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Abstract. We use intermediate symplectic characters to give a proof and variations of Hop-
kins’ conjecture, now proved by Hopkins and Lai, on the number of shifted plane partitions
of shifted double staircase shape with bounded entries. In fact, we prove some character
identities involving intermediate symplectic characters, and find generating functions for
such shifted plane partitions. The key ingredients of the proof are a bialternant formula for
intermediate symplectic characters, which interpolates between those for Schur functions
and symplectic characters, and the Ishikawa—Wakayama minor-summation formula.
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1. Introduction

This paper is motivated by a conjecture of Hopkins, now proved by Hopkins—Lai [13], on the
number of shifted plane partitions of shifted double staircase shape with bounded entries (see
Theorem 1.1 below). The goal of this paper is to give a proof and variations (including ¢-
analogues) by using intermediate symplectic characters.

Given a strict partition o = (ju1, . . ., 1), the shifted diagram S () of p is defined to be the
array of unit squares with p; squares in the ith row from top to bottom such that each row is
indented by one square to the right with respect to the previous row. A shifted plane partition
of shape . is a filling of the cells of S(u) with nonnegative integers such that the entries in each
row and column are weakly decreasing. For a nonnegative integer m, we denote by A™(S(u))
the set of all shifted plane partitions of shape x with entries bounded by m. We write §, =
(r,r —1,...,2,1). Hopkins and Lai [13] prove the following product formula by counting
lozenge tilings of a certain region in the triangular lattice.
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Theorem 1.1. (Hopkins—Lai [13, Theorem 1.1]) For 0 < k < n, the number of shifted plane
partitions of shifted double staircase shape 6, + 6, = (n+k,n+k—2,....n —k+2,n —
k,n—k—1,...,2,1) with entries bounded by m is given by

m+i+j—1 1 m+i+j
- - (1.1)

HAM(SG,+00)) = ] i1 y

1<i<j<n 1<i<j<k

In this paper, we shall prove and generalize this formula by establishing identities involving
intermediate symplectic characters. Our algebraic approach is inspired by the proofs of the £ = 0
case due to Macdonald [21] and the k = n case due to Proctor [25].

If £ = 0, then shifted plane partitions of shifted staircase shape 9,, with entries bounded by
m are in one-to-one correspondence with symmetric plane partitions contained in the n X n xm
box. Then we have two different g-analogues of (1.1); one is the MacMahon conjecture [22,
p. 153], proved by Andrews [1, 2] and Macdonald [21]:

3 quﬁ[m/zﬂ'—m] 1 [m+i+j—1]’ (12)

and the other is the Bender—Knuth conjecture [6, Eq. (8)], proved by Andrews [3], Gordon [12]
and Macdonald [21]:

o m+i+j—1
>ood= 1] | T | (1.3)
e EAM(S(5n)) 1<i<jen LT
Here we use the notation ||o|| = %E?:l gii + ZKKK” oij, o] = Z1<i<j o;; and [r] =

(1 —¢")/(1 — q). Macdonald’s proof [21, 1.5 Examples 16, 17 and 19] of these identities pro-
ceeds as follows. By transforming shifted plane partitions into semistandard tableaux, the left
hand sides of (1.2) and (1.3) are expressed in terms of the g-specializations of Schur functions

ENC T

Z qHaH _ Z SA<q1/2’q3/2, o ’qn—1/2)7

o€ A™(S(0n)) AC(m™)
Z q|0'\ = Z 3/\(517(127---,9”);
o€ A™(S(0n)) AC(m™)

where the sums are taken over all partitions A whose Young diagrams are contained in the m x n
rectangle, i.e., the diagram of (m™). In this setting, the key role is played by the following
character identity:

Z sx(x1, ..., Tp) = of(m/z)n)(xb cey ) - (xp-- -xn)m/2 (1.4)
AC(mn)
where ognn)(:vl, ...,x,) is an odd orthogonal character, which is an irreducible character of

Ogy,,+1, the double-cover of the odd orthogonal group Os,,; 1. Then we can obtain (1.2) and (1.3)
by using the g-analogues of the Weyl dimension formula.
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In a similar vein, Proctor [25] derived the case k = n of (1.1) from the character identity

Z spy(T1, ..., Tp) = s(mn)(:vl,xl_l, Ty ), (1.5)
AC(m™)
where sp, (21, ..., z,) is a symplectic character, which is an irreducible character of the sym-

plectic group Sp,,,.
Now we explain our proof of Theorem 1.1. The main actor is a family of intermediate sym-
plectic characters spf\k’n_k)(azl, ooy T|Tpy1, - - -, Ty), introduced by Proctor [26], which are de-

fined as the multivariate generating functions of (k,n — k)-symplectic tableaux (see Defini-
tion 2.1). In the extreme cases, they reduce to the Schur functions s)(x) = spgo’")(ac) and
the symplectic characters sp, (x) = spf\"’o) (x). As a special case of our main theorem (Theo-

rem 3.1), we obtain the following character identity.

Theorem 1.2. (the a = 0 case of Theorem 3.1 (1)) Let 0 < k < n. For a nonnegative integer
m, we have

(k,n—k)
E SPy (1'1,...,$k|1'k+1,...,[£n)
AC(m™)

= oﬁm/g)n)(xl, s Tn)  SD((myaye) (T - Th)  (Tpgr cx,)™2. (1.6)

Note that Equation (1.6) reduces to (1.4) and (1.5) when £ = 0 and n respectively (see
also Corollary 3.2). The proof of our main theorem (Theorem 3.1) is a generalization of proofs
of (1.4) and (1.5) provided in [23], and based on the Ishikawa—Wakayama minor summation
formula [14]. An additional key ingredient of the proof is a bialternant formula for intermediate
symplectic characters (Theorem 2.8), which is another main result of this paper.

Theorem 1.2 enables us to find g-analogues of (1.1). Given a shifted plane partition o €
A" (8, + 0x), we define its weights v(o) and w(o) by putting

1 n—k—1 n+k—1
v(o) = (k — —) to(o) + ti(o) — ntp_i(o) + Z (=D)L —n + k)t (o),
2 =0 l=n—k
(1.7)
n—k—1 n+k—1
w(o) = kto(o) + ti(o) — nt, (o) + Z (=) =+ E+ Dty(o), (1.8)
1=0 l=n—k

where

ti(o) = Z O it (1.9)

i:(4,i+1) €S (6+0k)

is the [th trace of 0.

Since shifted plane partitions of shape d,, + J, are in bijection with (k,n — k)-symplectic
tableaux (see Lemma 5.2), we obtain the following g-analogues of (1.1) by specializing x; = ¢'
orz; = ¢"~ /% in (1.6).
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Corollary 1.3. For 0 < k < n, the generating functions of shifted plane partitions of shifted
double staircase shape 0,, + 0y, with entries bounded by m are given by

oy 1 ypm/2+i—1/2] m+i+ 7 —1]
2 = g

c€A™(S(0n+91)) i=1 1<i<j<n
k L
m/z +1] [m + i + J]
<[ 11 ira (1.10)
i=1 1<i<j<k
1 m+i+j—1] [m + 1+ j]
w(o) __
q T mk(k+1)/2 H T H — . (1.11)
o€ A™(S(0n+0k)) g 1<i<ji<n [i+35 1] 1<i<j<k (@ + 7]

Now Theorem 1.1 is obtained by putting ¢ = 1. Note that, when k& = 0, we have v(c) =
w(o) = |o|, and (1.10) (resp. (1.11)) becomes (1.2) (resp. (1.3)).

The rest of this paper is organized as follows. In Section 2, we recall a definition of interme-
diate symplectic characters and prove Jacobi—Trudi and bialternant formulas for them. Our main
theorem (Theorem 3.1, a generalization and variations of Theorem 1.2) is stated in Section 3,
and Sections 3 and 4 are devoted to its proof. In Section 5, we apply our main theorem to find
generating functions of shifted plane partitions of shifted double staircase shape, and to derive
Hopkins—Lai’s formula for the number of lozenge tilings of flashlight regions. In Appendix A,
we present Giambelli and dual Jacobi—Trudi formulas for intermediate symplectic characters.

2. Jacobi-Trudi and bialternant formulas

In this section, we recall a definition of intermediate symplectic characters and prove Jacobi—
Trudi and bialternant formulas for them.

2.1. Intermediate symplectic characters

A partition is a weakly decreasing sequence A = (A1, Ag, . .. ) of nonnegative integers with only
finitely many nonzero entries. A partition ) is usually represented by its Young diagram D(\),
which is the left-justified array of unit squares with \; squares in the ith row. The length of a
partition A, denoted by (), is the number of nonzero entries of A.

Proctor [26] introduced the notion of intermediate symplectic tableaux to describe weight
bases for indecomposable representations of the intermediate symplectic groups. For0 < k < n,
the intermediate symplectic group Spy ,,_, is defined to be the subgroup of the general lin-
ear group GL,, ., which preserves a skew-symmetric bilinear form of rank 2k. Then we have
Spo,, = GLy, and Spy, o = Spy,.

Definition 2.1. Let 0 < &£ < n and ) a partition of length < n. A (k,n — k)-symplectic tableau
of shape \ is a filling of the cells of the Young diagram D(\) with entries from

Tpnr={l<1<2<2<---<k<k<k+l<k+2<---<n}

satisfying the following three conditions:
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(i) the entries in each row are weakly increasing;
(ii) the entries in each column are strictly increasing;
(iii) the entries of the 7th row are greater than or equal to .

We denote by SpTab®"=¥)()) the set of (k,n — k)-symplectic tableaux of shape A. Given a
(k,n — k)-symplectic tableau 7', we define

k n
! = Hx;”T(Z)—mT(%) l’fnT(Z)j
i=1 i=k+1
where @ = (z,...,x,) are indeterminates and mr(y) denotes the multiplicity of v € I'y ,,_x

in T. Then the (k,n — k)-symplectic character corresponding to \ is defined by
Spg\kvnik)(xla" '7xk’$k+17"'7l‘n) = Z wT' (21)
TeSpTabF=F)())

For example,

DOl DO
= W

= N

is a (2, 2)-symplectic tableau of shape (4,3,1,1) and 7 = ] *zyz3z2. The (0, n)-symplectic
tableaux are the same as ordinary semistandard tableaux, while the (n, 0)-symplectic tableaux
are the same as King’s symplectic tableaux [15]. Hence the Schur function s, () and the sym-
plectic character sp, («) can be defined as the extremal cases (k = 0 and k = n) of the interme-
diate symplectic characters:

Sx(T1, ..., Tp) = spf\o’")(:vl, cesTn)y spa(T, . my) = spE\n’O)(xl, e Ty (2.2)

When & = n — 1, the (n — 1, 1)-symplectic characters are called odd symplectic characters.

The (k,n — k)-symplectic characters are collectively referred to as the intermediate symplectic

characters.
(kvn_k)

In general, the (k,n — k)-symplectic character sp, can be expressed as
kn—k
Sp()\ n )('I17 . ,J]k|l’]€+1, e ,:L‘n) = Zspu<£(}1, . 7xk>3/\/p(xk+17 c. ,{L’n),

m

where p runs over all partitions of length < k such that 4 C A, and s,/ is the skew Schur
function. If A = (r") is a rectangular partition, then we have the following factorization formula.

Proposition 2.2. For a nonnegative integer r, we have

Spgl:;g_k) (xh o 7xk‘xk+17 v ,an) = Sp(r’“)('xla R 7Ik> ’ (‘Tk—‘rl e x?’L)T‘ (23)
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Proof. If T is a (k,n — k)-symplectic tableau of shape ("), then the first & rows of 7" form a
(k, 0)-symplectic tableau of shape (*) and the ith row contains only the letter i for k+1 < i < n.
Equation (2.3) follows from this observation. ]

Schur functions and symplectic characters have several determinant representations. (See,
e.g., [9, Lecture 24 and Appendix A] and [29, Appendix 2] for further information on classical
group characters.) The Weyl character formula can be written in the bialternant form:

det (x;ﬁ"*i) N
Isijsn (2.4)

. )
det (.CE;L_Z>
1<i,j<n

Sx(x1, .., p) =

det (l,;\i+n7i+l . l,j—(M-‘rn—i—I—l))
1<i,5<
spy(T1, .., 2p) = A — DIST (2.5)
det (:)ff_’+1 — g )>
! ! 1<i,j<n
Note that the denominators factor as follows:
det (a:”") = Ti— T 2.6
7 Ja<ijsn H (7 = 3), (2:0)
1<i<i<n
and
det (m?_”l — x;(nﬂ'ﬂ))
1<i,g<n
n
_ —1 1/2,1/2 —1/2_—1/2\ (. 1/2 —1/2 —1/2_1/2
—H(l’i—l‘i ) H (352 )" —x )(3:Z PR TR ¥ ) 2.7)
i=1 l<i<jsn
And the following determinant formulas are referred to as the Jacobi—Trudi identities:
sx(x1,...,x,) = det <hAi,i+j(a:1, . ,xn)> o, (2.8)
1<,5<n
h)\i*i+1(‘r1i17'-'7'rrﬂz:1> lf.] =1
spa(T1, .. @) = det [ € hyipi(xil, . ath) . (29
+1 1y :
+hy—imjra(ay . apt) if2<5<n \<ijen
where h,(z1,...,x,) is the rth complete symmetric polynomial in zy, ..., x, and h, (25!, ...,
v = hy(zy, 27", ..., 2, 2;Y). The aim of this section is to establish similar determinant

formulas for intermediate symplectic characters.

2.2. Jacobi-Trudi identities

The following Jacobi—Trudi identity can be obtained by using a lattice path interpretation of
(k,n — k)-symplectic tableaux and the Lindstrom-Gessel-Viennot lemma (see [19] and [10,

11]).
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Proposition 2.3. For a partition \ of length < n, we have

sp&k’n_k)(:pl, e T T, e, Ty
— det ({h)\i_i_i_j(x;tl,...,I‘]::17xk+1’...,xn) f1<j<k > (2.10)
h)\i_i.g_j(l’j,---,fﬂn) fk+1<j<n 1<1j<n7
where hr(x;»ﬂ, cee xfl, Tt1, - - -, Ty) Stands for the rth complete symmetric polynomial in x;,
xj_ ,...,xk,x,;l,mkﬂ,...,xn.

Proof. Let G = (V, E) be the directed graph with vertex set
V={(G,j)eZ*:i>1,1<j<n+k}

and edges directed from u to v whenever v —u = (1,0) or (0, 1). Given u, v € V, we denote by
L(u;v) the set of all lattice paths from u to v, i.e., all sequences (wg, w1, ..., w,) of vertices of
G such that wy = u, w, = vand (w;_1,w;) € Efor1 < i< r. Afamily (Py,..., P,) of lattice
paths F; is called non-intersecting if no two of them have a vertex in common. We introduce an
edge weight wt by putting

wt((4,25 — 1), (i + 1,25 — 1)) =z, wt((4,25), (i + 1,25)) = a; ' forl1 < j <k,
wt((i,k+7),(t+1,k+j)=a; fork+1<j<n,

and wt((4,7), (4,7+1)) = 1. Then the weights of a lattice path P = (wg, wy, . .., w,) and a fam-
ily of lattice paths (P, ..., P,) are defined by wt(P) = [[;_, wt(w;—1, w;) and wt(Py, ..., P,)
= [, wt(P;) respectively.

For a partition A of length < n, we put

vi=N+n—i+1n+k) (1<i<n)

L J—it12i-1) if1<i<h,
o ln—i+ 1L k+d) ifk+1<i<n,

and denote by £L°(uy, ..., u,;vy,...,v,) the set of non-intersecting lattice paths (Py, ..., P,)
such that P; € L(u;;v;) for 1 < i < n. Then there is a weight-preserving bijection between
SpTab®" =¥ (X\) and £%(uy, ..., us; vy, ..., v;). See Figure 2.1 for an example in the case where

n=4,k=2and A = (4,3,1,1). Since the generating function of £(u;;v;) is given by
S wi(P) = ho—ing (T 2 T, ) %f1<j</'{,
Pel:(u]‘;vi) h)‘ifi+j(x]'7 e an) lf k + 1 g ]

we can complete the proof by applying the Lindstrom—Gessel-Viennot lemma. [

By performing column operations, we can deduce the following Jacobi—Trudi-type expres-
sion from Proposition 2.3.
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\ 4U4 U3 41)2 U1
[T S B U N
A A
_ Uus 5
I 233 N O T
2 2 4 < > -+ [ ] [ ] .—2>li s 2‘ [ ] [ ]
3 U2 T
4 -+ [ ] [ ] [ ] I—>li [ ] [ ] [ ]
-+ [ ] [ ] [ ] u1 [ ] [ ] [ ] [ ]

Figure 2.1: Lattice path interpretation.

Proposition 2.4. For a partition \ of length < n, let H /(\k’n_k) be the n x n matrix with (i, j)
entry given by

h,\i_iﬂ(xf:l,...,xfl,xkﬂ,...,xn) ifji=1,
P i (01 o e, )
+h>\i,i,j+2(x1ﬂ, . ,:Lfl, Tty Tn) 2L <K,
Pni—igi(Ths1, - oo Tn) fE+1<j<n
Then we have
sp(k’”’k)(xl, e TR TRty e, Ty) = det H/(\k’nfk). 2.11)

When £ = 0 (resp. k = n), this proposition reduces to the Jacobi—Trudi identity (2.8) for
Schur functions (resp. (2.9) for symplectic characters).

Proof. Recall that the generating function of complete symmetric functions h,.(z1, ..., z,,) is
given by
Tl
he(z1y ..oy zm)u” = .
Z (z1 Zm U H T——
r=0 i=1

It follows from this generating function that

+1 +1 -1 +1 +1
By gy T s Tty -+ ) + (25 + 2 )R 1 (057, 2 Ty -5 Tn)
+1 +1 +1 +1
= he (T3 T Thyts o Tn) e (T T Ty, T)
for 1 < j < k, and that
he(zjs1, .. xn) + b1 (T, ..o Tn) = he(z4, .. 1)

for £+ 1 < j < n. We apply the following two types of column operations to the matrix on the
right hand side of (2.10):
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(a) add the jth column multiplied by z; + mj_l to the (j + 1)stcolumn for 1 < j < k —1;
(b) add the jth column multiplied by z; to the (j + 1)stcolumn for k +1 < j <n — 1.

Then, by using the above relations, we can show

kn—k kn—k
spE\ " )(xl,...,xk]:ck+1,...,a:n) :detK/(\ k),

where K f\k’n_k) is the n X n matrix whose (i, j) entry is given by

J—1 .
j—1 : :
Z ( I )h)\i—’i-‘rj—Ql(Iitla""x]flaxk-i-la"'?xn) if 1 <] <k,
=0

ho—itj(Ttts - -, Tn) itk+1<j<n.

Now, by subtracting the jth column multiplied by (2” +zf _1) from the (2p + j)th column for j =

1,2,...,kandp=1,2,...,[(k—7)/2], we conclude that det K/(\k’n_k) = det H/(\k’"_k). O
By the same argument as in the proof of Proposition 2.4, we can show the following:

Proposition 2.5. (Proctor [28, Proposition 3.1 and its next paragraph]) If X is a partition of
length l(\) < k + 1, then we have

spf\k’n_k) (1, oy | Tha1y -y Tn)
hAi_iH(xfd,...,xfl,xkﬂ,...,xn) ifji=1
= det h/\i_iﬂ-(%ﬂ, e ,xkﬂ, Tty -y Tp) . (2.12)
Fhy iyt T, ) 2 <5 <IN TN

Following [16, Definition 2.1.1], we define the universal symplectic Schur function s§'(X)
as a symmetric function in X = {x,z,,...} by

h,—iv1(X ifj=1
) = det [ 4 12o) i ,
hiximies (X) + hoxmimja(X) 2 <5 <UN) /o
where h,.(X) is the rth complete symmetric function in X . Comparing this with (2.12), we have

Corollary 2.6. Ifl(\) < k + 1, then we have

kyn—k c ~1 -1
spf\ " )($1>---,xk‘xk+1a---,$n>:SA(wla% yoe Ty T Tkl e T, 0,0,00). (2.13)
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2.3. Bialternant formulas

We use the Jacobi-Trudi-type identity (2.11) to derive bialternant formulas for (k,n — k)-
symplectic characters, which interpolate between (2.4) and (2.5).

Proposition 2.7. For a partition \ of length < n, let A&k’"_k) = (a; ;) be the n x n matrix with
(1,7) entry given by

-1 . .
S Pok—int (T4, Thr1y -+ o5 Tn) = Pk—in1 (T Tpgn, -+, ) if 1 <G <R,
2,7 .
<J

gt ifk+1

f <n.

Then we have
det AP

(k,n—k)
D (@1, Ty ) = A (2.14)
A det Ag’” ")
and
det ALK
_ H (ﬂfz B 371'_1) H (xg/zx;/z B x;1/2$;1/2) (xz}/zx?ﬂ B :1:;1/235]1-/2)
i=1 1<i<j<k

< JI  (wi—=). @15

k+1<i<j<n

When k£ = 0 (resp. £ = n), this theorem reduces to the bialternant formula (2.4) (resp.
(2.5)). If K = n — 1, then we can transform this bialternant formula (2.14) into the bialternant
formula obtained in [24, Theorem 1.1].

Proof. Let M=% = (m, ;) be the n x n matrices with (i, j) entry given by

— +1 +1 41 +1 —1y -
(—D)"ep(ait, .oty ) s (y — ) i1 <, <k,
m;; = (—1)nil€n_i($k+1,...,J,’j_17l'j+17...,$n) ifk+1< 1, <n,
0 otherwise,
where e,(z1, . .., z,) is the rth elementary symmetric polynomial in 21, . . ., z,,, and we use the
abbreviation e, (25!, ..., 25Y) = e, (21, 27", .. ., Zm, 2., ). Then we claim that
kn—k kn—k) _ p(kn—k
HEP) ppthnk) — g(bn=h) (2.16)
We prove (2.16) by computing the entries of the product ik’”_k)M (kn=Fk) We write y =
(1, 27", .. a2y ') and 2 = (241, .., 1,). If we put y,; = (71, U xj:ll, Ty,
xj’jl, ., 21, 2; '), then we have

t=0

(Sriw) (o)
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. 1
(1 —zju)(1— :c;lu) H?=k+1(1 — )

1 11 1
- oufry — ) |\ 1—2u 1=zt [ T, (1 —2m)
1 o0 [e.e]
SR S S A S N T
e —xj_l) {; (xj, z)u SZ:(; (1:] z)u }

J

Since €;(y;) = ear—2-1(y;) for 0 <1 < k — 1, we equate the coefficients of u"T*=1 to obtain

K
he(y, 2) - (1) era(y;) +Z rii1 (Y, 2) + hea(y,2)) - (1) e i(y;)
=2

1
= ———— (hg(2j, 2) = hogi(2 ', 2)) . (2.17)
Xy — l’j

Similarly, if z; = (X1, ..., Tj-1, Tjt1, - . ., Tn), We have

00 n—k—1 1
<z;h5(z ) (; )e(z;)u ): [

Equating the coefficient of u" ", we obtain

D hea(z) - (1) eni(z5) = 2}t (2.18)

I=k+1

Then the claim (2.16) follows from (2.17) and (2.18).
Now we use (2.16) to prove (2.14) and (2.15). Since H, ék’n_k) is an upper-triangular matrix
with diagonal entries 1, the special case A = & of (2.16) gives

det M*n=k) = qet AL, (2.19)

In particular, we have

det MO — det <:1:§H> _ det M®O) —det( neitl _ g —(ne

1<i,j<n

M*0) O

Hence, by using (2.6) and (2.7), we see that det A (en=k) — det 0 20— k)) is given by

(2.15). Also it follows from (2.10), (2.16) and (2.19) that

(k,n—k) (k,n—k)
kn—k (k,n—k det A det A
sp(A )(x1,...,xk|xk+1,..., n) = detH ) = detM’“” i 1 tA(A’w—k)' O
et Ay

For our application it is convenient to convert the bialternant formula in Proposition 2.7 into
the following form.
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Theorem 2.8. For a partition \ of length <
entry given by

Soichi Okada

n, let Ay = (@, ;) be the n x n matrix with (i, j)

Ni+k—i+1 —(Nitk—i+1)
il N if1<j<k
Gig = [Tten (D=2 m)  [Le (U —aym) SO
Aitn—1i . .
T} fk+1<j<n
Then we have o
(k,n—F) det Ay
S Tlyenoy Th|Thg1y oy Xp) = ———, 2.20
P (71 k| Th41 ) dot A (2.20)
and
det Zg“’""“)
k
_ 1 1/2 1/2  —1/2 —1/2y/ 1/2 —1/2  —1/2 1/2
—H(“’i_f’% ) H (; Ty =& T ) (; Ty T XX )
i=1 1<i<j<k
< JI  (&i—=). @21
k+1<i<j<n
Proof. It is enough to show that det A k) _ det A(Ak’nfk).
We write z = (241, ...,%,). By the partial fraction expansion, we have
OO n—k—1
u
hr,n+k+1(£€ i Z)ur = n
; ! (1 —2ju) [Tpmpr (1 — zpu)
-1
=Y o :
—1
p— k:+1 - Tp) Hk+1<q<n, q;ép(xp z,) 1—xzpu
. xj—n—i—k—&-l 1
HZ:kﬂ(l — :I;;lxq) 1—zu
Equating the coeflicients of u", we obtain
n .le-il
hr—n+k+1 (:Eja Z) = = — : xr—H
p:zk;rl (1— Z; 137p) Hk+1<q<n,q;ép<'rp zg) P
1
+ _ _ xvffn+k+1‘
Hp:k+1(1 —Z; 1$p) !
Hence we have
hr—n+k+l(xj7 Z) - hr n+k+1< 17 Z)
p=k+1 $ zp) (1 - J"pr) Hk+1<q<n,q7ﬁp<mp xq) P
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— —(r—n-+k+1
" n+k+1 T- ( )

+ ! S — ,
H;:k+1(1 - x;lxp) Hp=k+1<1 — ;p)

By using this relation, we can show that the matrix ZE\k’ " is obtained from Af\k’”_k) by adding

the last (n — k) columns multiplied by appropriate factors to the first k£ columns. Hence we have
det AP — qet A" O

3. Character identities

In this section we state our main theorem, which gives formulas for certain summations of in-
termediate symplectic characters, and use the Ishikawa—Wakayama minor summation formula
to express these summations in terms of Pfaffians. The proof of the main theorem is completed
in the next section.

3.1. Main theorem

To state our main theorem, we introduce some notations. For a positive integer n and a non-
negative integer m, we denote by P ((m™)) the set of all partitions A whose Young diagrams are
contained in the m x n rectangle, i.e., [(\) < n and A; < m. And we put

E((m™) ={AeP((m")): Njiseven (i = 1,...,n)},
E'((m™)={reP((m")): N iseven (i = 1,...,m)},
O'((m™) ={AeP((m™): Nisodd (i =1,...,m)},
where X' = (A}, A, ..., \) is the conjugate partition of \.
A half-partition of length n is a weakly decreasing sequence A = (Aq,..., \,) of positive

half-integers \; € N+ 1/2. For a partition or half-partition A = (A, ..., \,,), we define the odd
orthogonal character o¥ and the even orthogonal character of by putting

det ( Ai+n—i+1/2

xj—()\i—i-n—i+1/2))

B 1<i,5<n

e, X)) = , 3.1
ox (21- -+, Tn) det( n—i+1/2 If(n—i+1/2)> G.D

J 1<i,5<n
Aitn—j —(Aitn—1)
D det ( T )1<i,j<n 2 if A, >0,
R (@1, ... 1) = — S PSR CEY
n— —n I A, =
det (x] +z; )ngn

respectively. Note that

det< n—i+1/2 :L"—(n—i+1/2)>
J 1<i,j<n

ST ) TT Gl oy P il o), a3)

i=1 1<i<j<n
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-9 H (xil/zx;/z _ x;l/zx;m) (xl}/zaj;uz _ $;1/2x;/2)' (3.4)

(See, for example, [9, Appendix A].) We have defined the symplectic characters sp, for partitions
A by the formula (2.5). To avoid the distinction between the even and odd cases, we use the same
formula as (2.5) to define sp, (x4, ..., x,) for a weakly decreasing sequence A = (Ay,...,\,)
of half-integers such that \,, > —1/2. Then we have

1
B
SP(A,..., An)(ﬂﬂla ) = O()\1+1/2,...,)\n+1/2)(x17 ey Tp) Hﬁ_l (xm n ‘,1/2)-

For a € Z U (Z + 1/2) and a partition or half-partition A = (A1, Aa, ..., \,), we write

(a") = (a,...,a), A+ (a")=N+ta, a+a,....,\, +a).

Now we can state the main theorem of this paper.
Theorem 3.1. Let 0 < k < n and m a positive integer.

(1) We have

kn—k
Z SPE\+(an)) (1, .oy Th|Thg1y -5 Tn)
AEP((m™))

= O(tmy2yy (T1, - Tn) = SP((mj2ray) (1, -y k)« (Tgr -+ )™ (3.5)

(2) If m is even, then we have

k,n—k
Z spg\+(an))(x1, e TR TRty e T)
AeE((m™))

= SD((my2)m) (T15 - s Ta) P jzrays) (L1 ) - (Tpar - 2) 200 (3.6)
(3) We have

kn—k
Z + Z sp(wr(an))(xl,...,xk\xkﬂ,...,xn)

AEE ((m™))  A€O!((mm))

= O({m/2)) (T1s- 3 Tn) * SD(m/2say) (@1, - Tk)  (@hgr -+ )25 (3T)
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(4) We have

Z - Z Spgﬁ’.?;nk))(:clu"'7xk|xk+17"'7xn)

AEE ((m™))  AeO!((m™))

= (_1)n'sp((m/2—1)")(xl7"'7xn)'ogm/2+a+l)k)(x17"'7xl€)' H Ly (-Tz‘—%‘_l)‘

(3.8)

Note that that (3.5), (3.6) and (3.7) hold for m = 0 by Proposition 2.2

The extreme cases £k = 0 and k = n of Theorem 3.1 are already known in the literature (see
[23, Theorem 2.3 and Proof of Theorem 2.5] and the references therein). When k =n — 1 orn
and a = 0, we can deduce the following expressions of rectangular Schur functions in terms of
(odd) symplectic characters, which also follows from [25, Lemma 4] (see also [18, (3.1)]) and
Corollary 2.6.

Corollary 3.2. For a nonnegative integer m, we have

S(m")(xh 1]1_1, ceey Un—1, l’;il, Ln, 1) = Z Spg\n_l’l)(xla ce 71311—1“7:71)7
AEP((m™))
Sy (T2t a,xy,t1) = Z SpA(T1, .oy Tp).
AEP((m™))

For a positive integer m, we have

Z Spg\n_Ll) (1, ..., Tn_1|zn)  ifnis even,

S(mn) (21 ot T, 2t ) = Ae€’((m™))
s T s 1y Tp—15 Z Sp()\"_l’l)(xl,...,$n—1|xn) if n is odd,
A€O! ((mm))
Z Spg\n_Ll) (1, ..., Tn_1|Tn) ifniseven,
~1 1 ACO'((m™))
Simn—1)(T1, X 5o T 1, Ty gy Tp) = . -
e S Sl ) =V T s den) i o
xeg/((mmn))

Z spy(x1,...,2,) ifniseven,

-1 -1 -1\ _ ) A€€’((mn))
S(m”)(xlal‘l 1oy Tp—1, Ty 15 Tn, Ty, ) - . .
g spa(x1, ..., 2,) ifnisodd,
A€’ ((m™))
E spy(x1,...,2,) ifniseven,
-1 -1 -1y _ ) A€0'((m™))
S(mn—1)(T1, T, Ty, Ty, T, Ty ) =

Z spy(x1, ..., 2,)  ifnisodd.

A€E!((m™))
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Proof. The proof is accomplished by combining Theorem 3.1 (1), (3) and (4), and the following
factorization formulas for rectangular Schur functions:

S(mny (@1, ot e, 1) = ofém/g)n)(asl, c s Tn) SD(my2yn-1) (T, - - ,a:n_l)-xnm/Q,
Semmy (L1, 27 o Ty, 1) = Ogm/z)n)(xl, c s @n) 8D ((my2ymy (T1, - -+, Tn),
and, for a positive integer m,
Sy (T1, 27 T 1, Ty g, T) + S (T, AT e T, Ty, T
= Ogm/2)”)<x17 Ce 7ZEn) . Sp((m/g)nf1)<l’1, ce ,[L’n_l) . J]nm/2,
S(mny (@1, ot T, ) — S(mn—1) (21, ot T, )
= SP((my2-1))(T1, - -+, Tn) - ogm/ﬂl)nfl)(ﬂcl, T T (, — ),
Sy (@1, 27t ) + S(mnfl)(ﬂfl,l'l—l, e T, )
= 0([gm/2)”)<$1a s 7$n) ' Sp((m/Q)")(zlv cee 7:571)7
Sy, 27t ) — S (mn—1y (21, I
= Sp((m/2,1)n)(:v1, cen ,$n) : O((m/2+1)n)<ZE1, cen ,$n).
These identities can be proved in a way similar to that of [4]. [

The strategy of the proof of Theorem 3.1 is the same as in [23]. Namely,

(a) First we use the bialternant formula in Theorem 2.8 and apply the Ishikawa—Wakayama
minor-summation formula (Proposition 3.4) to express the summations in Theorem 3.1 in
terms of Pfaffians.

(b) Next we transform the resulting Pfaffians into the products of two determinants (see Sec-

tion 4).

3.2. Reduction to the even case

Now we start the proof of Theorem 3.1. The following lemma enables us to reduce the proof of
the odd case to that of the even case.

Lemma 3.3. (/) Let 0 < k < n, and m a nonnegative integer. If \ = (A\1,...,\,) is a

. ; kn—k . .
partition with \; < m, then x’lnspgklrj...,)i)(xl, e Tkl TRt - - -, Tp) s @ polynomial in xq
and

m (kanfk)

Ty Sp()\l )\n)(mlv s 7xk|xk+17 s 7$n>:|
yeeey 21=0

k—1,n—k .
— SPEAQ,...M)(xa, S T[Ty ) A =m,
0 lf)\l <m,

where the symbol f|,,—q stands for the substitution x1 = 0 in f.
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(2) Let m € NU (N + 1/2). For a partition or half-partition X\ = (A1, ..., \,) such that
A1 < m, we have

m SP(a,.... An (QZ'Q, R ,.Z‘n) lf)\l =1m,
(27D oy (15 - )] T {0 (A2yAn) AN
B .
m B o O)\ 7---7An (132,...7.rn) l‘f)\l :m’
[le O(Al,,,,,)\n)<x1; o 7xn)} 21=0 B {O( 2 ) lf)\l <m
D .
m, D . OA 7---7An (132,...7J}n) l‘f>\1 :m’
[xl OO\I"NAH)(II, o 7'Tn)} x1=0 B {0( 2 ) lf)\l <m

Proof. We only give a proof of (1). By the bialternant formula (2.14), we have

27 det AP H)

(k,n—k)
x]'spy (T4, T Thaty oy Ty) = —
Y Y 2k det AL"H)

By multiplying the first column of A(Ak’"_k) = (a;;) by "% and using h,(u, Tpy1, ..., T,) =
> oUW T hg(Tgya, - . ., xy,), we see that the (7, 1) entry becomes

Nit+k—i+1

k 24 Ai—it1— —Niti-1
Pthagy = S (RN gmoisley )
s=0

which is a polynomial in ;. It follows that szp( " )(xl, ooy Tg|TEa1, - - -, Tp) is @a polynomial
m—+2k+X\;—i+1—s m7/\¢+i71+s}

in x;. Since |z =Qunlessi =1, Ay = mand s = 0, we
1

x1=0
see that

"
0 if Ay <m,

—1 * k—1n—k) .
_ det — —det AS" if Ay = m,
[x’f”k det Ag\k,n k)] 0 _ ( 0 A(k—l,n—k)) n 1=m
r1=

= —det AGTM"V.

x1=0

Therefore we obtain the desired identity. 0

where 11 = (X2,...,A,). In particular, we have [:r’f det Ag“’”_k)}

By using this lemma, we deduce the odd case of Theorem 3.1 from the even case as follows.
Assume that Equation (3.5) holds for a fixed n and aim to prove the same equation with n replaced
by n — 1. Multiplying both sides of (3.5) by z{""™, we have

a+m kn—k
§ xl—‘r Spg\Jr(an))(wla tee 7'Ik|$k+17 cee ,l’n)
AEP((m™))
m/2 m/2+a m a
=T / Oﬁm/2)")<x1’ T 7‘T”) B / Sp((m/2+a)k)(l‘1’ ce 756/6) ) (mk-i—l o ZL’n) /2te,

Then by specializing x; = 0 and using Lemma 3.3, we obtain
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(k—1,n—k)
Z Sp/Hr(a”_l) (.Z'Q,...,Q?k’karl,...,l'n)
peP((mn=1))

Oﬁm/Z)n—l)(l'Q, R 71771) . Sp((m/2+a)k_1)(:ﬂ2, R ,mk) . (mk—I—l Ce xn)

m/2+a
’

which is Equation (3.5) with n replaced by n — 1. The other equations (3.6), (3.7) and (3.8) are
treated in the same manner. Therefore it suffices to give a proof of Theorem 3.1 in the case n is
even.

3.3. Minor-summation formula

In the remaining of this section, we assume that n is even.

Recall the Ishikawa—Wakayama minor-summation formula. We use the notations [n| =
{1,2,...,n}and [0, M] = {0,1,..., M}. Givenan n x (M + 1) matrix X = (2;;)1<i<n,0<j<m
and a subset J = {j1,...,jn} (j1 < -+ < j,) of column indices, we denote by X ([n]; J) the
n x n submatrix of X obtained by picking up the jith, ..., j,th columns, i.e., X([n]; J) =
(a:i,jq)lgmgn. IfY = (yi)o<ij<ur is a skew-symmetric matrix and J = {j; < --- < j,} C
[0, M], then we write Y (J) = (y;,,)

1<p,g<n”

Proposition 3.4. (Ishikawa—Wakayama [14, Theorem 1]) Let n be an even integer and M a
nonnegative integer. Let Y = (yi;j)o<ij<m be a skew-symmetric matrix of order M + 1 and
X = (%ij)1<i<n, 0<j<m an n X (M + 1) matrix. Then we have

> PEY(J)-det X ([n]; J) = Pf (XV'X), (3.9)
(%)
where J runs over all n-element subsets of [0, M.

Given a partition A of length < n, we put
[n<)\) = {)\na )\n,1 -+ 1, Ce ,)\1 +n— 1}

Then the correspondence A\ — I,,(\) gives a bijection between partitions A\ C (m™) and n-
element subsets of [0,n +m — 1].

Lemma 3.5. ([23, Lemma 3.4]) Suppose that n is even and m > 0. Let B = (B; ;)o<i j<nt+m—1,
C = (Ci,j)0<i,j<n+m—1; and D¢ = (Dij)ogi,jgn—i-m—l’ € € {1, —1}, be the (7’L + m) X (n —+ m)
skew-symmetric matrices with (i, j) entry (0 < i < j < n+m — 1) given by

Bi; =1,
Cpy = {1 if i is even and j is odd,
’ 0 otherwise,
1L ifj=i+1,
Dij=q¢ #@,5)=(0,n+m—1),
0 otherwise.
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Then, for a partition A\ € P((m"™)), we have
Pt B(I,(\)) =1,

PEC(L(V)) = 1 ifxe&((mm)),
" 0 otherwise,
1 ifxe&((mm)),
PtD(1,(N\) =<q¢e if\ € O ((m")),
0 otherwise.

In order to prove Theorem 3.1, we apply the minor-summation formula (Proposition 3.4) to

the matrix X = (), < 0<renm_1 With (j,7) entry given by

at+r—n+k+1 —(atr—ntk+1)

T i

j Y
Tir = § [T (1 — fcfll'Z) [0 (1= zja)

a-+r
L

if1<j <k,
ifk+1<j<n,

and the skew-symmetric matrices Y = B, C' and D* given in Lemma 3.5. Then it follows from
the bialternant formula (2.20) that

det X ([n]; L,(V))

nln— —(k,n—k)’
(—1)nD/2 dot A

(k,n—k)
"Pat(am)

(T1y o Tk Tha1s oy ) =

where det Zg‘/”"""’) is given by (2.21) in the factored form. By a straightforward computation of
the entries of XY"'X, we can see that the Pfaffian Pf(XY"'X) can be expressed in terms of the
skew symmetric matrix Q™" (x; a, b) introduced in the following definition.

Definition 3.6. Let n be a positive even integer and 0 < k£ < n. Letx = (21,...,7,), a =
(a1,...,a,)and b = (by,...,b.) be indeterminates. Define Q™*(x; a, b) to be the n x n skew-
symmetric matrix with (i, j) entry Q); ; = @Q; j(z; a,b) (1 <1 < j < n) given as follows:

( Sl ) (7 h)bib; N Sl ) fa))bs
. 1- XTiTj T — I . . .
Q(!Eiaﬂﬂjy(lu CLJ) _f(l’z>.]f<l’;1)bj - f%ﬂ%)f(:l?]) ifl<i<j<k,
Qi,j — . Tj — Xy 1-— Ty
—M%Jﬁ%ﬂﬁ<ﬂ%)@— ﬂﬁ)) ifl<i<k<j<n,
1— T XTj — Xy
a(@i, 253 ai, a5) ifkr1<i<j<n
L 1-— Xyl
(3.10)
where
q(&ma. B)=m—8§1—af)+(1—&n)B—a), (3.11)
n—k
f(u) - (3.12)

B H?:k:-i—l(l —uxy)
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Then we can express the summations in Theorem 3.1 in terms of the Pfaffian of the skew-

symmetric matrix Q"*(x; a, b).

Proposition 3.7. Let n be an even integer and m > 0. We write " = (7, ..., xz]) and Xy =

(xf,...,x}).

(1) We have

kn—k
Z sp§\+(an))(x1,...,xk|xk+1,...,xn)
AEP((m™))
1

( )n n—1) d tA (k;n—k)
k —
y Hi:l z; Hi:k—H x}
k m—+n n
| - [T (1 — )

Pf Qn,k (ZIZ; _wm+ w[2];1}+m+n+1)

(2) If m is even, then we have

kn—Fk
Z Sp§\+(an))<1’1, c. ,./L'k|$k+1, C 7.Tn)
A ((m™)
1

k —a a
» Hi:l L Hi:k—i—l T;
[Ty & T, (1 — a?)

kn k)

k 1 2 1
Pan, (.’E; _xm+n+ ’_m[l;z]+m+n+ )

(3) We have
Z + Spgﬁ:gank))(xla s ka’karla s 7xn)
AEE ((m™))  XeO'((m™))
k —a 7" a
o 1 Hi:l ‘ri Hz k+1 Z; n,k . Aamtn—1 2a+m+n+1
= : Pt Q™" (x; x ,— ).
1 (k,n—k) k m-+n [k}
(—1)7(=1) det A, [Tiey
(4) We have
Z - spf\i?ank)) (1, oy k| Thg1y - - oy )

AEE ((m™))  AeO!((mn))
= (kyn—k) : k m-‘:l—’_l Pf Q™ (a; —a™ 1’35[2/’6]Jr .
(—1)nn=1) detA [Tici 2
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Proof. As the proofs are similar, we give a sketch of the proof of (1). By using Theorem 2.8,
Lemma 3.5 and Proposition 3.4, we obtain

kyn—k det X ([n]; I)
>l o) = 3 P e s
AEP((m™)) IE([O’"+nm_1]) (—1)71(”71)/2 det Ag
1 t
= o - PH(XBX)

( 1)n(n 1)/2d tA

A direct computation gives us

. gz, y; —a™, —y™m)
2 Bl =) = AT A —a)

o<r<s<m+n—1

By replacing = with 7! or/and y with y~!, we obtain

. __amtn
Z an (ZL'_TyS o ZL'_SyT) _ Q(xa Yy, —x y Y

m+n—1 _ _ _ )
0<r<s<m+n—1 ™ (1 :L")(l y) (y :E)
- - q(x,y; —a™", —y™mtn)
B.s(2'y " —2’y") = — 7
2 ( ) ymr (1 —z) (1 —y)(y — z)

0<r<s<m+n—1

m+n)

m-+n

e e q(z,y; —a™*", —y
Z Br,s (33' Ty T Sy T) - m+n—1, m+n—1 :
L Ty (1= )(1— y)(1— ay)

m+n>

Using these relations, we can explicitly compute the entries of X B'X. By a straightforward
computation, we see that the (4, j) entry of X B'X is equal to

(

T ifl1<i<j<k
1 ~X N 9
m+n m—l—n(l _ ZEZ)(]_ o xj) ? j
x; s
Qi j(m; —x™ " 2T if1<i<k<j<n,
ity fht1<i<j<
i <i<j<n.
(11— l’i)(l — ;)

Hence, by using the multilinearilty of Pfaffians, we obtain

k _
H¢=1 z; " H?:kJrl xy

k
| x?Hn ?:1(1 — ;)

Pf (XB'X) = Pf Qo (z; — g™ +n, — glatmintly, O

4. Pfaffian identity

In this section, we complete the proof of Theorem 3.1 by establishing a Pfaffian identity.
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4.1. Pfaffian identity

By Proposition 3.7, we need to evaluate the Pfaffian Pf Q™*(x; a,b) in order to prove Theo-
rem 3.1.

Definition 4.1. For indeterminates ¢ = (xy,...,x,) and @ = (a4, ..., a,), let W"(x; a) be the
n X n matrix with the ¢th row

—1 -2 ~1
(1 + a;x} x; + a;x) A al-) .

For indeterminates y = (yi,...,y) and b = (b, ..., by), let U*"(y; b) be the k x k matrix
with the ¢th row
(" by ™ T by T D)

Then the Pfaffian Pf Q™*(x; a, b) is evaluated as follows.

Theorem 4.2. Let n be an even integer and 0 < k < n. Let x = (x1,...,%,), @ = (a1, ..., ay)
and b = (b, ..., by) be indeterminates. Then we have

PfQ""*(x; a,b)
B (—1)kE=D/2 det W™ (x; @) - det U™ (zp; b)

- k n
H1<i<jgk<xj — ;) (1 —zm) [T, Hj:k+1(93j —x;)(1 — wz)) Hk+1<i<j<n(1 — T;7;)
“4.1)

Y

where ) = (21, ..., 7).

In the extreme cases k = 0 and k = n, the skew-symmetric matrix Q™" (x; a, b) becomes

Q" (x: a) = (M)
1<t

L=z, <i,j<n

and

Qnm,(m’ a, b) _ <_Q(:Elv Lj5 Qi CL])(](ZEZ, Ty b’u bj)) :
1<i,j<n

(25 — 2:)(1 — z375)

respectively. In these cases, the assertions of Theorem 4.2 are established in [23, Corollary 4.6
and Theorem 4.4].

We postpone the proof of this theorem to the next subsection and first finish the proof of
Theorem 3.1.

Proof of Theorem 3.1. By the argument in Subsection 3.2, we may assume that n is even.
By using the bialternant formulas (2.5), (3.1), (3.2), and the denominator formulas (2.7),
(3.3), (3.4), we can see

n n

det W™(x; —2™™) = Hx;nﬂ H(l — ;) H (xj — ;) (1 — ;) -ofémmn)(m),

i=1 i=1 1<i<j<n
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n m—+n m/2
det W™ (z; —x™" H):Hxi/ [Ta-2) I (@ -2 —aix)) - spfnom (@),
i=1 i=1 1<i<j<n
n m-+n— m/2
det W™ (@; 2™ ) = [ ] (25— 2)(1 = 2iz) - ooy (@),
i=1 1<i<j<n

and

det U™ (x; —gmT2atntl)

k

k
m/24+a+n—k
= H% e H(l — ) H (@j — @) (L = ij) - SP((my24a)) (T1, - - -5 Th),
i=1 i=1 1<i<j<k
det Uk’n<$; wm+2a+n+1>
k
m/2+a+n—k+1
= H T / H (j — @) (1 — zi5) - Of?m/2+a+1)k)(5€17 C TE)

)

1 1<i<j<k

Combining these relations together with Proposition 3.7 and Theorem 4.2, we arrive at the de-
sired identities. L

4.2. Proof of Theorem 4.2

It remains to prove Theorem 4.2.

Since both sides of (4.1) have degree at most one in each of the variables ay, ..., a,, b1, ...,
by, it is enough to show that the coefficients of a’'b’ = [Lic;ai ]l ;e bj are the same on both
sides for any subsets I C [n] and J C [k]. We denote by L(/,.J) and R(I, J) the corresponding
coefficients on the left and right hand sides respectively.

First we compute the coefficient R(7, J). We put

Dy(1) ={(i.5) € [n] x [n] =i < gy [(I x I) U (0] \ 1) x ([n] \ 1))],

D, (1) ={(i.5) € [n] x [n] =i < gy [(I x (In]\ 1)) U (0] \ 1) x T)], “42)
D) = {0 5) € K] x [k] =i < 3} 0 [( x J) U (RN T) < ([K]\ D)), '
Dy (J) = {(i,4) € k] x [K] =i < g3 0 [(F < (KN D) U (R J) x )]

Then we can see that the coefficient of a! in det W"(x; a) is equal to

af ™ ifiel o
det [ _ ()R H (2;— ;) H (1—z;1;), (4.3)
¢ ifi ¢ 1 1<4,5<n (

Z‘.
i,7)eD (1) (i,j)€Di (I)

where $(I) = Y. _, 4, and that the coefficient of ” in det U™ (z; b) is equal to

I ifie.J
det A TN
¢ 1<s,5<k
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H gk (—1)k# =E) H (; — ;) H (1—zz;), (4.4)
i€[k]\J (4,5)€D} (J) (i,5)€D;, (J)

where X(J) = >, ;j. We put

’ 1<i<
T® = {(i,j): 1<i<k k+1<j<n}, (4.5)
+1<i<j<n}
Then the denominator on the right hand side of (4.1) is written as
I @—e) =) ] (@j—2)—may) [ -y,
(i)eT ) (i.)eT) (i.§)eTS)
Since we have
DHNUD, (1) =T, uTAUTS, Di(J)UD; () =T,
it follows from (4.3) and (4.4) that the coefficient of a’b” in the right hand side of (4.1) is given

by
R(I,J) = (_1)k(k—l)/2+n#l+2([)+k#J+E(J) H m?‘k
elk]\J
Tj— T 1 —
X Bt -
H 1— .Z'i.ij H .fIZ’j — T
(i,)eD (HNDF () (i.j)€Dx (I)NDj, (J)
1 1
X -
];_[ 1-— .Tiﬂjj ];[ fli'j — T;
(i) €T )NDE (1) (i) €T )NDy (1)
l'j — T
X —_— 4.6
I = (4.6)

(i) eT)nDE (1)

Next we compute the coefficient L(7, .J) on the left hand side of (4.1). By the multilinearity
of Pfaffians, we see that L(/, J) is equal to the Pfaffian of the skew-symmetric matrix X (7, .J),
whose (7, j) entry X ;, i < j, is given as follows:

(1) If 1 <i < j <k, then

X
( -1 -1 )
P IEG) e andje s

1—$Z‘.lej

—(x;—x;) ifielandjel fai)f(xy) :
) -y ifierandjgr | ) Ta freJandj g J

I I ifiglandjel fle) flxh) .
v—x;  ifigland el T, o, fidJadjeJ
_M ifig Jandj & J
L 1—$il’j )
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2) f1<i<k<j<n,then

o ip - . -1
—(z; — x;) %fZ‘EIandj.EI _ f=) fic T
P —(1—a2x;) ifielandj &1 " 1 — ;75
i\j 1 — a4 ifiglandj el f(z;) fidJ
Tj— T ifiZlandj &1 T;— e
3) Ifk+1<17<j<n,then
(5 7% fielandjel
1—Ii$j
v o) ifielandjgl
YY1 ifiglandjel
T; — T .- .
ifiZglandj & [
\ 1—l'i$j
We put
={i:1<i<kiel,ielJ}, Co={i:1<i<kiel igJ}
—{i' 1<i<kiglicldt, Ci={i:1<i<k ig¢gliglJ}, (47
={i:k+1<i<n,iel}, Co={i:k+1<i<n,i¢gl}.

By pulling out the factor f(z; ') from the ith row/column with i € J and f(z;) from the ith
row/column with i € [k] \ .J, and then by multiplying the last (n — k) rows/columns by —1, we
obtain

LI, J)=PtX(L,J) =[] f;") ] Fl&i)- (=1)"*-PEX'(1, ), (4.8)
icJ i€lk]\J

where the entries X} ; of the skew-symmetric matrix X'(I, J) are given by

—% if (4, 7) € (C1 x C1) U (Cy x Cs) U (Cy x C4) U (Cs x Cs),
— zx;
L (i) € (G x Co) U (Cy x Cy) U (G x Gg) U (G x i),
— 1,1
1 — iz .
;)= i (i) € (Cy x Cy) U (Cy x Ch) U (Cy x Cs),
Xz,j Tj — Xy
1 -z .
I—x;;j if (Z,j) € (CQ X Cg) U (CQ X 06) U (Cg X 02),
j T
—1 if (Z,]) € ((Cl U 04) X (CQ UCsUuU O6)> U (05 X Oﬁ),
\1 if (Z,j) € ((CQ U Cg) X (Ol U 04 U 05)) U (06 X 05)
Let o be the ring automorphism of the Laurent polynomial ring Q[z7, . .., 2*!] defined by

o\xr;) =
w7t ifig I

(2
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Then, by using

l‘i—CL’j

—_— ifi,'ED:[:[XIUICX[C,
O_(l’i_xj>_ 1 — @z (i) (1) 4.9)
o ]_—Iiflfj :

L = z; if (i,j) € D; (I) =TI x I°U I x I,
xi—xj
we have
—% if (4,7) € (CLUCLUCy) x (CL UCyUCs),
— 1,1
Tj — T g
o (X;j) _ 1J——1’2x] if (Z,]) € (Cg UC3 UC6) X (Cz UCg UCﬁ),
—1 if (Z,]) € (Cl U Cy UCg,) X (02 U Cs UO(;),
\1 if (Z,j) € (CQ UCg UC6) X (Cl UC4 UC5)

Hence o (Pt X'(1,J)) = Pf (0(X],)) can be evaluated by the following lemma.

1<i,5<n

Lemma 4.3. ([23, Lemma 4.5]) For a subset K C [n], let Y (K) be the n X n skew-symmetric
matrix with (i, j) entry given by

(L5 7% e KandjeK,
]_—ZEZ'ZL‘J‘
Tj — Xy P .
—_ K and K,
Y(K>i7j: 1—J]i$j lf@g an ]¢
—1 ifie Kandj ¢ K,
1 ifi¢gd Kandj € K.

\

Then we have N
PIY(K)=(-1)>™ ] —+—

o + 1-— fL’in’
(i,4) €D (K)

where X(K) = ), i and
D} (K) = {(,) € [n] % [n] - < 3 01 [(K x K) U (([n] \ K) x (fa] \ K))].

n

Applying this lemma to K = C; U Cy U C5, we have

T, —I;

PfX'(I.]) = (—1)%(C1UCaUCs5) e

(1.7) = (-1) o mooo
(ivj)EDi(ClLJCZUCS)

Then by using (4.9), we have

T, — I;

PEX'(I.J) = (—1)E(C1UC1UCs5) P
(1,J) = (=1) 0 5on

(i) ET)N ((C1xC1U(Ca % Ca)U(Cx Ca)U(Cax )
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% H 1-— Xyl
27]' — T
(1) €T )N ((C1xCa)U(C2x C3)U(C xC2)U(CaxCh))

% H l’j — T H 1-— ZL‘iCL'j

- 1 —axy Zj
(Z,])E(C&XC{,)U(C;),XC%) (Z,])E(CQXCG)U(CZXC{,)

.Tj — T
PE— 4.10
x 11 Ry (4.10)
(i.4) T30 ((C5xC5)U(Cox i) )
Since J = C1 UCs, [k] \ J = Cy U Cy and
_ —1)nk x?fk
flah) = =D Fz:) =

Hj€C5UCG (x] - .TZ) ’
we see that

- j i n—k)#Cy 1 1
s 1 f_—x:;j:(—l)( e 1 —— 11 .

: . y I —ww; 7y
ieCh (l,])ECl><C5 (l,])601><05 (’L,])ECHXCG

. - s 1 |
I s 1 fy_—scfl_j:(—l)( s I —— 11 P

o 1 Tilj j
(1,§)€C3%xCs (3,7)€C3xCs

1€Csy (3,7)€C3xC¢
1— Ty . n—k 1 1
f(:) Ti— 1 i T — T 1 —xx;’
ieCy (i,j)€ECaxCs 7 ! i€Ca (i,j)€ECaxCs 7 b (i,§)€Ca % Ce Rt
1-— ZiTj B n—k 1 1
f(:) Ti—x; i T;— T 1 — 2,
i€Cy (i,j)€CaxCs 7 ' i€Cy (i,§)EC4xCg ~ 7 ! (4,/)€C4xCs I

Hence, combining these relations with (4.8) and (4.10), we obtain the following expression for
the coefficient L(/, J) in the left hand side:

L(I, J) _ (_1)n—k+2(01UC4UC5)+(n—k)#J H xlnfk
iek)\J

l’j — T
>< —_—
H 1-— ZL‘,‘CBJ‘

(1.4) T )N ((C1xC1)U(Cax C)U(C3 % C3)U(Cax Ca))
1— T
X —_ =
H I’j — T

(1) €T ((C1 X Ca)U(Cax C3)U(C3 xCa)U(CaxCh))

1 1
~ 11 Tz 11 p—

(i)€ ((C1UC) x5 ) U((C3UCH) < C ) (i)€ ((C1UC)x s ) U((C3UCH) xC5 ) ’

y I1 A 4.11)

1— Xy j

(1) eT)N((C5x C5)U(CexC))

Now we can finish the proof of Theorem 4.2.
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Proof of Theorem 4.2. We compare (4.6) with (4.11). By the definitions (4.2) and (4.7), we have

nk !N D) N D (J) =T N ((Ch x Cr) U (Cy x Ca) U (Cs x C3) U (Cy x Cy)),
T N Dy (1) N D (J) = T N ((Cr x Cy) U (Co x C3) U (Cy x C) U (Cy x C1)),
TP N DH(I) = ((C, UC) x Cs) U ((C3 U Cy) x Cg),
TP N D=(I) = ((C1 UCs) x C) U ((C3 U Cy) x Cs),
TP N DH(I) =T N ((Cs x Cs) U (Cs x C)),

and it follows that R(/, .J) coincides with L(1, J) except for the sign. Hence it remains to show
that

k(k—=1)/24n# 1+ X(1)+k#J+5(J) = n—k+X(C1UCLUCs)+(n—k)#J mod 2. (4.12)
Since [ = C, UCy, U C5, J =C,UCsand [k] = C, U Cy U Cy U Cy, we have

Since n is even, we obtain (4.12). Therefore we have R(/,.J) = L(I,.J). This completes the
proof of Theorem 4.2, and hence of Theorem 3.1. L]

5. Shifted plane partitions of double staircase shape

In this section we find generating functions of shifted plane partitions by specializing the vari-
ables in the character identities in Theorem 3.1. Also we derive Hopkins—Lai’s formula for the
number of lozenge tilings of flashlight regions.

5.1. Generating functions of shifted plane partitions

For a strict partition u, we denote by A(S(u)) the set of all shifted plane partitions of shape
. Given a shifted plane partition o € A(S(u)), we define the profile pr(o) to be the partition
(011,022, ... ) obtained by reading the main diagonal of . For a set Q of partitions, we define

A(S(p); Q) = {o € A(S(u)) : pr(o) € Q}-
For a subset Q C P((m")), we write

(@) +Q={(a")+ ) : X € Q}.

Then, by specializing ; = ¢* or ¢*~*/? in the character identities in Theorem 3.1, we obtain the

generating functions for shifted plane partitions of shifted double staircase shape with respect to
the weights v(o) and w(co) defined by (1.7) and (1.8) respectively.

Theorem 5.1. Suppose 0 < k < n, and let a and m be nonnegative integers.



COMBINATORIAL THEORY 1 (2021), #10 29

(1) The generating functions for shifted plane partitions o of shape &,, + dy, such that (a"™) C
pr(o) C ((a +m)™) are given by

Z qv(a)

o€ A(S(0n+0k);(a™)+P((m )))

___an?/2—(m+2a)k? /2 [m/2 +i— 1/2] [m +1 +] - ]‘]
=4q | | - | | —
pale [i —1/2] L<isyen i 47 —1]

. b m/2+ a+ 1) [m + 2a + i+ j]
1 ' 1 [i + 7]

: (5.1)

i=1 ] 1<i<j<k
> g
o€ A(S(6n+0k);(a™)+P((m™)))

_an(nt1)/2—(m+2a)k(k-+1) /2 [m+i+j—1] [m +2a +i + j] 59
! 11 [i+5—1] 11 T

I<igjsn 1<igy<k

(2) If m is even, then the generating functions for shifted plane partitions o of shape 6,, + 0y,
such that pr(o) € (a") + E((m™")) are given by

> g
o€A(S(6n+0k);(a™)+E((m™)))

_ an?/2—(m+2a)k?/2 - [m/2 + Z] [m +i+ j]
— 1 11 ] 1 i+ ]
i=1 1<i<j<n J

Xﬁ[m/2—|ja+i] H [m + 2a+i+ j]

, 5.3
it ©-3)

i=1 2] 1<i<j<k

Z qw(a)

o €A(S(6n+0k);(a™)+E((m™)))

an(n+1)/2— (m+2a)k(k+1)/2 H [m + i + 7l H [m + 2@ +'Z' + J] (54
wigien PTG [i+ 3]
(3) If m > 0, then the generating functions for shifted plane partitions o of shape 9, + Oy, such
that pr(o) € (a™) + E'((m")) are given by

Z qv(a)

FEA(S(Bnt61); (@) +E ((m™))

k
an2 m a 2
— /2= (m2a)k /2H

H [m+i+j— 2] H [m + 2a + i + j]

22—1]g i+ 5 — 1] i+ —1]

n k
X {H m/2+i—1) Hm/2+a+z
i=1 i=1

1<i<j<k
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n k

+ (=" (g = V)" T2 +i - U] [¢m/2 +a + ) } (5.5)
i=1 =1

Z qw(a)

o €A(S(6n+0k);(a™)+£€((m")))
k

)2 (e 2a)k(1) 2 H 2N H [m +i+j — 2] H [m +2a +i+j]
=1 [22] 1<i<j<n [2 + ‘]] 1<i<j<k [Z + ‘]]
n 2 k
% { (Z gD {ﬂ ) H[m + 2a + 2i]
=0 i=1
n ]{? 2
+ (_1>n (q o 1)717 H[m + 2Z o 2 (Z q(m+2a l+l(l 1) |:l:| > } ’ (56)
i=1 =0

where (r) =1+ q" and

is the q-binomial coefficient.

(4) If m > 0, then the generating functions for shifted plane partitions o of shape 6, + 6, such
that pr(o) € (a™) + O'((m™)) are given by

3 7

o €A(S(6n+0k);(a™)+0O' ((mn)))

an? /92— (ma-2a)k2 1 m+t+j5—2 m+2a+1+)
A e e el | e e
=1 1<i<j<n J 1<i<j<k J
n k
X {H<m/2 +i—1) H[m/2 + a + 1
i=1 i=1
n k
— (=" (q—l)”_kn[m/2+i—1 Hm/2+a+z } (5.7)
i=1 1=1
>
o €A(S(Sn+0k);(a™)+0O'((m™)))
k C
— o) /2 20)k(k+1) /2H 1 H [m +i+j — 2] H [m +2a +i + j]
i=1 [ U 1<i<j<n Z+j 1<i<j<k [Z+j]

{(qu”” Y { r> ﬁm+2a+2@
— (=)™ (g—1)"* g[m + 2i — 2 (; gm =Y m 2) } . (58)
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Some special cases of this theorem appeared in the earlier literatures. By specializing ¢ = 1,
Equations (5.1) and (5.2) with @ = 0 reduce to Hopkins—Lai’s product formula [13, Theorem 1]
(see Theorem 1.1) for the number of shifted plane partitions of shifted double staircase shape.
Putting £ = 0 and @ = 0 in (5.1) and (5.2), we obtain the MacMahon and Bender—Knuth
(ex-)conjectures (1.2) and (1.3) mentioned in Introduction respectively. And we can recover the
formulas of [27, Theorem 1, cases (CYH) and (CYD)] by specializing k = 0 and a = 0 in (5.3)
and (5.4). The special case p = n of [17, Theorems 11 and 21] are obtained by considering the
case k = 0and a = 1 of (5.3) and (5.4). Similarly we derive the special cases (p = 0 and p = ¢)
of [18, Theorem 6] from (5.5)—(5.8) with £ = 0 and @ = 0. By considering the case k = n—1 or
k = n, we obtain the generating functions for shifted plane partitions of trapezoidal shape. For
example, (5.1) and (5.2) are g-analogues of (special cases of) the formula of [25, Theorem 1].
And we can recover special cases of [18, Theorems 4 and 7] from (5.3)—(5.8) with k =n — 1 or
n.

5.2. Proof of Theorem 5.1

In this subsection we derive Theorem 5.1 from Theorem 3.1.

The following bijection enables us to convert the (k,n — k)-symplectic characters into the
generating functions for shifted plane partitions of shape d,, + d;. (This bijection is a general-
ization of that used in [25, Lemma 2] and [18, Proof of Theorem 4].)

Lemma 5.2. For a partition \ of length < n, let A(S(0,, + 0x); \) be the set of shifted plane
partitions of shifted double staircase shape 9, + 0; with profile \. Then there is a bijection
¢ - A(S(6, + 6,); A) = SpTab®" =) (\) sarisfying

@) v(o)  6(0)

— — quw(o)
zi=gt— 12 (1cick) 4 vi=gh—it (1<ick)  — 4 , 5.9
xi=q" TR TIHL/2 (k41<i<n) =g TP (k4+1<i<n)

foro € A(S(6,+ 0k); \), where the weights v(o) and w(o) is defined in (1.7) and (1.8) respec-
tively. In particular, we have

v(o kn—k n—
Yoo gD =G PR ), (5.10)
c€A(S(6n+0k);N)

w(o k,n—k’ n
Yo =" g ). (5.11)
o €A(S(6n+0k);N)

Proof. To a shifted plane partition o € A(S(d, + dx); A), we associate a column-strict plane
partition 7 of shape A\ whose ¢th row is the conjugate partition of the ith row of o. Then, by
replacing 1,2,...,n—k—1,n—k, ..., n+kwithn,n—1,... k+1,k, k,..., 1, 1respectively,
we obtain a (k,n — k)-symplectic tableau T € SpTab®"™™(X\). Forn = 4, k = 2 and
A= (4,3,1,1), an example is given by

442210 5 4 2 2 12 3 3

32 92 1 431 2 9 4
= 11 T = — T =4
1 1 4
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Since these procedures are invertible, the correspondence o — 1" gives a bijection between
A(S(6, + 6;); A) and SpTab®"=®(X). And, since the multiplicity of / in 7 is equal to the
difference of the traces ¢;_1(0) — t;(0), where t,(o) is defined by (1.9) and ¢, () = 0, the

multiplicity my(7y) of v in T is given by

mp(i) = typr—2i41(0) = tnyr—2i42(0) (1 <@ < k),
mr (i) = tnik—2i(0) — tnirb—2i+1(0) k
mT(z) = tn,i(O') — tn,iJrl (O') (k +

Then we can show

v(o) = Z (k; — i+ %) (mr(i) — mp(i)) + Z (n +k—i+ %) my(i),
w(o) = Z(k: —i+1) (mr(i) — mr(7)) + Z (n+k—i+ )mp(i),

which imply (5.9). It follows from the Jacobi—Trudi-type identity (2.11) that

(k,n—k)

SPy (xla---7$k|$k+1>~'=x ) o

= sp, (Tpy ooy 1| Ty oy Thg1)-

By using this symmetry, we can obtain (5.10) and (5.11).

]

In order to derive Theorem 5.1, we need the following formulas for the specializations of

classical group characters corresponding to rectangular partitions.

Lemma 5.3. (1) If we specialize v; = ¢~ /2 for 1 < i < n, then we have
_ 1 [m + 1] [2m + i + j]
/2 3/2 n—1/2y _ ererJa
SPmmy (€7, ") = — = (5.12)
) g/ 11 [2] KE@ [i + j]
_ 1 m+i—1/2] 2m+i+ 75— 1]
B /2 3/2 n—1/2y _
Om"<q aq 7"'7q >_ mn . . . )
) q 2/2}1 [ —1/2] KE@ i+ —1]
(5.13)
D 1/2 3/2 n1/2 - (m+i—1) 2m +i+j — 2]
O(m")(q »q yoroesd - n2/2H 2_1 ) H [l+j—2] 3
=1 1<i<j<n
(5.14)
where x(m) = 1ifm = 0and 2 if m > 0.
(2) If we specialize x; = q' for 1 < i < n, then we have
1 [2m + i+ j]
D) (4051 q") = s — (5.15)
(m™) qmn(n+1)/2 Kg@ [@ +j]
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1 2m +i+j—1]
B 2 n
) (€ ¢5 - q") = s — ; (5.16)
1 2m +i+j — 2] iy [n]?
D 2 ny _ 2mi+1(1-1)
0 = ‘
q (n+1)/ L<i<j<n [Z —|—j] =0 [
(5.17)

Proof. As the proofs are similar, we only give a proof of (5.17). It follows from the definition
(3.2) that

det ((gm+1) + (g1 )

n 1<i,y<n
O(Dm")(Q7q27"'7q ) :X(m) ] ] ] ] ST
det ( (1) + (g71))
1<i,5<n
Here we use the following determinant evaluation (see [18, (7.6)]):
det (Zf + Zi_j)lgi,jgn =(z1...2,)7" H (zi — 2)) (1 — 2i2) > er(z1,. 0 20)%
1<i<j<n 1=0
Then we have
det ("7 + (7))
1<i,j<n
n n 2
_ H(qm—l-i—l)i H (1= g)(1 — g2m+i+i=2) (qlm+l(l—1)/2 [n]) .
i=1 1<i<j<n 1=0 l

Hence by using

n

dalq.q’ ") =" e (L g g TY)
=0
— 2ﬁ n +[2:]_ 1]7
1
i=1

we can complete the proof of (5.17). 0

Now we are ready to prove Theorem 5.1.

Proof of Theorem 5.1. Identities (5.1)—~(5.4) are immediately obtained by replacing z; by ¢*~/2

or ¢* in Theorem 3.1 and using Lemmas 5.2 and 5.3. We need a few more manipulations to
obtain (5.5)—(5.8). Here we give a proof of (5.5). By using the character identities (3.7) and
(3.8), we obtain

kn—k
> @)

A& ((m™))
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1
b (ofzm/z)n)(wl, c s ) SD(my2+a)ky (T1s - T) - (Thyr oo+ Tn)

m/2+a

n m/2+a _
+(=1) SP((m/2_1)n)($1, ey Tn) - Ogm/2+a+1)k)($1> . R H Z; /2 (z5 — x; 1))-

Specializing z; = ¢*'/? (1 < i < n) and using

1 1 1
11 [z’+j—2]H<z'—1>: 11 i+j—1]

1<i<j<r i=1 1<i<j<r

we can arrive at the expression (5.5). ]

5.3. Lozenge tilings of flashlight regions

In this subsection, we apply the character identity (Theorem 3.1 (1)) to enumerate the lozenge
tilings of flashlight regions in the triangular lattice.

A lozenge is the union of two unit equilateral triangles joined along an edge. A lozenge
tiling of a region R in the regular triangular lattice is a covering of R by lozenges with neither
gap nor overlap. For nonnegative integers z, y, z and ¢, let F, , ., be the “flashlight region”
shown in Figure 5.1, where the dashed line indicates a free boundary, i.e., lozenges are allowed
to protrude across it. We consider lozenge tilings of I, , . ; by three types of lozenges given in

x+y+z<

T+t

Figure 5.1: The flashlight region F, , . s forz =4,y =4, 2 = 3,1 = 2.

Figure 5.2. Then Hopkins and Lai [13] obtain the following product formula for the number of
lozenge tilings of F, , . ;, and use the case ¢ = 0 to derive the formula for the number of shifted
plane partitions of shifted double staircase shape (Theorem 1.1).
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J < Q

SW-NE horizontal SE-NW
Figure 5.2: Three types of lozenges.

Theorem 5.4. ([13, Theorem 1.2] for y > 0) For nonnegative integers x, vy, z and t, the number
M(F,, ..) of lozenge tilings of the region F,, ., is given by

1 r4i+j+1 11 T4 240+

( ’y”t) 1+75+1 1+

(5.18)

1<i<j<y+2 1<i<j<z

The proof by Hopkins—Lai [13] is based on an extension of Kuo condensation to regions
with a free boundary due to Ciucu [7]. Here we use the character identity in Theorem 3.1 (1) to
give an alternate proof.

In order to apply the character identity, we give an interpretation of intermediate symplectic
characters in terms of lozenge tilings. Let 0 < k& < n. Given a partition A such that [(\) < n
and \; < m, we denote by Rﬁ’;’”_k)(A) the region obtained from F,, ,,_ o by adjoining n
left-pointing triangles at the positions \y +n — 1,...,A\,—1 + 1, A, to the free boundary of
Fr n—k k0, where the vertical edges on the free boundary are labeled with 0,1,...,m +n —1

from bottom to top. For example, the region sz) (4,3,1,1) is depicted in Figure 5.3. We

\VAVAVAVAY/

Figure 5.3: The region R#f’"_k)(/\) fork=2,n—k=2,m=4,\=(43,1,1).

denote by T (R ()\)) the set of lozenge tilings of R*"~*)()). For a tiling T of R (1)),
or Fyy n—k k. We define its weight wt(7") as follows. We assign to each SW-NE lozenge L in the
tth column from the right a weight

z; if1<i<2kandi=2j—1,
wt(L) = S a; ! ifl 2k and i = 27,

Ti—p f2k+1< i< n+k,

<
1<

<
<
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and put wt(L) = 1 for the other two types of lozenges L. Then the weight wt(7") of a tiling T’
is defined as the product of all the weights of the lozenges used in the tiling 7". For example, if
T is the tiling given in the left picture of Figure 5.4, then its weight is computed as

NI\
=~ W

[l \O R \V)
—_

Figure 5.4: The correspondence among tilings, shifted plane partitions and intermediate sym-
plectic tableaux.

wt(T) = (21)" - (21 1)" - (22)" - (237)" - (23)* - (20)” = 27 " naryar].

The following lemma provides an interpretatioin of sp&k’n_k) (x) as the tiling generating function,
and interpolates between [5, Theorem 2.3] (the Schur function case, £ = 0) and [5, Theorem 2.8]

(the symplectic character case, k = n), both of which are given in terms of perfect matchings.

Lemma 5.5. For a partitin \ of length < n with \y < m, there is a weight-preserving bijection
between SpTab®" M (X\) and T(R&’i’”"“) (A)). Hence we have

o P ol vz = 3 W),

TeT(REM(N)

Proof. By Lemma 5.2, we have a bijection between SpTab®"~®(\) and A™(S (8, + 6;); \).
And there is a natural bijection between T (R " (A)) and A™(S(6, + &;); A), which is ob-
tained by reading the “height” of the horizontal lozenges along the paths consisting of horizontal

and SW-NE lozenges. The desired bijection is obtained by composing these two bijections. See
Figure 5.4. [

Now Theorem 5.4 follows from Theorem 3.1 (1) by using Lemma 5.5.

Proof of Theorem 5.4. Let My p—k ko = Mmn—kka(T1, ..., Tk|Tri1, - . ., T,) be the generating
function of tilings of F}, ,,_ .. We prove

Mok ko = Ogn/wb(xl, oy Tn) S aray (T1s - Tk)  (Tpgr - cxy) ™2 (5.19)
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By specializing 1 = - - = x,, = 1in (5.19) and using (5.12), (5.13) with ¢ = 1, we obtain the
desired identity (5.18).
Let F,, »,—k k.o De the region obtained from F,,, |, ,,—k 10 by changing a edges from the bottom

on the free boundary into a non-free boundary (see Figure 5.5), and M,,, ,,_ 1 o the tiling gener-

Figure 5.5: The region ﬁmm_k,k,a form=4,n—k=4k=3,a=2.

ating function of ﬁm,n_ kk.a- Because of the presence of the non-free boundary, the bottom-left
corner (the shaded region in Figure 5.5) is tiled by forced SW-NE lozenges, and we have

a
Mm,n—k,k,a - (xk—l—l e xn) : Mm,n—k,k,a-

On the other hand, it follows from Lemma 5.5 that

7 kn—k
Mk ke = Z SPE\ " )(7317 e TR TR, T
Ae(am)+P((m"))

Hence Equation (5.19) follows from (3.5) in Theorem 3.1. [

Remark 5.6. The above proof of Theorem 5.4 shows that the character identity (3.5) is equivalent
to the tiling generating function identity (5.19). When £ < n, one can prove (5.19) by a method
similar to that of the proof of [13, Theorem 1.2], i.e., by using the induction on m + k and
appealing to Ciucu’s generalization [7, Corollary 1] of Kuo condensation.

A. More determinant formulas for spg\k’”_k)

In this appendix, we apply the theory of Macdonald’s ninth variation of Schur functions [20] to
derive dual Jacobi—-Trudi and Giambelli formulas for intermediate symplectic characters.
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Recall Macdonald’s ninth variation of Schur functions. Let {h[rp I p,r € Z,r > 1} be
indeterminates. We use the convention h[op } = Tand " = 0forr < 0. Fora partition \ we

define . . |
= det (h - 1) . Al
AT N (A-D
And we write e/ = ([’i]r) for » > 0 and put e = 0 for r < 0. Then we have

Proposition A.1. (1) ([20, (9.6°)]) If N = (X}, ..., X)) is the conjugate partition of \, then
we have

sA = det (e[@ JZE}

) . (A2)
1<i,j<m

(2) ([20, (9.7))If X = (a1, ..., |P1, - .., Br) in the Frobenius notation, then we have

= det ( ) . A3
8)‘ € (az‘ﬂj) 1<i,j<7’ ( )
Now we specialize
hr(x;tl,...,xfl,xkﬂ,...,xn) if p <k,
h[f}: he(xp, ... xp) ifk+1<p<n,
0 ifp>n+1,
where (...,2_9,2_1,%0, %1, ..., Lk, Tkt1,---,Ly) are indeterminates. Then, by comparing

(2.10) and (A.1), we have

spf T @y, ok, @) i1 <n—p+landp <k,
s = sy (e ) if(\) <n—p+landk+1<p<n,
0 otherwise.

Hence the following Giambelli formula for intermediate symplectic characters is an immediate
consequence of (A.3). (See [8, p.29] for a combinatorial proof in the case [(\) < k + 1.)

Proposition A.2. If a partition X of length < n is written as A\ = (o, ..., |5, ..., () inthe
Frobenius notation, then we have

(k,n—k) (kn— k)(

Spy (X1, ., T|Tha1, - -, Tp) = det (S( 18,) .,xk\xkﬂ,...,:z:n))lqjq. (A4)

To state dual Jacobi—Trudi formulas, we introduce some notations. We define e (:L‘itl, R

1) by the generating function

k

doerart, ot =1 =) [+t + 27'). (A.5)

r=0 =1
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Then e2(zf!, ... o) = spany (1, ..., ap) for 0 < v < k, and
k
kn—k
spgl,f; W@y, Tty ) = Z eo(@y’, e er—p(Thin, - Tn).
p=0

For an integer m, we define

k—m
e @y, alaea, o wn) = Y et a e (T T)
p=0

With these notations we have the following dual Jacobi—Trudi formulas.

Proposition A.3. Let \ be a partition of length < n and X' the conjugate partition of \.

(1) We have
k k
sp " (@, s 2)
7j—1
(kyn—k)
( €>\'—Z+j 2m,m xl,...,xk|xk+1,...,xn)> . (A6)
m=0 1<i,5<\

(2) ([28, Proposition 8.1]) If L(\) < k + 1, then we have

kn—k
spf\n )(xl,.. | Tty ey )
kn—k) o
eg\,nlﬂo(:vl,...,xk|xk+1,...,xn) ifji=1
ken—k
— det eg\,"lﬂ)o(:cl,...,xk]a:k+1,...,xn) L (AT
—|—e(kn k) (x x| T,) f2<j<A
—i—j42,0\ 1y - ELELLy - ey b XM 1<ij<n
(0.n) (0.n)

If £ = 0, then e,y = 0Oform > 1and e,
Jacobi—Trudi formula for Schur functions:

= e,, hence (A.6) reduces to the dual

sx(zy, ..., x,) = det (eM_Hj(a:l, . ,:zcn))1<m</\1 )

And, if £ = n, then (A.7) gives the dual Jacobi—Trudi formula for symplectic characters:

spy(Z1, ..., Tn)
+1 +1 e
et e‘/’\;_iﬂ(xl ey ) ifj=1
o o +1 +1 +1 +1 . .
i (T a ) T X (e ay) 2K <N .y

In the proof of Proposition A.3, we use the following relations:



40 Soichi Okada

Lemma A4. Lety = (xy,...,2k), 2 = (Tky1, - - ., Ty) and u be indeterminates. Then we have

n— kn—k knn—k k,n—k)
MR (4, y|z) = e (yl2) + ety ) (ylz) + (u+uTe™  (ylz),  (A8)

and e,ﬁkri Mylz) = erkon M(y|z). Ifr < k + 1, then we have
k+1,n—k) k,n—k) kn—Fk — kn—Fk
ero T (wylz) = e (yl2) + 6 (ylz) + (wtu )t (ylz). (A9)
Proof. By the generating function (A.5), we have
ec(utt 2t aif) = (ot e ) ey (L e H (utu e (o L Y,
and e, (zit, .. xfl) = 0. The claims follows easily from these relations. [l

Proof of Proposition A.3. By using (A.2), we have

keyn—k) (k k
spg\ (y|z) det( +z+]151 )(xQ_j’""xo’xl’""xk|xk+1""’x")>1<ij<,\1’ (A.10)

where (zo_,,...,T_9,7_1,x9) are dummy indeterminates. In order to prove the proposition,
we perform column operations on the matrix in the right hand side of (A.10).
() Lety = (y1,...,yx) and z = (z1,...,2,_k) be indeterminates. Given an integer se-
(k,n—k)
an) (y|z) be the column vector

quence o = (ay,...,qy,) and a nonnegative 1nteger r, let C’a "

with the :th entry
(k,n—k)
Zeaﬁ-r 2m,m y‘Z)

Consider the n x (I + 2) matrix G given by

k,n—k) k+1,n—k) (k+1,n—k k+1,n—k)
G = (ClyPlz) iy uwylz) Ol P wylz) o P wylz)
where &« + 1 = (a; + 1,...,a, + 1) and u is another indeterminate. Now we perform the

following column operations:

(i) subtract the 1st column multiplied by u + u~! from the 2nd column;

(ii) subtract the 2nd column multiplied by u +u~! from the 3rd column, and then subtract the
1st column from the 3rd column;

(iii) subtract the 3nd column multiplied by « +u~! from the 4rd column, and then subtract the
2nd column from the 4rd column;

(iv) and so on.

Then, by using the relation (A.8), the matrix G is transformed into

~ kn—k kn—k) kn—k kn—k
G=(clyMwlz) i Plz) el Pl o clPlz).

where we note that the additional variable u is eliminated. By repeated application of this pro-
cess, we can transform the matrix on the right hand side of (A.10) into the matrix on the right
hand side of (A.6). This completes the proof of (A.6).

(2) can be proved in a similar fashion by using the relation (A.9). [
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