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Abstract. Let P be a graded poset of rank r and let ¢ be a c-element chain. A plane partition
on P is an order ideal of P x c. For an order ideal I of P x c, its rowmotion (1) is the
smallest ideal containing the minimal elements of the complementary filter of I. The map
1) defines invertible dynamics on the set of plane partitions. We say that P has NRP ( ‘not
relatively prime’) rowmotion if no 1-orbit has cardinality relatively prime to r + ¢ 4 1.

In recent work, R. Patrias and the author (2020) proved a 1995 conjecture of P. Cameron
and D. Fon-Der-Flaass by establishing NRP rowmotion for the product P = a x b of two
chains, the poset whose order ideals correspond to the Schubert varieties of a Grassmann
variety Gr,(C%*?) under containment. Here, we initiate the general study of posets with
NRP rowmotion.

Our first main result establishes NRP rowmotion for all minuscule posets P, posets
whose order ideals reflect the Schubert stratification of minuscule flag varieties. Our second
main result is that NRP rowmotion depends only on the isomorphism class of the compara-
bility graph of P.
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1. Introduction

The rowmotion operator v defines a discrete dynamical system on the (order) ideals of a finite
poset. This operator first appeared in the 1970s [Duc74, BS74], but has gained more attention
recently (e.g, [Pan09, AST13, SW12, GR15, GR16, PR15, DPS17, TW19, Hop20a]), with some-
what mysterious connections to cluster algebras [GP19, SW20], Schubert calculus [BW21], and
quiver representations [GPT18].
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Let Q be a finite poset and I C () be an (order) ideal, i.e. a subset I such that ¢ € [
whenever ¢ < i for some i € I. Then the rowmotion (1) of I is the ideal generated by the
minimal elements of @) \ I. As v is an invertible operator, it permutes the set J(Q)) of ideals
of (). For a general poset (), very little is known about the orbit structure of this permutation.
Nonetheless, many posets with a major role in algebraic combinatorics exhibit rich structure in
their ¢)-dynamics.

In this paper, our focus is on the family of minuscule posets and their products with chains.
In particular, all posets we consider will be finite and graded. Minuscule posets encode the
containments of Schubert varieties in minuscule flag varieties, analogues of Grassmannians that
exhibit many of their particularly attractive geometric properties. We recall the definition of
minuscule posets and their classification in Section 2. The minuscule posets corresponding to
actual Grassmannians are the rectangles a x b, where a, b denote chains of any positive integer
cardinalities a, b. Empirically, general minuscule posets share many of the combinatorially nice
properties of rectangles, and results first established for rectangles often extend to the general
minuscule setting (see, e.g., [TY09a, BS16, RS13, Oka21] for examples of extensions of this
form).

The length of a chain poset is its number of cover relations, so one less than its number of
elements. The rank rank(Q) of the poset () is the length of the longest chain in (). For example,
the rectangle a x b has rank a + b — 2. For every graded poset (), it is easy to see that the
-orbit of the empty order ideal has size rank(()) + 2. In particular, if P is a graded poset and
c is a c-element chain, then the empty order ideal of P x c has a -orbit of cardinality exactly
rank(P) + ¢+ 1. Other order ideals may have 1-orbits of different sizes, but in important cases
the orbit cardinalities are all related to the quantity rank(P) + ¢ + 1.

Say that a finite graded poset P has NRP (‘not relatively prime’) rowmotion if, for all positive
¢, no y-orbit of J(P X c) has cardinality relatively prime to rank(P) + ¢ + 1. In recent work,
R. Patrias and the author [PP20] proved that all rectangles have NRP rowmotion.

Theorem 1.1 ([PP20]). If P = a X b is a rectangle, then P has NRP rowmotion. That is, for
any ¢ > 0, there is no -orbit of J(P x c) with cardinality relatively prime to a + b+ ¢ — 1.

The special case of Theorem 1.1 with a + b+ ¢ — 1 a prime number was conjectured in 1995
by P. Cameron and D. Fon-Der-Flaass [CFDF95]. As a corollary, Theorem 1.1 yields the only
known proof of their conjecture.

In light of Theorem 1.1, it is natural to ask what other posets exhibit NRP rowmotion. The
goal of this paper is to begin addressing this classification question. Our first main result is an
analogue of Theorem 1.1 for arbitrary minuscule posets:

Theorem 1.2. Let M be a minuscule poset. Then M has NRP rowmotion.

NRP rowmotion is, in some sense, a strong version of the resonance introduced in [DPS17];
in theory, one could establish NRP rowmotion by producing a equivariant map from J(P X c)
to a set of planar diagrams under rotation by 2™/ (rank(P)+¢+1) (thereby proving resonance), pro-
vided one can also show that none of the planar diagrams in question have full rotational sym-
metry. In practice, however, such a proof strategy has not been successful. For example, when
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P = a x b, an equivariant resonance map on .J (P X c) was given in [DPS17]; however, this map
was insufficient to establish Theorem 1.1, since many of the target objects were too symmetric.

It was not a priori clear to the author whether NRP rowmotion should be common or not.
However, it appears that posets with NRP rowmotion are very rare. Experimentally, NRP row-
motion often manifests for posets where the order of rowmotion is smaller than would be naively
expected; we do not know how to make a formal statement of this fact or how to explain it. In
Section 5, we exhibit counterexamples to various a priori plausible extensions of Theorem 1.2.
On the other hand, we do find a few non-minuscule posets with NRP rowmotion. In particular,
we show in Theorem 5.1 that NRP rowmotion depends only of the graph-isomorphism class
of the comparability graph of the poset P. Classifying posets with NRP rowmotion would be
valuable, but looks to be difficult.

A heuristic of Sam Hopkins [Hop20b] is that if a property

1. depends only of the graph-isomorphism class of the comparability graph of the poset P
and

2. holds when P is minuscule,

then it likely also holds for root posets of coincidental type. The crux of this heuristic is that
most coincidental root posets are doppelgdngers [HPPW20] of corresponding minuscule posets
and share many of their properties, despite having nonisomorphic comparability graphs. In
forthcoming work with Miles Simmons [PS21], we will conjecture analogues of NRP rowmotion
in this context and provide evidence and partial results.

Unfortunately, our proof of Theorem 1.2 is not type-uniform, but relies on the classification
of minuscule posets, with corresponding case-by-case analysis. In the exceptional types, it relies
on explicit computer calculations reported in [MP18]. It would be very interesting to have a
uniform proof of Theorem 1.2. Likely, giving a uniform proof of (at least the minuscule case
of) [IPZ18, Conjecture 44] would be a key step in such an argument; however, that conjecture
remains mysterious.

This paper is organized as follows. In Section 2, we recall the necessary background on mi-
nuscule posets, and give their classification. In Section 3, we discuss the notions of K -promotion
and K -evacuation on increasing tableaux. In Section 4, we apply the results of Section 3 for ar-
bitrary graded posets to the case of minuscule posets, culminating in a proof of Theorem 1.2. In
this section, we also establish a minuscule analogue of the main theorem of [Pec17], showing
that a certain iteration of /K -promotion preserves the restriction of a tableau to its doubletree,
a kind of boundary. Finally, in Section 5, we explore posets with NRP rowmotion outside of
the minuscule realm. Our main positive result in this final section is Theorem 5.1, showing that
NRP rowmotion is a feature of the comparability graph of P. We use this result to build some
posets with NRP rowmotion from minuscule posets, and find a few other such posets. However,
we also exhibit counterexamples to some naive potential generalizations of Theorem 1.2.

2. Minuscule posets

In this section, we recall the definition and classification of minuscule posets. For additional
background, see, e.g., [Pro84, Ste94, TY09a, RS13, MP18, HPPW20, Oka21].
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Let G be a complex connected reductive group. Choose Borel subgroups B, B C G
intersecting along a maximal algebraic torus 7' = B, N B_. This choice gives rise to a partition
of the root system ® of G into two sets of equal size: the positive roots ®+ and the negative
roots .

The set & has a natural poset structure, where we say o < 3 if 5 — o € ®T. The minimal
elements of this poset are the simple roots A C ®; the simple roots are a linear basis for the
span of ®*. Certain simple roots § € A are called minuscule. These are the ones such that the
coroot §* appears with multiplicity at most one in the simple coroot expansion of every " for
a € Pt

Every positive root a can be written uniquely as a linear combination of simple roots. For
each minuscule simple root §, we obtain a corresponding minuscule poset My by restricting
the poset @ to the set of positive roots whose simple root expansion involves § with nonzero
coeflicient.

Minuscule posets fall into three infinite families with an additional two exceptional examples.
The cases where (G is a general linear group give rise to the rectangles a x b as minuscule
posets. The cases where (G is an even-dimensional orthogonal group give rise to two families
of minuscule posets, depending on the choice of minuscule root: the shifted staircases and the
propellers. The shifted staircase S,, may be constructed explicitly as the set {(z,y) : x < y €
[n]} under entrywise comparison, i.e., (x,y) < (2/,y’) if < 2’ and y < /. The propellers are
the posets J*(2 x 2) obtained from the rectangle 2 x 2 by applying the order ideal functor .J
arbitrarily-many times. The case G = Ej yields the Cayley—-Moufang poset J?(3 x 2). The case
G = FE;yields the Freudenthal poset J3(3 x 2). All other complex connected reductive groups
G turn out to merely recover posets already listed, so this paragraph in fact gives a complete
accounting of all minuscule posets.

Corresponding to each simple root 6 € A is a maximal parabolic group Ps 2 B,. In the
case ¢ is minuscule, we refer to the smooth projective variety G/Ps as a minuscule variety.
For example, in the case that GG is a general linear group, the minuscule varieties obtained are
Grassmannians. The B_-orbits on G/ Ps are called Schubert cells €,,, indexed by elements of the
parabolic Weyl group Wp,. A Schubert variety X, is the closure of the Schubert cell €2,,; each
Schubert variety of GG/ P; is a union of Schubert cells. Hence, the Schubert varieties of G/ P
form a poset under containment. In fact, this poset of Schubert varieties is isomorphic to J(M;),
the distributive lattice of order ideals of Mjs; equivalently, M; has an alternative construction as
the subposet of join-irreducibles of this poset of subvarieties.

Each minuscule poset M is self-dual. This duality may be seen explicitly by considering
the classification of minuscule posets above. Conceptually, it is induced by the action of the
longest element wg of Wp, on M;. We denote this anti-involution on M5 by PD because it is
closely related to the Poincaré duality on the compact manifold G/ Pj. For the rectangles and
Cayley—Moufang poset as drawn in Figure 2.1, the anti-involution is given by 180° rotation; for
the remaining diagrams of Figure 2.1, it is given by reflection across a horizontal line.

The definitions of this paragraph are all essentially borrowed from [Pro99a], where they
appear in more generality. For M a minuscule poset, say x € Mj is a bottom tree element if
the principal ideal generated by x is a chain. Define the botfom tree of M; to be the order ideal
BT (Ms) of M; consisting of all bottom tree elements. Similarly, define the top tree TT (Ms) to
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(a) Rectangle 3 x 5. (b) Shifted staircase S5.  (c) Propeller J3(2x2).

(d) Cayley-Moufang poset J%(3 x 2).  (e) Freudenthal poset J3(3x2).

Figure 2.1: Example Hasse diagrams of the five families of minuscule posets. The bottom tree
of each poset is given by the red and purple nodes, while each top tree is given by the blue and
purple nodes. The black nodes of each poset are exactly the elements outside of its doubletree.

be the order filter consisting of all elements generating a principal order filter that is a chain. It is
easy to see that 7T (Mj) is the image of BT (Ms) under the action of the anti-involution PD, and
vice versa. Finally, define the doubletree of Mjs to be the union DT (M;s) = BT (Ms)UT T (Ms).
See Figure 2.1 for visualizations of doubletrees in representative minuscule posets. In the case
that M3 = a X b is a rectangle, the doubletree was referred to in [Pec17, PP20] as the “frame”
of the poset; however, that name seems to make less sense for other posets.

3. Increasing tableaux

As in the proof of the main theorem of [PP20], we will prove Theorem 1.2 by first reformulating it
in terms of K -promotion on increasing tableaux. In this section, we recall the relevant definitions
and establish the general properties that we will need. In the following section, we will apply
these results to the cases of minuscule posets.

Let [q] = {1,2,...,q}. Anincreasing tableau (of height ¢) on the finite poset P is a strictly
order-preserving map 7" : P — [g], i.e. forx < y € P, we have T'(x) < T'(y). Under this
name, increasing tableaux first appeared in [TY09b], although they have a longer history in other
contexts (e.g., [Sta72, EG87]). We usually visualize an increasing tableau 7" by labeling each
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poset element x € P with the value 7'(z). We write Inc?(P) to denote the set of all increasing
tableaux of height ¢ on the poset P.

For ¢ < r, we identify Inc?(P) with a subset of Inc"(P) in the obvious way. With these
identifications, define Inc(P) = |J, Inc?(P). Say T' € Inc(P) is packed if it is a surjective map
onto [¢| for some g. Note that the set Incp, (P) of all packed increasing tableaux on P is finite.

Thomas and Yong [T'Y09b] developed a jeu de taquin theory for increasing tableaux, with ap-
plication to the K -theoretic Schubert calculus of minuscule varieties [CTY 14, BS16]. Building
on this theory, [Pec14] introduced the following definition of /K -promotion.

Let T € Inc?(P). Consider the elements of P labeled 1 and 2. This subset of the Hasse
diagram of P breaks up into connected components, called tiles. Say a tile is trivial if it has car-
dinality 1, and nontrivial otherwise. For each trivial tile, do nothing, while for each nontrivial
tile, swap the labels 1 and 2. The result is an increasing tableau on P with respect to the non-
standard order on [g] where 2 < 1 < 3 < ---. Now, consider the connected components of the
subposet with labels 1 and 3 and repeat this process, successively swapping the pairs of labels
(1,2),(1,3),(1,4),...,(1,q), obtaining an increasing tableau with respect to the nonstandard
order 2 < 3 < --- < g < 1. Finally, decrement each label by 1 and replace any label 0 with the
label gq. The result is an increasing tableau of height ¢ on P (with respect to the ordinary order
on [q]), which we call the K-promotion ¢/(7") of 7. Note that ¢)(7") depends on the choice of ¢
such that 7 € Inc?(P). An example of the K -promotion process is shown in Figure 3.1. For
more details and examples of this K -promotion operator, see, e.g., [Pec14, DPS17, MP18].

Our abuse of notation, using ¢/ to denote both rowmotion of order ideals and /K -promotion
of increasing tableaux, is justified by the following theorem.

Theorem 3.1 ([DPS17, MP18, DSV 19]). For any graded poset P (such as a minuscule poset),
there is an equivariant bijection between J(P x c) under rowmotion and Inc™™(P)Tetl(p)
under K-promotion.

Remark 3.2. There is an easy bijection between J(P x ¢) and Inc™™ (") F<+1( P)_If we identify

J(P x c) with weakly increasing labelings of P and Inc™<(")*¢+1( P) with strictly increasing
labelings of P, we easily biject weakly increasing labelings to strictly increasing ones by adding
r(z) to the label of each z € P, where r(x) denotes the number of elements in a largest chain
of P with maximum element z.

This easy bijection, however, is not the equivariant bijection of Theorem 3.1. Indeed, it is
difficult to describe the equivariant bijection explicitly; the best tool for this is the multidimen-
sional recombination of [Vor19]. For the purposes of this paper, however, it is happily sufficient
to leave Theorem 3.1 in a non-constructive form.

We will also need the following result describing how K -promotion of increasing tableaux
is controlled by the cases of packed tableaux. For an increasing tableau 7' € Inc?(P) using d
distinct labels, define the deflation of T to be the unique packed increasing tableau 7° € Inc?(P)
whose labels satisfy the same inequalities as 7', i.e., we have, for p, p’ € P, that T'(p) < T'(p') if
and only if T°(p) < T (p').

Proposition 3.3. Let T' € Inc?(P) and suppose T° € Inc*(P). Then 1%(T) uses the same set
of d distinct labels as T. Moreover, we have 11(T)" = ¢%(T”).
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Figure 3.1: An example of K -promotion on an increasing tableau 7’ € Inc®(H), where H is the
bee hummingbird poset discussed in Section 5. At each step, the trivial tiles are circled in red,
while the nontrivial tiles are circled in blue.

Proof. The fact that 7" and ¢9(7T") use the same set of d distinct labels is proved explicitly for
P arectangle as [DPS17, Lemma 2.1]. The proof given there extends without change to prove
the corresponding fact for arbitrary finite posets. The last statement of the proposition is then
immediate by applying [MP18, Proposition 5.1] ¢ times. 0

In fact, the orbit structure of /K -promotion is entirely determined by its action on packed
tableaux. For T' € Inc?(P), its binary content vector is the 0-1 vector of length ¢ whose ith
coordinate is 1 if the value ¢ appears as a label in 7", and is 0 if it does not. The following result
is [MP18, Theorem 6.1].

Proposition 3.4 ((MP18]). Let T' € Inc?(P) with binary content vector v. Let { be the least
positive integer such that moving the first digit of v to the end { times recovers v. Then the
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Y-orbit of T has cardinality
o7’

"7 sed(td/q, )
where 7' is the cardinality of the V-orbit of T" € Inc®(P).

Lemma 3.5. Let P be a finite poset. Suppose T € Inc?(P) is a tableau whose 1-orbit has
cardinality k with ged(k, q) = 1. Then T is packed.

Proof. Let v be the binary content vector of 7" and let ¢ be the least positive integer such that
moving the first digit of v to the end ¢ times recovers v. Clearly, ¢ divides q.
Let &' denote the cardinality of the v-orbit of 7 € Inc?(P). Then, by Proposition 3.4, we

have
125

= —
ged(ld/q, k')

Since the denominator of this fraction is transparently a divisor of &', this implies that & is a
multiple of ¢. Therefore, gcd(k, q) > ¢. But we are assuming that ged(k,¢) = 1, so we must
have ¢ = 1. It follows that 7" is packed. ]

The above results give rise to the following corollary, which will be very useful to us.

Corollary 3.6. Let P be a finite graded poset. Then P has NRP rowmotion if and only if,
for every ¢ > 0, no packed increasing tableau T € Inc***(” )+C+1(P) has K -promotion orbit
cardinality relatively prime to its alphabet size rank(P) + ¢ + 1.

Proof. The equivariant bijection of Theorem 3.1 shows that P having NRP rowmotion is equiv-
alent to there existing no 7' € Inc™")*<+1(P) for any ¢ > 0, whose K -promotion orbit has
cardinality relatively prime to rank(P) + ¢ + 1.

Lemma 3.5 shows that it is sufficient to check this condition for packed tableaux. [

Note that, for any particular finite graded poset P, Corollary 3.6 turns checking whether P
has NRP rowmotion into a finite verification. In Section 4, we will apply Corollary 3.6 to the
minuscule posets to prove Theorem 1.2.

Related to K -promotion is the involution /-evacuation on increasing tableaux. K -evacua-
tion was introduced in [TY09b], where helpful examples may be found. For T € Inc?(P) and
k < q, let T), denote the restriction of 7" to the order ideal of P labeled by elements less than or
equal to k. Then the K -evacuation of 7" is the unique increasing tableau £(7") € Inc?(P) such
that, for every k, £(T)<;, and ¥7*(T)<;, are defined on the same subposet of P. We will use
K-evacuation in Section 4 as an ingredient in our proof of Theorem 1.2.

4. Minuscule increasing tableaux

In this section, we study the K -promotion of increasing tableaux on minuscule posets. The
main results of this section are a minuscule analogue of [Pec17, Theorem 2] and a proof of
Theorem 1.2.
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First, we prove a doubletree theorem, extending [Pec17, Theorem 2] from rectangles to ar-
bitrary minuscule posets. For A/ a minuscule poset and 7" € Inc(M ), we write DT (T') for the
restriction of 7" to the subposet DT (M).

Theorem 4.1. Let T’ be an increasing tableau of height q on the minuscule poset M. Then
DT(T) = DT (v*(T)).

Proof. By Proposition 3.3, it is sufficient to prove the theorem for packed tableaux 7', so assume
T is packed.

We prove the theorem in cases, according to the classification of minuscule posets described
in Section 2. For rectangles, the theorem is exactly [Pec17, Theorem 2]. For propellers and
the Cayley-Moufang poset, the stronger result 7" = ¢)9(T") was shown in [MP18, §7]. For the
Freudenthal poset, the theorem may be verified explicitly for the 624493 packed tableaux of that
shape; we checked this fact using SageMath [The20].

It remains to consider the case of shifted staircases. Given an increasing tableau 7' of shape
Sy, its doubling is the increasing tableau T of rectangular shape k x k given by gluing together
two copies of T as follows. Identifying k x k with the elements of [k] x [k] and identifying Sy
with the subset of pairs (z,y) € [k] x [k] with x < y (as described in Section 2), we define
T*(z,y) = T*(y,z) = T(z,y) forall 1 < z < y < k. Conversely, given a tableau U of
rectangular shape k x k that is symmetric in the sense that U(x,y) = U(y, z) for all z, y, we
define its radical to be the increasing tableau v/U of shape S, given by restricting to the set of
ordered pairs (z,y) with z < y. For an example of these notions, see Figure 4.1.

8 8
% /N
7 7 7
/N JOON /N
6 5 6 5 6
A N JoOON /N /N
T= 5 4 5 4 4 5 =U
NN NN /N S
3 3 3 3 3
N/ NN s
2 2 2
N N/
1 1

Figure 4.1: An increasing tableau 7" of shifted staircase shape S, and an increasing tableau U of
rectangular shape 4 x 4 such that U = T2 is the doubling of 7" and T' = /U is the radical of U.

Now, let T be a packed increasing tableau of shape S;, and consider its doubling 72. By
[Pec17, Proposition 17], we have that PD(7?) and £(T?) have the same doubletree. Now it is
easy to see that \/PD(T?) = PD(T). The analogous statement /& (7?) = £(T') is immediate
from [BS16, Equation (7.1)]. It follows that PD(T") and £(T") agree on the restriction of the
doubletree of k x k to Sy, namely the nodes (x,y) with x = 1 or y = k. These nodes make up
most of the doubletree of .S},.

Next, we study the nodes (2,2) and (k — 1,k — 1), the remaining nodes of DT (S;). An
h-strip in an increasing tableau U of shape Sy is a sequence of nodes (z1,41),. .., (T¢, yt)
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such that, for all 1 < i < ¢, we have y; < Y41, ©; = Tiy1, and U(zy,y;) < U(Tie1, Yit1)-
Similarly, a v-strip is a sequence of nodes (x1,y1), ..., (2, y;) such that we have z; < x;41,
Yi = Yir1, and U(x;,y;) < U(wig1,Yiv1). (The letters “h” and “v” stand for “horizontal” and
“vertical”, respectively; the names make more sense in the convention where shifted staircases
are drawn rotated 135° clockwise from the convention here.) A Pieri strip in an increasing
tableau U of shape S} is a sequence of distinct nodes (z1,v1), ..., (¢, Yt), - - . (Tu, Yu) such that
(x1,41), .., (x4, y¢) forms a v-strip, (Tey1,Yes1)s - - -, (T, yu) forms an h-strip, and we have
Uz, yi) < U(xip1,yi41) forall 1 < i < u. (Pieri strips are so named because they are related
to Pieri classes in the cohomology of an orthogonal Grassmannian.) In particular, h-strips and
v-strips are special cases of Pieri strips. For examples of all three types of strip, see Figure 4.2.

12 12 12
/ / /
11 11 11
7/ N 7/ N 7/ N
10 10 10 10 10 10
N / \ s / N/
8 9 9
SN N / \ / \

ONVANIDA @ D Q¢
& L OWPAN 59O}
3 3 4 —
O N [oge©
2 2 2
AN AN AN
1 1 1
Figure 4.2: Three strips in an increasing tableau: On the left, the red circled entries form an
h-strip (southeast to northwest); in the middle, they form a v-strip (southwest to northeast); and
on the right, they form a Pieri strip (in the order given by following the red arrows).

By [CTY 14, Theorem 4.6], £(T') <, will be entirely supported on nodes of the form (1, y) if
and only if 7%,,_, forms a Pieri strip. Now observe thatif 7%.,,_, contains thenode (k — 1,k — 1),
then it also contains the nodes (k — 1, %) and (k, k), but these three nodes can never appear
together in any Pieri strip of any tableau. Conversely, if 7%, _, does not contain the node
(k — 1,k — 1), then it contains only nodes of the form (i, k) and forms a Pieri strip (just a v-
strip, in fact). Hence, £(T") <, will be entirely supported on nodes of the form (1, y) if and only
if the node (k — 1,k — 1) does not appear in 7%,,_,. It follows that £(T')(2,2) = PD(T)(2,2).
Similarly, we may argue that £(T)(k — 1,k — 1) = PD(T)(k — 1,k — 1). Thus, we have
DT (PD(T)) = DT (E(T)).

Since DT (PD(T)) = DT (E(T)) for all tableaux T' € Inc?(Sy), we also have

DT(T) =DT(PD(E(PD(E(T))))).

Growth diagrams, introduced by Sergey Fomin, have become a standard combinatorial tool
in the analysis of jeu de taquin (see, e.g., [Sta99, Appendix A]). Growth diagrams were ex-
tended to the K -theoretic setting for increasing tableaux in [TY09b]. As explained for increasing
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tableaux of rectangular shape in [Pec14, Lemma 3.1], the equivalence of operators
Y!'=PDo&oPDo&

can easily be read of off the /-theoretic growth diagram for /& -promotion; the argument given in
[Pec14, Lemma 3.1] extends to general minuscule posets without change (for a similar analysis
of the standard tableau case, see [Sta09]).

Thus, we conclude

DT(T) = DT (v*(T)),
as desired. L]

In the following sections of this paper, we will only have need of the shifted staircase cases
of Theorem 4.1. We note that while many results for minuscule posets extend to more general
d-complete posets (e.g., [[PZ18, KY19, NO19, PS19]), small calculations indicate that Theo-
rem 4.1 does not extend in this fashion, although [IPZ18, Conjecture 44] seems relevant.

4.1. Proof of Theorem 1.2

Finally, we turn to proving the main theorem of this paper. By Theorem 3.1, it is equivalent to
establish the following result on /K -promotion of increasing tableaux of minuscule shape.

Proposition 4.2. Let M be a minuscule poset and let ¢ > rank(M) + 1. Suppose the 1p-orbit
of T € Inc?(M) has cardinality k. Then ged(k, q) > 1.

For ¢ = rank(M )+ 1, there is a unique increasing tableau 7" € Inc?(M). Following [BS16],
we call this unique tableau the minimal tableau T);. The minimal tableau 75, on the shifted
staircase S is depicted in Figure 4.3. Clearly, the -orbit of T, has cardinality 1. Under the
equivariant bijection of Theorem 3.1, T), corresponds to the unique order ideal of the empty
poset M x 0.

Figure 4.3: The minimal tableau T's,, the unique increasing tableau in Inc’(.Sy).

We will need the following lemma, a shifted staircase analogue of [PP20, Proposition 3.2].
For V' € Inc*(P), the flow path of V is the set of pairs {p < p'} of poset elements such that p/
covers p and both appear in the same nontrivial tile during some stage of the application of 1 to
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the tableau V. The union of all the pairs in the flow path of V' is its streambed. Note that if p
is in the streambed of V' and is neither maximal nor minimal in P, then it appears as the larger
element of at least one pair in the flow path and also appears as the smaller element of at least
one pair in the flow path.

@
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@

o ©
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©

8
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N _ A
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/
AN

®
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AN

A
®

AN

®\/
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Figure 4.4: The flow path of the illustrated tableau V' € Inc'?(S5) is the set of pairs of nodes
joined by red arrows. The streambed is the set of all endpoints of all red arrows, i.e. all the nodes
circled in blue.

Lemma 4.3. Let P be a graded poset with a unique maximum element 1 and a unique minimum
element 0 and such that BT (P) NTT(P) # @. Suppose that V € Inc*(P) is any tableau
satisfying DT (V') = DT (¢(V')). Then' V' = Tp is the minimal tableau and z = rank(P) + 1.

~ ~ A

Proof. We must have V' (0) = 1, for otherwise ¢(V')(0) = V(0) — 1, contradicting DT (V') =
DT (¢(V)). For the same reason, every d € DT (V') must be in the streambed of V.

For b € BT (P) with b # 0, there is a unique ' € P that b covers. Since b is in the streambed
of V, {b' < b} must then be a pair in the flow path. Therefore, v(V')(0') = V(b) — 1. But by
assumption, (V) (b') = V(b'). Tt follows that V' labels the bottom tree of P as in the minimal
tableau 1T'p.

Since 1 is in the streambed of V, we have ¢)(V)(1) = z. Therefore, since ¢)(V)(1) = V(1)
by assumption, we see that V(1) = 2. Now, for each t € 7T (P) with t # 1, there is a unique
t’ that covers ¢. Since ¢ is in the streambed of V/, the pair {¢ < ¢’} must be in the flow path, so
(V) (t) = V(t') — 1. But by assumption ¢)(V')(¢) = V(¢),so V(t) = V(t') — 1.

Consider any maximal chain from 0 to 1 that is contained in D7 (P). Such chains exist
since we assume BT (P) N TT(P) # @. The tableau V labels elements of that chain with
consecutive positive integers, starting at 1 and ending at z. But a maximal chain of P has length
rank(P). So z = rank(P) + 1. Since Tp is the unique element of Inc"*")+*1(P), we must
have V = Tp. ]

Proof of Proposition 4.2. Let M be a minuscule poset and let ¢ > rank(M) + 1. Suppose
T € Inc?’(M) is a tableau whose t-orbit has cardinality k£ with ged(k,q) = 1. We will show
that 7" is the minimal tableau 7).
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By Lemma 3.5, 7' is a packed tableau.

We now break into cases according to the classification of minuscule posets from Section 2.
The rectangle case of the proposition is [PP20, Theorem 2.4]. For the propellers and the Cayley-
Moufang poset, the explicit calculations of [MP18] show that every packed tableau 7" € Inc? (M)
has £ dividing ¢, with £ = 1 only for the minimal tableau 7',. Similarly, for the Freudenthal
poset, the computations of [MP18] show that every packed tableau 7' € Inc?(M) either has k
dividing ¢, k£ = 2q, or k = 3¢q; moreover, k = 1 only for the minimal tableau 7.

Thus, it only remains to handle the shifted staircases. Suppose 7" € Inc?(.S,,). Consider the
cyclic group Cy, = (g) of order k. Let C, act on the -orbit of T'by g-U = ¢ (U) for all tableaux
U in the ¢-orbit. Since ged(k, ¢) = 1, the element g7 is a generator of C. Thus, every U in the
W-orbit of T is of the form 9" (T') for some positive integer h.

Theorem 4.1 tells us that DT (V') = DT (¢4(V)) forall V' € Inc?(.S,,). Thus, it follows from
the previous paragraph that every U in the -orbit of 1" satisfies DT (U) = DT (T'). Therefore,
DT(T) = DT (¢(T)). Since BT (Sm) N TT(Sn) # @, we have then by Lemma 4.3 that
T =Tg,,as desired. O]

Theorem 1.2 is now immediate by combining Proposition 4.2 with Theorem 3.1. [

5. Other posets

In Theorem 1.2, we showed that all minuscule posets have NRP rowmotion. In this section, we
consider possible extensions of Theorem 1.2 to other posets.

We begin with our positive results in this direction. The comparability graph of a poset P
is the graph G(P) whose vertex set is the set of elements of P and with vertices x, y adjacent
in G(P) if and only if z and y are comparable in P. Many properties of posets that depend
only on the graph-isomorphism class of the comparability graph are collected and discussed in
[Hop20b]. The following theorem gives yet another such property.

Theorem 5.1. Let P and () be finite posets with isomorphic comparability graphs, and let
q € Z" be a positive integer. Then there is a cardinality-preserving bijection between the K -
promotion orbits of Inc?( P) and the K -promotion orbits of Inc?(Q).

Proof. We will need the characterization of having isomorphic comparability graphs given in
[DPWS8S5] (although known earlier to various people). We will borrow the relevant terminology
from [Hop20b].

An autonomous subset of Pisaset A C P suchthateachb € P\ Arelates to every element
of A in the same way; that is to say, forall b € P\ A and a,d’ € A, we have

a < bif and only if ' < b, and
a > b if and only if a’ > b.

The poset P’ obtained by dualizing A is the poset obtained from P by reversing the relation
of each pair of comparable elements of A while leaving all other relations the same; that is, for
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p1,p2 € P,

p1 <pr po if and only if p; <p po, if p1, p2 not both in A;
p1 >pr po if and only if p; <p po, if p1,pe € A.

It is clear that dualizing an autonomous subset preserves the comparability graph. The the-
orem we need from [DPW85] is the converse statement that any finite posets with isomorphic
comparability graphs are related by a finite sequence of dualizations of autonomous subsets.

By induction, we may therefore assume P and () are related by one such dualization. So
let A C P be an autonomous subset of P such that () is the poset obtained by dualizing A. In
particular, we will treat PP and () as living on the same ground set.

Let T' € Inc?(P) be any increasing tableau. We define a tableau f(7") € Inc?(Q) by flipping
the labels on A as follows. Let {v; < vy < --- < v} be the set of labels appearing on the
subposet A in T'. Note that & < |A| with the inequality being potentially strict. For b € @ \ A,
define f(T")(b) = T'(b). For a € A with T'(a) = v;, define f(T")(a) = vi41—;. Note that f(T') is
an increasing tableau since A is autonomous.

Let R be the poset obtained from P by deleting A and replacing it with a k element chain
C ={c; < -+ < ¢} with the same relations to P\ A; thatis, fora € A,c € C,andb € P\ A,
we have

b <g cifand only if b <p a, and
b >g cifand only if b >p a.

Note that R may equally well be defined by replacing A with C'in Q.

We define g(T') € Inc!(R) as follows. Define g(T")(c;) = v;, while for b € R\ C, define
9(T)(b) =T(b) = f(T)(D).

Recall the notions of flow paths and streambeds from Section 4. We consider the actions
of K-promotion on 7" and f(7"). Clearly, if the label 1 does not appear in 7', then f()(7")) =
Y(f(T)) and g(p(T')) = ¥(g(T)). Otherwise, note that the streambed of 7" intersects A if and
only if the streambed of f(7') intersects A if and only if the streambed of g(7) contains C.
Moreover, the three flow paths all coincide on P\ A.

Suppose the streambed of 7" intersects A. Then the restriction of the flow path of 7" to A
coincides with the flow path of the tableau i (7") obtained by restricting 7" to A and then deflating
it. Similarly, the restriction of the flow path of f(7") to A coincides with the flow path of the
tableau obtained by restricting f(7") to A and then deflating it. Since these restricted deflated
tableaux are exactly duals of each other, it follows that the restriction of the flow path of f(7T')
to A is the flow path for the inverse of K -promotion as applied to h(T).

For any 7, we can now describe the effect of ¥* on T and f(T') in terms of K -promotion
on g(T) and h(T). For any b € P\ A, we have ¥'(T)(b) = *(f(T))(b) = ¥ (g(T))(D).
Considering the ¢ streambeds from applying v to g(T’) i times, let 7 < 7 be the number of these
streambeds that contain C. Suppose the labels of C in o' (h(T)) are {w; < wy < -+ < wy}.
Then using Proposition 3.3, for any a € A, we have ¢'(T')(a) = wy if and only if ¢/ (h(T)) = ¢
and we also have ¥'(f(T))(a) = wgy1_m if and only if 1p=7(h(T)) = m. In particular, the
y-orbit of T has the same cardinality as the ¢-orbit of f(7"). Since T' was arbitrary, f then
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induces the desired cardinality-preserving bijection between the K -promotion orbits of Inc?(P)
and Inc?(Q). N

For posets P and @, let P & () denote the ordinal sum of P and (), where all elements of
P are declared to be less than all elements of (). The following corollary is closely related to
some speculations by Sam Hopkins and Mike Joseph in email correspondence (October 2020)
with the author and others.

Corollary 5.2. If P and () are finite graded posets with isomorphic comparability graphs and
c € Z™ is a positive integer, then there is a cardinality-preserving bijection between the row-
motion orbits of P X c and those of (Q X ¢, so that P has NRP rowmotion if and only if ()
does.

In particular, if P is such that the ordinal sum P®1 has NRP rowmotion, then so does 1® P.

Proof. The first statement is immediate from combining Theorems 3.1 and 5.1. The second
follows since P @ 1 and 1 ¢ P are related by a sequence of two dualizations of autonomous
subsets. 0

Corollary 5.2 (especially the “in particular” statement) gives some new examples of posets
with NRP rowmotion by dualizing autonomous subsets of minuscule posets.

Let P,;, denote the poset a @ (2 x 2) @ b. Note that P, , is the propeller J%(2 x 2), but
otherwise P, is not a minuscule poset. Since propellers have NRP rowmotion, it follows from
Corollary 5.2 that all posets P, with a + b even have NRP rowmotion. Similarly, we may
apply Corollary 5.2 to the other minuscule posets to obtain some additional posets with NRP
rowmotion.

./.\.oooo
NS

Figure 5.1: The poset IV, one of the non-minuscule 9-element posets with NRP rowmotion.

A poset is bounded if it has a unique maximal and a unique minimal element. Using Corol-
lary 3.6, we systemically found all bounded graded posets on at most 9 vertices that have NRP
rowmotion. Every such poset with at most 8 vertices either is minuscule or is one of the posets
P, derived from a propeller via iterating the “in particular” statement of Corollary 5.2. The
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9-vertex posets with NRP rowmotion are the minuscule posets 3 x 3 and 9; the poset N shown
in Figure 5.1 and the four other posets obtained from it by Corollary 5.2; and the poset W shown
in Figure 5.2, together with its dual.

We note that the poset W is related to the positive root poset ®*(Bs) via one application of
the “in particular” statement of Corollary 5.2. Rowmotion and K -promotion on these root posets
has been studied in [DWYWZ20]. In subsequent work with Miles Simmons [PS21], we will
conjecture that NRP rowmotion holds for all positive root posets of type B, giving context to the
example . Indeed, we will conjecture analogous statements for all root posets of coincidental
ype.

The NRP rowmotion of the poset /N can be explained as follows. Observe that N may be
written as V' @4, where N’ is a 5-element graded poset. Consider the packed increasing tableaux
on N’, which necessarily have alphabet size 3 = rank(N’), 4, or 5 = |N’|. In Inc*(N’), there is
1 such tableau, forming a 1-cycle under 1. In Inc*(N’), there are 6 such tableaux, forming three
2-cycles under ¢. In Inc®(N’), there are again 6 such tableaux, this time forming two 3-cycles
under ¢). Now consider the ordinal sum N’ & c for various ¢ > 0. Clearly, the packed increasing
tableaux of N’ @ c have the same orbit structures as those of N’, but with the alphabet sizes
increased by c. It follows from Corollary 3.6 that N’ @ c will have NRP rowmotion whenever ¢
satisfies the system of congruences

34+c=0 (mod1),
44c¢=0 (mod 2),
54c¢=0 (mod 3).

By the Chinese Remainder Theorem, we may take ¢ = 4 to obtain the poset V.

This construction of NV from N’ does not, however, extend to a general recipe for constructing
posets with NRP rowmotion from arbitrary graded posets by taking the ordinal sum with a chain.
Unfortunately, the analogous system of congruences one would have to solve generally has no
solution.

Figure 5.2: The poset 1/, one of the non-minuscule 9-element posets with NRP rowmotion.
Note that relocating the minimum element of ¥ to its top would yield the root poset & (Bs).

We did not check systematically for the NRP property in small posets that are not bounded
because the search space is so large. It is possible that there are other interesting families that
can be found that way with more computer power.

We now turn to some other families of posets, related to the minuscule posets, where one
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might naturally hope to find extensions of Theorem 1.2. We find, however, that these related
families do not generally exhibit NRP rowmotion.

Minuscule posets are examples of d-complete posets, posets associated to special dominant
weights of Kac—-Moody groups. See [Pro99a, Pro99b, PS19] for background on d-complete
posets. Many results for minuscule posets extend to more general d-complete posets (e.g.,
[IPZ18, KY19, NO19, PS19]). However, Theorem 1.2 and Proposition 4.2 do not extend to
general d-complete posets. We call the poset H whose Hasse diagram is illustrated in Figure 3.1
the bee hummingbird. The bee hummingbird is a d-complete poset. In R. Proctor’s classifica-
tion [Pro99a] of irreducible d-complete posets, the bee hummingbird is the smallest exemplar
of the family of d-complete posets known as birds. It is easy to check that Inc®(H) contains
a 1-orbit consisting of exactly 5 packed tableaux. Since ged(5,6) = 1, it follows from Theo-
rem 3.1 that the bee hummingbird does not have NRP rowmotion. Experimentation suggests
that this is a general phenomenon for d-complete posets that are not minuscule. Indeed, we have
not discovered any d-complete posets with NRP rowmotion besides minuscule posets.

What is different about general d-complete posets that explains why they fail to have NRP
rowmotion? The issue may be that d-complete posets generally don’t have unique maximum
elements and don’t have an analogue of the PD anti-involution (Kac-Moody Weyl groups are
generally infinite and don’t have a longest element).

As another source of posets with NRP rowmotion, one might hope that P x ¢ would have NRP
rowmotion whenever P does. However, this is entirely false. Indeed, although all rectangles have
NRP rowmotion, the triple product of chains 2 x 2 x 2 does not. By Theorem 3.1, this failure is
immediate from the packed tableau 7" € Inc’(2 x 2 x 2) illustrated in Figure 5.3, whose 1/-orbit
has cardinality 27.

Figure 5.3: An increasing tableau 7" € Inc’(2 x 2 x 2) whose 1)-orbit has cardinality 27. Note
that ged(7,27) = 1, so T witnesses that 2 x 2 x 2 does not have NRP rowmotion.

Similar phenomena appear for other triple products of chain posets.
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