f 
change, "  ". 3 kilogram s pe r  lite r  i s  th e rat e of ,  no!, "  "th e rat e 
of  chang e o f  salt ,  "  "th e derivativ e wit h respec t  t o time ,  " 
"th e rat e o f  chang e o f  th e concentration ,  "  "th e rat e o f  chang e 
of  th e concentratio n fo r  th e whol e thing ,  "  an d " a rat e o f  2 
liter s pe r  minute .  "  H e kne w tha t  h e wa s "suppose d t o writ e 
d o wn sor t  o f  a  derivative "  bu t  wa s "no t  seein g h o w t o d o thi s 
right  of f  th e bat, "  a  fac t  tha t  cause d hi m som e consternation . 

As a  wa y ou t  o f  th e dilemma ,  h e retreate d t o „tim e 
increments "  o f  1  minut e (Episod e V ) .  Havin g compute d th e 
amount  o f  sal t  enterin g th e flask  i n 1  minut e i t  struc k hi m 
as to o gros s a n approximatio n t o infe r  from  ther e a n answe r 
t o th e problem ,  namel y th e amoun t  afte r  5  minutes .  H e 
wante d t o giv e a n "accurate "  answer .  Therefore ,  h e re-
introduce d "th e instantaneou s rat e o f  change, "  thi s time , 
however ,  i n a  procedura l  interpretatio n (Episod e VI) : 
"Instea d I  wann a tr y t o figure  ou t  what' s th e instantaneou s 
rat e o f  chang e of ,  wel l  what' s th e salin e solutio n afte r  an y 
give n time .  S o le t  m e g o t o 3 0 seconds. "  Hi s declare d 
conceptua l  stratage m wa s t o wor k wit h decreasin g fixe d tim e 
increments ,  tha t  is ,  t o choos e smalle r  an d smalle r  tim e 
increments .  Thi s procedur e woul d eventuall y lea d t o 
increment s tha t  ar e infinitel y small ,  namely ,  differentials .  T 
neve r  wen t  tha t  far .  Afte r  havin g struggle d throug h 1-minut e 
tim e increment s (Episod e V )  an d 30-secon d tim e increment s 
(Episode s VI-VIII) ,  i t  suffice d fo r  hi m t o conside r  th e 
possibilit y  o f  "refming "  further ,  a s b y usin g 15-secon d 
increment s (Episod e IX) . 

I n fact ,  T' s actua l  computation s neve r  wen t  beyon d th e 
first  minut e o f  th e physica l  process .  Thus ,  whe n considerin g 
30 secon d tim e interval s hi s computation s wer e concerne d 
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wit h th e firs t  an d th e secon d 3 0 second s o f  th e physica l 
process .  A s i t  turne d out ,  thes e computation s wer e riddle d 
wit h difficulty .  I n particular ,  fo r  th e firs t  3 0 second s h e coul d 
assume tha t  pur e v'̂ te r  wa s draine d from  th e flask .  Fo r  th e 
secon d 3 0 seconds ,  however ,  h e ha d t o tak e sal t  los s int o 
account .  Thes e computation s wer e cumbersome ,  includin g 
checkin g an d re-checkin g o f  result s (Episode s VIl-VllI) ,  bu t 
the y pai d off . 

Afte r  th e laboriou s computation s concerne d wit h 30 -
secon d increment s h e fel t  n o particula r  urg e actuall y t o 
continu e suc h a  procedur e wit h 15-secon d tim e increments , 
th e declare d nex t  ste p i n hi s stratage m t o "refin e unti l 
nothing "  (Episod e LX) .  Instea d hi s computation s ha d 
prepare d hi m fo r  a  n e w proble m conceptualization .  H e 
realize d tha t  "th e rat e i n i s alway s th e same "  (Episod e X ) . 
An insigh t  tha t  le d hi m t o th e questio n "no w th e rat e ou t 
shoul d b e what? "  Withou t  m u c h difficult y h e wa s abl e t o 
determin e th e rat e o f  outgoin g sal t  an d h e wa s ver y please d 
at  "comin g u p wit h th e differentia l  equation. "  Onc e 
represente d i n thi s fon n T  quickl y solve d th e formulate d 
differentia l  equatio n (Episod e XI) .  Hi s algorithm s fo r  suc h 
solution s wer e obviousl y well-practiced .  Unfortunately ,  hi s 
differentia l  equatio n wa s no t  entirel y correc t  becaus e th e 
valu e fo r  th e rat e ou t  wa s of f  b y on e decima l  position ;  h e ha d 
not  take n int o accoun t  tha t  th e incomin g sal t  wa s dissolve d 
i n 1 0 liter s o f  fluid .  Consequently ,  hi s final  solutio n wa s no t 
meaningfull y interpretabl e an d remaine d unsatisfactor y t o 
him .  However ,  a t  thi s point ,  bein g bot h frustrate d an d 
presse d fo r  time ,  h e wa s unwillin g t o "debug "  hi s solution . 

Participant U: A chemist 

U i s a  middle-caree r  physica l  chemis t  an d a  facult y member 
i n a  doctoral-leve l  chemistr y department .  Sh e i s ver y activ e 
i n researc h an d ha s publishe d m a n y paper s i n he r  field. U 
spen t  approximatel y 4 0 minute s workin g o n th e problem . 
Her  protoco l  consiste d o f  1 2 episodes . 

U spen t  considerabl e tim e (abou t  1 0 minutes )  i n readin g 
(Episod e I )  an d re-readin g th e proble m (Episod e II) .  He r 
readin g wa s intersperse d b y question s (e.g. ,  "I s tha t  wha t  i t 
say s here?") ,  als o concernin g th e phrasin g an d completenes s 
of  th e proble m statemen t  (e.g. ,  "Wha t  d o yo u mea n 'draine d 
off?" )  an d first  inference s (e.g. ,  ". 6 kilogram s o f  sal t  goin g 
i n an d . 6 kilogram s pe r  minut e goin g out"" a misconceptio n 
she entertaine d briefly) .  A t  th e en d o f  he r  secon d readin g sh e 
single d ou t  "th e critica l  sentenc e here, "  namely ,  tha t  "th e 
solutio n i s bein g thoroughl y mixe d an d draine d of f  (Episod e 
ni) .  Thus ,  "th e concentratio n woul d b e increasin g ove r  a 
perio d o f  a  fe w minutes ,  an d a t  som e poin t  you' d reac h a 
stead y stat e wher e yo u wer e puttin g th e sam e amoun t  o f  sal t 
i n a s wa s goin g out. "  Sh e continue d t o elaborat e th e stead y 
stat e concep t  (Episod e FV) ,  informall y addressin g tw o 
questions :  wha t  th e concentratio n a t  equilibriu m woul d b e 
and h o w lon g i t  woul d tak e t o reac h thi s state . 

Such exploratio n o f  proces s characteristic s prompte d he r  t o 
"dra w a  grap h i n time "  i n a  coordinat e syste m showin g sal t 
concentratio n o n th e ordinat e (Episod e V ) .  Figur e 1  show s 
th e exac t  graph .  U  constructe d he r  grap h b y first  markin g th e 
valu e tha t  th e concentratio n woul d reac h afte r  1  minute : 
"Ove r  th e first  minut e I'v e poure d i n 6  kilogram s s o thi s i s 
gonn a b e abou t  .6. "  (Thi s valu e was ,  i n fact ,  of f  b y on e 
decima l  position ;  accordin g t o th e proble m statemen t  . 6 

kilogra m ar e poure d i n ove r  th e first  minute ,  thu s resultin g 
i n a  concentratio n o f  .0 6 kilogra m pe r  liter. )  Next ,  goin g t o 
2 minutes ,  sh e reasone d tha t  th e sam e amoun t  o f  sal t  woul d 
be poure d i n excep t  n o w "som e o f  i t  i s  comin g out, "  thu s 
"afte r  1  minut e we' d b e a  littl e low. "  Sh e therefor e marke d a 
poin t  slightl y lowe r  tha n 1.2 .  Sh e determine d a  thir d point : 
"A t  3  minutes ,  we'r e u p her e t o 1.8 ,  bu t  stil l  agai n w e ar e 
low ,  we' d b e eve n lower. "  Then ,  knowin g tha t  th e stead y 
stat e concentratio n ha d t o b e .3 ,  sh e realize d tha t  he r  scal e 
was no t  right .  Bu t  sh e nevertheles s establishe d th e genera l 
asymptoti c shap e o f  th e grap h ("s o it' s  gonn a b e comin g u p 
lik e thi s an d the n it' s  jus t  gonn a b e a  straigh t  lin e fo r  th e 
res t  o f  th e time") .  The n sh e reminde d hersel f  o f  wha t  th e 
proble m statemen t  aske d fo r  an d inferre d a  solutio n (Episod e 
VI) .  However ,  give n tha t  he r  scal e wa s wron g an d tha t  sh e 
had no t  mad e a  seriou s attemp t  a t  fixing  thi s proble m sh e 
coul d no t  us e he r  grap h t o "rea d off '  th e solution .  Instea d he r 
solutio n assume d tha t  a t  5  minute s th e syste m ha d reache d 
steady-stat e concentration ,  whic h mad e th e answe r  trivia l  (a t 
equilibriu m th e concentratio n i s equa l  t o th e concentratio n o f 
incomin g sal t  solution ,  0. 3 kg/liter) ,  s o 3. 0 k g wa s he r 
answer . 

R 0.25 -

^  0,20 -

t  0,15 -

d 0.10 -

t(min ) 

Figur e 1 :  H o w sal t  concentratio n i n th e flas k change s 
i n time . 

Somewhat worried that U would declare an end to her 
proble m solving ,  th e experimente r  aske d he r  whethe r  sh e 
woul d b e abl e t o formulat e a n equatio n (Episod e VII) .  Sh e 
answere d i n th e affirmativ e an d immediatel y wrot e th e 
Leibnizia n notation ,  dc/d t  ( c fo r  concentration ,  t  fo r  time) . 
denotin g th e "chang e i n th e concentration. "  Sh e starte d th e 
right-hand  sid e o f  th e equatio n reasonin g tha t  "firs t  th e 
concentratio n i s 0 "  s o "th e intercep t  i s 0. "  Thi s reasonin g 
was flawed,  i n a  sens e confusin g th e differentia l  equatio n 
wit h it s solution ;  i t  migh t  hav e bee n prompte d b y he r  graph , 
whic h had ,  o f  course ,  a n intercep t  o f  zero .  Nex t  sh e adde d a 
ter m denotin g "th e increas e i n th e concentration "  whic h wa s 
0. 6 wit h th e unit s "kilogram s pe r  lite r  pe r  minute. "  Th e 
"concentratio n goin g out ,  "  bein g th e "minu s part, "  create d a 
proble m tha t  sh e approache d b y makin g a  "linea r 
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assumption "  (Episod e VIII) .  Thi s assumption ,  however , 
create d th e anomal y o f  "no t  gettin g a  stead y state, "  a s sh e 
quickl y realized .  Therefor e i t  ha d t o b e a  nonlinea r  function , 
but  sh e wa s unclea r  a s t o it s specifi c  "functiona l  form. "  A s a 
remed y sh e recapitulate d he r  understandin g o f  th e physica l 
process-not e th e mathematica l  terminology-(Episod e IX) : 
"S o it' s  increasin g a t  a  constan t  rate, "  or ,  i n othe r  words , 
"th e concentratio n i s increasin g linearly. '  Sh e wa s certai n 

"tha t  it' s  no t  decreasin g a t  a  constan t  rate, "  an d als o tha t  " a 
constan t  amount"~rea d volume--o f  th e perfectl y mixe d 
solutio n wa s poure d out .  He r  understandin g wa s thu s fairl y 
complet e bu t  no t  represented  i n th e for m o f  a n equation . 
Afte r  havin g silentl y reread  a t  leas t  part s o f  th e proble m 
statemen t  sh e emphasize d tha t  sh e wa s thinkin g abou t  th e 
proces s "i n term s o f  a  continuou s thing "  bu t  tha t  th e 
approximatio n metho d sh e wa s goin g t o propos e nex t  woul d 
be a  "quickie "  w a y t o arriv e a t  a  solution .  "The n [she ]  woul d 
tr y t o wor k bac k s o tha t  [she'd ]  hav e a n instantaneou s pictur e 
of  wha t  wa s goin g on. " 

Her  approximatio n metho d (Episod e X )  worke d b y 
considerin g 1-minut e tim e interval s an d matche d wit h h o w 
sh e ha d constructe d he r  graph .  I n th e first  minut e 0. 6 
kilogra m o f  sal t  wa s adde d t o th e flas k an d sh e assume d agai n 
tha t  durin g th e first  minut e n o sal t  wa s deleted .  I n th e secon d 
minut e anothe r  0. 6 kilogra m wa s adde d an d 1/ 5 o f  th e 
amount  o f  sal t  i n th e flask  afte r  1  minut e wa s subtracte d 
becaus e th e sal t  wa s dissolve d i n 1 0 liters ,  2  o f  whic h wer e 
withdraw n ft-om  th e flask  durin g th e secon d minute .  Wit h th e 
thir d minut e anothe r  0. 6 kilogra m o f  sal t  wa s adde d t o th e 
amount  i n th e flask  an d 1/ 5 o f  th e amoun t  o f  sal t  i n th e flask 
afte r  2  minute s wa s subtracted .  Sh e carrie d thi s procedur e 
throug h t o 5  minute s (Episod e XI) .  I n th e process ,  U  kep t 
checkin g th e obtaine d value s agains t  he r  expectatio n 
concernin g th e stead y stat e o f  th e syste m (e.g. ,  "afte r  3 
minute s I  a m mor e tha n halfwa y there") .  Sh e announce d he r 
solutio n a s "2.1 4 kilogram s i n 1 0 liters ;  that' s 
approximate! " 

As a  final  questio n th e experimente r  aske d wha t  coul d b e 
don e t o improv e thi s approximatio n (Episod e XII) .  Sh e 
responded  tha t  on e woul d hav e t o "tak e smalle r  tim e 
intervals "  an d tha t  sh e ha d trie d "t o d o i t  th e calculu s way " 
but  tha t  sh e coul d no t  "se e h o w to ,  tha t  way ,  now. "  Wit h th e 
calculus ,  o f  course ,  "on e coul d figure  ou t  wha t  th e 
concentratio n wa s a t  an y second "  bu t  sh e though t  tha t  "eve n 
eyeballin g i t  her e [she ]  coul d predic t  tha t  mayb e a t  aroun d 
minut e 7  o r  7  1/ 2 woul d b e whe n you' d reac h stead y state. " 
Thi s estimat e overestimate d th e chang e i n gradien t 
considerably .  (Afte r  8  minutes ,  fo r  example ,  th e amoun t  o f 
sal t  i n th e flask  i s stil l  onl y 2. 4 kilograms ,  rounded. ) 
However ,  tha t  wa s a  projectio n int o th e futur e o f  th e system ; 
fo r  th e tim e interva l  fo r  whic h sh e ha d actuall y compute d th e 
approximation ,  fro m zer o t o 5  minutes ,  he r  intuition s wer e 
quit e refined .  W h e n aske d fo r  he r  bes t  gues s o f  th e precis e 
solutio n he r  answe r  wa s "1. 9 kilograms""th e valu e (rounded , 
of  course )  tha t  i s  obtaine d wit h th e solutio n o f  th e 
differentia l  equation ! 

Participant S: A pliysicist 

Participan t  S  i s a  theoretica l  physicist ,  internationall y 
k n o w n fo r  contribution s t o hi s field.  S  teache s undergraduat e 
and graduat e physic s course s i n a  masters-leve l  physic s 

department .  S  spen t  abou t  5 0 minute s wit h th e Flas k 
Problem .  Hi s protoco l  consiste d o f  1 8 episodes . 

Readin g th e proble m statemen t  (Episod e I )  le d S  t o asser t 
tha t  "thi s proble m i s no t  suc h a  simpl e problem .  "  I t  wa s 

immediatel y clea r  t o hi m tha t  th e proble m implie d a  "rat e 
idea "  an d tha t  "i t  i s  eas y t o figure  ou t  h o w m u c h i s added " 
(Episod e II) .  Th e "complication "  wa s tha t  "som e o f  tha t  sal t 
i s  bein g los t  becaus e it' s  bein g mixe d an d yo u probabl y 
assume tha t  it' s  thoroughl y mixe d an d draine d of f  an d s o yo u 
hav e t o figure  ou t  essentiall y  h o w m u c h i s bein g los t 
becaus e a s mor e i s adde d th e concentratio n increase s an d mor e 
i s bein g lost .  "  Thus ,  hi s tas k wa s "t o pu t  al l  thi s togethe r 
i n som e formula s o r  somethin g an d se e thes e relationships. " 

Althoug h S  showe d immediat e insigh t  int o essentia l 
aspect s o f  th e physica l  proces s a s specifie d b y th e proble m 
statement ,  hi s firs t  computation s ignore d som e o f  it s 
specifications ,  i n particular ,  tha t  th e volum e o f  mixtur e i n 
th e flask  i s constant .  H e compute d tha t  i n 5  minute s 3 
kilogram s o f  sal t  ente r  th e flask  (Episod e III) .  Bu t  the n h e 
proceede d t o comput e th e amoun t  o f  sal t  leavin g i n 5 
minutes ,  basin g thi s computatio n o n th e tota l  volum e o f 
solutio n adde d i n 5  minute s (Episod e IV) :  I n 5  minute s a 
tota l  o f  1 0 liter s o f  sal t  solutio n i s adde d t o th e 1 0 liter s o f 
wate r  alread y i n th e flask  resultin g i n a  tota l  o f  2 0 liter s o f 
mixture .  Thus ,  th e 3  kilogram s o f  sal t  enterin g i n 5  minute s 
are ,  s o h e reasoned ,  dissolve d i n 2 0 liters .  I n 5  minute s a 
tota l  o f  1 0 liter s o f  mixtur e i s withdraw n fro m th e flask. 
Becaus e 1 0 liter s ar e hal f  o f  th e tota l  o f  2 0 liters ,  hal f  o f  th e 
3 kilogram s o f  sal t  dissolve d i n 2 0 liter s i s withdraw n from 
th e flask.  Thi s leave s 1. 5 kilogram s o f  sal t  i n th e flask  afte r 
5 minutes .  H e emphasize d tha t  thi s wa s " a guess, "  an d h e 
(correctly )  suspecte d i t  t o b e wrong .  Fearin g tha t  participan t 

S migh t  a t  thi s poin t  declar e a n en d t o hi s proble m solving , 
th e experimente r  aske d "Ca n yo u c o m e u p wit h a n equation? " 
" A goo d question, "  h e agreed ,  becaus e equation s ha d bee n 
"irt̂ licit "  i n wha t  h e ha d bee n thinkin g bu t  no w th e 
challeng e wa s t o "fin d wha t  the y are. "  I t  wa s clea r  t o hi m 
tha t  i t  woul d nee d t o b e "sor t  o f  a  rat e equation "  (Episod e V ) . 
He starte d t o wonde r  whethe r  h e ha d misse d somethin g befor e 
and therefor e though t  i t  bes t  t o "rea d thi s again "  (Episod e 

VI) . 
Afte r  rereadin g th e proble m h e determine d x  t o b e "th e 

amount  o f  sal t  i n tank "  (Episod e VII) ,  thu s specifyin g th e 
dependen t  variabl e (althoug h h e di d no t  us e thi s 
terminology) .  Th e left-han d sid e o f  th e equatio n ha d t o b e 
"th e tim e derivativ e o f  jc "  whic h wa s note d i n Newtonia n 
notation .  Th e right-han d sid e o f  th e equatio n wa s "rat e a t 
whic h it' s  adde d minu s th e amoun t  tha t  i s  leaving "  (Episod e 
Vni ) .  Th e rat e o f  incomin g sal t  wa s note d a s "0. 6 kg/min " 
and followe d b y a  minu s sign .  H e immediatel y recas t  th e rat e 
of  incomin g sal t  a s "0.3(2), "  als o omittin g th e unit s o f 
measurement .  The n h e proceede d t o th e par t  followin g th e 
minu s sig n tha t  wa s "als o a  functio n o f  time. "  H e kne w tha t 
"th e amoun t  o f  fluid  tha t  i s  flowing  ou t  i s 2. "  Wha t  h e thu s 
wante d t o figure  ou t  wa s h o w th e amoun t  o f  sal t  tha t  wa s 
leavin g depende d upo n th e concentratio n o f  sal t  solutio n i n 
th e flask.  Th e amoun t  o f  sal t  i n th e tan k "i s alway s gonn a b e 
X ove r  10. "  A t  thi s poin t  h e ha d i n effec t  writte n ou t  th e 
complet e differentia l  equation .  Afte r  a  length y paus e (o f  1 2 
seconds )  h e cam e t o th e conclusio n "tha t  thi s migh t  b e th e 
righ t  idea ,  really ,  'caus e thi s say s tha t  th e rat e a t  whic h th e 
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amount  o f  sal t  change s depend s upo n h o w fas t  yo u ad d it. " 
Despit e havin g pu t  th e complet e differentia l  equatio n o n 
paper ,  S  ha d no t  ye t  full y  conceive d o f  i t  a s th e appropriat e 
mathematica l  model .  Ther e wa s n o doub t  fo r  hi m iha l  th e 

rat e o f  incomin g sal t  wa s th e determine d constan t  (Episod e 
IX) .  I t  wa s als o clea r  tha t  "th e rat e a t  whic h i t  flow s ou t  i s 
th e sam e a t  whic h i t  enters ,  s o that' s gonn a b e 2. "  Bu t  "wha t 
abou t  th e change s du e t o th e increasin g concentration? " 
" H o w [di d he ]  k n o w wha t  th e concentratio n o f  sal t  is? "  H e 
admitted ,  h e didn' t  know .  A t  thi s poin t  anothe r  insigh t 
rescue d him .  Checkin g th e unit s o f  measuremen t  fo r  th e 
right -  an d left-han d sid e o f  hi s equatio n (Episod e X )  h e wa s 
jus t  delighte d t o find  tha t  "thi s ha s th e units ,  thi s ha s th e 
righ t  units! "  H e restate d th e equatio n i n a  concis e for m 
as i  =  0. 6 -  0. 2 X . 

N o w h e ha d t o solv e th e equation .  H e anticipate d a  littl e 
bi t  o f  effor t  an d challeng e becaus e h e woul d hav e t o 
"integrat e o r  something "  an d h e woul d "en d u p wit h som e 
kind a exponentia l  function "  (Episod e XI) .  H e reformulate d 
th e equatio n i n Leibnizia n notatio n an d proceede d t o a 
separatio n o f  variables .  Bu t  befor e takin g th e solutio n an y 
further ,  tha t  is ,  proceedin g t o integrate ,  h e wante d t o "think " 
and "see "  onc e mor e whethe r  h e like d "th e wa y thi s i s going " 
(Episod e XII) .  H e wa s "comfortable "  wit h th e "constan t  tim e 
derivativ e whic h i s becaus e ther e i s a  constan t  source. "  Th e 
questio n wa s "ho w d o yo u dea l  wit h a  changin g rat e o f 
outflow? "  H e coul d "see "  tha t  i t  wa s changin g becaus e "sal t 
concentratio n i s risin g an d therefor e mor e i s flowin g out. " 
Ther e wa s n o sal t  i n th e flas k "t o star t  with "  an d i n th e 
"extrem e futur e yo u woul d reac h a n equilibriu m situatio n 
wher e al l  o f  th e origina l  wate r  ha d bee n replace d an d therefor e 
th e concentratio n insid e th e tan k woul d b e 0. 3 kilogram s pe r 
lite r  an d a t  tha t  poin t  yo u woul d hav e 3  kilogram s i n there. " 
"Unfortunatel y th e proble m didn' t  as k abou t  th e extremes, " 
tha t  is ,  th e initia l  amoun t  an d th e amoun t  a t  equilibrium ;  i t 
aske d fo r  "th e middle. "  A n answe r  t o thi s questio n coul d b e 
foun d b y solvin g th e differentia l  equation ;  therefore ,  h e 
thought ,  "it' s  wort h doing. " 

He proceede d wit h th e solutio n b y employin g a 
substitutio n procedur e an d afte r  severa l  step s arrive d a t  th e 
followin g intermediar y resul t  0. 6 -  0. 2 j :  =  e  ""̂ '  (Episod e 
XIII) .  H e solve d fo r  th e dependen t  variabl e x  an d checke d hi s 
solutio n b y evaluatin g th e equatio n a t  t-O .  I t  turne d ou t  tha t 
" x i s no t  equa l  t o 0" ,  thu s th e initia l  conditio n accordin g t o 
whic h initiall y  pur e wate r  wa s i n th e flas k wa s no t  met . 
Clearl y somethin g wa s "no t  right "  (Episod e X F V ) .  H e 
diagnose d th e problem :  " U h oh ,  I  thin k I  se e that' s becaus e I 
didn' t  d o th e righ t  integration. "  Nevertheles s h e recognize d 
"element s o f  truth "  becaus e i n th e "long-ter m limit "  h e 
woul d "ge t  th e righ t  answer ,  "  h e woul d ge t  th e 3  kilograms . 
He ha d t o "figur e ou t  h o w t o d o th e integrals, "  thu s handlin g 
th e "initia l  an d final  condition s correctly. "  H e starte d ove r 
afte r  hi s substitutio n procedur e notin g definit e integral s t o b e 
evaluate d betwee n 0  an d a :  an d 0  an d t ,  respectivel y (Episod e 
X V ) .  N o w h e wa s convince d h e wa s o n th e righ t  track :  "Al l 
right,  s o I  k n o w I  hav e som e goo d stuf f  goin g o n here ,  I  jus t 
didn' t  ge t  enoug h o f  i t  int o m y equation. "  Evaluatin g th e 
definit e integral s h e arrive d a t  x{ t )  =  3 { \  -  e'̂ ^ '  ) .  Thi s 
was a  resul t  h e "liked, "  becaus e "a s t  approache s infinit y x 
approache s 3 "  an d a t  " t  equal s 0 ,  x  i s equa l  t o 0 "  (Episod e 
XV I )  .  Everythin g wa s read y fo r  "th e questio n w e wan t  t o 

answer, "  namely ,  "wha t  i s x  o f  5? "  (Episod e XVI I ) .  H e use d 

a pocke t  calculato r  t o determin e th e numerica l  solutio n 
(Episod e XVIII )  an d declare d "1.89 6 kilograms "  t o b e hi s 
answe r  t o th e problem . 

Agency and Disciplinarity 

At  th e outset ,  i t  i s  wort h notin g tha t  th e proble m wa s 
seriousl y demandin g fo r  th e exper t  participants-whil e thi s i s 
a prerequisit e fo r  rich  verba l  protocols ,  i t  wa s somewha t 
surprisin g a t  first,  unti l  th e effor t  necessar y t o initiall y 
represen t  th e proble m becam e apparent .  Participant s T  an d U , 
bot h retreate d t o approache s utilizin g discret e tim e interval s 
when face d wit h difficult y o n a  conceptua l  level .  However , 
thei r  approximatio n procedure s wer e ver y differen t  i n 
character .  Participan t  S  employe d a  genuin e modelin g 
approach .  I  wil l  concentrat e her e o n difference s i n thei r 
representation s o f  chang e a s such ,  particularl y o n th e agenc y 
implicate d b y thes e representations . 

Participan t  T  buil t  hi s representatio n o f  th e proble m b y 
means o f  finite  tim e interval s wit h th e inten t  t o develo p 
eventuall y a n "instantaneou s picture. "  I n th e limitin g cas e 
thi s approac h coul d conside r  infinitel y smal l  intervals ,  o r 
differentials ;  a s suc h hi s approac h wa s Leibnizian .  B y 
contrast ,  th e representatio n tha t  participan t  U  employe d ca n 
be characterize d a s Newtonian .  Newton' s an d Leibniz '  calcul i 
wer e concerne d wit h variabl e quantities ,  bu t  the y conceive d 
the m ver y differentl y (Bos ,  1980) .  Wit h Leibni z a  variabl e 
quantit y range d ove r  a  sequenc e o f  infinitel y clos e values . 
Wit h Newton' s fluxionary  calculu s variabl e quantitie s wer e 
conceive d a s changin g i n time ,  an d thu s a s dynami c (se e 
Freyd ,  1987) .  I n Newton' s o w n word s (cite d fi"om  hi s 
Tractatu s d e quadmtur a curvaru m o f  170 4 a s translate d an d 
reprinte d i n Struik ,  1969) :  " I  conside r  mathematica l 
quantitie s i n thi s plac e no t  a s consistin g o f  ver y smal l  parts ; 
but  a s describe d b y a  continue d motion .  Line s ar e described , 
and thereb y generate d no t  b y th e appositio n o f  parts ,  bu t  b y 
th e continue d motio n o f  points ;  superficie s [surfaces ]  b y th e 
motio n o f  lines ;  solid s b y th e motio n o f  superficies ;  angle s 
by rotatio n o f  sides ;  portion s o f  tim e b y a  continua l  flux: 
and s o i n othe r  quantities. "  Fluxions ,  th e fundamenta l 
concep t  i n Newton' s calculus ,  ar e th e velocitie s o r  rate s o f 
chang e o f  thes e variabl e quantities .  I n Leibniz '  calculus ,  o n 
th e othe r  hand ,  differential s wer e fundamenta l  (Bos ,  1974) .  A 
differentia l  i s  th e infinitel y smal l  differenc e betwee n 
successiv e value s i n a  sequenc e o f  infinitel y clos e values , 
tha t  is ,  th e variabl e quantity . 

T chos e tim e intervals ,  first  o f  1  minute ,  the n o f  3 0 
second s an d finally  (a t  leas t  hypothetically )  o f  1 5 second s i n 
an attemp t  t o "refin e unti l  nothing, "  unti l  th e differences -
rea d tim e intervals-ha d vanished .  I n thi s sens e choic e wa s 
fundamenta l  t o hi s representatio n o f  change .  Similarly ,  th e 
choic e o f  infinitel y clos e value s o f  a  variabl e quantit y wa s a t 
th e hear t  o f  Leibniz '  calculus .  Bo s (1993 )  ha s emphasize d 
tha t  Leibni z di d no t  conceiv e o f  differential s b y mean s o f  a 
loca l  limi t  proces s (lik e th e derivative) .  Leibniz '  limi t  takin g 
was global .  Wit h respec t  t o a  curve ,  fo r  instance ,  thi s mean t 
tha t  th e curv e remaine d compose d o f  th e side s o f  a  polygo n 
eve n afte r  extrapolatio n t o th e infinit e cas e o f  a n 
infinitangula r  polygon .  T' s pla n t o "refin e unti l  nothing " 
migh t  therefor e no t  hav e bee n Leibnizia n i n intent ,  however , 
hi s realizatio n i n term s o i  fixed  increment s was . 
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U transforme d th e chang e i n sal t  int o th e continuou s 
motio n o f  a  poin t  creatin g a  grap h i n time .  Thi s 

transformatio n wa s th e resul t  o f  he r  knowledg e abou t  proces s 
characteristic s (th e stead y state )  an d a  particula r  wa y o f 
constructin g a n asymptoti c grap h i n a  Cartesia n coordinat e 
system .  He r  approximatio n metho d finall y parallele d he r 
constructio n o f  thi s graph ;  Firs t  sh e detennine d ho w muc h 
was added ,  the n sh e mad e sur e tha t  sh e wa s " a littl e low, " 
tha t  is ,  tha t  sh e subtracte d abou t  th e righ t  amount ,  the n sh e 
use d thes e point s a s referenc e point s fo r  th e extrapolatio n o f 
th e correspondin g "motion. "  Similarly ,  Newto n conceive d o f 
mathematica l  quantitie s a s motio n o f  geometrica l  objects . 

Mathematica l  representation s o f  change ,  lik e thos e 
employe d b y participant s T  an d U ,  includ e representatio n o f 
th e proble m solver' s o w n agenc y (Kur z &  Twenty ,  1998) . 
Agenc y i s  her e understoo d a s th e tas k assigne d t o th e 
proble m solve r  b y th e representation .  Th e agenc y entaile d i n 
participan t  T' s Leibnizia n representatio n ca n b e characterize d 
as choice ,  th e agenc y i n th e cas e o f  participan t  U' s 
Newtonia n representatio n a s transformation .  I n th e sens e tha t 
th e proble m solve r  "knows "  th e representatio n h e o r  sh e i s 
buildin g an d employing ,  h e o r  sh e ha s "knowledge "  abou t 
th e entaile d agency .  A s Goodin g ha s pointe d ou t  (1992) , 
agenc y i s a  matte r  o f  skill . 

What  kin d o f  agenc y wa s implicate d b y participan t  S' s 
modelin g approach ? Participan t  S' s  protoco l  wa s largel y 
concerne d wit h finding  a  matc h betwee n a  mathematica l 
model  an d a n understandin g o f  th e physica l  process .  Thi s i s 
i n lin e wit h th e fac t  tha t  h e ha d formulate d th e appropriat e 
differentia l  equatio n lon g befor e h e recognize d th e equatio n a s 
th e appropriat e mathematica l  model .  I n workin g ou t  thi s 

matc h h e mad e th e physica l  proces s "observable "  an d 
"manipulable "  i n hi s  mind' s eye .  Thi s mental  "simulation " 
of  th e physica l  proces s "observed "  a  physica l  proces s i n 
time ,  firom  "n o sal t  i n ther e t o star t  with "  t o a n "extrem e 
future "  i n whic h "yo u woul d reac h a n equilibrium. "  S' s 
model ,  mathematica l  an d physical ,  describe d a  physica l 
proces s changin g i n real-time .  I n som e sens e descriptio n wa s 
observatio n i n thi s case ;  thi s i s  paralle l  t o wha t  Nersessia n 
(1992 )  ha s pointe d ou t  fo r  though t  experiments .  Th e agenc y 
of  observatio n an d manipulation ,  th e unit y o f  whic h Twene y 
(1992 )  an d Goodin g (1990 )  hav e emphasize d i n thei r 
account s o f  Michae l  Faraday' s experimenta l  investigations , 
occurre d a t  th e interfac e o f  S' s understandin g o f  th e physica l 
proces s an d o f  hi s mathematica l  model .  I t  coul d b e argue d 
tha t  th e differentia l  equatio n i s th e physica l  proces s model . 
Thi s i s th e cas e i n a  stric t  sense ;  however ,  th e identificatio n 
of  th e understandin g o f  th e physica l  proces s wit h th e 
mathematica l  mode l  stoo d a t  th e en d o f  S' s solutio n process ; 
thi s i n fac t  wa s hi s primar y achievement . 

Th e wid e sprea d applicatio n o f  calculu s i n th e science s 
seems t o sugges t  tha t  th e calculu s doe s no t  recogniz e 
disciplinar y boundaries .  Th e representationa l  practic e o f 
calculus ,  however ,  ha s alway s recognize d boundaries .  I n th e 
18t h century ,  whe n Newtonia n calculu s wa s predominan t  o n 
th e Britis h Isle s an d Leibnizia n calculu s o n th e Continent , 
th e Englis h Channe l  wa s suc h a  boundary .  A s muc h a s 
participant s T ,  U  an d S' s approache s ar e typica l  o f  particula r 
academi c discipline s o r  fields ,  th e calculu s stil l  seem s t o 
acknowledg e boundaries-nowadays ,  thos e tha t  ma p ou r 
academi c specializations . 
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