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Abstract

Deni¢ and Szymanik (2024, henceforth D&S) argued that re-
cursive numeral systems optimize the tradeoff between lexicon
size and average morphosyntactic complexity. In support of
this claim, they showed that a broad range of attested numeral
systems trade off these two quantities nearly as well as the best
of a large set of artificial numeral systems. However, D&S’
artificial systems were in some respects not entirely compara-
ble to natural ones. Here, we address this issue by creating a
grammar framework that can represent both natural and artifi-
cial numeral systems, and we derive both natural and artificial
numeral systems from this single framework, which ensures
the comparability of the two sorts of systems. We test D&S’
original claim under these new conditions, and find support for
it. We also explore the proposal that numeral systems might
optimize the sum of lexicon size and average morphosyntactic
complexity under a fixed weighting of the two terms, and the
role of the prior distribution over numbers.

Keywords: numerals; numbers; semantic systems; grammar;
lexicon; complexity; efficient communication; morphosyntax

Introduction

It has been argued that pressure for efficient communication
shapes languages generally (e.g. Zipf, 1949; Piantadosi et al.,
2011; Fedzechkina et al., 2012; Gibson et al., 2019; Hahn et
al., 2020; Haspelmath, 2021), and semantic systems in par-
ticular (e.g. Kemp et al., 2018; see also Rosch, 1999). In this
context, efficiency is often cast as an optimal tradeoff between
simplicity (having a compact cognitive representation) and
informativeness (supporting precise communication). Each
of these two characteristics is desirable in its own right, but
they compete with each other: a maximally simple system
might have only a single word to cover an entire semantic do-
main, which would not be informative. Conversely, a maxi-
mally informative system might have a separate word for each
idea in a domain, which would not be simple. The proposal
is that naturally occurring semantic systems reflect optimal
tradeoffs between these two competing characteristics. Pre-
vious work has shown that this notion of efficiency explains
cross-language semantic variation in the domains of color
(Zaslavsky et al., 2018), kinship (Kemp & Regier, 2012),
indefinite pronouns (Denié et al., 2022), personal pronouns
(Zaslavsky et al., 2021), and Boolean connectives (Uegaki,
2024), among others.

Xu et al. (2020) argued that numeral systems across lan-
guages (e.g. Greenberg, 1990; Comrie, 2013) also reflect
pressure for efficiency in this sense. However Denié and Szy-

manik (2024, henceforth D&S) highlighted a limitation of 86

that argument. D&S noted correctly that while non-recursive
numeral systems (e.g. approximate and restricted systems:
Gordon, 2004; Pica et al., 2004; Hammarstrom, 2010; Com-
rie, 2013) may optimally trade off simplicity and informa-
tiveness, recursive numeral systems sometimes do not. The
reason is that recursive numeral systems, such as the nu-
meral systems of English and many other languages, are all
equally informative over a large range because they all assign
a unique numeral to each number within that range — but
they vary in simplicity, sometimes substantially. It follows
that all but the simplest recursive systems could in principle
be simpler without sacrificing informativeness, and thus they
do not optimally trade off these two quantities.

Given this, D&S proposed that in the case of recursive nu-
meral systems, the relevant tradeoff is instead that between
lexicon size and average morphosyntactic complexity. They
tested their proposal by calculating these two quantities in
a variety of attested recursive numeral systems, and in a
large set of artificial systems. However, their artificial sys-
tems were in some respects not entirely comparable to natu-
ral ones. Here, we re-examine D&S’ argument by addressing
this issue, along with some other issues suggested by their ar-
ticle. In what follows, we first briefly recap D&S’ argument,
and then describe our own studies that probe D&S’ central
question in new ways. Ultimately, we find support for D&S’
original claim, when re-assessed as we describe.

The argument of Deni¢ and Szymanik (2024)

D&S focused on the number range 1-99, and they defined the
lexicon size of a numeral system to be “the number of lexi-
calized meanings” (p. 6) that system uses in denoting num-
bers within that range — that is, the number of meanings for
which a monomorphemic form is used in that system. For ex-
ample, English lexicalizes the numbers 1-12 (one, two, ... ten,
eleven, twelve) within this range, and thus the lexicon size of
English is 12.! D&S defined the morphosyntactic complexity
of a given numeral in a given system to be the total number
of digits and arithmetic symbols in that numeral’s underly-
ing morphosyntactic form. Some examples from English are
shown in Table 1. Here, the morphosyntactic complexity of

'D&S actually take twelve to be multimorphemic, in contrast
with eleven which they take to be monomorphemic. We consider
it simpler to consider eleven and twelve to each be monomorphemic.
As D&S point out, their qualitative results are robust to this choice.
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Number Numeral Morphosyntax ~ Complexity
4 four 4 1
14 fourteen 10+4 3
47 forty-seven 4-10+7 5

Table 1: Morphosyntactic form and morphosyntactic com-
plexity of three sample numerals in English, in D&S’ scheme.

the numeral four is 1, because it contains only the single mor-
pheme four, representing the number 4. In contrast, the com-
plexity of fourteen is 3 because it is analyzed morphosyntac-
tically as 10+ 4, and one unit of complexity is allocated for
each of 10 and 4 and also one for the operation of addition,
denoted + in the morphosyntactic form.> Finally, the mor-
phosyntactic complexity of forty-seven is 5 because one unit
of complexity is allocated for each lexified number (4, 10,7)
and one for each operation (multiplication: -, addition: +).3
Given this, D&S calculate the average morphosyntactic com-
plexity amsc(L) of a language L as:

amsc(L) = Z P(n)-msc(n,L)
nel1,99]

ey

Here, msc(n,L) is the morphosyntactic complexity of the nu-
meral expressing number 7 in language L, as just defined, and

P(n) e<n? (2)

is a prior distribution over numbers, motivated by earlier work
(Dehaene & Mehler, 1992; Piantadosi, 2016; Xu et al., 2020).

D&S wished to compare a set of numeral systems in nat-
ural languages to a set of artificial languages that had been
evolved to optimize the tradeoff between lexicon size and av-
erage morphosyntactic complexity, to see whether the natural
languages optimize this tradeoff nearly as well as possible.
They obtained lexicon size and morphosyntactic complexity
for numerals in individual natural languages from descriptive
grammars and similar resources. They then generated artifi-
cial languages using the numeral grammar of Hurford (2007,
2011), shown in Equation 3:

NUMBER —D |PHRASE | PHRASE -+ NUMBER |
PHRASE — NUMBER
PHRASE —M |[NUMBER - M

3

Specifically, artificial languages were generated by assigning
several numbers to the Digits (D) and Multipliers (M) cat-
egories of this grammar. Multipliers are lexified numerals
that serve as bases — for example, English has M = {10} —

2This analysis makes three assumptions: (1) that -feen is an allo-
morph of zen, i.e. a different phonetic realization of the same mor-
pheme, (2) that arithmetic operations such as + can be represented
by a covert morpheme, i.e. one with no phonetic realization, and
(3) that elements can be reordered in moving from the underlying
form to the surface form, such that 10 +4 yields fourteen rather than
*teenfour. Such reordering does not affect complexity.

3This analysis similarly assumes that -ry is an allomorph of fen.
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and digits are all other lexified (monomorphemic) numerals.
Numerals for all other numbers in the range 1-99 were then
generated using the rules of this grammar, with the shortest
construction selected for each number; in cases of ties, the
tie was broken by random selection among the shortest con-
structions. D&S then used an evolutionary algorithm to gen-
erate variants of these artificial languages that optimized the
tradeoff between lexicon size (|D| + |M|) and average mor-
phosyntactic complexity — that is, to find languages such that
there exists no other possible language that is better (lower)
on one of these two dimensions without being worse (higher)
on the other. They took the resulting optimized artificial lan-
guages to define the Pareto frontier of these two quantities.
Their central finding was that attested recursive numeral sys-
tems lay on or near this Pareto frontier, suggesting that these
numeral systems near-optimize the tradeoff between lexicon
size and average morphosyntactic complexity.

Open issues

D&S’ study broadens the discussion over efficient commu-
nication. At the same time, it also leaves several important
points open, and we address three of them here: (1) the ex-
tent to which natural and artificial numeral systems are com-
parable; (2) why attested systems lie where they do along the
Pareto frontier; and (3) the role of the prior distribution. We
pursue these issues in the following sections.

Comparability of natural and artificial systems

D&S’ artificial systems are similar to natural ones, but there
are differences, as D&S point out. The Hurford grammar
that they use (Equation 3) is quite general — which is ap-
propriate as it is intended as a universal grammar that ac-
commodates cross-language variation — but it lacks certain
constraints that natural systems exhibit. For example, D&S’
application of Hurford’s grammar often resulted in multiple
equally short constructions for a given numeral, with a sin-
gle construction chosen randomly, which yielded “unorderli-
ness” (D&S, p. 12) in the artificial languages, including the
optimal ones. An example of this is the rapid switching of
bases back and forth in runs of consecutive numerals (e.g.
11=10+1;12=3-4;,13 =10+ 3; and later 17 =4-4 +
1;18=(10—1)-2;19 =10+ 10— 1; D&S, p. 13), something
not seen in natural numeral systems. Another difference is
that their set of artificial languages necessarily excludes as-
pects of certain natural ones, including English. For instance,
English eleven is not an ordinary digit: one cannot express
21 as 10+ 11 (*eleventeen) and must instead use the more
morphosyntactically complex form 2 - 10+ 1 (twenty-one). If
we were to consider 11 to be a digit (rather than a multiplier,
which it clearly is not) and followed D&S’ scheme, then we
would be forced to choose, as our representation for 21, the
incorrect shorter form 10+ 11 over the correct longer form
2-10+ 1. Thus D&S’ use of the Hurford grammar, if ex-
tended to natural languages, would not correctly accommo-
date such suppletive forms, which occur elsewhere as well:
e.g. Russian sorok is an irregular monomorphemic numeral



for 40. These numerals affect average morphosyntactic com-
plexity but cannot be appropriately represented in the artifi-
cial systems that D&S use. Thus, their natural and artificial
systems, although similar, are not entirely comparable, which
complicates the comparison between them.

To address this issue, we propose a new framework of
grammar constraints placed on top of Hurford’s grammar,
an idea discussed by D&S as a possible direction for future
work. Specifically, we (1) created a new category of numeral
S, for suppletives, such as eleven in English, and added to
Hurford’s grammar a rule stating that NUMBER — S, and
(2) created four grammar constraints to be specified on a per-
language basis. These four constraints are listed below:

Base constraint: Defines the base (multiplier) used to con-
struct numerals within a specific number range.

Number addition constraint: Specifies the maximum
number that can be added to a phrase within a specific
range (e.g. 29 =20+9).

Number subtraction constraint: Specifies the maximum
number that can be subtracted from a phrase within a spe-
cific range (e.g. 29 =30-1).

Exceptions constraint: Defines a specific construction (a
non-canonical form other than suppletives) for a numeral
within a given range.

Examples of the lexicon and of grammar constraints for
English and Gola (iso: gol, Westermann, 1921) are shown in
Table 2. English has a base-10 numeral system with digits
for 1-9 and suppletive numerals for 11 and 12. Since it has
one base, the base constraint specifies that for numerals in
the range 10-99, the base to use is 10. The number addition
constraint specifies that for numerals in the range 10-99, the
maximum number that can be added to a phrase is 9. En-
glish has no subtraction, so that constraint is empty. The En-
glish exceptions constraint is empty because English has no
exceptions other than the already-specified lexical suppletive
forms for 11 and 12. Gola has a base-20 numeral system with
smaller bases of 5 and 10. The base constraint specifies that
base 5 is used to construct numerals between 5 and 9, base 10
is used to construct numerals between 10 and 19, and base 20
is used to construct numerals between 20 and 99. The num-
ber addition constraint specifies that for numerals between 5
and 9, the maximum number that can be added to a phrase
is 4; for numerals between 10 and 19, the maximum number
that can be added to a phrase is 9, and so on. Like English,
Gola does not use subtraction so that constraint is empty. The
exceptions constraint shows that 20, when it appears in the
range {20}, is constructed as 1-20, even though 20 is lex-
icalized. We selected 40 natural languages of the 128 that
D&S analyzed: the first language listed in each subtype of
numeral system listed in their online appendix of language
types (https://osf.io/qgw2x3/). We specified language-
specific constraints for each of these 40 languages, and veri-
fied that Hurford’s grammar plus our language-specific con-
straints produced the correct numeral system for each.

We then constructed artificial numeral systems using the
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same grammar-plus-constraints framework just described.
Artificial languages were generated by randomly selecting (1)
a maximum value (between 1 and 20) for digits, and then
defining digits sequentially from 1 up to and including that
maximum number,* (2) bases (up to 5 numbers), and (3) sup-
pletives (up to 5 numbers), each drawn from a uniform dis-
tribution. The smallest base was selected in a manner that
ensured that all numerals from 1-99 could be constructed® —
all other bases were randomly selected. Suppletives were ran-
domly selected from numerals in the range 1-99 that were not
included in the digits or bases sets. The base constraint was
generated from the bases set by assigning each base in the set
a range that extended from the base itself to the next base in
the set (or to 99 if it was the last base). Next, it was randomly
determined whether the language includes subtraction, with
P(yes) = 0.3. If subtraction was included, the digits used for
subtraction and addition were specified; otherwise, the num-
ber addition constraint was based on the base constraint, and
the number subtraction constraint remained empty. Similarly,
it was randomly determined whether the language includes
exceptions, again with P(yes) = 0.3. If exceptions were in-
cluded, they were generated using the language’s base(s);
otherwise, the exceptions constraint remained empty. The 0.3
probability was deliberately chosen to be higher than the rate
of occurrence of subtraction and exceptions in natural lan-
guages in the dataset. These grammar constraints enforce a
single construction per numeral; using these constraints to-
gether with Hurford’s grammar, we generated constructions
for the numerals 1-99, and took the result to be an artificial
numeral system. Because of the constraints, these artificial
systems exhibited systematicity of a sort that D&S’ artificial
systems did not — e.g. here, there was no rapid switching
back and forth of bases in runs of consecutive numerals.

We then created optimal artificial numeral systems using an
evolutionary algorithm similar to D&S’, adjusted to also al-
low mutations (additions, deletions, or modifications) of sup-
pletive forms in a manner analogous to D&S’ mutation of
bases, and to allow addition or deletion of rules from the ex-
ceptions constraint. An exception rule could be added if the
number of exceptions was fewer than the number of bases,
while a deletion could only occur if there was at least one
exception rule. The first generation of the evolutionary al-
gorithm generated 300 languages, and each subsequent gen-
eration added 50 new languages while mutating the optimal
languages from the previous generation. This process was re-
peated for 100 generations. Finally, the last generation was
combined with natural languages, and the Pareto frontier was
identified by selecting Pareto-optimal languages from this

4Sequential values were chosen for the digits because in all 128
natural languages in D&S’ dataset, digits followed a sequential pat-
tern starting from 1.

SFor artificial languages that used only addition, the smallest
base was set as the number immediately following the largest digit.
For those that used subtraction, the smallest base was restricted to a
range that guaranteed all numerals 1-99 could be constructed: e.g. if
the largest digit was 5, the largest permissible value for the smallest
base was 11, to allow construction of the next numeral 6 = 11 - 5.



Lexicon/Grammar English Gola

Digits {1,2,...9} {1,2,3,4}

Bases {10} {5,10,20}

Suppletives {11,12} {}

Base constraint [[{10,...,99},10]] [[{5,-.-,9},5], [{10,...,19},10], [{20,...,99},20]]
Number addition constr. {10,...,99},9]] {5,...,9},4], [{10,...,19},9], [{20,...,99},19]]

|
Number subtraction constr.  []
Exceptions constraint (]

I
I
]
I

20,{20},(1-20)’]]

Table 2: Lexicon and grammar constraints for English and Gola. If a language does not need a particular constraint, it is
represented as []. Following D&S , we restrict attention to the numerals 1-99.
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Figure 1: Tradeoff between lexicon size and average mor-
phosyntactic complexity of natural languages and artificial
languages with grammar constraints. Natural languages lie
close to the Pareto frontier.

combined set.

The results of this analysis are plotted in Figure 1. It can be
seen that the 40 natural languages we consider (red triangles)
lie on or close to the Pareto frontier (black line), when com-
pared to artificial languages with grammar constraints. Thus,
natural languages continue to near-optimally balance lexicon
size and average morphosyntactic complexity, even when ar-
tificial languages are structured similarly to natural ones.

Why do attested systems lie where they do?

D&S noted (p. 11) that in their analysis natural languages
tended to lie not only along the Pareto frontier, but more
specifically along a particular region of the frontier for which
both lexicon size and average morphosyntactic complexity
had relatively low values. This is also the case in our analysis,
as can be seen in Figure 1. Why is this? D&S suggested that
one possible reason for this could be that natural languages
are actually minimizing the sum of lexicon size and average
morphosyntactic complexity, with some fixed weighting fac-
tor for the two components of the sum. We wished to test this
idea. To that end, we defined:

S(L) = amsc(L)+\-1s(L) )

S(L) is a weighted sum of the average morphosyntactic com-
plexity amsc(L) and the lexicon size /s(L) for a given lan-
guage L, with both quantities defined as above. A is a free
parameter controlling the relative weights of the two quan-
tities. Minimizing this weighted sum for different values of
A yields the entire Pareto frontier (cf. e.g. Zaslavsky et al.,
2018; Yu & Xu, 2025).6 We have already seen that attested
numeral systems lie near the Pareto frontier, and therefore we
know that they near-minimize this sum for different values
of A. The remaining question is whether there exists a single
value of A at which all naturally occurring numeral systems
near-minimize this sum.

To test this, we optimized A through grid search. For each
value of A, we computed the sum S(L) in Equation 4, for (a)
all natural languages in our dataset, (b) all first-generation ar-
tificial languages, and (c) all optimized artificial languages
that were produced as the output of the evolutionary algo-
rithm. We then noted the language L = L* (whether natu-
ral or artificial) that yielded the lowest value for S(L) at that
value of A. Finally, we selected the value of A that minimized
the difference between the optimal S(L*) and S(L) for natural
languages L; that value was A = 0.02199. The distribution of
S(L) values at that value of A is shown in Figure 2. Natural
languages lie at the lower end of this distribution, which to
some extent reflects our optimization of A. Note however that
most natural languages cluster more specifically near the min-
imal value for S(L). This outcome is consistent with the pro-
posal that naturally occurring numeral systems optimize the
sum of lexicon size and average morphosyntactic complexity
under a fixed tradeoff value between the two quantities. At
the same time, this analysis leaves open the question of why
that tradeoff parameter has the value that it does.

The role of the prior

The study by Xu et al. (2020), to which D&S responded, ex-
plored the tradeoff between informativeness and simplicity in

OThis can be seen by noting that if we obtain the optimal L* that
minimizes the sum in Equation 4 for a given value of A, we know
that no other L exists that would yield a lower value for amsc(L) at
the same value of /s(L) = Is(L*), because if such a lower value for
amsc(L) did exist, it would yield an even lower value for the sum, at
that value of A. The same argument holds analogously for the other
dimension. Adjusting A sweeps up and down the frontier.
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Figure 2: Attested numeral systems near-minimize the sum of
lexicon size and average morphosyntactic complexity, with a
fixed weighting factor.

numeral systems. Xu et al. (2020) found that (non-recursive)
systems traded off these two quantities efficiently — that is,
they found that attested systems lay on or near the Pareto
frontier defined by those two quantities. They then manip-
ulated the prior distribution over numbers (recall Equation 2
above), and found that their efficiency results were sensitive
to the prior. Their main analysis used a prior based on the
frequency with which numbers are named in language use
(e.g. Dehaene & Mehler, 1992), which is left-skewed, with
mass decreasing as number increases, as in the power law
in Equation 2. Under this prior, they found that attested nu-
meral systems exhibited efficiency. In contrast, when they
used an unrealistic uniform prior, they found that attested nu-
meral systems were farther from the Pareto frontier. They
concluded from this that “the efficiency of attested systems
relies on the tendency for smaller numeric values to be used
more often” (p. 66). To our knowledge, no such manipulation
of the prior distribution has been attempted for the tradeoff
between lexicon size and average morphosyntactic complex-
ity in recursive numeral systems, and so we conducted such a
manipulation.

We considered three priors: (a) the power law of Equa-
tion 2, which is very similar to the original prior used by Xu
et al. (2020), (b) a uniform distribution, shown in Equation 5,
and (c) a reverse power law which assigns higher mass to
higher numbers, shown in Equation 6.

1

Uniform prior: = —
P 99

P(n) &)

(6)
Figure 3 shows the tradeoff between lexicon size and aver-
age morphosyntactic complexity under these two alternate
priors, for comparison with the same tradeoff obtained un-
der the original power-law prior, shown above in Figure 1.
Considering first the uniform prior, in Figure 3(a), we can see
that natural languages appear to lie reasonably close to the
Pareto frontier, but apparently farther than under the original
power-law prior (cf. Figure 1). To test this impression, we de-
fined the deviation from optimality for a given language L un-
der a given prior to be amsc(L) minus the minimum amsc(-)

Reverse power law:  P(n) o< (100 —n) 2
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score obtained for that lexicon size by any natural or artifi-
cial language under that prior: this measures how far above
the Pareto frontier language L lies.” Figure 4 shows devia-
tion from optimality for all 40 natural languages we consid-
ered, under the power-law, uniform, and reverse power-law
priors. Note that Mandarin, shown in red, has no deviation
from optimality under the power-law prior; thus it is an op-
timal numeral system under that prior.® We can also see that
the Mandarin system is far from optimal under the two alter-
nate priors. More generally it appears that across languages,
deviation is lowest under the power-law prior. A sign test
was conducted to compare the deviation from optimality un-
der the power-law prior vs. the uniform prior, for all natural
languages we considered. All 40 languages showed lower de-
viation from optimality under the power-law prior than under
the uniform prior (40/40 positive signs, p < 0.0001). Turning
next to the reverse power-law prior, in Figure 3(b), we can ob-
serve that in this case natural languages lie quite far from the
Pareto frontier. Another sign test was conducted, this time
to compare the deviation from optimality under the power-
law prior vs. the reverse power-law prior. All 40 languages
showed lower deviation from optimality under the power-law
prior than under the reverse power-law prior (40/40 positive
signs, p < 0.0001). Bonferroni corrections do not alter the
qualitative outcome.

Why do we obtain this outcome? It is known that the
bases for attested numeral systems tend to be relatively small
numbers, such as 10 or 20 (e.g. Comrie, 2013). This al-
lows simpler morphosyntactic forms for lower numbers gen-
erally (e.g. 15 = 10+5) compared with higher numbers (e.g.
85 =28-10+5). This pattern fits the power-law prior well
because under this prior, lower numbers receive more weight
— and average morphosyntactic complexity will in general
be reduced by having shorter forms for more probable num-
bers, as is the case here. The power-law prior is motivated
by the frequencies with which humans name different num-
bers (Dehaene & Mehler, 1992). It appears then that attested
numeral systems are well-suited for communication under the
distribution of numeral usage frequencies actually found in
human language, but are not as well-suited for communica-
tion under some alternative distributions. This is compatible
with a possible adaptation of numeral systems to the frequen-
cies with which humans need to name specific numbers.

Discussion

D&S argued that recursive numeral systems near-optimally
trade off lexicon size and average morphosyntactic com-
plexity. We pursued three issues left open by D&S’ study,
and showed: (1) that their central result continues to hold
when natural and artificial numeral systems are made en-

"The prior affects only amsc(-) and not lexicon size, so we focus
here on amsc(-) only.

8Mandarin is a base-10 system similar to English, with the ex-
ception that it lacks suppletives such as eleven and twelve for the
numbers 11 and 12, and instead uses compositional forms that ex-
press the notions 10+ 1 and 10 + 2 respectively.
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Figure 4: Deviation from optimality (log scale) for the 40
natural languages we consider, under each of the three pri-
ors. Overall, deviation is lowest under the independently mo-
tivated power-law prior. Mandarin is highlighted in red, and
is an optimal numeral system under the power-law prior.

tirely comparable, in that they are generated by the same
constrained grammatical framework; (2) that natural numeral
systems near-minimize the sum of lexicon size and average
morphosyntactic complexity for a particular fixed tradeoff
value, which may help in understanding why languages ap-
pear where they do along the Pareto frontier; and (3) that nat-
ural numeral systems exhibit the near-optimal tradeoff noted
above in (1) when assessed under a prior that reflects the
frequencies with which humans name different numbers, but
they emerge as less optimal under other, hypothetical, priors.
Taken together, our results elaborate, extend, and ultimately
support D&S’ central argument.

Our results also leave a number of issues open, suggest-
ing avenues for future work. The study by Xu et al. (2020),
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to which D&S responded, measured the size of the grammar
and lexicon taken together, whereas D&S measured only lex-
icon size, assuming a universal numeral grammar of constant
size. We have added language-specific grammar constraints
to that universal grammar, which can result in grammars of
different sizes for different languages — but we have here
followed D&S in focusing only on lexicon size, rather than
the size of the lexicon and grammar taken together. This
choice seems natural in that intuitively, lexicon size and mor-
phosyntactic complexity are opposed: e.g. a unary system has
the smallest possible lexicon and very high morphosyntactic
complexity, whereas a system with separate unrelated lexi-
cal items for each number in the range 1-99 has exactly the
opposite configuration for these two quantities. Still, mea-
suring the complexity of our language-specific grammar con-
straints, and exploring the role of that complexity in the trade-
off with average morphosyntactic complexity, seem relevant
to obtaining a more complete picture; we leave this question
for future work. Another issue left open is a fuller expla-
nation of why languages lie where they do along the Pareto
frontier. We have explored a partial explanation, in terms of
the sum of lexicon size and average morphosyntactic com-
plexity under a fixed weighting factor (cf. Xu et al., 2020,
Supplementary Materials, p. 10). But our approach leaves the
specific weighting factor unexplained, and there is a natural
alternative possible explanation. Numeral systems may ex-
hibit the range of lexicon sizes they do because of reliance
on external cognitive reference points such as the number of
body parts like fingers and/or toes, and the restriction of lexi-
con size to values easily grounded in such external reference
points. Again, we leave exploration of these competing pro-
posals, or some synthesis of them, for future work. We hope
that our findings will help to motivate further research explor-
ing numeral systems, and other semantic systems, in light of
pressure for communicative efficiency.
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