Perceived clusters may not explain people’s judgments of approximate numerosity
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Abstract

The approximately number system (ANS) helps people
quickly estimate the numerosity of objects in their environ-
ment. In this study, we explore one proposed mechanism for
visually perceiving numerosity: visual clustering. Participants
completed a magnitude comparison task, magnitude estima-
tion task, and a clustering task using the same set of numeros-
ity stimuli. The stimuli varied in the spatial configuration of
the points (cluster structure — clustered or dispersed) and in
the number of points present. Participants judged stimuli with
dispersed cluster structure to be more numerous in the magni-
tude comparison task. However, there was a minimal effect of
cluster structure in the magnitude estimation task and no ef-
fect of the number of clusters perceived in both tasks. We also
found that the clusters people perceived in the third task did
not explain the effects of cluster structure. These findings go
against strong claims that people use visual clustering to judge
numerosity and set the stage for further investigations into the
mechanisms underlying the ANS.

Keywords: approximate number system; visual clustering;
ensemble perception; mathematical cognition; numerical cog-
nition; numerosity estimation

Introduction

People are remarkably quick and accurate at judging how
many objects they see. This ability is supported by the ap-
proximate number system (ANS), which is correlated with
activity in the intraparietal sulcus (IPS). However, it is unclear
how people go from visual input to a judgment of numerosity.

This study investigates the role of visual clustering on nu-
merosity estimation. Visual clustering is the process of per-
ceiving groups in visual input. Prior work has suggested that
people are sensitive to the cluster structure of a stimulus, i.e.,
the spatial configuration of points (Ginsburg, 1980). People
find more evenly-spaced stimuli (dispersed) more numerous
than stimuli with points that are closer together (clustered).
In addition, Im et al. (2016) found evidence suggesting that
the number of clusters people perceive is indicative of their
numerosity estimates.

In light of recent work investigating the properties of visual
clustering (Marupudi & Varma, 2024), this study examines
whether people’s clustering of visual input is associated with
their perception of approximate numerosity. We manipulated
the cluster structure and the number of points present in stim-
uli and asked people to compare their numeric magnitudes,
to estimate their numerosities, and to cluster them. We find
evidence of sensitivity to cluster structure, but find that the

3011
In D. Barner, N.R. Bramley, A. Ruggeri and C.M. Walker (Eds.), Proceedings of the 47th Annual Conference of the Cognitive Science
Society ©2025 the author(s). This work is licensed under a Creative Commons Attribution 4.0 International License (CC BY).

clusters people perceive do not affect their numerosity per-
formance. These results go against strong claims that people
use visual clustering to judge numerosity.

The approximate number system

The ability to quickly judge the numerosity of a set is a useful
skill that is found across many species. Humans in particu-
lar have been shown to be able to estimate the numerosity
of stimuli across multiple modalities and formats such as vi-
sion, audition, digits, and words (Buckley & Gillman, 1974;
Moyer & Landauer, 1967; Varma et al., 2024). The cognitive
system that underlies this ability is the ANS (Brannon, 2006;
Cantlon, 2015; Feigenson et al., 2004).

The ANS has been found to convert numeric information
into an analog magnitude representation, similar to those for
loudness or brightness (Buckley & Gillman, 1974; Fechner,
1860). It is often investigated using a magnitude comparison
task, where people are shown two numerosities (e.g., point
clouds) and asked which is more numerous. As with sensory-
perceptual quantities, people are more sensitive to magnitude
differences the greater the ratio — rather than the absolute
difference — in the two numerosities. This performance pro-
file is consistent with a logarithmically scaled mental num-
ber line where the distance between smaller numbers is larger
than the distance between larger numbers. Individual differ-
ences in people’s ability to discriminate between numerosi-
ties — their so-called ANS acuity — have been found to be
correlated with their academic achievement (Halberda et al.,
2008). There is also evidence suggesting that more symbolic
and abstract mathematical abilities in humans are built upon
the ANS (Butterworth et al., 2011; Szkudlarek & Brannon,
2017). However, this remains a topic of ongoing research
(Cochrane et al., 2019; Szkudlarek et al., 2021). People also
rely on the ANS when they view information visualizations
(e.g., bar charts) to make decisions (Park, 2023). Therefore,
understanding the nature of the ANS can help improve math-
ematics education and support decision-making more gener-
ally.

The ANS is conceptualized to be specific to number and
independent of modality. However, evidence has emerged of
people’s sensitivity to perceptual qualities when making judg-
ments of number. Taking vision for example, people seem to
be deceived when area, a continuous perceptual dimension,
leads to a different judgment than numerosity (Brannon et



al., 2006; Hurewitz et al., 2006; Yousif & Keil, 2020). Other
visual attributes that appear to interfere with numerosity in-
clude the convex hull of the set of points and the density of
the entire display (Gebuis & Reynvoet, 2012; Sanford et al.,
2024). Such evidence has led to magnitude sense and percep-
tual interdependence accounts of numerosity perception that
emphasize the role of non-numeric perceptual dimensions
playing an important role in determining numerosity (Aulet
& Lourenco, 2021; Leibovich et al., 2017; Lourenco & Aulet,
2023). However, it has been shown that people are sensitive
to numerosities even when many of these other attributes are
incongruent between stimuli (Clarke & Beck, 2021; DeWind
et al., 2015; Ferrigno et al., 2017).

Why do these attributes interfere with people’s numeros-
ity estimates? One hypothesis is that they are part of how
number is perceived and encoded in the brain, contrary to the
classical description of the ANS. This is supported by bur-
geoning evidence of sensitivity to number in the early visual
cortex (EVC) (DeWind et al., 2019; Fornaciai et al., 2017).
The EVC is upstream of the IPS, the primary neural correlate
of the ANS, suggesting a role for both domain-specific and
domain-independent processing of number.

Grouping effects on numerosity estimation

To further understand the domain-specific nature of the ANS,
with the ultimate goal of better understanding its underlying
mechanisms, we consider another visual attribute that may
affect numerosity estimation, visual grouping. This involves
the perception of (hierarchical) structure in visual input. The
impact of grouping on numerosity perception has been under-
studied compared to visual attributes such as area, convex-
hull, and density.

It is important to note that the primary interest for this study
are the processes underlying approximate numerosity percep-
tion, not exact enumeration (counting). People have been
found to perceive the exact numerosities of up to 4 objects
in constant time (Jevons, 1871; Mandler & Shebo, 1982) and
to take advantage of groups of points when counting points
(Ciccione & Dehaene, 2020; Starkey & McCandliss, 2014).
However, it is less clear whether people take advantage of
such structure in more time-constrained situations involving
approximation.

A prominent example of a grouping effect in numerosity
estimation is the connectedness illusion. Franconeri et al.
(2009) and He et al. (2009) found that connecting points with
lines reduces people’s judgments of numerosity (as measured
by a magnitude comparison task) compared to a condition
without any lines and to a condition with lines that do not
connect any points. He et al. (2015) proposed that this might
indicate a sensitivity to the topological properties of visual in-
put. However, other studies have since shown similar effects
for many non-topological grouping factors, such as the color
of the points (Adriano & Ciccione, 2024; Chakravarthi et al.,
2023; Li et al., 2025; Pan et al., 2021; Yu et al., 2019).

Of particular interest to the current study is the effect of
the spatial arrangement of points. In a study investigating this

phenomenon, Ginsburg (1980) presented participants with ei-
ther a random set of points or an evenly spaced set of points
and asked them to indicate how many points they saw, i.e.,
perform a magnitude estimation task. Participants provided
larger estimates for the evenly spaced dispersed stimulus
compared to the more clustered random one. This finding
was termed the regular-random illusion. This effect is inde-
pendent of the effect of overall density (Dakin et al., 2011),
since it remains constant as the positioning of points is varied
within a stimulus. Other studies have since replicated this il-
lusion using magnitude comparison tasks (Allik & Tuulmets,
1991; Anobile et al., 2015). Importantly, Chakravarthi and
Bertamini (2020) demonstrated that the cause of the illusion
is not just visual crowding, leaving a role for visual clustering
processes.

There is some initial evidence that implicates visual clus-
tering in approximate numerosity perception. Im et al. (2016)
asked participants to report the number of clusters in a stimu-
lus. They used this information to develop a modified version
of the K-Means clustering algorithm and to fit the model to
the data. They then asked a separate set of participants to es-
timate the numerosity of the same set of stimuli. A model
measure, number of points divided by the number of pre-
dicted clusters, was correlated with participants’ numerosity
estimates. However, it is not clear whether other properties,
for example, the clusters participants perceived (i.e., how they
separated the points), were also predictive of their numerosity
estimates. It is also not clear whether the clusters perceived
by people explain the effect of cluster structure on numeros-
ity perception. For example, it is possible that the number of
clusters perceived by people can predict the underestimation
of clustered stimuli.

Visual clustering has been found to be a reliable cognitive
ability (Marupudi & Varma, 2024). Combined with evidence
that people are able to perceive the numerosity of two sets in
parallel (Halberda et al., 2006), it is possible that people use
clustering to determine the numerosity of a stimulus. Clus-
tering can be used to divide a large set of points into smaller
subsets, each of which can be estimated more accurately due
to the logarithmically-scaled nature of the ANS. Additionally,
there is evidence of grouping effects such as the connected-
ness illusion (Clarke et al., 2022) and the regular-random illu-
sion (Ginsburg & Deluco, 1979) becoming stronger with age,
distinct from many other attributes. This opens up the possi-
bility that clustering and other grouping strategies help drive
people’s increasing ANS acuity over development.

The current study

In this study, we directly test whether people use visual clus-
tering to enumerate points. We focus particularly on whether
the statistical cluster structure of the points of a stimulus and
the properties of clusters people perceive (i.e., the number of
clusters they draw and the numerosities of those clusters) im-
pact their estimates. We test subtler manipulations of statisti-
cal cluster structure (clustered vs dispersed point clouds) by
using the same stimuli as Marupudi and Varma (2024). We
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present these stimuli to participants in the format of a magni-
tude comparison task and also a magnitude estimation task, in
part to reconcile some of the conflicting findings and differ-
ent measurement paradigms in the literature. Finally, we ask
participants to cluster the same stimuli, and use the properties
of the clusters they draw, such as the number of clusters, to
predict their performance on the magnitude comparison and
magnitude estimation tasks.

Methods
Participants

420 undergraduate students from a large university in the
Midwestern US participated in this study (u = 19.19 years,
o% = 1.45). 300 (71%) participants identified as women,
108 (25%) participants identified as men, 7 (1%) as non-
binary or gender non-conforming, and 2 preferred not to say.
241 (57%) participants identified as White, 86 (20%) partici-
pants identified as Asian, 47 (11%) participants identified as
Black, and 9 (2%) participants identified as an American In-
dian, Alaskan Native or Native Hawaiian. 4 participants did
not provide any demographic information. Participants were
compensated with course extra credit for their time. Median
duration of the study was 40.3 minutes. The study was ap-
proved by the university IRB.

Design and materials

This study followed a 7 x 2 within-subjects design, with par-
ticipants completing tasks on stimuli with 7 levels of Number
of Points (10, 15, 20, 25, 30, 35, 40) and 2 levels of Cluster
Structure (Clustered vs Dispersed). Participants completed
three tasks: a magnitude comparison task, a magnitude esti-
mation task, and a clustering task.

For all tasks, we started with the set of stimuli that were
used in the Marupudi and Varma (2024) study of clustering.
These stimuli differed in 7 levels of Number of Points and
2 levels of Cluster Structure. Cluster structure was opera-
tionalized as specific ranges of the clustering coefficient met-
ric, which takes into account the spatial positions of all the
points and the whitespace surrounding the convex hull of the
points. Clustered and dispersed stimuli were those with clus-
tering coefficient values of —2+0.05 and 1 & 0.05, respec-
tively. We used the same set of stimuli to enable comparisons
between the results of that study, which concerns the reliabil-
ity of clustering, and the results of the current study.

Magnitude comparison trials involve determining which of
two stimuli is more numerous. We constructed pairs of point
cloud stimuli for participants to compare. From the base set
of stimuli, we first constructed a set with all possible pairs of
stimuli and then filtered pairs that would be too easy for par-
ticipants: pairs where the ratio of the larger numerosity to the
smaller numerosity was greater than 1.43. From this reduced
set, for every possible ratio, we included 4 pairs where one
stimulus was clustered and the other dispersed, and also 2
clustered-clustered stimulus pairs and 2 dispersed-dispersed
stimulus pairs.

Clustered Dispersed
N=10
N=15
N =20
N =25
N =30
N=35|
N =40

Figure 1: Examples of dispersed and clustered stimuli used
for the magnitude comparison, magnitude estimation, and the
clustering tasks

We added flipped versions of these pairs to prevent any
potential of directional bias, resulting in participants judging
each pair of stimuli twice. This process resulted in 112 mag-
nitude comparison pairs. In addition, we included faux com-
parison pairs where both stimuli contained the same number
of points. 8 faux comparison pairs (4 clustered-dispersed, 2
clustered-clustered, and 2 dispersed-dispersed) were included
for each of the 30, 35, and 40 point stimuli. These pairs were
included to provide additional evidence towards the percep-
tion of numerosity. If cluster structure is not an indicator of
numerosity, we would expect participants to choose between
the stimuli at chance. However, if people do use this indica-
tor, then they should disproportionately choose the dispersed
stimulus for the clustered-dispersed faux pairs. Adding the
faux pairs resulted in a total of 136 stimulus pairs.

On magnitude estimation trials, participants viewed a sin-
gle numerosity and were asked to enter the number of points
they see. For these trials, we used the entire set of 56 stimuli
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from Marupudi and Varma (2024). On clustering trials, par-
ticipants again viewed a single numerosity. This time, they
were asked to draw clusters around groups of points in a stim-
ulus. We again used the entire set of 56 from Marupudi and
Varma (2024).

Procedure

After providing consent, participants first completed the mag-
nitude comparison task. They were instructed to judge which
of the two sets of points displayed to them was more numer-
ous by pressing the [z] (left) or [m] (right) key. After a prac-
tice trial, participants completed the 136 magnitude compar-
ison trials. Each magnitude comparison trial began with a
fixation cross that was displayed for 1 second. Then, two sets
of points were displayed on the screen, one to the right and
the other to the left. Each set of points was outlined by a solid
1 pixel black border. The radius of each point was 2.5 pixels,
displayed with antialiasing. While the points were displayed,
participants responded with the [z] or [m] key to indicate their
choice. Trials timed out if participants did not respond within
7 seconds.

Participants then proceeded to the magnitude estimation
task. They were instructed to provide a numeric estimate of
the number of points they perceived in each stimulus. Partic-
ipants were unaware of the range of the numerosities being
presented to them. First, they completed three practice trials
with no feedback. Participants then moved on to complete the
56 experimental trials. Similar to the magnitude comparison
trials, each magnitude estimation trial began with a fixation
cross. Participants then saw a single set of points at the cen-
ter of the screen. A text box was presented below the set for
the participants to enter their estimate and press the enter key.
Trials timed out if participants did not provide an estimate
within 7 seconds.

Participants next completed the clustering task. The pro-
cedure was identical to Marupudi and Varma (2024). Partici-
pants viewed each stimulus and drew shapes around points to
indicate the clusters they perceived. Participants were prohib-
ited from drawing a single cluster consisting of all the points
of a stimulus, but were otherwise free to cluster however they
felt was most appropriate.

Finally, participants completed an arithmetic fluency task
and then a series of questionnaires, the results of which are
not reported in this paper.

Results

We first cleaned the data by excluding participants who pro-
vided poor quality responses. For the magnitude estimation
task, we considered a trial invalid if participants provided a
response outside the reasonable bounds (an estimate less than
half or more than twice the correct numerosity). For the clus-
tering task, we considered a trial invalid if the number of clus-
ters drawn by participants was 80% of the number of points in
a stimulus, a sign of misunderstanding the instructions. Data
from participants who were responsible for more than 5 in-
valid trials were removed from the entire dataset. In addi-
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Figure 2: Participants’ accuracy on the magnitude compari-
son task as a function of the ratio between the sets of points.
Participants were less accurate on comparisons with stimuli
of different cluster structures (Clustered vs Dispersed) than
those with the same cluster structure (Clustered-Clustered &
Dispersed-Dispersed).

tion, we removed the data from participants who performed
at chance at the magnitude comparison task. 114 participants
were excluded, resulting in the final dataset consisting of 306
participants.

Magnitude comparison task

To investigate the impact of cluster structure and the num-
ber of clusters perceived by participants on the magnitude
comparison task, we determined the cluster structure con-
gruency and number of clusters congruency for each trial. A
trial was considered cluster structure congruent when the dis-
persed stimulus was more numerous. Likewise, a trial was
considered number of clusters congruent when the stimulus
for which the participants drew more clusters was more nu-
merous.

We then fit a maximal generalized linear mixed effects
model with a logistic link function predicting accuracy.
We introduced an intercept term, the numerosity ratio be-
tween the pair, the number of clusters congruency, and the
type of comparison (clustered-clustered, clustered-dispersed,
dispersed-dispersed) as fixed effects and as random effects
for each participant. The ratio term was z-score normal-
ized. The data are depicted in Figure 2. We observed the
expected main effect of the numerosity ratio between the pair
of stimuli — participants were more accurate on compari-
son pairs with a higher ratio ( = 0.60, 95% CI [0.57, 0.63],
7 =34.63, p < 0.001). Importantly, participants performed
better on same cluster structure comparisons compared to tri-
als with clustered-dispersed pairs (B = 0.25, 95% CI [0.17,
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Figure 3: Accuracy on the magnitude comparison task
among trials involving stimuli with different cluster structures
(Clustered-Dispersed). Trials where the more numerous stim-
ulus was more dispersed were considered congruent. Partici-
pants found congruent trials easier than incongruent trials.

0.33], z=10.13, p < 0.001). The odds of participants re-
sponding accurately on same cluster structure trials were 1.28
times the odds on different cluster structure trials. This sug-
gests that cluster structure differences may be impacting peo-
ple’s magnitude judgments. On these trials, participants were
strongly biased towards dispersed trials (cluster structure con-
gruent trials) (Figure 3). However, we did not find an effect
of the number of perceived clusters on magnitude compari-
son trials (number of clusters congruency; B = 0.04, 95% CI
[-0.02, 0.10] z = 1.3, p = 0.19), contrary to prior work where
the number of clusters was informative of participants’ esti-
mates (Im et al., 2016).

We then investigated the faux trials, for which there was no
correct answer as both stimuli contained the same number of
points. Specifically looking at the comparisons between clus-
tered and dispersed stimuli, we see that participants picked
the dispersed stimuli for a majority (63%) of the trials (bino-
mial test, p < 0.001; Figure 4). This reinforces prior findings,
both in this study and the regular-random illusion literature,
that people find dispersed stimuli to be more numerous than
clustered stimuli.

Magnitude estimation

Similarly to the magnitude comparison task, we investigated
the role of cluster structure of the stimuli and the number of
clusters perceived by participants in the magnitude estimation
task. We fit a maximal linear mixed effects model predict-
ing participants’ estimates with an intercept term, the cluster
structure of a stimulus, the number of clusters drawn by par-
ticipants (z-score normalized), and the number of points in

Percent

Clustered
Chosen cluster structure on faux trials

Dispersed

Figure 4: Percent of participants’ responses on faux magni-
tude comparison trials where both stimuli contained the same
number of points. Participants found dispersed stimuli as
more numerous than clustered stimuli.

the stimulus (z-score normalized) as both fixed effects and
random effects for each participant. Like in the magnitude
comparison task, we observed the expected main effect of the
number of points (B = 8.45, 95% CI [8.23, 8.67],t = 71.616,
p < 0.001), where participants’ estimates increase with in-
creasing number of points in the stimulus; see Figure 5.

Additionally, we found evidence of a very small effect of
cluster structure, as estimates of dispersed stimuli were 0.57
points higher than estimates of clustered stimuli (§ = 0.62,
95% CI [0.21, 1.03], t = 7.756, p < 0.001, Figure 5). This
strongly contrasts with the large effect of cluster structure on
the magnitude comparison task. Similarly, we did not find
evidence of a main effect of the number of clusters on par-
ticipants magnitude estimates (f = —0.26, 95% CI [-0.53,
0.002], t = —1.944, p = 0.052). This null effect is consistent
with participants’ behavior on the magnitude comparison task
and indicates that the number of clusters perceived may not
affect participants’ numerosity estimates.

Does numerosity distribution between clusters
explain the effect of cluster structure?

Finally, we tested whether the clustering solutions produced
by participants could explain the effect of cluster structure on
numerosity estimation, i.e., why dispersed stimuli were over-
estimated. For example, it is possible that participants gen-
erate one large cluster with some smaller clusters for clus-
tered stimuli and many evenly sized clusters for dispersed
stimuli. Given the logarithmic scaling of approximate num-
ber perception, it is possible that the perceived value of one
large set leads to greater underestimation than the sum of
the perceived values of multiple smaller sets, e.g., log(20) <
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Figure 5: Estimates on the magnitude estimation task over
the number of points in the stimuli. Participants estimated
dispersed stimuli as slightly more numerous than clustered
stimuli.

log(10) +1og(5) +log(5).

To test this prediction, we calculated an f score for each
participant and stimulus, which is the sum of the logarithm of
the numerosity of each cluster they perceived in the stimulus:

f =Y log, (knc)

where c is the index of a cluster, b is the base of the logarithm
function, and k is a constant. We used grid search to find val-
ues of b and k that resulted in significantly different values of
f for clustered and dispersed stimuli using a ¢-test. Despite
this, we did not find any value of b and k (within reason-
able ranges, 0.25 < b < 25 and 0.25 < k < 100) that resulted
in meaningful differences in f between the cluster structure.
This implies that the clustering perceived was independent of
the effect of cluster structure on numerosity estimation.

Discussion

This study investigated the role human visual clustering plays
in numerosity estimation. Building upon prior work on visual
clustering (Marupudi & Varma, 2024) and the regular-random
illusion (Ginsburg, 1980), we sought to systematically test the
effects of more subtle differences in cluster structure, using
stimuli for which cluster structure effects have been validated
and which vary in the number of points. In addition, we di-
rectly tested the associations between the properties of peo-
ple’s perceived clusters, such as number of clusters drawn by
participants, and numerosity performance. We did so while
measuring the ANS using two different tasks: a magnitude
comparison task where participants picked the more numer-
ous stimulus, and a magnitude estimation task where they es-
timated of the number of points in a single stimulus.

In the magnitude comparison task, we found strong evi-
dence of the regular-random illusion: people considered dis-

persed stimuli as more numerous. This was shown in two
ways. First, in regular comparison trials, where the number
of points differed between the stimuli, people were more ac-
curate on trials where the dispersed stimulus was the correct
answer compared to the trials where the clustered stimulus
was the correct answer. Second, on trials with no correct an-
swer, people chose the dispersed stimulus more often than
the clustered stimulus. We also found that people were more
likely to be accurate on trials on which they drew more clus-
ters for the more numerous stimulus. However, the number
of clusters perceived by participants was not associated with
magnitude comparison performance, contrary to prior work.

We observed a different pattern in the magnitude estima-
tion task. The effect of the cluster structure of the stimuli,
despite being statistically significant, only slightly influenced
participants’ estimates. This contrasts with the rather large
effect found by Ginsburg (1980), who also used a magni-
tude estimation task. In addition, the number of clusters par-
ticipants perceived in a stimulus was not predictive of their
estimates after controlling for the number of points in the
stimulus. These results go against the hypothesis that Gestalt
grouping processes may underlie the random-regular illusion
(Chakravarthi et al., 2023) and suggest that they may not play
arole in numerosity perception.

Looking to the future, one reason why the effect of visual
clustering varied across the magnitude comparison and the
magnitude estimation tasks might be due to the time spent
by participants sampling the information on the screen. In
both tasks, participants were provided 7 seconds to respond.
However, participants completed the magnitude comparison
task more quickly, with a median trial duration of 738 mil-
liseconds compared to 2249 milliseconds in the magnitude
estimation task. It is possible that cluster structure and num-
ber of cluster effects play a more important role in the early
stages of visual numerosity perception, but are crowded out
by other processes with more information and conscious de-
liberation. If this is the case, then if participants are allowed
to view stimuli for the same amount of time in the two tasks,
the effect of cluster structure would have been more promi-
nent. Future research should test this prediction.

Conclusion

Our findings go against strong claims that people use visual
clustering or spatial grouping processes to perceive approx-
imate number. They also demonstrate that the clusters per-
ceived by people do not explain the underestimation of clus-
tered stimuli. Taken together, they shed light upon the mech-
anisms underlying the ANS and call for alternative explana-
tions for the effect of cluster structure on numerosity percep-
tion.
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