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Abstract

Humans can categorize with only a few samples despite the nu-
merous features. To mimic this ability, we propose a novel mix-
ture of probabilistic principal component analyzers (mPPCA)
model with dimension-reduced category representations, along
with a theoretical analysis of rational dimensionality choices
in categorization. Tests on the CIFAR-10H natural image cat-
egorization dataset show that introducing a single principal
component for each category effectively improves predictions
of human categorization patterns. We further use mPPCA to
account for human category generalization with very few sam-
ples. In our experiments with visual patterns of varying size
and color, combining principal components and the hierarchical
prior leads to significantly better predictions of human general-
ization within and beyond previously learned categories.

Introduction

Human categorization grasps commonalities across items de-
spite their differences. Although natural stimuli have numer-
ous features, people can learn new categories with just a few
instances (Lake et al.,|2015)) and generalize to novel observa-
tions (Salakhutdinov et al.| 2012; | Tiedemann et al., [2022). For
example, a child can recognize a giraffe with only verbal de-
scriptions. Theories suggest that people group instances with
similar features together, and categories can be represented
with past exemplars (Nosofsky), |1986) or abstract prototypes
(Reed, (1972). Rational models (Anderson, 1991} (Gritfiths
et al.| |2007) provide a unifying perspective, casting catego-
rization as optimal (Bayesian) inference. These models are
insightful but struggle to explain categorization in few-shot
settings where dimensions outnumber samples. For example,
the prototype model with full-rank covariance cannot obtain a
reliable estimate directly, and exemplar-based approaches are
naturally biased on unbalanced categories.

This paper proposes a novel dimension-reduced category
representation under the rational framework. Each category
is described by a prototype and a set of principal components
(PCs), characterizing the location and within-category vari-
ations, respectively. Additionally, we provide a theoretical
rationale for when dimension-reduced representations reflect
adaptation to the environment’s information structure. A ra-
tional agent should remove a dimension from the category
representation if and only if the dimension provides relatively
more information about category differences than about within-
category variation. On the natural image dataset with human

labels CIFAR-10H (Peterson et al.l 2019), representation With152

merely a single principal component proves highly effective
in predicting human categorization patterns.

The dimension-reduced representation is compatible with
a hierarchical prior over principal components. The resulting
model, mixture of probabilistic principal component analyzers
(mPPCA), suggests a principled way of generalization in the
few-shot setting. Within an existing category, a principal com-
ponent can serve as a low-dimensional local feature system to
locate subcategories. For a new category, mPPCA prefers gen-
eralizing along principal components of existing categories.
Behavioral experiments with simple visual patterns confirmed
the anticipated generalization patterns. Compared with classi-
cal models, mPPCA provides significantly better predictions
of how humans generalize categories.

Background
Models of human category learning

Categorization groups instances with similar features. Cate-
gory representations enable accurate predictions and consis-
tent generalizations. Cognitive models of categorization make
various assumptions about category representations. For exam-
ple, the prototype model (Reed||1972) assumes that categories
can be represented as abstract prototypes. People assign an
instance to the category with probability proportional to the
similarity to the prototype. The exemplar model (Nosofsky),
1986)) considers a representation with all known category mem-
bers. The rational model of categorization (RMC) (Anderson,
1991) offers a different perspective. It postulates that human
categorization results from adapting to the optimal prediction
of unobserved features. RMC models categories as probabil-
ity distributions. Denote x, € R? and ¢, the new observation
and its category assignment, respectively, and x,,_; and ¢,
the set of previous observations and their category member-
ships, respectively. The (posterior) predictive distribution of
the features for a new observation is given by

K
P(xn‘Xn,],Cnfl) = ZP(Cn = k|Cn,1) -P(xn|c,, = k,Xn,],Cnfl).
k=1
)]

The formulation decomposes the prediction task the prior bias
towards a particular category and the likelihood of an obser-
vation from that category. The prior can take the form of a

8Chinese restaurant process (CRP) (Blackwell & MacQueen,
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1973), a sequential process that over ¢,_ that allows for in-
finite many categories. A sample is assigned to an existing
category k with probability proportional to the number of ex-
isting samples M. Meanwhile, a new category emerges with
probability proportional to a concentration parameter y > 0:

My if My >0 (kis old)
P(Cn = k|cn71) < . . (2)
vy  if My =0 (kis new)

The CRP is the marginal distribution of category assignment
corresponding to a Dirichlet Process (DP), which governs the
joint distribution of category assignments and parameters for
each category (Teh et al., 2010). DP has the constructive pro-
cess known as the stick-breaking construction (Blei & Jordan,
2006)). For the prior probability measure G of category parame-
ter O (without specifying the category), we have G ~ DP(y,H),
and G can be constructed as follows.

Bx ~ Beta(1,y),

k—1 I
=B JJ(1-B), G=) mdy,.
=1 k=1

ek ~ Ha
(3)

where H is the base measure in the DP. The intuition is to se-
quentially sample for each category parameter 0 a proportion
By from the remaining part of a stick (with Y';> ; m = 1).

The likelihood in Equation (1) P(x,|c, = k,X,—1,¢,—1) can
be a multivariate normal distribution for continuous variables
with parameters 8; = (uy, Xy ) for category k. The distribution
specifies the mean parameters y; representing category proto-
types and the covariance parameters X defining dimensional
variations.

RMC, with the CRP prior, enjoys the flexibility to learn
an indefinite number of categories. It can also be used in
supervised and unsupervised settings and allows subcategory
modeling (Griffiths et al., [2007). However, RMC models
dimensional variations with full-rank covariance, and it is gen-
erally difficult to discern the similarity between covariances.

Models of human generalization patterns

Humans exhibit consistent generalization patterns in the fea-
ture space, e.g., isotropic or dimension-aligned (Smith| |1989).
Through category learning, they gradually exhibit preferences
to generalize along some meaningful axis, such as size or color.
Shepard| (1987)) uses L; metric and L, metric to describe these
generalization patterns.

In rational models, the covariance matrix reflects graded
generalization that rotates and scales the feature space. It
implies a direction of strong generalization through its first
principal component. Researchers have imposed a mixture
prior on the covariance matrix (Heller et al., | 2009) to highlight
a preference to reuse dimensions for strong generalization.
Consider a mixture of inverse Wishart distributions with J
components. Denote ®; as the parameters for the j-th com-
ponent. The prior for the covariance matrix of category k is
given by P(X¢|®y,..., D)) = leP(uk = j)P(Z|®;) where
uy indicates which component to take effect. This model can

also include infinitely many components using the CRP prior
(Sanborn et al., 2021).

Notice that the covariance X; holds full-rank information
about rotation and scaling. However, humans tend to focus
only on a subset of dimensions for categorization (Aha &
Goldstonel [1992). Besides, the implicity of the generalization
direction implied by the covariance makes it challenging to
identify local structures. Therefore, a model incorporating
dimension-reduction for each category can be favorable.

Dimension-reduced category representation

To properly characterize human categorization, we consider
a combination of two elements: a flexible local dimension-
reduced representation and a hierarchical structure for gener-
alization. We start with dimension reduction for each category
and then move on to a hierarchical model in the next section.
We propose a low-dimensional representation of categories
based on probabilistic principal component analysis (PPCA,
Tipping & Bishop| (1999)). For a category ¢ € C, PPCA as-
sumes that an observation x, € R is generated from a low-
dimensional latent variable z, € R? (¢ < d) with transforma-

tion
Xn = Wezn + e + € 4

The columns of the loading matrix W, € R*? suggest the
directions of strong generalization. The latent variable z,, € RY
indicates variations in these directions. . € R? is the category
prototype. We assume normal priors for the latent variables
zn ~ N(0,1,) and noises €, ~ N(0,6°1,) so as to marginalize
out z, analytically.

Assume the observations are from a DP mixture of cate-
gories. Denote {6.} = {(u,W,,62)} the parameters of all
categories ¢ € C. With n — 1 observations x,_| and their cate-
gory assignments ¢,_1, the DP updates the joint posterior

P({ech}‘cn—bxn—l) o<
P({8P({Bc})P(en-1{Bc})P(Xn-1]en1,{6c})
where {B.} come from the stick-breaking process, and {6, }

are sampled from the base measure H of the DP. The marginal
posterior distribution of the category parameter 0 is derived as

&)

P({6c}|€n—1,X,-1) o< P({8:})P(Xp—1]€a—1,{0c}),
P({Bc}Hen—1,%p-1) o< P({Be})P(cn—1]{Bc})-

To formulate H, we assume independent normal for u. and
multivariate normal for W,.. Later we will modify the prior
for W to incorporate shared principal component dimensions
across categories. The features of an observation x,, given its
category assignment c, follow the multivariate normal distri-
bution x, |cu, 0, ~ N(te,, We, W + 62 1;). We then introduce
the PPCA classifier as the predictive distribution of category
assignment ¢, given observation x;,

(6

P(Cn|xn,cn7],X”,|) :P(C,,|Cn71)P(X,,|Cn,Cn71,X,Zf]), @)
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where P(cy|c,—1) is obtained from the CRP, and the latter
involves simulating the posterior of 9.,,

P(Xn|Cn,Cn_1,Xn_1) :/9 P(xn|cnaecn)dP(ec,,|cn—17xn—1)'
' (8)

Meanwhile, given category assignment c,, the latent
variable z, has the posterior z,|x,,cy,0, ~ N ((WiWCn +
o2 I,) "W (x4 — ue,), 02 (WIW,, + 62 1,)~"). The PCs for
each category span a low-dimensional feature system, with the
latent variables explicitly capturing within-category variations.

Theoretical analysis of dimension reduction

When is a low-dimensional representation better than a full-
rank representation? We explore this question by considering
the limiting case of PPCA when 62 — 0, so that it reduces to
PCA, and by focusing on two categories C = {a,b}. Obser-
vations from each category ¢ follow x|c ~ N(u.,%.),Ve € C.
For simplicity, we assume equal covariance £, = ¥, = X. The
probability of assigning observation x to the correct category
(set to be a without loss of generality) is a sigmoid function

e~ Ta(xta) 1

pw“):eﬂwwn+(wum>:1+e%mw%%ummn’

)
where 1T, is the projected distance of X to the subspace spanned
by the first ¢ PC dimensions (g < d), specified by eigenvectors
uj,i=1,...,q of the covariance ¥, with decreasing eigenvalues
A1 > ... > ). The squared distance between category proto-
types in the full-dimension space ., = ||ty — up||> implies
the amount of total information, while r; = ||(ug — up) " u||?
describes the proportion of total information explained by the
i-th PC (with szzl ri = rqp). We call ay e Ty (2, up) — g (%, 11a)
the sample discrimination index for the g-dimensional PC sub-
space, reflecting how far the observation is from the wrong
category relative to the correct one.

To investigate when should the (g + 1)-th PC dimension
be removed, and use the representation with the first ¢ PCs
instead, we study the signal-to-noise ratio (SNR) of the sample
discrimination index

E.[o,]*

SNR, =
T Varday)’

q=0,1,....d -2.
Proposition |I| presents the necessary and sufficient condi-
tion for dimension-reduction in category representations to
increase SNR. Proofs are presented in the appendix.
Proposition 1. For given category prototypes ug,, up, discard-
ing the (q+ 1)-th PC dimension (q=0,1,...,q—2) from the
category representation increases the signal-to-noise ratio of
0y (SNRy > SNR 1) if and only if

d
r Y Tl
Agt1 < (dq+1+z) (qu+22r' ) (10)
i=q+2"1

i=q+2Ti
The left-hand side characterizes within-category variation
on the (g + 1)-th PC. The first term on the right-hand side re-
flects the information provided by the (¢ + 1)-th PC dimension

for differentiating categories. The second term is a weighted
average amount of within-category variation on the remaining
PCs. Equation suggests excluding a PC if it provides more
information about category differences than within-category
variation. It further implies an improved accuracy bound in
categorization, which is a monotone function of SNR.

Corollary 1. If holds, dimension-reduction improves
the lower bound for the classification accuracy of the PCA
classifier.

Hierarchical prior on feature dimensions

Mixture of PPCA (mPPCA) model

Now we present the mixture of PPCA (mPPCA), a nonpara-
metric Bayesian hierarchical model. It introduces dependen-
cies between categories by sharing PCs among them.

Principal components
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Figure 1: Conceptual schematic of mPPCA, adapted from
(Sanborn et al., 2021).

There are two infinite mixtures in the prior of mPPCA. On
the lower level, mPPCA describes observations as an infinite
mixture of categories. The CRP prior (2)) over category as-
signment allows infinitely many categories, but materializes
only a finite set given the observations. Each category is rep-
resented by PPCA with its own parameters y.,W,. In this
section, we assume each category has only one direction of
strong generalization, represented by a single PC dimension
we € R4, On the higher level, we introduce another infinite
mixture to share PC dimensions among categories. For each
category ¢, an ownership indicator u. indexes a component V ;
in the top-level CRP, which determines the category PC w..
Observations are drawn from the generative process presented
in Figure[I| (See the appendix for a formal description).

Adding a hierarchical prior changes the inference process.
The posterior can be decomposed as the product of the con-
ditional distribution of component-level parameters { B;,V it
and the marginal of category-level parameters {6, B.}.

p({B/j,Vj},{Gc,ﬁc}lan,cn,l) =

P(B/jvvﬂ{ec})l’({ew Be}Hxn—1,€n-1)
(11)

where the second term is Equation (5). The first term is the
posterior of the CRP mixture with concentration parameter Y
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Figure 2: Graphical representation of mPPCA.

and normal base measure with mean 0 and covariance O%VI s

P({B},vj}{6c}) o

pUBHY)p(vilaw) - p({uc{BGH p({wet{uct. {v;}).
(12)

Equation implies that the full posterior can be derived by
the marginal posterior of category-level parameters and the
conditional probability of component-level parameters.

Explaining few-shot generalization with mPPCA

mPPCA suggests a principled approach to generalize in the
few-shot setting, operating across two distinct aspects. Within
existing categories, local PC helps locate prototypes for subcat-
egories. Beyond an existing category, shared PC components
facilitate the learning of new categories.

Learning sub-categories The principal components guide
generalization within categories. Within a category ¢ with
learned posterior over prototype u. and the category PC w,,
specifying a sub-category with latent variables requires only
a low-dimensional latent variable zg,;, as input. The category
PC w, serves as a local feature system to locate subcategory
prototype

]ELusub} = E[/Jc} +E[Wc]zsub~ (13)

Using point estimates (i, w, for convenience, the subcategory
can be learned with no observation but only an instruction
specifying zgp.

P(X|Zsubys ey We, 67) = N (x| + Wezgup, 6°1) (1)

We assume the covariance of the subcategory does not involve
the category PC, which follows the intuition given by the
theoretical analysis.

Learning new categories Hierarchical prior over PCs
guides generalization of a new category. Given only one
sample x,,,, from a new category, a covariance cannot be es-
timated directly. By contrast, hierarchical prior in mPPCA
allows the new category to inherit generalization patterns from
the existing ones. mPPCA suggests a category with mean
Unew = Xnew and a PC wy,,, sampled from the CRP posterior

P(Wnew|xnew) o< Z P(“’new'”new;{Vj}’)P<unew|{B/j}) (15)

Unew

plane
car
bird
cat
deer
dog
frog
horse
ship
truck

Figure 3: Two-dimensional linear-discriminant-analysis pro-
jections of the ResNet 18 stimulus representations.

Table 1: Performance of categorization models on CIFAR-10H
dataset, using pre-trained ResNet for feature representation.

Accuracy SBA  Rank Correlation
Exemplar 0.6037  0.3270 0.4007
Prototype 0.9102  0.2737 0.4182
PPCA (dim 1)  0.8784  0.4947 0.7665
PPCA (dim2)  0.8554  0.4885 0.7592

with strong generalization along existing PCs. Categorization
then follows Equation (7)) and Equation (8).

Experiments

We carry out two sets of experiments to test the model predic-
tions. We first explore human categorization of natural images.
Then we turn to artificial categories to examine human few-
shot generalization behavior.

Natural image categorization

We explore human categorization of natural images using
CIFAR-10H (Peterson et al., 2019), which includes 50 human
labels for each of the 10000 images in CIFAR-10 test set.

Procedure We use pre-trained convolutional network
ResNet18 (Figure as the feature map|'} as it can predict hu-
man categorization decisions(Singh et al.,[2020). We train the
categorization models on CIFAR-10 training set, and then test
their performance and resemblance to human categorization
on CIFAR-10H. For PPCA, we use maximum likelihood esti-
mation of model parameters since there are no new categories
or subcategories.

Metrics Besides accuracy, we record second best accuracy
(SBA) and rank correlation with human data. SBA is the
proportion of images on which the model predicts the second
common human choice correctly. Rank correlation evaluates
the ordinal associations between the model predictions and
human choices. When models are comparable on accuracy,
SBA and rank correlation evaluates the prediction of graded
human categorization patterns.

! Adapted under the MIT licence from

https://github.com/huyvnphan/PyTorch_CIFAR10.
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Figure 4: Procedure of few-shot generalization experiment. Category 1 or 2 contains semicircles of regular size but varying
colors. After category learning in Session 1, Session 2 provides either a sample or an instruction. The new category is similar to
Category 1 and 2 but with different sizes. The subcategory is generated from an isotropic Gaussian distribution, aligned with
Category 2 on the size dimension. Generalization patterns are tested in Session 3.
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Figure 5: Predicted patterns of subcategory. Dashed lines
represent equal generalization probability and dots are the
training and test exemplars.

Results One-dimensional category representation can effec-
tively capture human categorization of natural images. mP-
PCA model with a single PC in each category representation
achieves better SBA and rank correlation (Table[I)), surpassing
both exemplar and prototype models. Meanwhile, increasing
dimensionality does not further improve performance.

Category few-shot generalization

In this study, we conducted two behavioral experiments to
study human few-shot generalization of a new subcategory or
category. We design artificial categories to mitigate the effect
of human priors on natural images (Ma et al., [2023).

Stimuli The stimuli are semicircles with varying color and
size, two commonly used separable dimensions in previous
studies (Smithl, [1989; Heller et al., 2009). We used dimension
rating data from a pilot study to scale stimulus parameters

Prototype Rational

training samples
* (category 1)
training samples
* (category 2)
ample
(category 3)
test samples.
(category 1)
test samples.
* (category 2)
test samples.
* (category 3)

Color

T

Human (KDE)
04010 H

Color
Probability

s 10 00008 10 00008,

“size

Figure 6: Predicted patterns of new category. Dashed lines
represent equal generalization probability and dots are the
training and test exemplars.

based on perceived similarity. Each category corresponds to a
bi-variate normal distribution in the size-color space, having
small variance on the size dimension and large variance on the
color dimension. The subcategory has small variance on both
dimensions. Stimuli are independent and identically sampled
from the (sub)categories.

Procedure Participants go through 3 sessions for each ex-
periment: a category learning session containing the training
and test phases, a few-shot instruction session, and a general-
ization test session (Figure ). First, in the category learning
session, participants get familiar with the categories and their
variations. They undergo training and test phases, with 20
samples in each phase from Category 1, 2 or neither. Train-
ing lasts until participants correctly categorize all the training
samples. No feedback is available during the test. Second,
in the few-shot instruction session, participants learn about a
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Table 2: Performance in predicting human few-shot generalization of subcategories and new categories

subcategory learning

new category learning

Model expected accuracy correlation expected accuracy  correlation

Exemplar 0.517£0.043 -0.102+0.118 0.594+0.063 0.372£0.128
Exemplar+Attention 0.498+0.041 -0.102+0.118 0.620£0.064 0.407£0.117
Prototype 0.59940.020 0.3514+0.091 0.56240.030 0.60740.051
Prototype+Attention 0.55540.012 0.35140.091 0.6384+0.030 0.688+0.044
Rational model 0.668+0.039 0.37440.068 0.467+0.019 0.57040.044
mPPCA (Ours) 0.662+0.033 0.451+0.065 0.705+0.028 0.696+0.040

new (sub)category. In the subcategory experiment, verbal de-
scription of a subcategory is provided, describing its category
PC (color) score. In the new category experiment, one sample
from the new category is provided. Third, in the generaliza-
tion test session, participants categorize 20 test stimuli. The
subcategory experiment consists of samples from Category
2, some of which come from the specified subcategory. The
participants judge whether the test stimuli come from the sub-
category. In the new category experiment, participants classify
the samples into Category 1, 2, or the new one.

Participants We recruited 200 participants online for each
experiment on Credamo, with 172 and 186 passing the at-
tention tests (participants are required to choose a specific
category for that test), respectively. Participants were compen-
sated for participating. The median time for both experiments
was 9 minutes. We obtained IRB approval at our institute (IRB
ref number is omitted for anonymity.). Participants undergo
informed consent before they took the experiment.

Results After training, most participants effectively learned
the new (sub)category (appendix, Figure [§). We compare
mPPCA to prototype and exemplar models, with or without
attention mechanism, and the rational model. The attention
mechanism scales the original space with dimensional weights
optimized based on cluster variations. The rational model is
adapted for the subcategory learning by treating the subcate-
gory as a cluster. The model setup is detailed in the Appendix.
Overall, exemplar models fail to capture the learning of a
new category. Prototype models cannot generalize well. The
rational model suffers from identifying a cluster as the subcat-
egory and covariance estimation for the new category. mPPCA
provides a better account of human few-shot categorization
(Tukey’s HSD, o < 0.05; see Table[2).

In the subcategory experiment, mPPCA produces predic-
tions with significantly higher accuracy and correlation with
human choices. Its generalization pattern matches human be-
havior (Figure[5). Both exemplar models and prototype mod-
els, with or without attention mechanism, underestimate the
probability of the subcategory (Figure [7a)). Attention mech-
anism harms categorization performance within a category.
Instead, humans adopt flexible feature weighting within or

beyond categories, as is captured by mPPCA.

In the new category experiment, exemplar models, affected
by unbalanced categories, underestimate the probability of the
new category (Figure [7b). Rational model uses an uninfor-
mative prior for the covariance of the new category, deviating
from human behavior (Figure [6). Prototype models (with or
without attention) produce similar generalization patterns as
mPPCA (Figure[9), both providing good predictions. mPPCA
predicts human category assignments more accurately.

o
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Figure 7: Model prediction probabilities of assigning each
stimulus to the new (sub)category.

Discussion

In this work, we propose a rational model of categorization
with dimension-reduced category representation. Such a low-
dimensional representation benefits categorization in an envi-
ronment where certain dimensions provide more information
about category differences than about internal variations. The
model captures human categorization patterns on CIFAR-10H,
and can effectively predict human few-shot generalization
within or beyond categories.

PPCA has interesting properties worth exploring. It does
not impose orderings among PCs, enabling context-dependent
ordering of features, as in cross-categorization (Shafto et al.,
2011). Besides, PPCA does not assume orthogonality and can
learn correlated features, which is similar to human feature
learning (Austerweil & Griffiths, [2010).
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Appendix: model and theory
Generative process of mPPCA

(1) For each component in the higher-level mixture,
(a) Draw probabilistic PC v; ~ N(0, a%ld)-
(b) Draw stick-breaking weight f; ~ Beta(1,7"), 7 =
B3 TIL (1-B)).
(2) For each category in the lower-level mixture,

(a) Draw component assignment u, ~ Mult({nj}). We =
V. + &, where &, is a normal noise term.
(b) Draw category prototype . ~ N(0, O%Hld).
(c) Draw stick-breaking weight B. ~ Beta(l,y), . =
Bcn§;1l (1 - Bc)
(d) Draw noise variance 62 ~ Inv-Gamma(az, b).
(3) For each sample x,,,n=1,...,N,

(a) Draw category assignment ¢, ~ Mult({m.})
(b) Draw latent variable z,, ~ N(0,1).
(c) Draw observation

xn|Zn7 Cp ~ N(.Uc,, +We,Zn, Gzld)

Proofs for the theoretical analysis
Proof for Proposition 1]

Proof. We first formalize some useful notation. The co-
variance matrix of the categories has eigen-decomposition
Y. = UAUT, where the diagonal matrix A = diag(A1,...,Ay)
consists of the eigenvalues, and columns of U are corre-
sponding eigenvectors. The truncated matrix containing
first g columns of U is denoted as U,, with corresponding
Agdiag(Ai,...,Ay), ¢ < d. Linear projection into the subspace
is represented as P = W(WTW)~'wT = UquT.

According to the definition, the sample distinction index
o = ||(1 = P)(x — )| = [|(I = P)(x — pa)||*. For any given
category prototypes, t, tp, and projection matrix P = U,U, r
the expectation and variance of o can be derived as

q
Exlo] = [|(I = P)(a —w)|* = rap— Y11, (16)
i=1

Vary[o] = 4(uq — up)" Ze(ta — ) —
d A7)
4((ua _;Ub)TUquUqT(/Ja —up)) =4 Z Airi.
i=g+1
When considering distance to the principal subspaces spanned
by the first g eigenvectors, the signal-to-noise ratio of o
Edo? 1 (ra—X7 )

SNR, = =- (18)
T var (o) 4 Z?:qH Airi

Hence, the decision to exclude dimension g + 1 will in-
crease signal-to-noise ratio (SNR, | > SNR,) if and only if

22X it . .
Mg+ %ﬂ;” ?:q 42 iA;, which leads to inequal-
(rab72[:| ri)

ity [TO] with direct transformation. O

Proof for Corollary

Proof. PCA corresponds to the limit of PPCA as 6> — 0.
Hence, the classifier chooses with probability 1 the cate-
gory whose principal subspace is the closest. This leads to
p(y = ala,b) = p(o. > 0]a,b). From the one-sided Cheby-
shev’s inequality, we derive the lower bound of classification
accuracy

E,[o]? SNR
P(a > 0la,b) > =
(0> 0la.b) = e b B0~ T+ SNR

(19)

Since it is a monotonic function of signal-to-noise ratio, we
immediately arrives at the corollary. O

Appendix: experiment details

Details of category few-shot generalization
experiment

Here, we present some detailed results that are not included in
the main body due to space constraints.

Model setup To provide predictions of human categoriza-
tion, our models experience the same set of data. Given both
stimuli x,, and labels ¢, the higher-level mixture is disentan-
gled from the lower level. We first obtain the posterior of
the lower-level mixtures. Then we use variational inference
for the high-level mixture, i.e. the global PCs, according to
Equation (12). Because of the task context, participants treat
the mentioned categories with equal expectation. We set the
base rate to equal values, which leads to better prediction for
all models. In the new category experiment, all stimuli in the
train and test phase of Session 1 is used to get a more reliable
estimate of global PCs. This will not be necessary for the
subcategory experiment, since only the local PC is needed.

We compare our model with the exemplar model (Nosofsky,
1986), prototype model (Reed, |1972), with and without atten-
tion mechanism, and the rational model (Anderson,|1991). All
models provide predictions without access to human choice.
The attention mechanism scales the original space with a set
of dimensional weights, optimized based on cluster varia-
tions. Prototype model with attention mechanism generates
generalization pattern similar to that of hierarchical models
(Salakhutdinov et al., |2012; Sanborn et al., [2021)), since the
categories are dimension-aligned in the experiment.

Rational model represents a category as a infinite mixture
of clusters. For subcategory prediction, we assume rational
model treats subcategory as one of its clusters. The model
first use the instruction to identify the subcategory as one of
the clusters. Then for each new sample y, we estimate the
probability of it belonging to each cluster

P(y € Subcategory|xgup) = ZP(k|xsub)P(y|k)7
k

where k indicates clusters within the category.
Meanwhile, we cannot estimate the new category’s covari-
ance with one sample. Using a prior on cluster covariance is

1535



not fair since category and cluster belong to different levels.
As aresult, we consider similarity by calculating the sum of
similarity to clusters of that category. This is similar to the
varying abstraction model (Vanpaemel et al.| [2005).

Session 1: learning The training and testing phases helps
the participants familiarize the stimuli, and learn the category
structure in this artificial environment. Figure [8] shows that
the subjects have indeed learned the categories, with accuracy
significantly surpassing random guess.

Averate accuracy = 0.85 Averate accuracy = 0.79

50 -

-+ random guess

-+ random guess

=
8

w
8

30-

Number of participants
~
3

Number of participants

5

B0 0x e e os o %0 02 04 06 08 10
Accuracy Accuracy

(a) subcategory (b) new category

Figure 8: Subject categorization test accuracy in Session 1.
The majority of participants learn the new subcategory or the
new category effectively.

Session 3: generalization Test on generalization of cate-
gories is the main part of the experiment. Here we present the
model predictions on the test stimuli, given the same training
experience as human participants.

Figure [7] plots the predicted probability of assigning test
stimuli to the subcategory (Figure[7a) and new category (Fig-
ure against human assignment probability. For the subcat-
egory experiment, exemplar models systematically underesti-
mate the probability of the subcategory. Notice that even for
the quantitatively best-performing PPCA, there is some under-
estimate of assignment probability, especially on those stimuli
with human assignment probability around 0.5. We consider
this may be an effect of task context. Given specific instruction
in Session 2 about the existence of a subcategory, participants
may naturally tend to choose the subcategory, when they are
actually uncertain about the category membership. Proto-
type models exhibit complex nonlinear patterns. They cannot
capture human generalization with flexible switching between
contexts. For the new category experiment, the exemplar mod-
els again underestimates the probability of the new category.
Prototype models provide similar predictions, but generally
deviates more from the “’ground truth”.

Figure [5] and Figure [6] provides the generalization gradi-
ents of the subcategory and new category, respectively. In the
subcategory experiment, rational model fails to identify the
subcategory. This is because learned clusters are not aligned
with the subcategory. Exemplar and prototype-based models
cannot adjust to the category context flexibly. mPPCA matches
human behavior quite well. In the new category setting, mP-
PCA is similar to prototype with attention. However, we point

out that a fixed set of attention cannot account for human
categorization. Therefore, mPPCA stands out in explaining
human categorization patterns in our experiment.

For the new category experiment, we also use heatmap in
Figure [9]to illustrate categorization patterns. We can see that
mPPCA and prototype model (with attention) provide predic-
tions similar to human categorization probability. Without
attention mechanism, prototype model fails to focus on im-
portant dimensions for the current task. Exemplar models,
on the other hand, underestimates the probability of the new
category.

emplar
exemplar (attention) prototype (attention)  rational  mMPPCA  human

Stimulus
Probability

°
by

Figure 9: Stimulus-category similarity heatmaps of models
in the new category experiment. On the right most is human
choice probability.

For more detailed analysis, we show prediction performance
for each participant, and each randomly generated stimuli.
Figure [I0a) and Figure [ITa]illustrate the expected accuracy
of mPPCA when predicting human choice probability on the
subcategory and new category experiment, respectively. Fig-
ure [T0D] and Figure [TTD] show the correlation with human
categorization on the subcategory and new category experi-
ment, respectively. mPPCA provides a good estimation in
these two experiments.

Figure [I0c|and Figure[TIc|show the expected accuracy on
for each randomly generated stimulus in the subcategory and
new category experiments. In the subcategory experiment,
mPPCA performs at least comparably with other models, and
is significantly better on some of them. In other words, mP-
PCA dominates the baseline models, both in terms of accuracy
and correlation. In the new category experiment, mPPCA is
outperformed by the exemplar models on simuli from cate-
gory 1 and category 2. This is caused by the bias of exemplar
models towards these categories, which have more training
samples. In general, mPPCA provides a better account of
human categorization pattern.

Impact statements

This study shares many of the potential societal impacts as
other computational cognitive science research. This study
focuses on the human behavior of categorization. The major
goal of this study is to better the understanding of human mind
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(c) Model prediction performance on
each stimulus in the new category experi-
ment.

(c) Model prediction performance on
each stimulus in the subcategory experi-
ment.

Figure 11: Participant and stimulus-level analysis of the new

Figure 10: Participant and stimulus-level analysis of the sub-
category experiment

category experiment.
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using computational models. It is necessary to guard against
intentional manipulation of humans with the insight provided
by cognitive science studies. The gravity of this issue may not
be obvious for the current study, but because categorization is
a fundamental cognitive activity, we believe it is critical to be
cautious about the abuse of scientific discoveries.

During our behavior experiments, human participants were
recruited online. The experiments have minimal risk. We
followed existing protocols and went through the informed
consent procedure. The participants were aware of the pro-
cedure and can withdraw at any time. They received fair
compensation for participation. They allowed the data to be
used for the present study. Private information is not used or
disclosed. We obtained the IRB approval at our institute. The
IRB ref is not disclosed in the current version for anonymity.

1538



	Introduction
	Background
	Models of human category learning
	Models of human generalization patterns

	Dimension-reduced category representation
	Theoretical analysis of dimension reduction

	Hierarchical prior on feature dimensions
	Mixture of PPCA (mPPCA) model
	Explaining few-shot generalization with mPPCA

	Experiments
	Natural image categorization
	Category few-shot generalization

	Discussion
	Acknowledgments
	Appendix: model and theory
	Generative process of mPPCA
	Proofs for the theoretical analysis

	Appendix: experiment details
	Details of category few-shot generalization experiment


