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Abstract. In recent years, Alexandersson and others proved combinatorial formulas for the
Schur function expansion of the horizontal-strip LLT polynomial G (x; ¢) in some special
cases. We associate a weighted graph I to A and we use it to express a linear relation among
LLT polynomials. We apply this relation to prove an explicit combinatorial Schur-positive
expansion of G (x; q¢) whenever II is triangle-free. We also prove that the largest power of
q in the LLT polynomial is the total edge weight of our graph.
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1. Introduction

LLT polynomials are remarkable symmetric functions with many connections in algebraic com-
binatorics. Lascoux, Leclerc, and Thibon [11] originally defined LLT polynomials in terms
of ribbon tableaux in order to study Fock space representations of the quantum affine algebra.
Haglund, Haiman, Loehr, Remmel, and Ulyanov [9] redefined them in terms of tuples of skew
shapes in their study of diagonal coinvariants. Haglund, Haiman, and Loehr [8] found a com-
binatorial formula for Macdonald polynomials, which implies a positive expansion in terms of
these LLT polynomials G(x;¢q). LLT polynomials are also closely connected to chromatic
quasisymmetric functions and to the Frobenius series of the space of diagonal harmonics [4].
Grojnowski and Haiman [7] proved that LLT polynomials, and therefore Macdonald polynomi-
als, are Schur-positive using Kazhdan—Lusztig theory, but it remains a major open problem to
find an explicit combinatorial Schur-positive expansion. We give a brief account of some recent
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results in this direction.

In the unicellular case, meaning that every skew shape of A consists of a single cell, we can
associate a unit interval graph to A. Huh, Nam, and Yoo [10] found an explicit Schur-positive
expansion whenever this graph is a “melting lollipop”, namely

Z tha ) Sshape(T) - (1 1)

TeSYT,

Moreover, they proved that for arbitrary unit interval graphs, this formula gives the correct co-
efficient of s, whenever the partition x is a hook.

More generally, we focus on the horizontal-strip case, meaning that every skew shape of A
is a row. Grojnowski and Haiman [7] showed that if the rows of A are nested, then G (x; q) is
a transformed modified Hall-Littlewood polynomial and so its Schur expansion is given by the
celebrated Lascoux—Schiitzenberger cocharge formula [13], namely

G)\(QZ; Q) = H)\(w; Q) = Z QCOCharge(T)Sshape(T)~ (12)
TESSYT(N)

Alexandersson and Uhlin [3] found a generalization of cocharge to prove an analogous for-
mula when the rows of A come from a skew shape ¢ /7 with no column having more than two
cells. They formulated it for vertical-strips but we can equivalently state it as

Ga@ig) = > " D). (1.3)

TeSSYT(a)

D’Adderio [5] used recurrences in terms of Schréder paths to prove that the shifted vertical-
strip LLT polynomial G5 (; g + 1) is a positive linear combination of elementary symmetric
functions. Alexandersson conjectured [1] and then proved with Sulzgruber [2] the explicit com-
binatorial formula

Ga(x;q+1) = Z g (1.4)

0cO(P

in terms of acyclic orientations of a decorated unit 1nterval graph associated to .

In this paper, we define a weighted graph 11 associated to A. In Section 3, we use our weighted
graph to express linear recurrences of horizontal-strip LLT polynomials. In the language of
our weighted graph, the formula (1.2) applies only when II(\) is a complete graph and the
formula (1.3) applies only when II(\) is a path. We further generalize cocharge and apply our
recurrences in Section 4 to prove the explicit combinatorial Schur-positive formula

G)‘(-'B, Q) = Z qcochargen @ Sshape(T) (1 5)
TeSSYT ()

whenever the weighted graph I is triangle-free. In particular, this extends the formula (1.3). We
also prove that the largest power of ¢ in the LLT polynomial G (x; q) is the total edge weight of
IT.
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2. Background

A partition o is a finite sequence of nonincreasing positive integers ¢ = oy - - - 04. By conven-
tion, we set o; = 0 if ¢ > (. A skew diagram ) is a subset of Z x Z of the form

A=c/r={(,7):i>1, n+1<j <o} 2.1

for some partitions ¢ and 7 with o; > 7; for every i. When 7 is empty, we write o instead of
o/@. The elements of A are called cells and the content of a cell u = (i,7) € A is the integer
c(u) = j —i. We will focus heavily on rows, which are skew diagrams of the form

R=a/b={(1,j): b+1<j<a} 22)

for some a > b > 0. We denote by ¢(R) = {b,b+ 1,...,a — 1} the set of contents of cells in
Rand by {(R) = band r(R) = a — 1 the smallest and largest contents of ¢(R) respectively. A
semistandard Young tableau (SSYT) of shape X is a function 7" : A — {1,2, 3, ...} that satisfies

Tij <Tijpand T; ; < Tigq 5, (2.3)
where we write T; ; to mean 7°((¢, j)). The weight of T is the sequence w(T") = (wy, w, ... ),
where w; = |T~'(4)] is the number of times the integer ¢ appears. We denote by SSY'T, the set
of SSYT of shape A and by SSYT(«) the set of SSYT of weight a. We define the skew Schur

function of shape \ = o /7 to be
= > (2.4)

TeSSYTy
where x' is the monomial 2"z} - - - . When 7 is empty, we call s, a Schur function.
A multiskew partition is a finite sequence of skew diagrams A = (A, ... A\(™)_ If each

A% is a row, then we call X a horizontal-strip. We denote by
SSYTx = {T = (TW,...,T™): T € SSYT,»} (2.5)

the set of semistandard multiskew tableaux of shape X. Cells v € A®) and v € \Y) withi < j
attack each other if c(u) = c(v) or ¢(u) = c(v) + 1. The skew shapes A) and \Y) attack each
other if some cells u € A and v € A\ attack each other. Entries 7 (u) and T (v) with
1 < 7 form an inversion if either

e c(u) = c(v) and T (u) > T (v), or
o c(u) = c(v) + 1and TV (v) > T (u).

We denote by inv(T') the number of inversions of T'. Now we define the LLT polynomial

Ga(z;q) = Z ¢V gT, (2.6)

TESSYT
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Figure 2.1: The horizontal-strip A = (4/0,5/2,2/0) and two tableaux T', U € SSYT,.

Example 2.1. Let A = (4/0,5/2,2/0). When X is a horizontal-strip we draw it so that cells of
the same content are aligned vertically as in Figure 2.1. We have written the content in each cell
using our convention that content increases from left to right. We have also drawn two tableaux

T,U e SSYT, with dotted red lines indicating the inversions. The tableau T" contributes

¢°xr3riri 10 (2.6) and the tableau U contributes ¢3x?z3x3x3. We can expand the LLT polynomial

Ga(x; q) in the basis of Schur functions as
Ga(z;q) = @°Sa32 + q°Saa1 + ¢° 590 + (q5 + q4)$531 + 2q*s54 + 2¢" 561 (2.7)
+(¢" +2¢%)s63 + ¢*s111 4+ (2¢° + ¢*)s72 + (¢° + @) ss1 + .

We cite some helpful properties of LLT polynomials. The first three are immediate from the
definition.

Proposition 2.2. Let A = (A1), ... A" be a multiskew partition.
1. When q = 1 the LLT polynomial G x(x; 1) is a product of Schur functions 11" s, ).

2. Suppose that X can be partitioned into two subsequences of skew partitions
p=(p, . uYandv = (V9. vU) such that no p'*) attacks any v9¢). Then
Ga(®; q) = Gul@; )Gy (w; q).

3. Let k(A) = (A XO  ACO=DY ywhere XV = {(i,5 4+ 1) ¢ (i,5) € ™). Then
Gun (@3 q) = Ga(T; 9)-
4. [11, Theorem 6.1] The LLT polynomial G x(x; q) is a symmetric function.

5. [8, Lemma 10.1] Let w denote the standard involution on the algebra of symmetric func-
tions. Denote by w(\) the multiskew partition where each skew shape of A is conjugated
and the tuple is reversed. Then

Goy(®;q) = ¢ MwGa(z; 7Y, (2.8)

where 1(\) is the number of attacking pairs of cells in X. In particular, results about
horizontal-strip and vertical-strip LLT polynomials are equivalent. In this paper, we
choose to consider horizontal-strips.
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In Example 2.1, we saw that G'(4/0,5/2,2/0)(2; q) is Schur-positive, meaning that it is an NJg]-
linear combination of Schur functions. In fact, this property holds in general.

Theorem 2.3. [7, Corollary 6.9] For any multiskew partition A, the LLT polynomial G x(x; q)
is Schur-positive.

The special case where A is a horizontal-strip was proven in [9, Theorem 3.1.3] using some
results introduced in [14]. Both this special case and Theorem 2.3 were proven using Kazhdan—
Lusztig theory. It is a major open problem to find an explicit combinatorial Schur-positive ex-
pansion of LLT polynomials. We conclude this section with a discussion of a successful solution
in a special case. We first introduce the jeu de taquin algorithm.

Definition 2.4. Let A\ = o /7 be a skew shape and 7" € SSYT). An inside corner of X is a cell
u € 7 such that A U {u} is a skew shape. The jeu de taquin slide of T into an inside corner v is
obtained as follows. There is a cell v directly above or directly right of u. If both, let v be the
one with a smaller entry, and if they have the same entry, let v be the cell above u. We move
the entry in v to u. We continue by considering the cells directly above and directly to the right
of v and we stop when we vacate a cell on the outer boundary of A, so that the result is a skew
tableau. The rectification of T is the tableau obtained by successive jeu de taquin slides until the
result is of partition shape.

Theorem 2.5. [16, Theorem Al.2.4] The rectification of T' does not depend on the sequence of
choices of inside corners into which the jeu de taquin slides are performed.

The following definition of cocharge is not the classical one but it is an equivalent character-
ization and it has the advantage that the weight of 7' is not required to be a partition.

Definition 2.6. Let 7" € SSYT'). The cocharge of T is the integer defined by the following three
properties.

1. Cocharge is invariant under jeu de taquin slides.
2. If T is a single row, then cocharge(T") = 0.

3. Suppose that the shape of 7" is disconnected so that 7' = X U Y with every entry of X
above and left of every entry of Y. Let ¢ be the smallest entry of 7" and suppose that no
entry of X is equal to 7. Let S be a tableau obtained by swapping X and Y so that every
entry of Y is above and left of every entry of X. Then cocharge(T') = cocharge(S)+|X].

The classical definition of cocharge satisfies these three properties [12, Lemma 6.6.6]. Con-
versely, these properties suffice to calculate cocharge(7") by using the following process called
catabolism, which was introduced in [12, Problem 6.6.1]. If 7" is a single row, then
cocharge(T') = 0, otherwise by applying jeu de taquin slides, we can slide the top row of T’
to the left to disconnect it, swap the pieces, and rectify to produce a new tableau .S of smaller
cocharge. Repeated catabolism will terminate with a single row of cocharge zero.
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Figure 2.2: The sequence of tableaux produced in the catabolism of 7.

Example 2.7. Given the tableau 7" in Figure 2.2, repeated catabolism produces the following
sequence of tableaux and cocharge(T) =1+ 2+ 1 = 4.

Example 2.8. If 7" is a tableau of partition shape and every entry equal to ¢ or 7 with ¢ < j as in
Figure 2.3, then a single catabolism will produce a tableau with one row, so the cocharge of 7" is

r_lil-[-1]J

il - fafaf- -] 1]

Figure 2.3: A tableau 7' of partition shape with only #’s and j’s with ¢ < j.

the number of entries in the second row. We can think of cocharge(7") as measuring the extent
to which there are entries above others.

We now present a case in which a combinatorial formula for the Schur-positivity of a horizon-
tal-strip LLT polynomial is known.

Theorem 2.9. [7, Theorem 7.15] Let A = (Ry,...,R,) be a horizontal-strip such that
URy) < ... < URy)andr(Ry) = ... =2 r(R,) and let \; = |R;|. Then the LLT polyno-
mial Gx(x;q) is a transformed modified Hall-Littlewood polynomial, whose Schur expansion
is known [13] to be

Ga(miq) = Hy(wiq) = Y ¢ s gapeim). (2.9)
TESSYT(A)

The central problem of this paper is to generalize cocharge in order to prove an analogous
combinatorial formula for the Schur expansion of any horizontal-strip LLT polynomial. Our
main result, Theorem 4.6, is such a combinatorial formula in the case where no three rows of A
pairwise attack each other. Our strategy is to define a weighted graph IT(\) associated to A and
to use it to express linear recurrences of LLT polynomials.

3. A weighted graph description of horizontal-strip LLT polynomials

We begin by defining our weighted graph II(\).
Definition 3.1. Let R and R’ be rows. We define the integer

|IRNR| if{(R) <UR),

N
IRNR™|  if {(R) > (R, G-

M(R,R) = {
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where as before, Rt = {(1,7+1): (1,j) € R'}. Note that 0 < M (R, R') < min{|R|, |R'|}.

Definition 3.2. Let A = (R4, ..., R,) be a horizontal-strip. Consider the cells of A that are the
rightmost cells in their row and label these cells 1, ..., n in content reading order, meaning in
order of increasing content and from bottom to top along constant content lines. We define the
weighted graph I1(X) with vertices vy, . . ., v, as follows. The weight of a vertex v;, denoted |v;],
is the size of the row R; whose rightmost cell is labelled ¢. Vertices v; and v; corresponding
to rows R and R with i < j" are joined by an edge if R; and R; attack each other and the
weight of the edge (v;, v;), denoted M ;, is given by M (R, R;).

Example 3.3. Let A = (R, Ry, R3) = (4/0,5/2,2/0) as in Example 2.1. We have drawn the
horizontal-strip A and the weighted graph II(\) in Figure 3.1. We have M, » = M (R, R3) = 2,
M173 = M(R27 Rg) = ]_, and M273 = M(R17 RQ) = 2

1] Ry
A= R, II(A)
L 2] A

Figure 3.1: The horizontal-strip A = (4/0,5/2,2/0) and the weighted graph II(X).

Remark 3.4. Tt follows immediately from the definition that M (R, R') = M (R'*, R) and there-
fore the map « from Proposition 2.2, Part 3 preserves our weighted graph. We can think of the
integers M (R;, R;) as measuring the extent to which the rows R; and R; attack each other. We
now present a result to make this idea precise.

Theorem 3.5. Let A = (A, ..., A™) be a multiskew partition. Define the integer

M) = > > M(RR). (3.2)

I<i<j<n R a row of (V)
R’ a row of AW

Then every T € SSYTy has inv(T') < M (). Moreover, this maximum is attained.

Remark 3.6. Theorem 3.5 tells us that M () is the largest power of ¢ in the LLT polynomial
Gx(z; q). In particular, if Gx(x; q¢) = Gu(x; q), then M (X) = M (). We also remark that by
Proposition 2.2, Part 5, the smallest power of ¢ is (X)) — M (w(A)). If X is a horizontal-strip, the
largest power of ¢ in the LLT polynomial is the total edge weight of IT(\). In the Hall-Littlewood
case of Theorem 2.9, we have M (X)) = n(\) = > .(i — 1)\



8 Foster Tom

Proof. We first observe that an entry x € T' makes at most one inversion with the entries in each
row. If x made an inversion with y € T' and z € T in the same row with y to the left of z, then
we would require y > x > z, but y < z because the rows of T" are weakly increasing.

To prove the first statement, we show that for rows R of A(®) and R’ of AU) with i < j, the
number of inversions invg r (T') of T' between cells in these rows is at most M (R, R'). Sup-
pose that /(R) < ¢(R') and let v; be the leftmost cell of row R'. If there is no cell u; of R with
c(u1) = c(v1), then invg g (T') = 0, so suppose otherwise. Let vy, . .., v,, be the cells in R’ to
the right of v; and let us, . . . , u,,,y be the cells in R to the right of u; as in Figure 3.2. By our ob-
servation above, we have invg p/(T') < min{m,m'} = M(R, R’). Similarly, if /(R) > ((R'),
let u; be the leftmost cell of row R. If there is no cell v; of R’ with ¢(v;) = ¢(u;) — 1, then
invg g (T') = 0, so suppose otherwise. Let v, . . ., v,, be the cells in R’ to the right of v; and let
Ug, . . ., Uy be the cells in R to the right of u, as pictured in Figure 3.2. Again, by our observation
above, we have invg p/(T') < min{m,m'} = M(R, R').

Y Y I I N I A 2 R
I I I 1 Y N R 2 2N Y I I R N Y

Figure 3.2: Rows R and R’ labelled as in the proof of Theorem 3.5.

To prove the second statement, we construct a tableau T' € SSYT with inv(T") = M ().
Consider the cells of A that are the leftmost cells in their row. We label these cells 1,2, 3, ...
in reverse content reading order, meaning in order of decreasing content and from top to bottom
along constant content lines. We then fill each cell with the label of the leftmost cell in its row.
As an illustration, when A = (4/0,5/2,2/0), the tableau we have constructed is the tableau T’
in Example 2.1.

By construction, the rows of 7' are constant and therefore weakly increasing, and if a cell u
is directly below a cell v in the same skew diagram, then the leftmost cell in the row of u must
precede that of v in reverse content reading order, so T'(u) < T'(v) and indeed T' € SSYT'». Fi-
nally, we show that for rows R of A\®)) and R’ of \) withi < j, we have invp g/ (T') = M (R, R).
If /(R) < ¢(R’), then every cell in R has a strictly larger entry than every cell in R’, so we
have an inversion T'(u) > T'(v) for every v € R and v € R’ with ¢(u) = ¢(v), meaning
|[RN R'| = M(R, R') inversions in all. Similarly, if /(R) > ¢(R’), then every cell in R has a
strictly larger entry than every cell in R, so we have an inversion T'(v) > T'(u) for every u € R
and v € R’ with ¢(u) = ¢(v) + 1, meaning |R N R"*| = M (R, R') inversions in all. O

We continue to use the integers M (R, R') to describe relationships between rows. The fol-

lowing definition will be justified by Lemma 3.15.

Definition 3.7. We say that two rows R and R’ commute if M (R, R') = M(R', R). We write
R < R'if R and R’ commute and R <+ R’ otherwise.
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Proposition 3.8. Let R and R’ be rows with ((R) < ((R/).
1. Ifr(R) < {(R') — 1, then

M(R,R)=M(R,R)=0, so R+ R. (3.3)

2. IfU(R) =L4(R) orr(R') < r(R), then

M(R,R) = M(R,R) = min{|R|, |R|}, so R & R (3.4)

3. Otherwise, we have ((R) < {(R') < r(R)+ 1 < r(R') and

M(R,R)=r(R) —¢R)+1and M(R',R) =r(R) —{(R") + 2, so R« R'. (3.5)

In particular, if R <+ R/, then M (R, R') is either 0 or min{|R|, |R'|}.

Proof. We compute directly from the definition. If 7(R) < ¢(R')—1,then RNR' = R'NR' =
@. If {(R') = {(R), then either R C R or R' C R, and if /(R) < ¢{(R') and r(R') < r(R),
then R C Rand R' C R". Otherwise, the only remaining case is when ¢/(R) < {(R') — 1 <
r(R) < r(R') — 1, in which case we have

M(R,R)=|RNR|=|{{(R),...,r(R)}| =r(R) —¢{(R)+ 1and (3.6)
M(R,R)=|RNR"|=|{((R),...,r(R)+ 1} =r(R) — {(R) + 2. 3.7
This completes the proof. [

Remark 3.9. For a more visual description, we have that two rows R and R’ commute if and
only if they are disjoint and separated by at least one cell, or if one is contained in the other. In
Figure 3.3, only the pairs of rows on the left and on the right commute.

L[] HEN HEN
HEEEN HEEEN HEEEN

Figure 3.3: Left: R +» R’, Middle: R +» R/, Right: R <+ R/.

We now introduce the language of LLT-equivalence to describe some local linear relations
of LLT polynomials. If A = (A, ... X™Y)and g = (u™, ..., u)) are multiskew partitions,
then we denote by X - i the concatenation (A, ... A M 09,
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Definition 3.10. Multiskew partitions A and p are LLT-equivalent, denoted XA = p, if for every
multiskew partition v we have the equality of LLT polynomials

G)\‘u(m§ Q) = qu(m; Q)~ (3.8)

More generally, finite formal Q(¢)-combinations of multiskew partitions >, a;(¢)\; and
> bi(q)p; are LLT-equivalent, denoted 3, a;(¢)A; = >_; b;(q)p;, if for every v we have

> ai(q)Gaw(miq) = Z bi(@) Gy, (T3 q)- (3.9)

i

Remark 3.11. By repeatedly applying the map « from Proposition 2.2, Part 3, we have that if
A = p, then Gy (x;q) = Gy (x; q) for every multiskew partitions v and v'. We can
think of LLT-equivalence as a local linear relation because we can locally replace A with p
while preserving the LLT polynomial.

The following Theorem provides a combinatorial way to prove an LLT-equivalence.

Theorem 3.12. [15, Theorem 2.2.1] Let ), q*'A; and ) _; q% p; be finite N|q|-linear combina-
tions of multiskew partitions. Then they are LLT-equivalent if there exists a bijection

£ |SSYTs, = | |SSYT,, (3.10)
i J

such that if f maps T € SSYTy, toU € SSYT,, then
inv(T) + a; = inv(U) + bj, (3.11)
and for every c € 7, the multiset of entries in cells of content c is preserved, that is
{T'(u): c(u)=c} ={U(u): c(u) = c}. (3.12)

We now use Theorem 3.12 to establish some valuable LLT-equivalence relations. These
relations appear in [5, Lemma 5.2] and [2, Theorem 2.1] in terms of operators on Dyck paths
and Schroder paths.

Lemma 3.13. Let R and R’ be rows such that {(R') = r(R) + 1. We have the LLT-equivalence
¢(R,R)+ (RUR')=¢q¢(RUR')+ (R',R). (3.13)

Proof. By Theorem 3.12, it suffices to find an appropriate bijection
J :SSYT (R ryUSSYT (rurry = SSYT (ruprny USSYT (r/ ) - (3.14)

For a tableau T' € SSYT (g g, let  and y denote the entries in the cells of content r(R) and
((R') respectively. We partition

SSYT () = SSY Ty ry USSYT s o (3.15)
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depending on whether z < y or x > y, and we similarly partition SSYT (g ry. We will now
assemble our bijection f as the union of the unique bijections

f1:SSYT7 oy — SSYT 7, 1, (3.16)
(R,R") (R",R)
fo: SSYTfRR,) — SSYT (rur), and (3.17)

f3 2 SSYT(rury — SSYT G (3.18)

satisfying (3.12). It remains to check (3.11), which dictates how the factors of ¢ correspond to
the inversions in our tableaux. By definition, every T' € SSYT(> ' R) has the unique inversion
(x,y), while all of the other tableaux have zero inversions, so we have

inv(f1(T)) =inv(T) + 1, inv(fo(T)) + 1 =inv(T) + 1, and inv(f3(T)) = inv(T),
in accordance with (3.11). ]

Example 3.14. These bijections are illustrated in Figure 3.4. We have written ¢’s to indicate
how the numbers of inversions are supposed to change.

fi: q — (r >vy)

fa: q — q (x <vy)

fs: — (x <)

Figure 3.4: An example of the bijections in the proof of Lemma 3.13.

Our next LLT-equivalence relation justifies the terminology of commuting rows.
Lemma 3.15. Let R and R’ be rows such that R <> R'. We have the LLT-equivalence
(R,R') = (R',R). (3.19)

Remark 3.16. Lemma 3.15 tells us that if A = (R4, ..., R,) and R; <> R; 1, then we can switch
rows R; and R, so that Ga(x;q) = Gu(x;q), where p = (Ry, ..., Riy1, R;, ..., Ry). Also
note that Theorem 3.5 implies that if (R, R') = (R/, R), then R + R’.
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Proof. By Theorem 3.12, it suffices to find an appropriate bijection
f : SSYT(RJ%/) — SSYT(R/,R) . (320)

By Proposition 3.8, we have M (R, R') = 0 or min{|R|, |R/|}. If M(R, R) = 0, then the unique
bijection f satisfying (3.12) trivially satisfies (3.11), so suppose without loss of generality that
M(R, R") = |R'|. Denote by u, and v, the cells in R and R’ of content c. Let T' € SSYT (g r/).
First suppose that either T'(v;) < T'(u;—1) for all i € ¢(R') or T'(v;) > T(ujy) for all
j € ¢(R'), where by convention T'(u;) = 0if i < ¢(R) and T'(u;) = oo if i > r(R). De-
fine U = f(T) € SSYT (g ) by U(u.) = T'(u.) and U(v.) = T'(v.). Then f satisfies (3.11)
because inv(U) = inv(T') = |R'| and f satisfies (3.12), so we are done.

Now suppose otherwise and let i € ¢(R’) be minimal with T"(v;) > T'(u;—1) and j € ¢(R')
be maximal with T'(v;) < T'(u;41). Define U = f(T) € SSYT (g ) by U(uc) = T(u.)
and U (v.) = T'(v.) ifc <iorec > j,and U(u.) = T(v.) and U (v.) = T'(u,.) if i < ¢ and
¢ < j. An example is given in Figure 3.5, where we have marked the entries of content ¢ and j
inred. Informally, the entries between the red ones are fixed and the entries outside are switched.

T - [11]5]5[6]8]9] »u=1]2[3]3]4[5]5]6[7[7[8]8]9]

[1[2[3]3[4]4]6]7[7[7][s]8]9] 11

4

6]7[8[9]

Figure 3.5: An example of the map f in the proof of Lemma 3.15.

By construction, U € SSYT (r g) and f satisfies (3.12). By minimality of ¢, T has inver-
sions (T'(u.), T(v.)) for ((R') < ¢ < i and by maximality of j, T has inversions
(T'(ve), T'(ttesr)) for j < ¢ < r(R). Similarly, U has inversions (U (u.—1),U (v.)) for {(R') <
¢ <iand (U(v.),U (u.)) for j < ¢ < r(R'). The four pairs

(T'(vi1), T(wi)), (T(v;), T(ujr1)), (U(uia),U(vy)), and (U (u;), U(vj11))

are not inversions, and if 7 < ¢ and ¢ < j the cells of content ¢ are unchanged so any inversions
are preserved. Therefore, f also satisfies (3.11). We can recover the contents ¢ and j from U
by noting that ¢ € ¢(R’) is minimal with U (v;) > U (u;—1) and j € ¢(R') is maximal with
U (v;) < U(uj4+1), so f is invertible. O

By combining Lemma 3.13 and Lemma 3.15, we obtain the following recurrence relation.

Lemma 3.17. Let R and R’ be rows such that R <+ R’ and ((R') < ((R). We have the LLT-
equivalence
(R,R)=q¢(R,R)+(1—q)(RUR,RNR). (3.21)
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Proof. Note that by Proposition 3.8, we must have that /(R’) < /(R) < r(R') +1 < r(R). Let
Ri=R\Rand Ry = RN R,sothat R = R{URy, RUR; = RUR',and R < Ry. Now
by Lemma 3.13 and Lemma 3.15, we have

, 1
(R,R') = ——(R, Ry, Rs) — —1(R, Ry, Ry) (3.22)

I
<

——(q(Ry, R, Ry) + (1 — q)(R1 UR, Ry)) (R2, R, Ry)

_q——l

N

q
qg—1

I

1
(R1, Ry, R) — q(R1 U R, Ry) — ﬁ(CI(R% Ri,R)+ (1 —¢q)(R2, R1 UR))

I
S

T (Rus Roy R) = a(Ry U R, Ry) = %(RQ,RMR) + (RiUR, Ry)
q
qg—1
=q(R,R)+(1-¢)(RUR,RNR).

(Ra, B B) -+ (1= q)(Ry U R, o) = 5 (a(Ra, B B) + (1= 0) (R R))

I

The following Proposition will help us visualize the relation (3.21).

Proposition 3.18. Ler Ry, Ry, and R be rows such that Ry < Ry and ((Ry) < ((R;) and let
M = M(Rl, Rg), M1 = M(Rl, R), and M2 = M(RQ, R) Then

M(Ry N Ry, R) = min{M — 1, My, My} and (3.23)
M(Ry U Ry, R) = min{|R|, max{M,, My, My + M, — (M — 1)} }. (3.24)

In particular, if My = 0, then M(Ry N Ry, R) = 0 and M(Ry U Ry, R) = M;.

Proof. Recall that by Proposition 3.8, we must have /(R;) — 1 < r(Ry). We now consider
several cases. If /(R) > ((R,), then

M(RyN Ry, R) = M(Ry,R) = My < M —1 < M(RyURy, R) = M(Ry, R) = M,. (3.25)
Similarly, if r(R) < r(Rz) — 1, then
M(RyN Ry, R) = M(Ry,R) = M; < M —1< M(RyURy, R) = M(Ry, R) = M,. (3.26)

Now suppose that /(R) < ¢(R;)—1 < r(R2) < r(R),sothat RiNRy C Rand M (RNRy, R) =
|R1 N R2| =M-1 < Ml, MQ. Iff(R) < K(Rg), then

M(R1URy, R) = |RiNRY|+|RoNRY|—|RiNRyNRY| = My +My— (M —1) < |R|. (3.27)
Similarly, if /(R) > ¢(R5), then

M(RiURy,R) = |RiNR|+|R:NR|— |RiNRyNR| = |RiNR|+ My— (M —1). (3.28)
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At this point, if r(R) > r(Ry), then |R; N R| = M, and again
M(RyURy,R) = M, + My — (M — 1) < |R], (3.29)
while if 7(R) < r(Ry), then |[Ry N R| = M; —1and R C Ry U Ry, so
M(RLU Ry, R) = |R| = (My — 1)+ My — (M —1) < My + My — (M —1).  (3.30)

]

Remark 3.19. We can visualize the relation (3.21) using Figure 3.6, where a = |R| and b = | R/|.
Switching the rows R and R’ decreases the weight of (v;, v;) by one. Replacing them by R U R’
and R N R’ changes their weights as well as the weights of edges to each other vertex vy, as
shown, where ¢ = a +b— (M — 1), z = |vg|, Ny = min{M — 1, My, M5}, and Ny =
min{z, max{ My, Mo, My + My — (M — 1)}}.

Figure 3.6: The relation (3.21) expressed in terms of the weighted graphs.
We conclude this section by characterizing the triangle-free weighted graphs I1(\) that can
arise from a horizontal-strip .

Definition 3.20. A graph G is a caterpillar if it is a tree and its vertices can be partitioned
V' = P U L so that the induced subgraph G[P] is a path and every v € L has degree one.

Proposition 3.21. Let X be a horizontal-strip such that I1 = TI(\) is triangle-free. Recall that
for a vertex v € 11, we denote by |v| the size of the corresponding row of A.

1. Ifi < j < k and v; is adjacent to vy, then M;j, = |v;|.
2. Every vertex v; is adjacent to at most one vertex v; for which i < j.

3. Every connected component of I1 is a caterpillar C' = (PUL, E) and if v; € L is adjacent
to vy, then M; ), = |v;|.
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4. If v; is adjacent to the vertices {vj, },_,, then

T

ol +12 > My, (3.31)
t=1
5. Let U be a graph whose vertices {v1, . . ., v, } have positive integer weights |v;| and whose

edges (v;, v;) have positive integer weights M, ; < min{|v;|, |v;|}. IfII' satisfies the above
four conditions, then 11" = I1(w) for some horizontal-strip p.

Remark 3.22. In particular, Part 5 tells us that the property in Part 1 precisely characterizes the
labellings of II that can arise from a horizontal-strip.

Example 3.23. Figure 3.7 shows an example of a horizontal-strip A for which the weighted
graph II(\) is a caterpillar. We have P = {vy, vy, 05,06} and note that 8 + 1 > 3 +2 + 2+ 2
and4+1 > 2+ 3.

L[]

Figure 3.7: A horizontal-strip A and its corresponding caterpillar graph.

Proof of Proposition 3.21. Let A = (Ry,..., R,).

1. Let Ry, Ry, and Ry be the rows of A corresponding to the vertices v;, v;, and vy, respec-
tively. By Proposition 2.2, Part 3, we may assume without loss of generality that ' = 1.
Because i < j < k, we have r(R;) < r(Rj) < r(Ry), and if v; is adjacent to vy, then
((Ry) < 1(Ry),s0r(Rj) € c(Ry) and v; is adjacent to v;. Now using that IT is triangle-
free, v; is not adjacent to v;, so 7(R;) < {(Rj), Ry C Ry, and M;;, = |vj].

2. If v; is adjacent to v; and v, with 7 < j and ¢ < k, then v; and vy, are adjacent by Part 1,
creating a triangle in II.
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3. We first note that IT must be acyclic because if the vertices {v;, }7_; withi; < --- < i, form

acycle, then the vertex v;, is adjacent to two vertices v;, and v; , withi; < 44, iy, contradict-
ing Part 2. Therefore, the connected components of IT must be trees. Let C' = (V, E) be a
connected component of I and note that by Part 1, we must have V' = {v; : iy <@ <.}
for some iy, i,. Because C'is connected, there must be a path P = (v;,, vy, ..., Vi,_,, Vi)
and it follows from Part 2 that 77 < 15 < -+ < 9,1 < %,. By Part 1, if 7, < 7 < 7,41, then
v; must be adjacent to v;, . Because C'is a tree, this accounts for all of the edges of C' so
indeed C' is a caterpillar. Moreover, by Part 1, if v; € L = C'\ P is adjacent to vy, then
M

j7k = |,U.]"

. Let Ry and Rjé be the rows of A corresponding to vertices v; and v;, respectively, and

again by Proposition 2.2, Part 3, we may assume that i’ = 1. Because II is triangle-free,
we have Mj, ;, = 0 fort # t' so assuming without loss of generality that j; < --- < j,., we
have ((Rj; ) = r(Ry) + 1forevery ¢. If {(Ry;), €(Ry,) < ((Ry) orif r(Ry),r(Ry,) =
7(R1), then v; and vy are adjacent, so we must have /(R;) > ((R;) for every t > 2 and
r(Rj) < r(Ry) — 1 forevery t <r — 1. Therefore

M;j, <r(Ry) —((Ry) + 2, (3.32)
M;j, = |Ry| = r(Ry) — €(Ry) + 1 < r(Ry) — r(Ry), (3.33)
Mij_, =Ry | =r(Ry_ ) —l(Ry_ )+ 1<r(Ry_ )—r(Ry ), (3.34)
Mi,jr < T(Rl) — K(RJ;) -+ 1 < T’(Rl) — T’(R]; 1) (335)

and by summing these up, we get

Z e ST(R) —U(Ry) 4+ 2= |Ry| +1= || + 1. (3.36)

. It suffices to construct a horizontal-strip p for each connected component C' = (P U

L, E)) because in general we can translate each p to avoid attacking the others. Let P =

{viys...,v;. } withiy < --- <, and define the integers
—1
ar =Y (|vi,| = M, +1), bb=ar+v,| -1, and ey = > [oxl- 3.37)
t'=1 1 +1<k<ts -+t

Now our desired horizontal-strip is
o = (Siﬁ-l? ceey Si2_1, SZ'2+1, ceey SZ‘3_1, Si3+1) ceey Sir—la Siw ceey Si1)7 (338)

where ((S;) = a, and r(S;) = b, if j = i, and £(S;) = b1 + ctpy—1 + 2 and 7(5;) =
by +cap+1ifiy < j =i+t < i. Indeed, we have that r(S;) is increasing,



COMBINATORIAL THEORY 1 (2021), #14 17

1Sl = |vi|, M(Si,,.,Si) = M, 4,0, M(S;,S:,) = |vj| fori,_y < j < i;, and we have
M(S;, Sj) = 0 otherwise because by Part 4, we have for i,_; < j < i, that

P(Si) + 1< b +1<0(S) <r(S) <bt+ > |wl+1 (339)
it +1<k<ig41—1
+2:at+1 —1 <£(SZ

< btfl + |Slt‘ - Mit—1,it - Mit,it+1 t+1)'

See Example 3.23 for an illustration.

4. A combinatorial formula

In this section, we generalize cocharge in order to prove a combinatorial formula for the LLT
polynomial G5 (x; ¢) whenever the weighted graph TI(\) is triangle-free.

Definition 4.1. Let y be a partition and let 7" € SSYT, be a tableau of shape ; with smallest
entry 7. We define the integer

f(T)=max{t: 0<t <y — po, t <wy(T), Tojr > Ty foralll < j' < po}, (4.1)
where as before, w;(7") is the number of i’s in 7.

Remark 4.2. Informally, f(7") is the maximum number of i’s that we can remove from 7" so that
no entry moves down when we rectify the resulting skew tableau.

Definition 4.3. Let 7" be an SSYT and let ¢ < j be integers. We denote by 7'|; ; the rectification
of the skew tableau obtained by restricting 7' to the entries x with 7 < x < j, and we define the
integer

cochargem-(T) =w;(T) — f(Ti;)- 4.2)

Example 4.4. Figure 4.1 gives an example of two tableaux .S and 7" and their restrictions S| 4
and T'|y 4. We have f(S|24) = 3 and cocharge, 4(S) = 5 — 3 = 2, and we have f(T|24) = 3
because we must have ¢ < wy(T'[2,4), so cocharge, ,(T') =3 — 3 = 0.

Example 4.5. In the case where j = i + 1, cocharge,; ,(7') is the number of entries in the
second row of T'|; ;11, which is the same as cocharge(7'|; ;+1) that we saw in Example 2.8.

‘We now state our main Theorem.

Theorem 4.6. Let A be a horizontal-strip such that the weighted graph 11 = T1(\) is triangle-
free and let a; = |v;|. Then the LLT polynomial of A is

G)\ (ZL‘, Q) - Z qcochargen @ Sshape(T)» (43)
TeSSYT(a)

where cochargey(T') = ;. min{ M, ;, cocharge, ;(T')}.

1<j
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g =34 5‘27421
2[3]4]5]5 3[3]4
1]1]1][2]2]2[3]4] 2[2]2]2[2]3]4]

T={215 Tlsa =
212[4]4][5]5 41414
1[1]1]2]3[3]3]3] 212[21]3][3]3]3]

Figure 4.1: Two tableaux S and 7" and their restrictions S|z 4 and 7|2 4.

(%1 U3 V4

T T R, @3/;\2@
1

L8] R
Ry
R,

V2

Figure 4.2: The horizontal-strip A = (6/5,9/6,7/2,4/0) and its corresponding caterpillar graph
().

Before we prove Theorem 4.6, we will present some examples and special cases to familiarize
ourselves with this generalization of cocharge.

Example 4.7. Let A = (6/5,9/6,7/2,4/0) be the horizontal-strip in Figure 4.2.

To calculate the coefficient of s;33, we consider the three tableaux of weight o« = 4153 and
shape 733 in Figure 4.3. The values of cocharge; are calculated below.

Therefore, the coeflicient of s733 is (¢° + 2¢°).

Corollary 4.8. Let A be a horizontal-strip whose weighted graph I1(X) is a path as in Figure 4.4.
Then the LLT polynomial of A is

Galmiq) = D D), (4.4)
TESSYT(a)

where cochargey; (T) = 3.7~ min{ M;, cocharge(T |; ;11)}.
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T _|4]4]4 T, = |4[4]4 7, — |3[4]4
3[3]3 2313 2[3]3
1[1]1]1]2]3]3] 1[1]1]1]3][3]3] 1[1]1]1]3]3]4]
24+1+2=5 3+0+2=5 3+1+2=6

Figure 4.3: The three tableaux of weight o and shape 733 and the values of cocharge;.

U1 V2 Un,

@ (™)

Figure 4.4: A path IT(\).

Remark 4.9. Corollary 4.8 generalizes [3, Theorem 1], which gives a combinatorial formula
for Gx(x; q) in certain cases where II(\) is a path as above, with the additional constraint that
M;_ 14+ M; < «; for 2 < i < n — 1. Note that by Proposition 3.21, Part 4, paths II(\) arising
from a horizontal-strip A are characterized by the weaker condition that M, | + M; < «a; + 1
for2<i<n—1.

Example 4.10. Let X be a horizontal-strip with exactly two rows, so that TI(\) is as in Figure 4.5
for some a > b > M, where (i,7) is either (1,2) or (2,1), so « = (a,b) or « = (b, a)
respectively. In either case, for each 0 < k < b, there is a unique tableau with content o and

V; Uj
()

Figure 4.5: A weighted graph II(X) with exactly two vertices.

shape (a + b — k)k. Therefore, by Corollary 4.8, the LLT polynomial is

b
Ga(@;q) = > "™ ™M s e = S(ast) T @S@ro-11 + - + 0 Sarsannr + -+ ¢V sabe

k=0
4.5)
Note that in this example, the formula does not depend on the labelling of 11.

We now illustrate the idea of the proof in the case of Example 4.7.

Proof of Theorem 4.6 in the case of Example 4.7. We will use induction on M (). By apply-
ing Lemma 3.17 to rows R3 and R4 and by using Proposition 3.18, we can write

Ga(z;q) = ¢Gx (x5 q) + (1 — q)Gar(2: q), (4.6)
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%) %) %)

Figure 4.6: The weighted graphs I1, IT’, and I1” in the case of Example 4.7.

where the weighted graphs IT = TI(A), IT" = TI(X'), and 11" = TI(\”) are given in Figure 4.6.
By our induction hypothesis, our task is now to prove that

Z qcochargen (T) Sehape(T) = q Z qcochargen/ (T) Sshape(T) 4.7)
TESSYT(4153) TESSYT(4153)
+ (1 _ q) Z qCOChargeHN(S)Sshape(S)-
SESSYT(2173)

Let us consider the coeflicient of s733. The first sum on the right hand side corresponds to
the three tableaux from Example 4.7 with the values of cochargey, calculated in Figure 4.7.

T _[4]4]4 T, = |4]4]4 7, — |3[4]4
3[3]3 2313 2[3]3
1]1]1]1]2]3]3] 1[1]1]1]3][3]3] 1[1]1]1]3]3]4]
24+1+2=5 24+0+2=4 24+1+2=5

Figure 4.7: The three tableaux corresponding to IT'.

The factor of ¢ tells us to increase these values by one, and this corresponds to increasing
M, 3 from 2 to 3. Indeed, for the tableaux 7' and 75, because cochargeljg(Ti) = 3, the contri-
bution to cocharge;(7;) is now min{3, 3} = 3 instead of min{2, 3} = 2. However, the tableau
T has cocharge; 5(1") = 2, so in this case we do not want to increase the cocharge by one. The
second sum allows us to make this correction. It corresponds to the tableau in Figure 4.8.

The factor of (1 — q) tells us to change the term ¢°s733 corresponding to T back into the term
q°s733. We will show that this cancellation occurs in general. To be specific, we will define a
bijection

@ : SSYT(2173) — {T' € SSYT(4153) : cocharge, 5(T) < 2} (4.8)
such that cochargey;,(S) = cocharge (¢(S)). Informally, this bijection is given by changing
two 3’s on the bottom row of S into 1’s. We have defined cocharge, 5 specifically to measure
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g _[4]4]4
3[3]3
1]1]2]3]3]3]3]
24+1+2=5

Figure 4.8: The one tableau correponding to I1”.

the property of being in the image of . In this case, this image is precisely those tableaux 7T°
for which two 1’s on the bottom row can be removed and two 3’s can be added, meaning that
f(T) = 2 and cocharge, 3(T) < 4 — 2 = 2. Also note that by definition we have

cocharge (T') if cocharge, 3(T") <
=

. ’ (4.9)
cocharger, (T') +1  if cocharge, 5(7T')

2
cochargey(T') = { 5

Therefore, we have

q Z qcochargen/(T) Schape(T) + (1 . q) Z qcochargenu(S) Sshape(s) (4.10)
TESSYT(4153) SESSYT(2173)

=q Z qcochargenl (T) Sehape(T)

TEeSSYT(4153)
cocharge; 5(7)>3

+q Z qcochargenl (T) Sshape(T) + (1 _ q> Z qcochargeH//(S) Sshape(S)

TESSYT(4153) SESSYT(2173)
cocharge; 5(T)<2

_ Z qcochargenl(T)+1sshape(T) + Z qcochargenx (T) Schape(T)

TeSSYT(4153) TeSSYT(4153)
cocharge; 5(T)>3 cocharge; 5(7)<2
cocharger (T
= E q gen( )Sshape(T)a
TESSYT(4153)
as desired. U

We will now make this argument precise and check the details. We first recall the Littlewood—
Richardson rule, which gives a combinatorial formula for the product of two Schur functions.

Theorem 4.11. [6, Section 5.1, Corollary 2 and Corollary 3] (The Littlewood—Richardson rule)
Let )\, 11, and v be partitions and fix a tableau S € SSY'T,,. Denote by CZ\W the number of tableaux
T € SSYT), whose rectification is S. Then the product of Schur functions s, and s, expands
in the basis of Schur functions as
5,5, = CluSa- “4.11)
A

We now prove Theorem 4.6.
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Proof of Theorem 4.6. Let X = (Ry, ..., R,) and let R; be the row corresponding to the vertex
v1. We use induction on n. If n = 1, then both sides of (4.3) are s,,, so we may assume that
n = 2.

We first consider the case where the vertex v; has no neighbour. Let & = (0, s, ..., ay)
and note that we can associate a tableau 7' € SSYT)(a,)(&) with a tableau 7 € SSYT)(«)
by placing «; 1’s underneath T. Because cochargey; is defined by restricting to the appropriate
entries and rectifying, we have cochargey;(7') = cocharge;(T'|2.,). Now using Proposition 2.2,
Part 2, our induction hypothesis, and the Littlewood—Richardson rule, we have

Ga(®;q) = Gr,)(®; Q)G Ry, Ry | Ry sy ) (T3 Q) = Z gt mEen () g e(5)San

SESSYT(a)
4.12)
_ Z Z qcochargeH(T) Schape(T) = Z qcochargen (T) Sehape(T)
SESSYT(a) TESSYT() TESSYT(a)
Tl2,n=>5S

as desired. So we now suppose that the vertex v; has a neighbour v; corresponding to some
row I?;; and note that by Proposition 3.21, Part 2, this neighbour is unique. We also use in-
duction on M (). If M(A) = 0, then the vertex v; has no neighbour, so we may assume that
M (X) > 1. Using Proposition 3.21, Part 2 again, the vertex v; has at most one neighbour vy, for
which j < k. By Proposition 2.2, Part 2, we may assume that i’ > j’. We claim that we may
further assume that i = j' + 1 and that R;; «» Rj.

For 1 <t < ¢ with t # j/, because M (R, Ry) = 0 and r(Ry) < r(R;), we must in fact
have r(Ry) < ¢(R;) — 1 and R; <> R, by Proposition 3.8. Therefore, by Lemma 3.15, we
may move row R; down to assume without loss of generality that i = j' + 1. If Ry «» Rj,
then we have established our claim. Otherwise, if R; <+ I%;/, then we continue to use Lemma
3.15 to move the row R; down, then we use Proposition 2.2, Part 2, to move R; back to the
top and decrease /(R;/) by one, and we use Lemma 3.15 to again assume that i = 7 + 1. If
Ry < Rj then we are done, otherwise we continue this process, decreasing ¢(R;/) by one each
time. Because Ry and R; will not commute when ¢(R;) < ¢(R;), this process will eventually
terminate and we may assume that ' = j' + 1 and R «+» R;,. Now we can apply Lemma 3.17
in order to write

Ga(z;q) = qGx (@5 q) + (1 — q)Gar(; q), (4.13)

where \' = (Rl, ce Ri/, Rj/, ey Rn> and \” = (Rl, ce Ri/ U Rj/, Ri/ N Rj/, . ,Rn) By
Proposition 3.18, the graphs IT = TI(A), II' = II(X\’), and II” = II(A") are as in Figure 4.9,
where M = M, jand ¢ = oy + a; — (M — 1).

Let = (M—1a,...,05-1,¢,Qjq1,...,0,) and lett = oy — (M — 1). We define a map

¢ : SSYT(B) — {T' € SSYT(a) : cocharge, ;(T) < M — 1} (4.14)
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U1 Uj Uk U1

@) @

U1 Uy Vg,

NN NN
R ONO; ()
>

Figure 4.9: The graphs I1, IT’, and I1” in the proof of Theorem 4.6.

as follows. For S € SSYT(f), let ¢(S) = T be the tableau of the same shape given by

1 if// =1andj’ <t,
Tyj=1< Sy ifi=1andt<j < j, (4.15)
Sy i otherwise,

where j; is the column of the rightmost 7 in S. Figure 4.10 gives two examples of this map.
Informally, we change the two red 3’s on the bottom row into 1’s.

s, =[3[4[5[5]5 o(S) =T, =3[ 4]5]5]5
313[4]4]5 2[3[3]4]4][5
1[1]1]2]3]3[3]3]3][3]5] 1[i]tf1]1]2[3]3]3][3]5]

$,=|3]5]5 p(S) =Ty =| 2|0 15
313[4]4[5]5]5 213 4]5]5]5
1]1[1]2]3]3[3]3]3]3]5] tlif1]1]1]2]3]3]3]3]5]

Figure 4.10: Two tableaux S; and Ss and their images under the map .

We first show that the map ¢ is well-defined and is a bijection. Let n; denote the number of
J’s in S that are not on the bottom row. Because the columns of S are strictly increasing, n; is
at most the number of entries in S less than j, thatis n; < (M — 1) + g + -+ + a;_1. By
Proposition 3.21, Part 3 and Part 4, this means that n; < o, so S hasatleastc—o; =t j’sonthe
bottom row and indeed ¢ j’s have been replaced by ¢ 1’s and ¢(T") € SSYT(«). Furthermore,
by construction, (1) = f(S)+t > t, so cocharge, ;(T') = cocharge, ;(S) < a1 —t =M —1.
Also, given T' € SSYT(/3) such that cocharge, ;(T') < M —1, then f(T') > t and we can define
S =¢ T) € SSYT(a) by

Ty 4 ifi=1andj <j; —t,
Sy =143] ifi/ =1and j; —t < j’ < j1, (4.16)

Ty jr otherwise.
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We now claim that cochargey;(S) = cocharger, (7). We have already shown that f(7') =
f(S) +t and therefore cocharge, ;(S) = cocharge, ;(T'). For 2 <i < j — 1, the tableau S|; ; is
simply T'|; ; with ¢ j’s appended to the right of the first row, and therefore f(S|; ;) = f(7]; ;) and
cocharge; ;(S) = cocharge; ;(T'). It remains to consider cocharge; ;. In fact, it could happen
that cocharge; ;(S) # cocharge; . (T'). However, we claim that this is only possible when both
integers are at least M ;, so that we always have

min{ M, cocharge; ; (S)} = min{M;, cocharge, , (T)}. 4.17)

We restrict .S and 7" to entries x with j < x < k and we consider how the entries move when we
rectify these tableaux. By Theorem 2.5, the rectification does not depend on the order of choices
of inside corners, so let us begin by performing jeu de taquin slides into all inside corners that
are not on the first row to produce tableaux S’ and 7". Because S and T differ only in their first
row, that is Sy j; = T} ; for all ¢ > 2, we also have S;,yj, = Ti’/,j/ for all 7/ > 2. Also note that
the n; j’s of S "and T that are not on the first row must now be on the second row, or in other
words Sy, =T ;, = jfor 1 < j" < nj.

Now repeatedly perform jeu de taquin slides on S’ until we obtain a skew tableau S” of
shape o /(n;) for some o and define 7" similarly. Let ¢, be the number of jeu de taquin slides
performed on S’ to produce S”, so that ¢ 4t is the number of slides performed on 7" to produce
T”. We have two cases to consider.

75, > T4y, forall ng <t < oy, then no entry of 7" moves down in this step, and
because 75, = S5 and 17, = S} 4114,» O entry of S moves down either. Now because
on; = 1o n, = J> When we perform the final n; jeu de taquin slides, the entries of the first rows

2.n;
of S” and 7" do not move, and because S}, ., = T7/ ; for all 7" > 2, we now have

7j

J if// =1andj’ <t,
(Slik)irg = & (T)jx)1y—e ifi'=1landj >t (4.18)
(T\jx)ir g otherwise.

In particular, we have f(S|;x) = f(T'|;) +t and cocharge; ; () = cocharge; . (T). As an
illustration, for j = 3 and k = 5, these stages in the rectification of the tableaux S and 7} are
shown in Figure 4.11.

Now suppose that 75, < 17,/ for some ¢’ with n; < t' < oy. Then when we perform
jeu de taquin slides to produce 7", an entry x > j of the second row must move down on some
slide. On subsequent slides, because the second row of 7" was weakly increasing, entries of the
second row will continue to move down, and we will have j < Ty, < T}, for some t' > n;.
Meanwhile, we must have j < Sy, < 55, for some ¢ > n; because if we delete ¢ j’s on the
first row of S” and then perform ¢ jeu de taquin slides, we would obtain 7" so some entry of the
second row must move down.
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s, =|314[5]5]5 T, =|3]4[5]5]5
3[3]4]4]5 3 5
1[1]1]2]3]3]3]3]3][3]5] tlift]1]1]2]3]3]3][3]5]

S =[4]5]5]5 7 —14]5[5]5
3[3[3]4[4]5 3[3]3[4]4]5

3[3[3]3][3]3]5] 3[3[3]3]5]
gr—|4]5]5]5 7 —|4]5]5]5
3[3]3[4]4]5 3[3]3[4]4]5
313[3[3]3]3]5] 3[3[3]3]5]

51’3,5:5 D T1‘3,5:5 D
44]4]5]5 4]4]4]5]5
313[3[3]3]3]3]3]3]5] 313[3]3]3]3]3]5]

Figure 4.11: Tableaux arising in the rectifications of S and 77.

When we perform the final n; jeu de taquin slides, the entries of the first rows of S” and
T" do not move, the n; j’s in the second rows of S” and 7" each move one cell down, and the
remaining entries in the second rows move at most n; cells to the left. Therefore, we now have
f(T|;x) < njand f(S|;r) < n; +t. By Proposition 3.21, Part 3 and Part 4, we have n; <
(M —1)+as+---+a;1 < a;— Mjy, and therefore cocharge; , (5), cocharge; . (T') = M.

As an illustration, for j = 3 and k£ = 5, these stages in the rectification of S, and 75
are shown in Figure 4.12. When we rectify 73, a 5 moves down from the second row so the
second rows of S and T3 will be different. However, when we rectify S% and 77, these 5’s
move at most three cells to the left, so f(Sz2|35) < 5 and f(T»|35) < 3, which means that
cocharges 5(.5), cocharge; 5(T") > 4. Informally, the only way that cocharge; ; (.S) could differ
from cocharge; ;(T') is if a cell in the second row of 7" moves down prematurely, but if this
happens, then f(7;) will be small enough to make cocharge; ,.(T') = M; .

In summary, the map ¢ is a bijection and it satisfies cocharge;,(S) = cocharger, (¢(.59)).
Also note that by definition we have

cocharger, (T') if COChargel,j (T) -1 (4.19)

<
cocharge(71') = R
gen(T) {cochargen,(T) +1 if cocharge, ;(T') >
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S, —|3]5]5 T, —|3[5]5
3[3]4[4]5]5]5 3 555
1[1]1]2]3]3]3]3]3][3]5] 1lift]1]1]2]3]3]3][3]5]

g —[5]5 7 —|5]5
313[3[4]4]5]5]5 313[3]4]4]5]5]5

3[3[3]3]3]3]5] 3[3[3]3]5]

Sg’:55 T2”:55
3[3]3[4]4]5]5]5 3[3]3[4]4]5]5

313[3[3]3]3]5] 3[3[3]3]5]5]

52’3,5:5 D T2‘3,5:5 D
4]4]5]5]5 44]5]5
313[3[3]3]3]3]3]3]5] 313[3]3][3]3]3]5]5]

Figure 4.12: Tableaux arising in the rectifications of Sy and 75

Therefore, using our induction hypothesis, we have

Ga(®;q) = qGx(2;9) + (1 — )G (23 ) (4.20)
—q Z qcochargeH/(T) Schape(T) + (1 . q) Z qcochargen//(S’) Schape(S)
TeSSYT(x) SeSSYT(B)
=q Z qcochargel—[/ (T) Schape(T)
TESSYT(a)
cocharge ;(T)>M
+q Z qcochargen/ (T) Schape(T) + (1 - q) Z qcochargen//(S) Sshape(S)
TESSYT(a) SESSYT(B)
cocharge ;(T)<M—1
_ Z qcochargenl(T)+1sshape(T) + Z qcochargen/ (T) Schape(T)
TeSSYT () TeSSYT (o)
cocharge ;(T)>M cocharge, ;(T)<M—1
_ Z qcochargen (T) Sehape(T)-
TESSYT()
This completes the proof. ]

Theorem 4.6 expresses the LLT polynomial G («; g) in terms of the weighted graph II(\)
but not in terms of A itself. In other words, if II(A) and II(u) are equal and triangle-free, then
Gx(z; q) = G.(x; q). We conjecture that the formula (4.3) does not depend on the labelling of
the vertices of IT(\), provided that whenever i < j < k and v is adjacent to vy, then M, ;, = |v;].
By Proposition 3.21, Part 5, this is equivalent to the following statement.
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Conjecture 4.12. Let A and p be horizontal-strips. If the weighted graphs II(X) and IT(x) are
isomorphic and triangle-free, then the LLT polynomials G (x; ¢) and G, (x; ¢) are equal.

We further conjecture that in general a horizontal-strip LLT polynomial G (x; q) is deter-
mined by its unlabelled weighted graph.

Conjecture 4.13. Let A and p be horizontal-strips. If the weighted graphs TT(\) and IT(p) are
isomorphic, then the LLT polynomials G (x; ¢) and G, (x; ¢) are equal.

A successful solution to Conjecture 4.13 would yield a well-defined LLT polynomial
Gr(z; q) associated to an appropriate weighted graph II. Because we were able to express
our recurrence relation in Figure 3.6 and our combinatorial statistic purely using our weighted
graph, we believe that it will be an effective tool in the further study of combinatorial Schur
expansions of horizontal-strip LLT polynomials. If we are able to define a suitable injection of
tableaux ¢, : SSYT(5) — SSYT(«) that changes t i’s to j’s as in the proof of Theorem 4.6,
then by defining cocharge; ;(7) = w;(T) — max{t : T € image(y;)}, it would remain to
check that cocharge (¢:(T)) = cocharger, (7). When II has triangles, difficulties arise as
it becomes nontrivial to determine to which edges the recurrence relation in Figure 3.6 can be
applied. However, we are hopeful that the techniques we presented in the proof of Theorem 4.6
will still be applicable.
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