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Abstract. We study the intersection lattice of a hyperplane arrangement recently introduced
by Hetyei who showed that the number of regions of the arrangement is a median Genocchi
number. Using a different method, we refine Hetyei’s result by providing a combinatorial
interpretation of the coefficients of the characteristic polynomial of the intersection lattice
of this arrangement. The Genocchi numbers count a class of permutations known as Du-
mont permutations and the median Genocchi numbers count the derangements in this class.
We show that the signless coefficients of the characteristic polynomial count Dumont-like
permutations with a given number of cycles. This enables us to derive formulas for the
generating function of the characteristic polynomial, which reduce to known formulas for
the generating functions of the Genocchi numbers and the median Genocchi numbers. As
a byproduct of our work, we obtain new models for the Genocchi and median Genocchi
numbers.

Keywords. Hyperplane arrangement, characteristic polynomial, Genocchi numbers, Du-
mont permutations, Ferrers graphs, surjective staircases

Mathematics Subject Classifications. 52C35 (Primary), 05A05, 05A15, 05B35, 06A07,
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1. Introduction

The braid arrangement (or type A Coxeter arrangement) is the hyperplane arrangement in R",
n > 1, defined by
Anfl :{x2—$3:01<2<3§n}
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Note that the hyperplanes of .A,,_; divide R" into open cones of the form
Ry = {x € R" 1 2501) < To2) < -+ < Tom) }

where o is a permutation in the symmetric group S,,. Hence the braid arrangement .4,,_; has
| S,, | = n! regions. The regions of the arrangement obtained by intersecting A, with the plane
x 4y + z = 0 are shown in the figure below.

Y=z
132

A classical formula of Zaslavsky [Zas75] gives the number of regions of any real hyperplane
arrangement .4 in terms of the Mobius function of its intersection (semi)lattice £(.4). Indeed,
given any finite, ranked poset P of length ¢, with a minimum element 0, the characteristic poly-
nomial of P is defined to be

Xp(t) =Y pup(0, z)t ), (1.1)
zeP

where pp is the Mobius function of P and rk(z) is the rank of z. Zaslavsky’s formula for the
number of regions r(.A) of A is

r(A) = (1) X (=1)- (1.2)
It is well known and easy to see that the lattice of intersections of the braid arrangement
A, is isomorphic to the lattice I1,, of partitions of the set [n] := {1,2,...,n}. Itis also well

known that the characteristic polynomial of 11, is given by

n

i, (8) = > s(n, k)t (1.3)

k=1

where s(n, k) is the Stirling number of the first kind, which is equal to (—1)"* times the
number of permutations in &,, with exactly k£ cycles; see [Stal2, Example 3.10.4]. Hence
xm, (—1) = (—=1)"7!| &,,|. Therefore, from (1.2), we recover the result observed above that
the number of regions of A,,_1 is n!.

Deformations of the braid arrangement are often studied in the literature, and in many cases
their number of regions is known. Among these deformations are the Linial arrangement, Shi ar-
rangement, Catalan arrangement, semiorder arrangement, generic braid arrangement, and semi-
generic braid arrangement; see [Sta07] for a discussion of these arrangements and for a general
introduction to the combinatorics of hyperplane arrangements. The Linial arrangement is the
hyperplane arrangement in R™ defined by,
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In [PSO0] Postnikov and Stanley show that the number of regions of this arrangement is the
number of alternating trees on node set [n + 1], where a tree is alternating if each node is either
greater than all its neighbors or smaller than all its neighbors.

Motivated by a problem on enumerating a certain class of tournaments, Hetyei [Het19] in-
troduced the homogenized Linial arrangement, which is the hyperplane arrangement in

{(T1,- Ty Y1y, Yno1) T ER Vi € [n], andy; ER Vi € [n — 1]} = R*!

given by

Hon—g :={z; —xj=y; | 1 <i<j<n}
Note that by intersecting Ho,,_3 with the subspace y; = y» = - - - = y,,_1 = 0, one gets the braid
arrangement A4, ;. Similarly by intersecting H,,,_3 with the subspace y1=y>=...=y,_1=1,

one gets the Linial arrangement in R".
In [Het19], Hetyei proves that
r(Hon-1) = hn, (1.4)

where h,, is a median Genocchi number,? or equivalently by (1.2) that
= Xe(Han 1) (1) = T (1.5)

There are numerous characterizations of the median Genocchi numbers in the literature. One
such characterization is given by the following formula for the generating function, which was
obtained by Barsky and Dumont [BD81],

nl(n+ 1)l
> hna" Z]_[k11+kk+1)) (1.6)

n>1 n=1

A combinatorial characterization in terms of a class of permutations now called Dumont de-
rangements was also given by Barsky and Dumont in [BD81]. Another was given by Randria-
narivony in [Ran94] in terms of a class of objects called surjective staircases.

Hetyei’s proof of (1.5) relies on the finite field method of Athanasiadis [Ath96], which is a
method for computing the characteristic polynomial by counting points in the complement of an
associated arrangement over a finite field. Hetyei obtains a recurrence for a refinement of the
associated point count polynomial and relates it to a recurrence of Andrews, Gawronsky, and
Littlejohn [AGL11] for Legandre—Stirling numbers. This yields a formula for x £ (3, ,)(—1) in
terms of the Legandre—Stirling numbers, which is identical to a formula of Claesson, Kitaev,
Ragnarsson, and Tenner [CKRT10] for the median Genocchi numbers.

In this paper we further study the intersection lattice £(Hs,_1) and its characteristic poly-
nomial X £ (3,,_,)(t) using an approach quite different from Hetyei’s. The first few characteristic
polynomials and their values at £ = 1 and ¢ = O are given in the table below.

!Our indexing is justified by the fact that the length of the intersection lattice of the arrangement is 2n — 3. This
is an immediate consequence of Theorem 3.2.
2In the literature the median Genocchi number h,, is usually denoted Ha,, 3 or |Hapats),
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n X['(Hanl)(t) t = _1 t =

1 t—1 -2 —1
2 B -3t +3t—1 -8 —1
3 > — 6t + 1583 — 192 + 12t — 3 —56 -3
4 | 7 — 1085 + 4585 — 115t + 17712 — 162t2 + 81t — 17 | —608 | —17

We begin by showing that the intersection lattice £(Hs,,_1) is isomorphic to the bond lattice
of a certain bipartite graph, which belongs to the class of Ferrers graphs introduced by Ehren-
borg and van Willigenburg [EvWO04]. This enables us to refine Hetyei’s result by deriving a
combinatorial formula for the Mobius invariant of the lower intervals of £(#H2,_1) in terms of a
class of permutations that we call D-permutations, which are similar to the Dumont permutations
introduced in [Dum74]. We obtain the following analog of (1.3):

2n

Xﬁ(Hzn—ﬂ(t) = Z SD<2n’ k)tk_la (17)

k=1

where (—1)¥sp(2n, k) is equal to the number of D-permutations on [2n] with exactly k cycles.

The D-permutations have a simple description. A permutation o on [2n)] is a D-permutation
if i < o(i) whenever i is odd, and @ > o(i) whenever i is even. A consequence of (1.7) and
(1.5) is that the median Genocchi number £, is equal to the number of D-permutations on [2n].
A particularly interesting feature of this permutation model for the median Genocchi numbers is
that the (nonmedian) Genocchi number® ¢,, enumerates a subset of the set of D-permutations on
[2n]; namely the set of D-cycles on [2n]. This follows from a simple bijection with a set of per-
mutations on [2n — 1] shown by Dumont in [Dum?74] to have cardinality equal to g,,. This feature
is in contrast with the Dumont permutation model in which the Genocchi numbers enumerate
the full set of Dumont permutations on [2n] and the median Genocchi numbers enumerate a
subset of the these.

Our formula (1.7) therefore implies

:U“E(Hzn—l)(O? i) = XC(HQn—1)(0) = —0n, (18)

where 0 and 1 are the minimum and maximum elements of L(Hz,—1), respectively. Hence the
Genocchi numbers, as well as the median Genocchi numbers, play a fundamental role in the
study of the homogenized Linial arrangement.

We recover Hetyei’s result given in equation (1.5) by constructing a bijection from the full
set of D-permutations on [2n] to a set of surjective staircases shown by Randrianarivony in
[Ran94] to have cardinality equal to the median Genocchi number h,,. Moreover, this bijection
and the theory of surjective staircases enable us to prove two generating function formulas for
the characteristic polynomials. One such formula is

t—ln 1 1)n$n
1.
ZXﬁ('Hzn 1) an 1 1_ t_k)m)v ( 9)

n=1 n=1

3In the literature the Genocchi number gn is usually denoted G, or |Gay|.
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where (a),, denotes the falling factorial a(a — 1) --- (a — n + 1). Note that (1.9) reduces to the
Barsky—Dumont formula (1.6) for 2@1 h,x™ when t is set equal to —1, and to a similar formula
of Barsky and Dumont in [BD81] for 2@1 gnx™ when t is set equal to 0.

In addition to the D-permutation model, our study of the characteristic polynomial leads
to other interesting combinatorial models for the median Genocchi numbers and the Genocchi
numbers. For instance, using our bond lattice result and Hetyei’s formula (1.5), we show that
a formula of Chung and Graham [CG95] for chromatic polynomials of incomparability graphs
yields another nice permutation model for the median Genocchi numbers: £, is the number of
permutations o on [2n] such that i > (i) only if ¢ is even and (i) is odd. This leads to the
conjectural interpretation of —x (3, ,)(—t) as the enumerator of such permutations by their
number of cycles, which would imply that the Genocchi number g,, is equal to the number of
such permutations that are cycles.

The paper is organized as follows. In Section 2 we review some basic material on hyperplane
arrangements, bond lattices, and Genocchi numbers. Our result that the intersection lattice of
the homogenized Linial arrangement is isomorphic to a bond lattice is proved in Section 3. This
bond lattice has a nice description as the induced subposet of the partition lattice II5,, consisting
of partitions all of whose nonsingleton blocks have odd minimum and even maximum. Using
Whitney’s NBC theorem, we show that the signless Mobius invariant of each lower interval [0, 7]
of the bond lattice enumerates a certain class of alternating forests on [2n].

In Section 4, we prove (1.7) and a more general formula for chromatic polynomials of general
Ferrers graphs by constructing a bijection between the alternating forests of Section 3 and the D-
permutations on [2n]. We also give some alternative formulas for the characteristic polynomials
in terms of D-permutations and we present some of their consequences. We observe that the
characteristic polynomial xz(,, ,)(t) is divisible by (¢ — 1)® and we give combinatorial and
geometric interpretations of the polynomial (£ — 1) ™3 (3, 1) (f).

Section 5 contains the bijection from the D-permutations on [2n] to the set of surjective
staircases whose cardinality is equal to h,. This bijection, the formulas of Section 4 for the
characteristic polynomial, and the theory of surjective staircases are used to prove (1.9) and a
similar generating function formula.

In Section 6, we present the permutation models for the Genocchi numbers and median
Genocchi numbers that arise from the Chung—Graham result on chromatic polynomials. Further
work on a type B analog and a Dowling arrangement generalization, which will appear in a
forthcoming paper, is discussed in Section 7.

Most of the results of this paper and of the forthcoming paper on the Dowling generalization
were announced in the extended abstract [LW19].

2. Preliminaries

2.1. Hyperplane Arrangements

Let k be a field (here k is R or C). A hyperplane arrangement A C k™ is a finite collection
of affine codimension-1 subspaces of k™. The intersection poset of A is the poset L(A) of
intersections of hyperplanes in .A (viewed as affine subspaces of k™), partially-ordered by reverse
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inclusion. If (.4 H # @ then the intersection poset is a geometric lattice, otherwise it’s a
geometric semilattice; cf. [WW86].

If A is a real hyperplane arrangement in R", then its complement R" \ A is disconnected.
By the number of regions 7(.A) of A we mean the number of connected components of R™ \ A.
This number can be detected solely from £(A) as Zaslavsky’s formula (1.2) shows. See [Sta07]
or [Stal2, Section 3.11] for further discussion of combinatorics of hyperplane arrangements.

2.2. The Bond Lattice of a Graph

Let G = (V, E) be a graph. Given a subset B of V, let G|z denote the induced subgraph of G
with vertex set B. Let 11y denote the lattice of partitions of the set V' ordered in the usual way
by reverse refinement. If V' = [n] := {1,2,...,n} we write I, for II,. The bond lattice of
G is the induced subposet I1; of 11y, consisting of partitions 7 = Bj| - - - | By, such that G|, is
connected for all 7. A formula of Whitney [Whi32] for the chromatic polynomial chg(t) of G is
given by

che(t) = tym, (t). (2.1)

If V' = [n], we can also associate to G the graphic hyperplane arrangement
Ac={z;,—2; =0|{i,j} € E(G)} CR".
It is well known and easy to see that
e = L(Ag). (2.2)

Note that II,, is the bond lattice of the complete graph K, and that the braid arrangement
A, is the graphical arrangement associated with K,,. Another example is given below.

1234

N

2 3 1234 12)34 1]234

| > X

12(3]4 1]23[4 1]2/34

N7

1 4 1)2/3/4

G Ilg

Broken circuits provide a useful means of computing the Mdbius function of the bond lattice
of a graph G = (V, E') (or more generally, of a geometric lattice). Fix a total ordering of £ and
let S be a subset of £. Then S is called a broken circuit if it is the edge set of a cycle of G with its
smallest edge (with respect to this ordering) removed. If S does not contain a broken circuit, we
say that S is a non-broken circuit set or NBC set. Clearly the edge set of a cycle always contains
a broken circuit. Hence if S is an NBC set, (V, 5) is a forest. We call (V, S) for which S is an
NBC set an NBC forest of G.
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Given any S C FE, let mg be the partition of V' whose blocks are the vertex sets of the
connected components of the graph (V. .S). The following formula is due to Whitney [Whi32,
Section 7]; a generalization for geometric lattices is due to Rota [Rot64, Pg. 359]. For 7 € I,

(—1)™ ™ (0, 7) = #{NBC forests (V, S) of G : mg = 7}. (2.3)

Given a tree T" whose node set is a subset of Z-(, we say the tree is increasing if when T
is rooted at its smallest node, each nonroot vertex is larger than its parent. A forest on a subset
of Z- is said to be increasing if it consists of increasing trees. Note that if G is K, then by
ordering the edges lexicographically with the smallest element as the first component, the NBC
forests of G are exactly the increasing forests on [n]. It therefore follows from (2.3) and (1.2)
that r(.A,_;) equals the number of increasing forests on [n], which can easily be shown to be
equal to n!.

For any tree T (rooted or unrooted), let |T'| denote the number of nodes of T'. Recall that a
plane tree is a rooted tree in which the children of each node are linearly ordered. Let 7" be a
plane tree on a subset of Z-,. When 7' is drawn in the plane, the children of each vertex v are
drawn from left to right according to their linear order.

Now let 7" be a plane tree on a subset of Z~q. If |T'| > 1, let T1, Ty, . .., T be the subtrees
rooted at the children of the root r of T" ordered from “left to right”. The postorder word pw(T)
of T is defined recursively as the concatenation

pw(T) = pw(Ty) - pw(Ts) - -+ - pw(Ti) -7,

if || > 1 and by pw(7T) =rif |T| = 1.

Every increasing tree 7" on node set V' C Z- can be viewed as a plane tree on V' by rooting
it at its smallest node and then ordering the children of each node in increasing order. It is not
difficult to prove that the map that sends an increasing tree 7" on V' to the permutation whose
cycle form is (pw(7')), is a bijection from the set of increasing trees to the set of cycles in Sy .
This bijection extends in the obvious way to a bijection from the set of increasing forests on V'
to the set of permutations in Gy, whose cycles correspond to the trees of the forest. Thus this
bijection and (2.3) yield another way of proving (1.3).

2.3. Genocchi and median Genocchi Numbers

The Genocchi numbers and median Genocchi numbers are classical sequences of numbers,
which have been defined in many ways. Below we take a characterization of Dumont [Dum74,
Section 6] as our definition of the Genocchi numbers and a characterization of Barsky and Du-
mont [BD81] as our definition of the median Genocchi numbers.

A Dumont permutation is a permutation o € &y, suchthat2i > o(2i)and 2i—1 < 0(2i—1)
forall: =1,...,n. A Dumont derangement is a Dumont permutation without fixed points, i.e.,
2i>0(2i)and 2 — 1 < o(2i — 1) foralli =1,... n.

Example 2.1. When n = 2, the Dumont permutations on [4] (in cycle form) are

When n = 3, the Dumont derangements on [6] are:
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) 37 57 674)
3

(1,3,5,6,4,2) (1,3,4,2)(5,6) (1,2)(3,4)(5,6) (1,2)(
1,4,2)(3,5,6).

(1,4,3,5,6,2) (1,5,6,3,4,2) (1,5,6,2)(3,4) (1,

For n > 1, the (signless) Genocchi number g, is defined to be the number of Dumont per-
mutations on [2n — 2], and for n > 0, the (signless) median Genocchi number h,, is defined to be
the number of Dumont derangements on [2n + 2]. We list the Genocchi numbers and the median
Genocchi numbers for small values of n in the table below.

(nfoft]2[3[4 ][5 ] 6 |
9] |1]1]3] 17 155 | 2073
h, | 1|2 8|56 608 | 9440 | 198272

Our notation is nonstandard in that g,, is usually denoted Gy, or |Ga,|, while h, is usually
denoted Hoy, i3 or |Hay,13|. The Genocchi numbers and median Genocchi numbers are also
known as Genocchi numbers of the first and second kind, respectively.

Another permutation characterization of the Genocchi numbers, obtained by Dumont in
[Dum74, Section 6], is given by

= |{o € Gy1:Vie[2n—2], 0(i) > o(i + 1) if and only if o(7) is even}|. (2.4)

We also mention the following exponential generating function formula for the Genocchi
numbers (see [Dum74, page 305])

Zgn —_ —xtang.

n>1

In [BDS81], two formulas for the generating function of the Genocchi numbers and two formu-
las for the generating function of the median Genocchi numbers are given. We list these four
generating function formulas here.

0 (n—1!nlz
20" = an 1<1+/~c2> -

n=1 n=1
n!(n+1)!z"
h,z2" = B (2.6)
2 2 0kt 1)
(n!)?zn
Gnt12" = 7 2.7
2 ¥ = 2

0o (n!)2z"
2 s = Zﬂzl(l+k(k:+1)z)’ &9

n=>1 n=1

Equation (2.7) is due to Carlitz [Car71] and to Riordan and Stein [RS73], and the rest are due to
Barsky and Dumont [BDS81].
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3. The intersection lattice is a bond lattice

In this section we show that £(Ho,, 1) is isomorphic to the bond lattice of a bipartite graph. This
enables us to give a characterization of the intersection lattice £(#Hz,_1) as an induced subposet
of II,, and to compute its Mobius function by counting NBC sets.

Let 'y, be the bipartite graphon {1,3,5,...,2n—1}11{2,4,6,...,2n} with an edge {2i —
1,25} whenever 1 < i < j < n. The graph I'g is shown below.

1
3

More generally for any finite subset V' of Z-, let I'y be the bipartite graph on V' with edge
set
E ={{u,v} :u<v eV, uisoddand v is even}.

Remark 3.1. The graphs I'y, are easily seen to belong to the class of Ferrers graphs, which
were introduced by Ehrenborg and van Willegenburg in [EvWO04]. In fact, it is not much more
difficult to show that all Ferrers graphs are of this form. Ferrers graphs have been further studied
in (among others) [CKRT10] and [SSS18].

Theorem 3.2. The poset isomorphism L(Hay,—1) = Iy, holds for all n > 1.

Proof. Let (ey, e, ... ,e2,.1) be the standard basis for R*"**. For 1 < i < j < n, let
Hij={ve R*" (ei — ent1vi — €j41) - v =0}

and
Ki»j = {U e R (621'—1 — €2j) -V = 0}.

Clearly {H,; : 1 < i < j < n} is precisely the arrangement Hs,,_1. Note that [Co,, 1= {K;; :
1 < ¢ < j < n} is the graphical arrangement A, where G is the graph on [2n + 1] whose edge
set is equal to £/(I',). In other words, G is I'y,, with an appended isolated node 2n + 1. Since
adding an isolated node to a graph yields an isomorphic bond lattice, by (2.2) we have

L(Ky,) =y, .

We will prove the result by producing a vector space isomorphism 1 : R**** — R that
takes /Cy,, to Hoy,—1. Indeed, such a map will induce an isomorphism from L£(Ky,,) to L(Hap—1)-

First consider the linear operator ¢ : R***! — R*"*! defined on the standard basis by letting
o(e2i—1) = €; — enr14; and P(ey;) = ;11 forall i € [n] and letting ¢(es,11) = €1. Let A be the
matrix of ¢ with respect to the standard basis. One can easily check that | det A| = 1. Now let
¥ 1 R*T - R*" ! be the linear operator whose matrix with respect to the standard basis is the
transpose of A~!. Clearly 1) is an isomorphism.
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We claim that 1) takes the hyperplane K; ; to the hyperplane H; ; forall 1 <: < j < n. To
prove the claim, let v € K j, so (ez;—1 — €2;) - v = 0. We have

¢(€2i—1 - 62;‘) ‘¢(U) = (ei — Entl4i T €j+1) : ¢(U)-

We also have

G(eaim1 — eg5) - Y(v) = (Aleair — eg5)) - ((A7H)T0)
= (A A(egi1 — e95)) - v
= (621‘—1 - 62j) v
= 0.
It follows that (e; — e, 414i — €;+1) - ¥ (v) = 0. Hence ¢(v) is in H; ;, which proves the claim.
It follows from the claim that ¢ takes KCy,, to Ho,,_1 as desired. O

Hence, to study £(#H2,_1), it suffices to study Ilr,, .

Proposition 3.3. For all finite subsets V' of Z~, the bond lattice Iy, is the induced subposet of
Iy consisting of those partitions 7 for which each nonsingleton block of ™ has an odd minimum
and an even maximum.

Proof. Suppose that 7 € II,,. Let B be a nonsingleton block of 7 and let © = min B. Since
[y |p is connected, there must be an element v € B such that {u,v} is an edge of I'y,. By
definition of I'y, since u < v, the node u must be odd. A similar argument tells us that max B
is even.

Conversely, suppose that we have a partition 7 = By| - - - | By € Il such that each nonsingle-
ton B; has an odd minimum and an even maximum. We wish to show that I'y/| s, is connected.
Indeed, let M; = max B; and m; = min B;. By the definition of I'y,, each odd vertex in B;
shares an edge with M, and each even vertex of B; shares an edge with m;. Since, in particular,
this means that m; and M, share an edge, I'y| 5, is connected. Hence 7 € II,,. U]

We will use the Rota—Whitney formula (2.3) to evaluate the Mobius function on each lower
interval [0, 7] of IIr,. Let 7" be a tree whose nodes are in Z-,. We say that T is increasing-
decreasing (ID) if, when T is rooted at its largest node, each internal node v satisfies

(1) if v is odd then v is less than all its descendants and all its children are even,

(2) if v is even then v is greater than all its descendants and all its children are odd.

An an increasing-decreasing (or ID) forest is a forest whose components are all increasing-
decreasing trees. An example of an ID forest is given in the figure below.
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Proposition 3.4. Let T’ be a tree whose nodes are in Z~o. Then T is an ID tree if and only if its
internal nodes satisfy conditions (1) and (2) of the definition of ID tree when T is rooted at its
smallest node.

Proof. Assume |T'| > 1. Let T be an ID tree with odd smallest node s and even largest node
t. Root T at t. Let 11, ..., T} be the subtrees rooted at the children of ¢. Clearly, s must be the
root of one of these subtrees say 77. Let Sy, ..., S; be the subtrees rooted at the children of s.
Let 7" be the tree obtained by removing 7 from 7. When we root 7" at s we get the rooted tree
in which the subtrees rooted at the children of s are Sy, ...,S;,7". Since 7' is an ID tree, these
subtrees S, . .., S;, 7" must be ID trees rooted at their largest nodes, which are even. Hence the
internal nodes of 7" rooted at s satisfy (1) and (2) of the definition of ID tree.

The proof of the converse is analogous with the roles of even and odd exchanged, and the
roles of larger and smaller exchanged. [

The following result is implicit in the proof of Theorem 24 of [SSS18]. We include a proof
for the sake of completeness.

Theorem 3.5. For all 7 € Iy, we have that (—1)\™ (0, 1) equals the number of ID forests on
V' whose trees have node sets equal to the blocks of m. Consequently, — i, (0,1) is equal to
the number of ID trees on V and

2n

X, (8) = > (=D Felt*™, (3.1)

k=1
where Fy, is the set of ID forests on 'V with exactly k trees.

Proof. We prove this result by showing that under an appropriate ordering of the edges of I'y,
the NBC forests of I'y are precisely the ID forests on V. The total order on the edges of I'y
we use is as follows: First order the odd vertices in increasing order and the even vertices in
decreasing order, and then fix any linear extension < of the product order of the two linear
orders. By associating the edge {2i — 1,2} with the ordered pair (2i — 1,2j), we get a total
order on the edges of I'y,. For instance, we have {1,8} < {1,6} < {3,2}.

Since adding an edge between two different components of a forest can never complete a
cycle, a forest is an NBC forest of I'y if and only if its trees are NBC trees of the subgraph of
I'y induced by the node set of the tree. By definition, a forest is an ID forest if and only if its
trees are ID trees. Hence, it suffices to prove that the NBC trees of I'y are precisely the ID trees
on V. We can assume |V| > 1, min V' is odd and max V' is even.

Let 7' be an ID tree on V. Suppose that e = {2i — 1,25} is an edge of 'y that is not in T". If
we add e to T', we create a unique cycle p, which contains e. To show that 7" is NBC, it suffices
to find an edge of p that strictly precedes e in the order <. Root 7" at its largest node and let h
be the youngest common ancestor of 2; — 1 and 2 (that is, the furthest from the root). Clearly
h is a node of p.

Suppose h is odd. Then h < 2¢ — 1 since 7" is an ID tree. If A is the parent of 25 then A
cannot be 2i — 1 since {2i — 1, 2j} is not an edge of 7". Therefore h < 2i — 1, which implies that
{h,25} < {20 — 1,25} = e. Thus {h, 25} is the edge of p that we seek. If h is not the parent
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of 27 then let 2k be the child of A that is a proper ancestor of 2j. We thus have 2k > 27, which
implies {h, 2k} < {2i — 1,25} = e. Thus in this case, {h, 2k} is the edge of p that we seek.
The case that A is even is handled analogously with the role of even and odd exchanged and
the role of < and > exchanged. We can now conclude that 7" is an NBC tree of I'y,.
Conversely, let 7" be an NBC tree of I'y,. Suppose that 7" is not an /D tree. Then 7" rooted
at its largest node has a node x with a grandchild y satisfying

x >yifrisodd and x < y if z is even.

Choose z so that its distance in 7" from the root is minimal. We claim that x cannot be the root
of T'. Indeed, if x is even then it is not the largest node of 7". Thus z is not the root. If = is odd
then it is not the root since the largest node of 7" must be even. Let u be the parent of = and let
v be the parent of y, which implies that x is that parent of v. Thus, u, z, v,y forms a path in 7.

We claim that {u,y} is an edge of T'y,. Indeed, if u is even then x is odd. We thus have
u > x > y. Also y is odd since it is a grandchild of x. It follows that {u, y} is an edge of I'y.
The case when u is odd is handled analogously.

Since {u,y} is an edge of I'y; we can use it to complete the cycle induced by the node
set {u,z,v,y}. Clearly {u,y} < {u,z}. By the minimality of the choice of x, since u is
closer to the root than z is, we have © < v if uw is odd and v > wv if v is even. Hence
{u,y} < {u,z},{v,z}, {v,y}. This implies that the subgraph of 7" induced by {u, z,v,y} is a
broken circuit which contradicts the hypothesis that 7" is an NBC tree. Therefore 7" is indeed an
ID tree. [

By Theorem 3.2, we have the following consequence of Theorem 3.5.

Corollary 3.6. Foralln > 1,

2n

XE(H2n71)<t) = Z<_1)k’f.2n,k‘tkila

k=1
where Fo 1 is the set of ID forests on [2n] with exactly k trees.

Using Hetyei’s formula (1.5) and Corollary 3.6, we obtain the following combinatorial inter-
pretation of the median Genocchi numbers. In Section 5, we give an alternative proof that does
not rely on these results.

Corollary 3.7. For all n > 1, the number of ID forests on [2n] is equal to h,,.
In the next section we prove the following analogous result; see Remark 4.7.
Theorem 3.8. For all n > 1, the number of ID trees on [2n)] is equal to g,.

From this we see that the nonmedian Genocchi numbers also play an important role in the
study of the intersection lattice of the homogenized Linial arrangement.

Corollary 3.9. Foralln > 1,

1o an 1)(0,1) = —gn. (3.2)
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4. From ID forests to Dumont-like permutations

Our next step is to introduce a class of permutations similar to the Dumont permutations dis-
cussed in Section 2.3 and then give a bijection between these permutations and the ID forests.
This will enable us to express the characteristic polynomial in terms of D-permutations in several
ways.

4.1. D-permutations

Let A be a finite subset of Z~,. We say 0 € &4 is a D-permutation on A if i < o(i) whenever
iis odd and i > o(7) whenever i is even. We denote by D4 the set of D-permutations on A and
by DC 4 the set of D-cycles on A. If A = [n], we write D,, and DC,,.

Example 4.1. The D-permutations on [4] (in cycle form) are

(HR)B3)4) (1,2)(3)(4) (1,4)(2)(3) (3,4)(1)(2)
(1,4,2)3) (1,3,4)2) (1,2)(3,4) (1,3,4,2).

The D-cycles on [6] are:
(1,3,5,6,4,2) (1,4,3,5,6,2) (1,5,6,3,4,2).

Note that all Dumont permutations are D-permutations, but not conversely. Indeed, a D-
permutation can have both even and odd fixed points, while a Dumont permutation can only
have odd fixed points. It follows immediately from the definitions that

DC,,, C {Dumont derange. in &y,} C {Dumont permut. in &y,} C Dy, .

Recall that the two sets in the middle of this chain are enumerated by median Genocchi number
h,,_1 and Genocchi number g, 1, respectively. It turns out that the sets on the ends of the chain
are also enumerated by Genocchi and median Genocchi numbers, respectively. The count for
DC,,, is an easy consequence of (2.4). We will see at the end of the next subsection that the
count for D,,, can be proved using Hetyei’s formula (1.5). In Section 5 we will prove it without
relying on Hetyei’s result.

Theorem 4.2. Foralln > 1,

Proof of (1). There is an easy bijection between the set of D-cycles on [2n] and the set S of
permutations given in (2.4). Indeed, we send a D-cycle (aq, as, . . ., as,), where as, = 2n, to
the permutation ay, as, . . . , as,_1 (in one line notation), which is clearly in .S. Hence the result
follows from (2.4). L]

Proof of (2). Delayed to the end of Section 4.2. [



14 Alexander Lazar, Michelle L. Wachs

4.2. The bijection

Let 7 be the set of ID trees. For T' € T, let T be the plane tree obtained by rooting 7" at its
largest node (which is even when |7'| > 1) and fixing the following total ordering on the children
of each node v of T":

* if v is even, place its children (all of which are odd) in increasing order from left to right

* if v is odd, place its children (all of which are even) in decreasing order from left to right.

Also let T be the plane tree obtained by rooting 7" at its smallest node (which is odd when
|T| > 1) and fixing the above total ordering on the children of each node v of 7'.
Recall from Section 2.2, that pw(7") denotes the postorder word of a plane tree 7". For the

~

ID tree T below, pw(7') = 42156378 and pw(7") = 56378421.

Let WV be the set of all words wws . .. w,,, where m > 1, with distinct letters in Z- that
satisfy the following conditions:

(1) foralli € [m — 1], if w; is odd then w; < w;4q
(2) forall i € [m — 1], if w; is even then w; > w;44
(3) if w,, is odd then it is the smallest letter of w

(4) if w,, is even then it is the largest letter of w.

~ ~

Lemma 4.3. Let T € T. Then pw(T) € W and pw(T') € W.

Proof. Suppose 1" € T. We prove the result for Tand T simultaneously by induction on |7'|.
The result is obviously true for |7'| = 1, so assume |T'| > 1. Let v; < --- < vy be the children
of the root r of T'. For each 1, the subtree of T rooted at v; is of the form TZ for some ID tree 7;
by Proposition 3.4. We have

pw(T) =pw(Ty)- -+ -pw(T}) -,

where - denotes concatenation. Since the last letter of pW(T) is the root of T, it is even and is
larger than all the other letters.

By induction on |T'|, each pw(T}) is in W. We also know that the last letter of pw(7}) is
the root of 7T}, which is odd. Hence to prove that pw(T) € W we need only show that the last
letter v; of pw(T}) is less than the first letter of pw(7},;) for all i € [k — 1]. (Note that the last
letter of pW(Tk) is less than 7). The first letter of pW(T~Z-+1) is greater than the root v, of Tiﬂ.

~ A

Since v; < v; 41, we have that v; is less than the first letter of pw(7;,1). Thus pw(7') € W. An

analogous argument yields pw(7") € W. O
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Given a word w = wws - - - wy, over alphabet Z- o, we say that w; is a right-to-left minimum
if w; < w; for all © > j. Similarly we say that w; is a right-to-left maximum if w; > wj; for all
1 > j. For example, the right-to-left minima of 2156437 are 1,3,7. We also let w’ denote w
with its last letter removed, that is, w’ = w; - - - Wy,_1.

Lemma 4.4. Let T € T. Then the children of the root of T are exactly the right-to-left minima
of pvy(T ), and the children of the root of T are exactly the right-to-left maxima of the word
pw(T).

Proof. Letv, < --- < vy be the children of the root r of T. Bach v; is less than all its descendants
in T, so for all 7 < j, we have that v; is less than all descendents of v;. Hence, v;, which is the
last letter of the postorder word of the subtree rooted at v;, is less than all subsequent letters of
pW(T)’ . Conversely, if v is not a child of r then it has an odd anscestor u, which must be less
than v. Since u appears after v in the postorder word, v is not a right-to-left minimum. The

proof for T is completely analogous. 0
Lemma 4.5. The map pw : {T : T € T}U{T : T € T} — W is a bijection.

Proof. To show that the map is a bijection, we construct a map
W:W%{T:TGT}U{T:TGT}

and show that it is the inverse of pw.

We define v recursively. Let w = wy - - - w,, € W. If m = 1, let y(w) be the tree with the
single node w; .

Now suppose m > 1. To define -y, we need two cases:

Case 1: Assume w,, is even. Then it is the largest letter of w. Let j; < --- < j; be such
that wj, --- ,w,, are the right-to-left minima of the word v’ := wjyws...w,_;. Note that
Jr=m—1. Foreachi = 1,...,k, let a;(w) be the segment w;, ,1w;, ,+2---wj,, where
Jjo = 0. Hence w’ is the concatenation of the words oy (w), ag(w), . . ., ag(w).

For example, given the word w = 21564378 in W, we have, v’ = 2156437, and w’ breaks
up into a; (w) = 21, as(w) = 5643, and az(w) = 7.

Since for all i, o;(w) is a segment of w € W, it satisfies conditions (1) and (2) of the
definition of V. We claim that conditions (3) and (4) hold as well. Indeed, the last letter w;, of
a;(w) is odd since it is a right-to-left minimum of w’ and therefore is followed by a larger letter
in w. The last letter of a;(w) is smaller than all the other letters of «;(w) since none of the other
letters are right-to-left minima. Hence (3) holds and (4) holds vacuously. Thus «;(w) € W.

Now, for each i, we can recursively apply 7 to a;(w) to obtain a plane tree y(a;(w)) in
{T : T € T}. Let v(w) be the plane tree constructed as follows:

(1) The root is w,,,, which is even and largest.
(2) The children of wy, are the right-to-left minima w;, < --- < wj,, which are odd.
(3) The subtree rooted at w;, is y(«a;(w)) for each i.

Clearly v(w) € {T: T € T}.
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Case 2:  Assume w,, is odd. An analogous argument allows us to decompose
W=W* - Wyt €W

into segments «;(w) € W, whose last letter is the ith right-to-left maximum of w. We define
~(w) to be the plane tree constructed as follows:

(1) The root is w,,,, which is odd.
(2) The children of w,, are the right-to-left maxima w;, > --- > wj,, which are even.

(3) The subtree rooted at wj, is y(c;(w)) for each 1.

We have y(w) € {T: T € T}.

Now that we have shown that « is well-defined, it remains to check that the maps pw and
~ are inverses of each other. We prove (pw (7)) = T and v(pw(T)) = T, forall T € T, by
induction on |T'|. If |T'| = 1, this is clear, so suppose |T'| > 1.

Casel: T. By Lemma 4.4, the children v; < vy < --- < v of the root r of T are exactly
the right-to-left minima of the word pw(T) = pw(T}) - pW(Tg) e pw(Tk) where 7} is the
subtree of T rooted at v;. Since v; is the last letter of pw(T}), we have o (pw(T')) = pw(T}) for
all 7. By induction, v(c;(pw(T))) = v(pw(T})) = T}

Now we have that ~(pw(7)) is the plane tree whose root is the last letter of pw(T), which
is r. The children of r are the right-to-left minima of pW(T )’ which are v; < --- < v;. The
subtree rooted at v; is (o (pw(T))) which is T;. Hence v(pw(T')) = T, as desired.

Case2: 7. A completely analogous argument gives ’y(pW(T)) =T.
Hence 7 o pw is the identity map on {T': T € T} U {T : T € T}. A similar argument can
be used to prove that the other composition pw oy equals the identity map on V. 0

For any finite subset A of Z-o, let Ty = {7 € T : thenodesetof T'is A} and let
Wy = {w € W : the set of letters of w is A}. Recall that DC 4 is the set of D-cycles on A.

Theorem 4.6. For any finite subset A of Z~q, let ¢ : Ty — DC, be the map defined by
letting 1) (T') be the cycle (pw(T)) in S . Then 1 is a well defined bijection. Consequently
| Tal = [DCAl.

Proof. Consider the following maps:
(1) the map from T4 to {1 : T € T4} defined by T+ T

(2) the map from {T : T € Ta}to {w € Wa : lastletter of w is largest} defined by
T — pw(T)

(3) the map from {w € Wy : last letter of w is largest} to DC 4 defined by w +— (w).

It is clear that the first map is a bijection. It follows from Lemma 4.5 that the second is also
bijection. The third map is a well defined bijection since the last letter of w must be even. Since
1) is the composition of three bijections, it is also a bjection. [
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Remark 4.7. Theorem 3.8 is now proved since it follows immediately from Theorems 4.2(1)
and 4.6.

An analogous argument can be used to show that the map T4 — DC 4 that takes T to the
cycle (pw(7)) is also a well defined bijection. The following result shows that this map is, in
fact, identical to ).

A ~

Proposition 4.8. For all T € Ty, the cycles (pw(T)) and (pw(T')) in S 4 are equal.

Proof. Let s be the smallest element of A and ¢ the largest element. Then s is the root of 7" and
t is its leftmost child. Let ¢; < --- < t; be the children of ¢ in T and let t > 51> -+ > s, be
the children of s. For each 7 > 1, let T} be the subtree of T rooted at t; and let S; be the subtree
of T rooted at s;. Then pw(T) is the concatenation

pw(T1) - -pw(Ty) -t - pw(Sh) - - - pw(S;) - s.

Now let us look at pw (7). Clearly ¢ is the root of 7" and s is its leftmost child. The children
of t are s < ¢y < --- < {}. The children of s are s; < --- < s;. For each i > 1, the subtree of
T rooted s; is .S; and the subtree rooted at ¢; is 7;. Then pw(7) is the concatenation

pw(S) - -pw(S;) - s-pw(T)---pw(T}) - t.

From this we see that pw(7T") and pw(T) are related by a cyclic shift. Hence the cycles are the
same. O

The cycle support of o € &, is the partition cyc(o) € II,, whose blocks are comprised of
the elements of the cycles of o. For example,

cye((1,7,2,4)(5)(6,8,9,3)) = 1247|5[3689.

The bijection in Theorem 4.6 extends to a bijection between ID forests and D-permutations.
Under this bijection, the blocks of the cycle support of the image of an ID forest are the node
sets of the trees of the ID forest. Hence we have the following consequence of Theorem 4.6.

Corollary 4.9. Let  be a partition of a finite subset of Z~. Then the ID forests whose trees
have node sets equal to the blocks of ™ are in bijection with the D-permutations whose cycle
SUpport is .

As a consequence of Theorem 3.5 and Corollary 4.9, we have the following result.

Theorem 4.10. Let A be a finite subset of Z~. For all m € Ilp,,
(=), (0,7) = [{o € Da | cyc(o) = m}.

Consequently,
2n
i, () =D sp(A k)t (4.1)
k=1

where (—1)*sp(A, k) is equal to the number of D-permutations on A with exactly k cycles.
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Equation (4.1) is equivalent to the following result on the chromatic polynomial ch¢(t) of a
general Ferrers graph G (see (2.1) and Remark 3.1).

Corollary 4.11. For all finite subsets A of Z~,

2n

ChI‘A (t) = Z SD(A, k))tk

k=1
By Theorem 3.2, we have now proved (1.7), which is restated here.

Corollary 4.12. Foralln > 1,

2n
XL(Han—1) = Z SD(an k>tk717
k=1

where (—1)ksp(2n, k) is equal to the number of D-permutations on [2n] with exactly k cycles.

Corollary 4.13. Foralln > 1,

XL(Han-1) (_1) = - |D2n|
HL(Han—1) (Oa 1) = - |DCQn|
Note that it follows from Corollary 4.13 that Part (2) of Theorem 4.2 is equivalent to Hetyei’s

formula (1.5). So Part (2) is now proved. In Section 5.2, we will prove Part (2) without relying
on (1.5), thereby recovering Hetyei’s result.

4.3. Alternative formulas

We now give two alternative ways of expressing the characteristic polynomial in terms of D-
permutations (equivalently ID forests), which will be used in Section 5.3. As a consequence
of these formulas, we get a decomposition of the Genocchi numbers and the median Genocchi
numbers into a sum of powers of 2.

Theorem 4.14. Foralln > 1,

Xtir,, (t) _ (t . 1) Z (_t)#{even fixed points ofcr}(l o 25>3v9;n€{0thercycles ofa}' (4.2)

0€D2an—2

Proof. Let Fy be the set of ID forests on node set V. For V' = [2n], equation (3.1) can be
restated as

Vi, () = — 3 (=m0,

FeFan
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where m(F") denotes the number of trees of the forest F'. For each F' € Fjy,,}, let F be the forest
obtained by removing node 2n from F'. Clearly F' € Fi,_1. We thus have

i, (== 3, 3, (=m0
GEFan_1) Fe «F[Qn}
F'=@

Fix G € Fpan—1) and let T' be a tree of the forest G. For all F' € Fpy,) for which F' = G,
the tree 7' is either a tree of the forest /' or it is attached to 2n in F'. Hence to obtain a forest
F' € Fpap for which F' = G, we have the option of not attaching 7" to 2n or attaching 7" at its
smallest node, which can be done if and only if 7" is not an even single node. Hence if 7" is not
an even single node then it contributes a factor of 1 — ¢ to the inner sum, and if 7" is an even
single node then it contributes a factor of —t to the inner sum. It follows that

Z (_t)m(F)—l _ (_t)#{even isolated nodes of G}(l . t)#{other trees of G'} )

FEﬂQn]
F'=@G

We now have

XTip (t) = — Z (_t)#{even isolated nodes of G} (1 . t)#{other trees of G}
2n
GGf[gn_l]
= — ( 1 — t) Z (_t)#{even isolated nodes of G'} (1 . t)#{other trees of G}
GG.F[Qn_2]

with the second equality following from the fact that every G € F{a,_1) consists of the isolated
node 2n — 1 and an ID forest on [2n — 2]. The result now follows from Corollary 4.9. ]

Theorem 4.15. For all n > 2,

XHFQH (t) — (t . 1)5 Z (1 _ t)#{ﬁXedpoints 0fc7}(2 . t)#{othercycles ofO'}' (43)

0€D2n 4

Proof. Each F' € F, can be obtained from a forest in F3,,)\ (2} either by adding an isolated
node 2 or by attaching the node 2 to 1. This implies, again by Theorem 3.5, that
4.4

Xirpy,, = (1- t)XHan]\m'

Similarly,

XHF[ = (1 - t)XHF[Qn (45)

2n]\{2} N{2,2n-1}

Now let .7—"[2”]\{2,2”_1} be the subset of )\ (2,2,—1} consisting of forests in whEh the nodes
1 and 2n are in distinct trees. Since each forest in Fp,\ (2,2,—1} is either a forest in F o)\ (2,201}
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or is obtained from one in ]_-"[%]\{272”_1} by adding an edge between the nodes 1 and 2n, we have
by Theorem 3.5 that

(21} (t)=—(1—-1) Z (—g)m)-1, 4.6)

FeF|an\{2,2n—1}

XHF[

where m(F) is the number of trees of the forest I
For each I’ € F o\ (2,201}, let I be the forest obtained by removing the nodes 1 and 2n

from F'. Clearly I’ € Fy3,. 2,—2). It therefore follows from (4.4), (4.5), and (4.6) that

H=-1> > (=" 4.7)

FEF 2n)\{2,2n—1}

=@t-1° > 3 (—t)m-1,

,,,,, n-2y 7 ¢ 7;[211]\{2,2n71}
F=G

XHF[Q?L]

Fix G € F3,.. 2,2y and let T" be a tree of the forest G. For all F' € 7—"[2”}\{2,2”_1} for which
F = G, the tree T is either a tree of the forest F' or it is attached to either 1 or 2n in F'. If T’
is a single node it can be attached to only one of the nodes in {1,2n} depending on its parity.
Hence singleton trees of G contribute a factor of 1 — ¢ to the inner sum. If 7" has more than one
node then there are exactly two ways to attach it; with an edge between its largest node and 1,
or with an edge between its smallest node and 2n. Thus, nonsingleton trees of G contribute a
factor 2 — ¢ to the inner sum. It follows that

Z (_t>m(F)71 _ (1 - 7f)#{isolated nodes of G} (2 o t)#{other trees of G'} )

Fe 7{[2@\{2,2%1}
F=G

‘We now have

XHF2n (t) = (t _ 1)3 Z (1 o t)#{isolated nodes of G} (2 _ 2f)#{other trees of G}

GEF(3,. an—2)
= (t— 1) Z (1 — ¢)#{isolated nodes of G} (o _ 4#{other trees of G}
GEF(1,...on_4)
= (t— 1)} Z (1 — t)#{fxedpointsof o} (9 __ yy#H{other eyclesof o}
0E€Dan 4
with the last equality following from Corollary 4.9. [

Note that when ¢ is set equal to 0, equation (4.2) reduces to (3.2). Indeed, the only terms to
survive on right hand side of (4.2) are the ones corresponding to D-permutations with no even
fixed points. But these are the Dumont permutations, which were used in Section 2.3 to define
the Genocchi numbers.
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In the following corollary, we obtain the decomposition of the median Genocchi numbers by
setting £ = —1 in (4.2) and using (1.5). We obtain the decomposition of the Genocchi numbers
by setting ¢ = 0 in (4.3) and using (3.2).

Corollary 4.16. Foralln > 2,

n—1
— j+1
=D 1,2
j=1

n—1
Int1 = E gn—l,j2j7
j=0

where h,, ; is the number of D-permutations on [2n| with exactly j cycles that are not even fixed
points and g, ; is the number of D-permutations on [2n] with exactly j cycles that are not fixed
points.

We expect that the coefficients g, ; are equal to the coefficients in Sundaram’s decompo-
sition [Sun95, Proposition 3.5] of the Genocchi numbers into powers of 2.

4.4. Reducing the characteristic polynomial

From Theorem 4.15, we can see that xuy,., (t)is divisible by (¢ —1)* whenn > 2. In this subsec-
tion we give combinatorial and geometric interpretations of the polynomial (¢ — 1)~ xm,._ ().

Forn > 2, let Ly, be the geometric semilattice (see [WW86]) obtained from I, .. .,
by removing the order filter generated by the atom of llp, , Whose only nonsingleton
block is {1,2n}. That is,

\{2,2n—1

Ly, ={m € IIry, 2001y © 1 and 2n are in distinct blocks of T}

Geometrically, Lo, is the intersection semilattice of the affine hyperplane arrangement obtained
by deconing the graphic arrangement of I'jp,)\ f2,2,—1}. Indeed, for n > 2, let Py, be the affine
arrangement obtained by intersecting the graphical arrangement of the graph I'jz,,\ 12,2,—1} With
the affine hyperplane x; = xo, + 1. It is easy to see that the intersection semilattice £(Ps,,) of
Pzn is Lgn.

From (4.7), we can see that for all n > 2,

XiLon (t) = (= 1) xu, (1), (4.8)

By dividing both sides of (4.3) by (¢ — 1)® and then setting ¢t = 1, the median Genocchi numbers
appear again.

Corollary 4.17. Foralln > 2,

XLap, (O) = 0gn (49)
XLan (1) = I3, (4.10)

where h_1 := 1. Consequently, the number of relatively bounded regions of Po,, is h,,_s.
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Proof. Equation (4.9) is an immediate consequence of (4.8) and Corollary 3.9.

For n = 2, equation (4.10) holds since x,(t) = 1. Now let n > 3. It follows from
Theorem 4.15 that x, (1) equals the number of D-permutations on [2n — 4] with no fixed
points. But these are precisely the Dumont derangements on [2n — 4], which by the definition
of the median Genocchi numbers given in Section 2.3, is equal to h,,_3. Hence (4.10) holds.

The consequence follows from another well known result of Zaslavsky [Zas75], namely that
the number of relatively bounded regions of any affine arrangement A is equal to |x,4)(1)]. O

5. From D-permutations to surjective staircases

In this section we prove (1.9) along with a similar formula for the generating function of the
characteristic polynomial of the geometric semilattice Lo, defined in Section 4.4. The proofs
rely on the theory of surjective staircases introduced by Dumont [Dum?74]. We first construct a
bijection from the D-permutations on [2n] to a certain class of surjective staircases known to be
enumerated by h,,, thereby proving Theorem 4.2 (2) and completing our path to Hetyei’s formula
(1.5).

5.1. Surjective staircases

An excedent function is amap f : [m] — [m] such that for all i € [m], f(i) > . It is convenient
to visualize excedent functions by associating them with fillings of the Ferrers diagram of shape
(m,m —1,...,1). We write the diagram in English notation with the row lengths decreasing
from top to bottom. The rows are labeled from top to bottom with the numbers m down to
1, and the columns are labeled from left to right with the numbers 1 up to m. Let C;; be
the cell in the row labeled 7 and the column labeled j. The tableau 7'(f) corresponding to
excedent function f has an X in cell C; ; whenever f(j) = ¢ and blanks in the other cells. For
example, the tableau in the figure below represents the excedent function f : [5] — [5] with

f)=1,f2) =4,f3) =5 f(4) =4,f(5) = 5.

1 2 3 4 5
X X
X X

— N W e O

X

Clearly this correspondence is a bijection between the set A&, of excedent functions f :
[m] — [m] and the set of tableaux 7" of shape (m, m — 1,..., 1) filled with X’s and blanks so
that each column has exactly one X. The image of f corresponds to the set of nonempty rows
of T'(f), that is, the rows with an X. The fixed points of f are the j € [m] for which f(j) = j.
Clearly the fixed points of f correspond to the rows of 7'( f) that have an X in the rightmost cell
of the row. An isolated fixed point of f is a fixed point j of f such that f~1(j) = {;}. Clearly
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the isolated fixed points correspond to the rows of 7'(f) that have only one X, which is in the
rightmost cell of the row.

It is not difficult to see that |X,,,| = m!. For our purposes, we will need a bijection from &,
to X, constructed in [DR94].

Proposition 5.1 (Dumont and Randrianarivony [DR94, Proposition 1.3]). There exists a bijec-
tiont : S, — X, such that for all o € &,, and j € [m)], the following properties hold:

(1) jis a cycle maximum of o if and only if it is a fixed point of T(o),
(2) j is a fixed point of o if and only if it is an isolated fixed point of T(o),
(3) o(j) < jifand only if j is in the image of T(o).

An excedent function f : [2n] — [2n] is said to be a surjective staircase* if its image is
{2,4,...,2n}. Since the odd labeled rows in the tableau 7'(f) corresponding to a surjective
staircase [ are empty, we can delete these rows from the tableau. Let 7”(f) denote the tableau
obtained from 7'(f) by deleting the odd labeled rows. For example, let f : [10] — [10] be
defined by

F()=2,f(2) =8,f(3) =4, f(4) = 4, f(5) = 10,
F(6) = 6, £(7) = 10, £(8) = 8, f(9) = 10, (10) = 10.
Then 7"( f) is the tableau given in the figure below.

1 2 3 4 5 6 7 8 9 10
10 X X XX
X X

XX

N O~ O
S

X

Let &, be the set of surjective staircases in Xs,,. For f € &, we say that j is a maximum of
fifj € [2n—2] and f(j) = 2n, thatis, if f achieves its maximum value at j and j # 2n—1, 2n.
So j € [2n — 2] is a maximum of f if, in 77(f), the top row has an X in column j. For the
surjective staircase shown in the figure above, the maxima are {5, 7}.

5.2. The bijection
We use the Dumont—Randrianarivony bijection (Proposition 5.1) to prove the following result.

Lemma 5.2. There is a bijection
¢ : Doy — {f € Erpuo & [ has no even maxima}

such that for all o € Dy, and j € [2n)], the following properties hold:

4These are also known as surjective pistols in the literature.
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(1) jis an even cycle maximum of o if and only if it is a fixed point of ¢(o),
(2) j is an even fixed point of o if and only if it is an isolated fixed point of ¢(0),
(3) j is an odd fixed point of o if and only if it is an odd maximum of ¢(o).
Proof. Let G, be the set of all excedent functions g € A5, that satisfy
* the image of ¢ contains {2,4,...,2n}
* forall j € [2n], g(j) is odd if and only if j is an odd isolated fixed point of g.

Let 7 be the bijection of Proposition 5.1. We claim that 7(D,,,) = Ga,. Indeed, let o € Ds,,. The
image of the excedent function 7(0) is {2,4, ..., 2n} U {odd fixed points of o} by property (3)
of Proposition 5.1, since o is a D-permutation. Hence 7(o)(j) is odd if and only if it is a fixed
point of 0. By property (2) of Proposition 5.1, the odd fixed points of o are the odd isolated
fixed points of 7(o).

To prove the result we construct a bijection

v : Gon — {f € Espio : f has no even maxima}.

Then we show that the map v o 7 restricted to Ds,, has the desired properties.
Let g € Go,. We define an excedent function f : [2n + 2] — [2n + 2] by

9(j); J € [2n] and ¢(j) is even
f(7)=142n+2, j€[2n]andg(j)isodd
2n+2, je{2n+1,2n+2}.

It is clear that f € &,15. We claim that f has no even maxima. Indeed, the maxima of f are
the j for which g(j) is odd. By the definition of G,,,, such a j must be a fixed point of g, so all
the maxima of f are odd. We can now let

v(g) = f.

It is helpful to visualize the map =y in terms of tableaux. First v adds an empty row labeled
2n + 2 of length 2n + 2 to the top of the tableau 7'(g), where g € Gs,,. An X is placed in both
of its two rightmost cells. An X in an odd labeled row of T'(g) represents an isolated fixed point
of g, so it is in the rightmost cell of its row. Next 7 slides each such X to the top of its column.
At this point, the odd labeled rows become empty. We remove these rows to get 77(y(g)). The
figure below illustrates the map ~.
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1 2 3 4 5 6 7 8
X X
X

1 2 3 4 5 6 7 8 9 10
10 X X XX
X X

N =~ O 0o
S

L SIS R SR Y- NN s
<

We claim + is bijective. Indeed, given a surjective staircase f € &, o with no even maxima,
we can obtain an excedent function g : [2n] — [2n] by inserting empty odd labeled rows between
the even labeled rows in 77(f) and then sliding the X’s from the top row down to the bottom of
their columns. After deleting the top row we obtain 7'(g). Clearly g € Gy,. It is not difficult to
see that the sliding down process and sliding up process are inverses of each other.

The sliding process also makes it easy to see that for all g € Gy, and j € [2n],

(A) jis an even fixed point of g if and only if j is a fixed point of v(g),
(B) j is an even isolated fixed point of ¢ if and only if j is an isolated fixed point of v(g),
(C) jis an odd isolated fixed point of ¢ if and only if j is a maximum of y(g).

Now let ¢ be the composition 7y o 7|p,,. Clearly in combination with condition (1) of Propo-
sition 5.1, condition (A) implies condition (1) of the desired result. Similarly, in combination
with condition (2) of Proposition 5.1, conditions (B) and (C) imply conditions (2) and (3), re-
spectively, of the desired result. 0

We are now ready to give a proof of Theorem 4.2 (2) that does not rely on Hetyei’s formula
(1.5). This proof completes our path to (1.5).

Proof of Theorem 4.2, Part (2). By Lemma 5.2, we need only show that
{f € Epia : [ has no even maxima}| = h,,. (5.1)

But this is implicit in the work of Dumont and Randrianarivony [DR95] and stated explicitly in
Corollary 10 (iii) of Randrianarivony [Ran94]. OJ

5.3. The generating function formulas

In this subsection, we will use the bijections of the previous sections to derive generating function
formulas for the characteristic polynomial of the homogenized Linial arrangement. To do so,
we use a formula (due independently to Randrianarivony [Ran94] and Zeng [Zen96]) for the
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generating function of a multivariate polynomial that enumerates surjective staircases according
to six statistics.

Let f € &,. Recall that a fixed point of f isa j € [2n — 2] such that f(j) = j. A surfixed
point of fisaj € [2n — 2] such that f(j) = 7+ 1. A maximum of f isa j € [2n — 2| such that
f(j) = 2n. Consider the following six statistics on f:

o fd(f), the number of fixed points j of f such that f~1(;)\ {j} is nonempty (doubled fixed
point)

e fi(f), the number of fixed points j of f such that f~1(j) = {j} (isolated fixed point)

¢ sd(f), the number of surfixed points j of f such that f~1(j-+1)\{j} is nonempty (doubled
surfixed point)

e si(f), the number of surfixed points j of f such that f~1(j + 1) = {;j} (isolated surfixed
point)

* mo(f), the number of maxima j of f that are odd (odd maximum)

* me(f), the number of maxima j of f that are even (even maximum).

The generalized Dumont—Foata polynomial Ay, (x,y, 2, Z,7, Z) (introduced by Dumont in
[Dum95]) is defined by

Nop(z,y,2,2,79,2) = Z O fAP) i) gme(f) i) zs(f).
f652n
Theorem 5.3 (Randrianarivony [Ran94, Theorem 4] and Zeng [Zen96, Theorem 5]).

(x4 2)" D (y + z)" Dy
A2nun - 1 — — — — ,
; ; oL =[x+ k)@ —y) — (T +k)(z—2) = (z+k)(T+k)]u

where a™ = a(a+1)---(a+n —1).
>1

Lemma 5.4. Foralln > 1,

Z tC(U) — A2n+2(t7 t, 17 07 t7 1)7

c€Dap
where c(0) is the number of cycles of o.

Proof. Let ¢ be the bijection of Lemma 5.2. By Lemma 5.2,

$ el = § (6l Ha(o(o) tmolo(o)

c€Dap c€Da,
— Z () +HA(f)+mo(f)
f € Emya
me(f) = 0

= Aonya(t,,1,0,¢,1). N
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We finally have the tools needed to prove (1.9), which is restated here.

Theorem 5.5. We have

)n u”
2 xe (1) an ] 2

where (a), = ala—1)---(a — (n —1)).

Proof. By Lemma 5.4, we have that

DN U =3 " A (t,8,1,0,¢, Du !

n>1 c€Da, n>2
Since As(t,t,1,0,¢,1) = 1, it therefore follows from Theorem 5.3 that
)t(n—l)un—l

ca)un _
> > =l

n>=1 o€Day, n>1

Z t—i—l nl)(n 1)un1

n>2 b1 1+(t—|—k)ku)

(t + 1)Mmyn
[ (L + (E+ k)ku)

n>1

Now by Theorem 4.10, we have

DRCRULEES 3 ST

n=1 n>=1 c€Da,
(—t+ DO )
= e (L + (=t + F)ku)

Z (t = 1)n(t — 1)p_qu” -
2 T (1= (= F)ku)’

— ¢!

Remark 5.6. Theorem 4.14 can also be used to prove Theorem 5.5. Indeed, by Theorem 4.14
and Lemma 5.2,

XMr,,, (t) = (t - 1)A2ﬂ(1 —-t,1-1¢,1,0,—t, 1)
Equation (5.2) now follows from the Randrianarivony—Zeng formula given in Theorem 5.3.

It follows from (3.2) and (1.5) that equation (5.2) can be viewed as a unifying generalization
of two of the four generating function formulas stated in Section 2.3. Indeed, when ¢ is set equal
to 0, equation (5.2) reduces to the Barsky—Dumont formula (2.5) for the Genocchi numbers.
When ¢ is set equal to —1, equation (5.2) reduces to the first Barsky—Dumont formula (2.6) for
the median Genocchi numbers. The next result is a unifying generalization of the other two
generating function formulas stated in Section 2.3.
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Theorem 5.7. We have

n_ ((t —1)n)"u"
Z XHF2n+2<t) ut=(t-1) = [T, (1 —k(t—k)u)

n=>1

(5.3)

Equivalently,

_ D
2 Xtk D) 0" anll— Kt — k)’ G4

n=1 n=1

where Lo, is the geometric semilattice defined in Section 4.4.

Proof. By Theorem 4.15 and Lemma 5.2 we have that for all n > 1,
Xy, (1) = (t = 1)°Ag(1 = 1,2 —£,1,0,1 — £, 1).

The result now follows from the Randrianarivony—Zeng formula given in Theorem 5.3.
The equivalency of (5.3) and (5.4) follows from (4.8). ]

By Corollary 4.17, when t is set equal to 0, equation (5.4) reduces to the Carlitz-Riordan-
Stein formula (2.7) for the Genocchi numbers. When ¢ is set equal to 1, equation (5.4) reduces to
the second Barsky—Dumont formula (2.8) for the median Genocchi numbers. It is interesting that
the generating function formula (5.2) for the characteristic polynomial of I, reduces to one
set of generating function formulas given in Section 2.3, while the generating function formula
(5.4) for the characteristic polynomial of L, reduces to the other set.

When we set t = —1 in (5.3) we obtain a formula for the generating function of the median
Genocchi numbers that is not listed in Section 2.3, namely

2 fol =142 ”11+kk+ D)

n=0 n>1

This formula might be known, but we have not seen it in the literature.

Remark 5.8. Many of the results in this section for V' = [2n] are extended to general Ferrers
graphs I'y, in [Laz21, Laz20].

6. Other permutation models

In this section, we show that a formula of Chung and Graham [CG95] for chromatic polynomials
of incomparablity graphs yields an interpretation of the median Genocchi numbers in terms
of yet another class of Dumont like permutations. This leads us to conjecture an analogous
interpretation of the Genocchi numbers.

A drop of a permutation ¢ on a finite set of positive integers is a pair (i,0(7)) for which
i > o(i). We say adrop (i, 0(i)) is an even-odd drop if i is even and o (i) is odd. Let d(n, k) be
the number of permutations in G,, with exactly k drops that are not even-odd. For example the
cycle (1,3,2) € &3 hastwo drops (2, 1) and (3, 2); the first drop is even-odd and the second drop
is not. Hence this cycle counts towards d(3,1). One can check that d(3,0) = 2, d(3,1) = 4,
and d(3,2) = 0.
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Theorem 6.1. For all n > 0,

1 2n—1
XL (Han 1) () = @)l > d@n k) (t+ 1) (= )an_1i, (6.1)
" k=0

where ™ = x(z+1)---(x+m — 1) and v, ;= x(x — 1) - (x — m + 1).

Before proving this theorem we state a few consequences. By setting t = —1 in (6.1) and
using Hetyei’s result (1.5), we obtain yet another combinatorial interpretation of the median
Genocchi numbers.

Corollary 6.2. Foralln > 1,
h, = |{o € Gy, : 0 has only even-odd drops}|.

By setting ¢ = 0 in (6.1) and applying (3.2) we obtain yet another formula for the Genocchi
numbers.

Corollary 6.3. Foralln > 1,

N

n—1

1 k
9 = i > (—1)*d(2n, k)k!(2n — 1 — k).

A much nicer combinatorial formula for the Genocchi numbers analogous to that of Corol-
lary 6.2 is given in the following conjecture.’

Conjecture 6.4. For all n > 1, g, is equal to the number of cycles on [2n] with only even-odd
drops.

We have verified this conjecture by computer for n < 6. The following conjecture® along
with Theorem 4.2 implies both Corollary 6.2 and Conjecture 6.4. The first consequence follows
by Theorem 4.10.

Conjecture 6.5. Let A be a finite subset of Z-,. Then the number of cycles on A with only
even-odd drops is equal to the number of D-cycles on A. Consequently, for all n > 1,

(1) if 7 € Ilr,, then |umy, (0, 7)] is equal to the number of permutations on [2n] with only
even-odd drops and cycle support 7.

(2) for all j, the number of permutations on [2n] with j cycles and with only even-odd drops
is equal to the number of D-permutations with j cycles.

We have verified (2) by computer for n < 6.

>Independent proofs of Conjecture 6.4 have since appeared in [PZ21] and [LY21].
A proof of Conjecture 6.5 has since appeared in [LY21].
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Proof of Theorem 6.1. The incomparability graph inc(P) of a finite poset P is the graph with
vertex set P and edge set

E = {{z,y} : x and y are incomparable in P}.

Given a poset P, we say that a permutation o of the vertices of P has a P-drop (z,o0(x)) if
x >p o(x), and write d(P, k) for the number of permutations of P with exactly & P-drops.

Next we observe that I'y,, is the incomparability graph of a poset. Indeed, I';,, is the incom-
parability graph of the poset P, on [2n] with order relation given by = <p, v if:

* z < y and z and y have the same parity
e 1 <y, xiseven, and y is odd.

The Hasse diagram of F; and its incomparability graph I'g are given below.

) 6 ) 6
N
1 2 1 2

P6 iIlC(PG)

Recall from Theorem 3.2 and Section 2.2 that

Xﬁ(Hanl)(t) = XTIr,,, (t> = t71ChF2n (t)?

where chg(t) denotes the chromatic polynomial of a graph G. Chung and Graham [CG95,
Corollary 7] prove that for any finite poset P, the chromatic polynomial ch;,(p) has the following
expansion:

gl t+k

k=0
Hence since I'y,, = inc(P,),

N

n—1

1
XE(H2n71)<t) = W d(PQn, k) (t + 1>(k) (t — 1)2n717k-
" k=0
Now note that (i,0(i)) is a Py,-drop of ¢ € G, if and only if it is a drop of ¢ that is not

even-odd. Hence d(P,, k) = d(2n, k) and the result holds. O

We define an even-odd descent of a permutation o to be a descent o (i) > o(i + 1) such that
o(i) is even and o (i + 1) is odd. Since Foata’s first fundamental transformation takes drops to
descents, the word “drop” can be replaced by the word “descent” in the definition of d(2n, k)
without changing the validity of Theorem 6.1 and Corollary 6.3. Similarly, Corollary 6.2 remains
true if we replace the word “drop” with “descent”.

There is a known permutation model for the Genocchi numbers that resembles the one we
have been discussing. Kitaev and Remmel [KR07, KRO6] conjectured and Burstein, Josuat-
Verges, and Stromquist [BJVS10] proved that the set of permutations in G,,, with only even-even
descents has cardinality equal to g-,,_», where an even-even descent is defined in the obvious way.



COMBINATORIAL THEORY 2 (1) (2022), #2 31
7. Further results: Type B and Dowling arrangements

In a forthcoming paper [LW22] (cf. [Laz20]), we will present a type B analog of our results and
a Dowling arrangement generalization that unifies our results in types A and B. We define the
type B homogenized Linial arrangement to be the hyperplane arrangement in R*",

HE  ={wita;=y:1<i<j<n}U{z;=y;:i=1...,n}

Our type B analog of (1.9) yields the following generating function formula for the number of
regions r(HZ,_;) of HE _;:

(2n)la™
Z r(Man) an . 1+2k(2kz+ 1)z) .D

n>1 n>1

For m > 1, let w,, be the primitive mth root of unity e . For m,n > 1, we define the
homogenized Linial-Dowling arrangement to be the hyperplane arrangement in C*" given by

Hor = A{x; —w,, j:yi:1<i<j<n,0<l<m}u{x¢:yi:1§z’<n}.

By intersecting ‘H7, _, with the subspace y3 = y» = --- = y, = 0, one gets the Dowling
arrangement A" in (C". The intersection lattice of A" is isomorphic to II,,,; when m = 1
and to the type B partition lattice [T” when m = 2. By introducing this Dowling analog of
the homogenized Linial arrangement, we obtain unifying generalizations of the types A and B
results. For instance, we obtain the m-analog of (1.9),

(= Dt = 2"
D Xeau Bt = TIo, (1 — mk(t — mk)z)’

n=1 n=1

where (a),, = a(a —m)(a—2m)---(a — (n — 1)m). Note that this reduces to (7.1) when we
setm =2andt = —1.
We also obtain an m-analog of the formula g, = |z (3., 1)(0,1)| involving a well studied
polynomial analog of the Genocchi numbers known as the Gandhi polynomials [Gan70, DR95].
For a synopsis of some of our results on the homogenized Linial-Dowling arrangement, see
the extended abstract [LW 19, Section 4].
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