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Abstract. We study the intersection of tropical t)-classes on tropical heavy/light Hassett
spaces, generalising a result of Kerber—Markwig for M&r;;p. Our computation reveals that
the weight of a maximal cone in an intersection has a combinatorial intepretation in terms
of the underlying tropical curve and it is always nonnegative. In particular, our result spe-
cialises to that, in top dimension, the tropical intersection product coincides with its classical
counterpart.

Keywords. Tropical intersection theory, Hassett spaces, 1)-classes

Mathematics Subject Classifications. 14T90, 14N35

1. Introduction

In this paper, we study intersection products of )-classes on Méf;p where w is heavy/light us-
ing tropical intersection theory developed by Allerman and Rau in [AR10] as a generalisation
of [KMO09].

Given g > 0,n > 2and w € (Q N [0,1])" such that 29 + > w; > 2, Hassett [Has03]
introduced the moduli space Mg,w of w-stable nodal n-marked curves of genus g as an alternate
compactification of the well-studied moduli space of n-marked smooth curves of genus g, M, ,,.
We work in genus 0. The moduli space M ,, parametrises reduced connected rational curves C
with n marked points py, ..., p, € C, such that

1. a collection of points p;,, ..., p;, can coincide only if Zj.:l w;; < 1;
2. the singularities of C' are ordinary double points, called nodes; and

3. for any irreducible component 7" of C,

#{nodes on T’} + Z w; > 2.
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In particular, when w is the all 1’s vector, we recover the Deligne-Mumford—Knudsen com-
pactification by stable nodal curves Mg,n of Mg ,,. In [Ulil5], Ulirsch introduced the tropical
analogue of ﬂgyw parametrising w-stable tropical curves of genus g, denoted as M;fgp and stud-
ied its geometry.

1.1. Context

The family of ¢)-classes represents one of the most studied objects in the intersection theory of
moduli spaces of curves. They parametrise curves satisfying certain tangency conditions at the
marked points.

While in the 90s the intersection theory of -classes on MM was resolved by the
Witten—Kontsevich theorem [Wit91, Kon92], intersection products of 1)-classes on Hassett
spaces Hg,w were first studied by Alexeev and Guy in [AG08]. By the reduction morphism
Puw' MM — ngw constructed in [Has03], Alexeev and Guy proved that integrals of 1/-classes
on M,,,, can be expressed as linear combinations of v-classes and certain boundary divisors
on ﬂg,n. Specifically in genus 0, [Mool3, Cey09] related Chow classes on /Vo,n and Mo,w.
Most recently, Blankers and Cavalieri [BC20] extended these results to intersections of ¢)-classes
in arbitrary dimension, which in turn resolved the combinatorial relation between )-class inter-
sections on M, ,, and M, ,,.

Tropical geometry provides a combinatorial framework for the intersection theory of /-
classes in genus 0. In [Mik07], Mikhalkin introduced the moduli space of tropical rational
n-marked stable curves M(t)f P as an embedded balanced rational polyhedral fan; there, tropi-
cal 1)-classes are certain balanced subfans of codimension 1 corresponding to metric graphs
with certain valency conditions. Then Allermann and Rau [AR10] delevoped tropical intersec-
tion theory on balanced rational polyhedral fans. With this, Kerber and Markwig computed the
intersection of tropical -classes on Méf?f in [KMO9]; in particular, they showed that the in-
tersection product of tropical v)-classes on M&‘;Lp recovers their algebro-geometric counterpart
on M.,. In the weighted case, Cavalieri, Hampe, Markwig and Ranganathan studied the cone
complexes Mgi‘;p as tropical compactifications analogous to the work of [GM10], and showed
that ng;‘f}p is a balanced fan if and only if w is heavy/light in [CHMR16, Theorem A]. This al-
lows us to employ the tropical intersection theory developed in [AR10]. When w is such a weight
vector of length n and with m light weights, the tropicalization X, of the torus embedding

Moy — Ty = T(Z)_(n;m)_m

has the underlying cone complex Méjﬁp. Then the closure of M, in the toric variety X (%,,)
coincides with Hassett’s compactification Mo,w and is indeed a tropical compactification in the
sense of [Tev07]. In [KKL21], Kannan, Karp and the second author employed this setup to
derive the entire Chow ring A*(M.,), in which the classical weighted 1-classes reside, using
toric intersection theory on X (%,,).
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1.2. Main results

Our main result is an explicit formula for the intersection products of tropical ¥)-classes on Mor;;p,

in the case when w is heavy/light. Our formula shows that the weight of each maiximal cone
appearing in the intersection product has a combinatorial description given by the underlying
tropical curve. See Section 3.1, Section 2.2 for weighted tropical ¢)-classes and backgrounds
on M'P.

Theorem 1.1. Letn > 4, letn —m > 2, let 0 < ¢ < 1/m, let w = (1™ (™), and
let K = (k;)icn) € (Zs0)™ The intersection product || Q/wa is the weighted subfan of Mgiip

i=1
consisting of closures of the cones of codimension ), k; satisfying the following conditions:

n

1. For each maximal cone o in [] wfw with combinatorial type G, = (G,, m,), and for
i=1
each vertex v € V(G,), we have

val(v) + [m; ' (v) =3+ Y k.

iemyt(v)

2. The weight of a maximal cone o in H w with combinatorial type G, = (G, m,) is the
product of the tropical local multzplzcztzes at all vertices of G, i.e.

wo)= [] TLM,(v)

veV(Gy)

myg - (v)|—4(P ZzK(P)Z
= I > oeor ”(m) -~-,K<P>ap>)'

vEV (Go) PEPw(v) L

From this result, we obtain two immediate corollaries. Firstly, when w = (1("), we recover
the characterisation of intersection products of tropical ¢-classes on Méfsp derived by Kerber
and Markwig in [KMO09].

Corollary 1.1 ((KM09, Theorem 4.1]). Let w = (1) and K = (ky,. .., k,) € (Zso)". The
intersection product [ [, ¢fl is the weighted subfan of M&;‘;p consisting of closures of the cones
of codimension ), k; satsfying the following conditions:

1. For each maximal cone o in [ [, wf ' with combinatorial type G, = (G, m,) and for each
vertex v € V(G,),

val(v) + |m;*(v)] = 3 + Z k;.

2. The weight of a maximal cone o in [, 4 with combinatorial type G, = (G,,m,) is

w(o) = H (kléz"e‘mcz(v)ki )

VeV (Gy) » Mmg ™ (v)
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The work of Katz in [Kat12] draws connections between toric and tropical intersection the-
ories and naturally leads to the expectation that the degrees of the top-dimensional intersection
products of ¢-classes, i.e. when Y, k; = n— 3, on My';? coincide with their algebro-geometric
counterparts. The following corollary confirms this expectation, in the sense that we indeed re-
cover the intersection product of ¢)-classes of Hassett spaces computed in [AGOS8, Theorem 7.9].

Corollary 1.2. Let w heavy/light. When > k; = n — 3, the intersection product || wf ‘s of
dimension 0, consists of precisely one cone {0} and the weight of the cone {0} of Mgfgp is

n—L(P K(P) —3
Z (_1) ( )<K<P)17 7K(P)g(p))

PePu([n])

Remark 1.3. Note that it is possible to obtain Corollary 1.2 by generalising [Kat12, Proposi-
tion 7.5] to the heavy/light weighted case. However, the application of the fan displacement rule
as one lifts and intersects the Chow classes in a toric variety following [Kat12, Theorem 6.3] is
more complicated than a direct computation via tropical intersection theory in the present paper
due to less symmetry of the weight vector w. Moreover, our approach features the advantage of
a combinatorial description of intersection products of tropical i)-classes in any dimension.

The starting point of the proof of Theorem 1.1 is a combinatorial characterisation of weighted
tropical )-classes on M's" in Theorem 1.2. In Section 3.1, we define tropical ¢-classes on M',"
via pushforward of linear combinations of i)-classes and boundary divisors on Méfgp along the
projection morphism

prieo® < MY — M,
defined by contracting cones in Mgff;p parametrising w-unstable tropical curves. See Section 2.1
for terminology on the moduli space Mgy’

Theorem 1.2. Letn >4, n—m >2,0<¢e < 1/m,w = (1™ ™) For N € [n], we have
the following two cases.

1. If N is heavy, then the class 1y ., is the balanced subfan of Méfgp that is the union of
closed cones o of dimension n — 4 with associated combinatorial type G, = (G5, m,)
such that G, has a unique vertex v satisfying

val(v) + |m;*(v)| = 4 and N € m_ ' (v).

2. If N is light, then \x,, is the balanced subfan of Mgf;’)p that is the union of closed cones
o of dimension n — 4 with associated combinatorial type G, = (G, m,) such that

(a) G, has a unique vertex v such that
val(v) + |m;(v)| = 4 and N € m'(v).

. \ \ . t t
(b) o is not contained in maximal cones contracted by pri*°P : M,'>? — M.
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Another key in the proof of Theorem 1.1 is a realisability result for the weighted tropical
1-classes. We show in Theorem 1.3 below that the weighted tropical i)-classes are realised as
rational multiples of the tropical Weil divisors of a family of rational functions on Mgf{;p, anal-
ogous to the case of Mgff;p studied in [KMO09, Proposition 3.5]. See Section 3.3 for terminology
on rational functions on balanced polyhedral fans; see Section 2.2 for backgrounds on tropical

boundary divisors and tropical Weil divisors.

Theorem 1.3. Forn >4,n—m >2and0 < e < 1/m, w = (1™ (™) and N € [n], we
have the following equality of tropical divisors

diV(fN,w) = K<N7 w)djN,wa
where the coefficients K (N, w) depend on n, m as follows.

1. If n —m = 2, i.e. the weight vector w contains exactly 2 heavy weights, then

m if N € [n—m],

2m — 2 otherwise;

2. Ifn—m > 2, then

1.3. Future directions

In this paper, we have focused on the combinatorics of intersection products of heavy/light
weighted tropical 1/-classes in genus 0. We aim to point to two related works that provide
interesting future directions. Firstly, Fry extended [CHMR16] to the moduli spaces of ratio-
nal tropical curves with stability conditions given by a graph and an ordered partition on the
vertices in [Fry19]. When the graph is complete multipartite, Fry [Fry19, Theorem 3.28] iden-
tifies the moduli space as the Bergman fan of the graphic matroid, which is balanced. A key
assumption for our work is that the moduli space of rational stable tropical curves associated
to a heavy/light weight is balanced, proved in [CHMR16, Theorem I]. It would be interesting
to extend our methods to this new family of tropical moduli spaces. Secondly, with Clader,
Damiolini, Huang, Ramadas, the second author constructed a moduli space of rational curves
with cyclic action f; in [CDH"22] and its tropical counterpart L!"**°P in [CDLR22]. It will be
interesting to employ tropical intersection techniques for computing intersection numbers on ZZ
or L™°P_ Lastly, Cavalieri, Gross and Markwig developed a theory of tropical ¢)-classes on
stable elliptic curves in [CGM20]. In particular, the authors derive a correspondence theorem
and recover the 1-point elliptic ¢-integral on the tropical side [CGM20, Theorem A]. In light of
the present paper, a generalisation of their work to the weighted case is an interesting topic of
further research.
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2. Moduli spaces of tropical weighted stable curves

In this section, we review the basics about Mgf;;p in Section 2.1 and recall backgrounds on trop-
ical intersection theory in Section 2.2.
2.1. Tropical w-stable curves and their moduli

Letn > 2,andletw € (QN(0, 1])" be a weight vector. We start from scratch with the following
definitions.

Definition 2.1. A rational n-marked graph is a tuple G = (G, m) such that
1. G is a finite tree with vertex set V(G) and edge set E(G);
2. m: [n] — V(G) is a function (called the “marking function” of G).
Definition 2.2. A rational n-marked graph G = (G, m) is w-stable if for all v € V(G)
val(v) + Z w; > 2.
iem=1(v)

Definition 2.3. An abstract rational tropical w-stable curve is a tuple (G, ¢) where G is a
rational w-stable graph and ¢: E(G) — R is a function.

We call G the combinatorial type and ¢ the length function of an abstract rational tropical
w-stable curve.

The moduli space of abstract rational tropical w-stable curves Méfjp parametrises all abstract
rational tropical w-stable curves. When w = (1(™) is the all 1’s vector, we recover the moduli
space of tropical n-marked curves Mgfgp. In this paper, we focus on heavy/light weight vectors,
recalled as follows.

Definition 2.4. Let w = (wy,...,w,) € Q" N (0, 1] be a vector of weights.
1. Wecalli e {1,...,n} heavy in w if for all j # i we have w; + w; > 1.
2. Wecalli € {1,...,n} small in w if w; + w; > 1 implies j is heavy in w.
If in addition the total weight of all small weights is less than 1, we call them light.

For example, the weight vector w = (1,1,3/4,1/2) has all w; heavy, whereas the weight
vector w’' = (1,1,1/3,1/3) has w}, w) heavy, and w}, w} light.

Convention 2.1. We hereafter assume that w is heavy/light unless specified otherwise. As it
is customary, we order the weights of a heavy/light weight vector such that all heavy weights
precede light weights. Explicitly, we always take n > 4, n—m > 2,0 < ¢ < 1/m and
let w = (1= (M),
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We now describe an embedding of Mgf;;p. Let (G, /) be an abstract rational tropical w-stable
curve, and let ¢, j € [n]. We define the distance function dist(g ¢ : [1]* — Rxo as follows:

dist(a,e (i, J) == Pgllji(rilj) (Zﬁ(e)),
’ ecP

where the minimum is taken over all paths P(i, j) in (G, ¢) from the vertex supporting i to the
vertex supporting j. Moreover, we define the map

m
2

b B s RO
(al, - ,an) — (ai + Clj),

forall {i,j} < [n] \ [n —m].
Then, we consider the map

D, : Mgfﬁ," — Ry = /Im(<bw)
defined by
(G, 0) — (dist(a,e(i, ).

forall {i,5} & [n] \ [n —m)].

A similar argument in [FR13, Example 7.2] shows that this map embeds M as a fan
into R,,, whose cones are in bijection with the combinatorial types of abstract rational tropical w-
stable curves. In particular, a top-dimensional cone o with combinatorial types G, = (G, m,)
satisfies that for every vertex v € V(G,), val(v) + [m~*(v)| = 3.

Example 2.5. The space MS? P is the cone over the Petersen graph (Figure 2.1, left). Its image
under the contraction map pri°? for w = (1), £®) is the tropical Losev—-Manin space Mgf;p,
which is the cone over the 1-skeleton of the permutohedron associated with S3 (Figure 2.1, right).

The reason for focusing on ng;j’}’ for heavy/light w is the following theorem, and the fact
that tropical intersection theory requires that the fans in question be balanced.

Theorem 2.2 ((CHMR16, Theorem I]). The morphism of rational polyhedral fans
P s M 5 M

contracts all cones parametrising w-unstable tropical curves. Its image is a balanced fan if and
only if the weight w is heavy/light.

We note that with respect to the embedding we constructed, the map pr?°P corresponds to a
S

projection R(E) — RE)(5) which forgets the coordinates indexed by {7, j} C [n] ~\ [n — m)].
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(14,235)

(25,134) (14,235)
(25,134) (35,124)
(13,245)
\ (34,125) (35,124)
(15,234
(34,125) (45,123) (15,234) (24,135)

Figure 2.1: Each label (ij, k¢m) indicates the tropical curve with 2 vertices connected by 1 edge
with the left vertex supporting the marks ¢, j, and the right vertex supporting the marks k, ¢, m.
In Méfﬁp, the 1-dimensional cones, indicated as black vertices, are contracted under prt°P.

2.2. Tropical Weil divisors and boundary divisors

In this section, we recall the definitions of tropical Weil divisors and boundary divisors from
[Raul6]. Let X be a rational, weighted, pure-dimensional polyhedral fan in R™. For each cone
7 and each cone o containing 7 such that dim 0 = dim 7 + 1, there is a primitive integral vector
Ug/7 in Z" such that

Lg)r +TNL" =0 NZL",

called the primitive generator of o with respect to 7. Writing the weight of each cone o of X
by w(co), we say that X is balanced if for any codimension-1 cone 7 in X,

Z w(o) ) € T.

02T,
dim o=dim X
If X is balanced and of dimension d, we call X a d-cycle. Let | X | denote the support of X, i.e.
| X| is the union of all cones in X.

Definition 2.6. A nonzero rational function on a d-cycle X is a nonzero continuous piecewise
linear function ¢: |X| — R that is linear with a rational slope on each cone.

Definition 2.7. The tropical Weil divisor div(y) of a nonzero rational function ¢ on a d-cycle
X is the weighted codimension-1 skeleton of X with the weight for each codimension-1 cone 7
given as follows:

W= L v -o( L wloun).

02T 02T
dim o:=dim 741 dim o=dim 741
Let d < d and Z be a d’-cycle in X and ¢ a nonzero rational function on X. Then, the
tropical intersection product of Z and div(y) is the Weil divisor of ¢ .
By the work of [Mik07] and [KMO09], Mgffjp can be embedded as a rational weighted balanced

polyhedral fan in a real vector space. We recall tropical boundary divisors on Méfgp as follows.
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To begin with, for I C [n], we denote by v; the primitive generator of the cone in MSTSP that has
the combinatorial type of one bounded edge, and two vertices supporting marks in / and marks
in /¢ respectively. The tropical boundary divisor indexed by I can be defined as the tropical Weil
divisor associated with the following rational function given by I on M(t)f,?p.

Definition 2.8. For I C [n], the rational function ¢; on Mg'," is the linear extension of the map
defined as follow: for each primitive generator vg,

1 ifI=Sorl¢=2S5,
pr(vs) =

0 otherwise.

The tropical boundary divisor D} is defined to be the tropical Weil devisior of ¢y, i.e.
DYP .= div(¢py).

We denote D} by D for simplicity. In [Raul6, Lemma 2.5], Rau expresses each tropical
divisor D; for I C [n] as an integral linear combination of codimension-1 cones as follows. Each
codimension-1 cone o in Méfzp corresponds to a combinatorial type G, = (G, m, ) possessing
a unique vertex v satisfying val(v) + |m_!(v)| = 4. Upon denoting the elements in the edge set
of v unioned with m_!(v) as ey, e, €3, €4, we obtain a partition

P(o) = Pi(0) U Py(0) U Ps(0) U Py(o) F [n],

where each part

{ei} if e; € m_ ' (v),
Pi(o) = {marks supported on the component of G, \. {v} that con- otherwise.
tains e; }

Figure 2.2: The neighborhood of the unique vertex v in G, satisfying val(v) + [m~*(v)| = 4 for
a codimension-1 cone o in M;,". Here we visualise m ' (v) as half-edges.

Lemma 2.9 ([Raul6, Lemma 2.5]). Let I C [n]. The tropical divisor Dy is an integral linear
combination of codimension-1 cones of Méff;p. More precisely,

Dy = Z c(o)o,

dim(o)=dim(X)—1
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where the coefficient ¢(o) is

1 ifI = Pi(0) U P;(0), {i,7} C [4],
w(o) =< -1 ifl =P(o)or I°= Py(0), i € [4],

0 otherwise.

Example 2.10. We describe D,5 on Mérg . The relevant combinatorial types are shown in
Figure 2.3, where the first three combinatorial types have weight 1 and the last one has weight
—1in Dy5. Therefore, the tropical boundary divisor D5 can be written as linear combination
of codimension-1 cones as follows.

D45 = 1-dimensional cones with generators {vys, 13, V23 }

— 1-dimensional cone with generator {vys}.

1 3 1 2 9 Loy 1
2: 554 3: 554 3: 554 5: 532

Figure 2.3: The four combinatorial types appear in the boundary divisor D5, where the first
three appear with weight 1 and the last appears with weight —1.

trop
3. ¢-classes on M,
In this section, we introduce weighted tropical v-classes on Mgf;p. In Section 3.1, we define
weighted tropical 1)-classes as pushforwards of certain tropical cycles along pr°P. In Sec-
tion 3.2, we give a purely combinatorial description of the cones in these weighted tropical
1-classes, which enables us to show in Section 3.3 that each weighted tropical v)-class is a

rational multiple of the tropical Weil divisor of a rational function, generalising the result for
w = (1) in [KMO9].

3.1. y-classes on M,'," as pushforward of tropical cycles
Given a weight vector w, we define an abstract simplicial complex
Cw = {Sg[n]:Zwigl}.
i€s

Let C2 denote the elements of C,, of cardinality at least 2. For example, for 0 < ¢ < 1/3 and
w = (1®,e®)), we have C,, = {1,2,3,4,5,34,35,45,345} and C? = {34, 35, 45, 345}.
Firstly, we recall tropical 1/-classes on M.
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Definition 3.1 ((Mik07, Definition 3.1]). For N € [n], the tropical t)-class ¢y is the weighted
balanced fan of the closed cones of dimension n — 4 in Mg'? such that for each maximal cone
o in ¢y with corresponding combinatorial type G, = (G,,m,), G, have a unique vertex v
satisfying

val(v) + |m~*(v)| = 4and N € m;*(v).

The weight of each cone in ¥y is 1.

We are now ready to define weighted tropical 1-classes on M[t)f;p.

Definition 3.2. For w as in Convention 2.1 and N € [n], the weighted tropical ¢)-class ¢y ,, is

defined as
trop ., trop trop Dtrop
Nw = (prw )* (YN " — E s )
NeSec?

Remark 3.3. This definition of weighted tropical i)-classes is inspired by the classical -
classes on M,,,, studied first by Alexeev and Guy in [AGO8]. The authors proved that
Yy =70 (YNw) + D gecz Ds, where the divisor Dg parametrises all rational curves with a

“rational-tail” component marked by S € C2 and 7, is the projection morphism M, ,, — M, ,,.

Example 3.4. Let w = (1), £(2)). Firstly, we compute 1/1%25 using Definition 3.2 as follows.

FoP = priP (Y — Dys) = pric® (1) — prirP(Dys).

By Example 2.10, this becomes

trop
PTy,
trop

— prw

(1-dimensional cones with generators {vya, v13, V15, V23, V25, U35 })

(1-dimensional cones with generators {v;s, v13, V23 }).

t . . .
Thus ¥, 2P = 1-dimensional cones with generators {vqs, Vo5, Uss .
40 5, U25, U35

3.2. A combinatorial description of )-classes

We give a completely combinatorial description of tropical weighted 1)-classes on Mgfgp, which

will come handy when computing their intersection products. This description is analogous to
[MikO07, Definition 3.1] and [KMO09, Definition 3.1].

Theorem 1.2. Letn > 4,n—m >2,0<¢e < 1/m, w = (1™ &™), For N € [n], we have
the following two cases.

1. If N is heavy, then the class V., is the balanced subfan of Méfzp that is the union of
closed cones o of dimension n — 4 with associated combinatorial type G, = (G5, m,)
such that G, has a unique vertex v satisfying

val(v) + |m;*(v)| = 4and N € m_ ' (v).

2. If N is light, then 1 ,, is the balanced subfan of Méfgp that is the union of closed cones
o of dimension n — 4 with associated combinatorial type G, = (G, m,) such that
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(a) G, has a unique vertex v such that
val(v) + |m;*(v)| = 4 and N € m'(v).

. Lo . ¢ t
(b) o is not contained in maximal cones contracted by pri*°P : M,'>? — M.

Example 3.5. When w = (1), ("=2)) M"*P is the tropical analogue of the Losev—Manin
space, studied in [LMOO]. The theorem implies that ¢y ,, = @ for all N ¢ [2]. Their algebro-
geometric counterparts ¢ are also 0 for all N ¢ [2], as a result of [AG08, Lemma 5.5].

Example 3.6. Let w = (1©) £?)) and we compute Y1, and 14 ,,. The 1-dimensional cones
corresponding to those tropical curves with combinatorial types G, = (G, m,) possessing a
unique vertex v satisfying val(v) + |m;'(v)| = 4 and 4 € m!(v) are the 1-dimensional cones
with generators

V12, V13, V15, V23, V25, U3s.

The maximal cones in M's® that are contracted under the reduction map prf!

(14, £)) are those for which v is a primitive generator, which does not correspond to a w-
stable curve. These cones contain the codimension-1 cones generated by v, v13, V23, Which are
not present in ¢ ,, for N = 4, 5. See Figure 3.1. Therefore,

P for w =

4., = 1-dimensional cones with generators {v;5, vas, U35}
In contrast for N = 1, we obtain:

Y1 ., = 1-dimensional cones with generators {vaog, Va4, Vs, U4, U35}

Figure 3.1: The maximal cones in Mg's” contracted by prfP for w = (1), (%),

Proof of Theorem 1.2. For N € [n—m], theset{S € C,, : N € S} is empty. By Definition 3.2,

YNw = (prgop)*(d}N)'
Now suppose N € [n] \ [n — m]. Recall that by Definition 3.2

N = (prhP), (PR — > DY), 3.1)

NeSeC?
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Firstly, we consider the cones in )\ _ccc» ngmp that remain under pushforward of pr>°P. For
each S € C2 containing N, let

Ps = {0 : dim(o) =dim(X) — 1,N € S = P;(0) U Py(c0) € C2,{j, k} C [4]},
Ns = {0 : dim(0) = dim(X) — 1, N € S = Pj(0) € C2or N ¢ S° = P;(0) € C2,j € [4]},

standing for those cones appearing with positive coefficients and with negative coefficients re-
spectively in the tropical boundary divisor Dg. By Lemma 2.9,

Ds=> o— )Y o (3.2)

ocE€Pg UENS

We compute Dg under the pushfoward (pr!*°P),. Fix a codimension-1 cone ¢ appearing with
nonzero coefficients in the expression above. Let G, = (G,, m,) be its combinatorial type
satisfying that G, has a unique vertex v with val(v) + |[m~!(v)| = 4 and let the partition

Pi(o)U Py(o) U Ps(o) U Py(o) - [n]

be given in the same manner as in Section 2.2; we write P;(o) as P; for simplicity.
There are two cases, depending on whether the mark N € m~(v) or N ¢ m~*(v).

Case 1: If the marking N ¢ m~'(v), then {N} C P, for some i € [4]. Since G is a finite tree,
there exists a vertex u € V(G) such that val(u) = 1 and that m~!(u) C P,. Since P, C S € C2
by the fact that o has nonzero coefficient in Equation 3.2, we have that

(w)

kem—1(u keP; keS

Thus,
val(u) + Z w <14+1=2,

kem~1(u)

implying that G, is not a w-stable combinatorial type. Therefore, the pushforward under prt:°?
of o is empty.

Case 2: If the marking N € m™'(v), then without loss of generality let P, = {N}. Since
|S| > 2 and by the fact that o has nonzero coefficient in Equation 3.2, there are then 4 cases,
grouped by whether S = {N} U P, forsome i € [4] or S = {N}U P, U P, for {4, j} C [4], and
further subdivided by cardinality considerations.

Case 2(a): If S = {N} U P, for some i € [3] and |P;| > 2, then by the same argument as in
Case 1 when N ¢ m~'(v), there exists a vertex u € V(G) such that m~*(u) C P, C S € C?
and val(u) = 1. The vertex u is then a witness that G, is not w-stable and thus its image
pushforward under pri°P is trivial.

Case 2(b): If S = {N} U P, for some i € [3], | ;| = 1 and one of the remaining parts, say P,
for j € [4] \ {4, i} has cardinality 1. If we have that P; C [n — m], we have

val(v) + Z wp =2+ 2 > 2.
kem—1(v)
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Then G, is w-stable and thus the pushforward preserves o.
Case 2(c): If S = {N} U P, for some i € [3], | P;| = 1 and one of the remaining parts, say P
for j € [4] \ {4, ¢} has cardinality 1. If we have that P; C [n] \ [n — m]|, we have

val(v) + Z wp =14 3e < 2.

kem—1(v)

Then G, is not w-stable and thus the pushforward under pri°? is trivial.

Case 2(d): If S = {N} U P, for some i € [3], |P;| = 1, and both of the remaining parts have
cardinality greater than 1. Then the w-stability depends on the remaining parts P; for j ¢ {i,4}.

Case 2(e): If S = { N}UP,UP; for {i,j} C [3],itis an easy exercise using similar arguments
to see that G, is not w-stable and pushforward under pr2°? is trivial.

Now, denoting

Sns = {o: N € m *(v),if |Pj(0)| = 1 with j € [3], then P; C {[n — m]}},

Equation 3.1 becomes

UNaw = (Pryy™)s (wN— Z U) - Z 0.

UGSN,S O'GSNﬁs

Note that the cones in Sy s are exactly those cones with combinatorial types G, = (G,, m,)
such that the unique vertex v in (G, does not carry two light marks. Therefore, they are not

. . . . . . t . .
contained in a maximal dimensional cone in M, ¥ that is contracted. This proves the result. [

3.3. t/-classes on 1/ "°" as Weil divisors of rational functions

0,w

In this section, we define a rational function fy ,, for each N € [n] such that the tropical Weil
divisor div(fy,,,) is a multiple of ¢, in M'y>.

Definition 3.7. Let w be heavy/light as in Convention 2.1. Let I C [n] of cardinality 1 < |I| <
n — 1. We define a vector v; € R(;‘)—(?) as follows. Each coordinate of R@L)_(T;) is indexed
by a tuple 7' € ([g}) ~ ([7;}). For each coordinate indexed by T’ = {t1,t2} Z [n] \ [n — m], we

define
1 if|[INnT|=1 n_ (m
e =41 HOTI=1 gy
0 otherwise

For example, when n = 4, w = (1%), I = 24 C [4], the vector vo, = (1,0,1,1,0,1).
The motivation for defining such vy is as follows. The vector v; is the primitive vector in Mgff;p
corresponding to a 1-dimensional cone with two vertices and one bounded edge of length 1,
such that the markings in I on are supported on one endpoint of the bounded edge and [n] ~
is supported on the other endpoint. Each 1-dimensional cone in Méf;’)p is the primitive vector v;
for some I C [n]. Note that v; = v, ;.

For N € [n|, we define

Vnw = {vr € Mgy?: N ¢ I and |I| = 2}
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By a similar argument as in [KMO09, Lemma 2.3], we obtain that for any heavy/light vector
w = (1= (™)) and N € [n] that the span of elements in Vy ,, is precisely the quotient space

R,,i.e. G-
V) =Ru =" ()

The next definition/lemma follows from the same ideas as [KMO09, Definition/Lemma 2.5].

Definition/Lemma 3.1. For any N € [n|, any primitive generator v; has a unique positive
representation in Vy ,,
vy = Z CsUs

USEVN,w

satisfying that
1. if N € I,then S C [n] \ I; otherwise, S C I,
2. for all vg € Vv i, we have cg > 0;
3. there exists vg € Vi with cg = 0.

For example, if the weight vector w is (17, (™)) and N = 4, Viw 18 {v12, 13, Va3, V25, U35}
The positive representation of vy is v34 = v12 + v15 + Va5, and the positive representation of vq3
iS V13 = VUgyq + Vos.

Motivated by this definition, we define the following function that is linear on each cone
of My"P.

Definition/Lemma 3.2. For each NV € [n], we define a rational function fx, on Mgf;p by

1 ifvr € Vyw,
0 otherwise.

fN,w(UI) - {

and linearly extend fy ., to R(:)-(3), particular, the function fy,, is linear on each cone
of MUI<P.

For w = (1(”)), the linearity of fx,, on each cone was derived in [KMO09, Lemma 3.3]
where they defined an analogous rational function fy on M(t)fsp. Kerber—Markwig also showed
that the Weil divisor div( fy) is a multiple of the tropical 1/-class ¢y on M, ", which reduces the

O,n

question of intersecting tropical i/-classes to intersecting Weil divisors with tropical -classes.

Proposition 3.8. [KMO09, Proposition 3.5] Let w = (1). With notation as above, we obtain

that .
div(fnx) = (n; )%v-

Our next theorem is an analogous result on M_"°, generalising the above proposition.

O,w
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Theorem 1.3. Forn > 4,n—m >2and 0 < e < 1/m, w = (1™ (™) and N € [n], we
have the following equality of tropical divisors

diV(fN,w) = K(N7 w)¢N,wa
where the coefficients K (N, w) depend on n, m as follows.

1. ifn —m = 2, i.e. the weight vector w contains exactly 2 heavy weights, then

N B
K(N,w) = m if N € [n—m],
2m — 2 otherwise;
2. ifn—m > 2, then

K(N,w):{

Remark 3.9. Note that when n —m = 2and N € [n] \ [n — m], the tropical ¢)-class ¥y, is
empty; see Example 3.5. In particular, we have that div(fy,,) is empty.

Now we are positioned to adapt the result in [KMO09, Remark 3.4] to the weighted case,
allowing us to write the tropical weighted )-classes as a rational multiple of the tropical Weil
divisors.

Proof of Theorem 1.3. Fix N € [n], and denote Mg',". For each codimension-1 cone 7 in X,
we compute the weight of fx ., on 7. Recall that

PRCENED S ECINSEY N G DR G

0T 02T
dim o=dim 7+1 dim o=dim 7+1

Since 7 has codimension-1 in Mgff;p , it parametrises tropical curves with combinatorial types
G, = (G,,m,) such that G, has a unique vertex v satisfying val(v) + m_!(v) = 4. We again
obtain a partition

Pi(o)U Pyo)U Ps(o) U Py(o) - [n]

in the same manner as in Section 2.2; write P, = P;(o) for all . There are at most 3 top-
dimensional cones ¢ containing 7, corresponding to tropical curves with combinatorial types
shown in Figure 3.2. Any such top-dimensional cone o contains 7 in Mgf;p if and only if
the primitive generator u, /. correspond to a w-stable tropical curve. Equivalently, the top-
dimensional cone o contains 7, if and only if the primitive generator uq/r = vs, = Vs,
exists in M, if and only if

O,w »

Zwi>1, and Z w; =1,

€S, 1€[n]\Se
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where S, € {P{UP,, PUPs, PUP,}. Furthermore, for each u, /, present in // Or;p, the unique
positive representation is given by Definition/Lemma 3.1. Therefore, we have that

PRNCENED DI TSR G SR T

0T 0T
dimo=dim 7+1 dim o=dim 7+1
= E wa( E Co SUS) — fN,w( E w(U)( E Ca,svs))-
02T 'USEVN w 02T USEVN,w
dim o=dim 7+1 dimo=dim 7+1

Switching the order of summation and evaluating fy.,(vs) = 1, we have that

Wiy (T Z Z w(0)Cos = fruw Z Z w(o) (Ca,50s)

vSEVN w 02T vSEVN w 02T
™ dim o=dim T+1 dimo=dim 7+1
We note that ZUSEVN vg = 0 by a similar argument as in [KMO09, Lemma 2.4]. Therefore, we

may obtain the unique positive representation of the argument of fy ,, in the second term above,

by subtracting M; ), i, vs, where
M, = min w(o)c :
T vS(E‘GV,UI <i :E:: ( ) Uﬂ9:>

ooT
dim o=dim 7+1

Therefore, the weight of fy ,, on 7 becomes
Wiy, (1) = Y M, =K(N,w)M,
vseVN,w

by linearity of fx .. Then Lemma 3.11 and 3.12 gives the desired result.

Py Py P P, P Py

P2 P4 Pg, P4 P4 P3
Figure 3.2: The combinatorial types of the 3 top-dimensional cones sharing a common
codimension-1 cone with combinatorial type in Figure 2.2.

]

The following corollary holds immediately from the proof of Theorem 1.3.

Corollary 3.10. In the situation of Theorem 1.3, let Z be an arbitrary d-cycle in Mgff;p
for d < n — 3 and let T be a codimension-1 cone in Z. The weight of T in the intersection
product of Z and Y ,, is

w<r>=mmvs%( 3 w<a>),

o2T
dim(o)=dim(7)+1
AJ/T DS

where A, ); C [n] N\ {N} is the unique set, such that the primitive generator u, /- = v

o/T°
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We now prove the two lemmata used in the proof of Theorem 1.3.

Lemma 3.11. In the situation of Theorem 1.3, for each codimension-1 cone Tin X, and N € [n],
the quantity

. j : 1 lfT € 'QDN ws
\Z :_ _ b
T Usrél‘}'ll;fl,w ( W(J)CU7S) {

0 otherwise.
o7

dim o=dim 7+1

Proof. Since 7 has codimension 1 in X, it parametrises combinatorial types with a unique vertex
v such that val(v) + m~!(v) = 4. We obtain a partition ALl B C' U D + [n] in the manner of
Section 2.2 and without loss of generality assume that N € A. There are two cases:

Case 1: {N} = A. For any vg in Vy,, S is contained in one of {BUC, BU D,C' U D}.
Furthermore, by w-stability and without loss of generality, there exists b € B and ¢ € C' such
that vy, .y € V. Consider all o 2 7 with dimo = dim 7 + 1; the number of times vy, )
appears in S;/, is 1 where S,/, C [n] ~. {N} such that the primitive generator u,/, = vg, P
Thus {b, c} is a witness of the minimum value of

Z w(o)css = 1.

0T
dim o=dim 7+1

Case 2: {N} C A. Then there exists at least one other element, denoted by j in A. For
any vg € V;,, such that j € S, we have that S N A # &, and thus S is contained in one of
{BUC,BUD,CU D}. The set vg is a witness of the minimum value of

Z W(U)CU,S = 07

0T
dim o=dim 7+1

giving M, = 0 in this case. In both cases, we used the fact that for any o satisfying o 2 T,

dimo = dim7 + 1, ¢, g = 1if S C S;/; and 0 otherwise. Here, S, is the unique subset of
[n] . {N} such that u,/, = vg,,. . O
Lemma 3.12. Forn >4, n—m >2and0 < & < 1/m, w = (1= (™) e have that

1. ifn —m = 2, i.e. the weight vector w contains exactly 2 heavy weights, then

m N € 2],

2m — 2 otherwise;

K(N,w) = {

2. ifn—m > 2, then
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Proof. Fix N € [n]. Recall that K (NN, w) is the number of subsets S C [n] such that |S| = 2,
N ¢ S, and the tropical curve with only one bounded edge supporting S on one endpoint is

w-stable, i.e.
Zwi>1,and Z w; = 1.
Nes NenNS

For (i), suppose N € [2]. Any S € Vi, is precisely of the form ([2] \ V) U j for a light weight
index j € [n| \ [2]. Thus K (N, w) is the number of ways of choosing a light weight index, and
is m. Now suppose N € [n| \ [2]; then any S € Vy,, is of the form j U k for j € [2] and
k € [n] ~ (N U [2]), giving the count K (N, w) = 2(m — 1) = 2m — 2.

For (ii), any 2-subsets of [n] not containing N can be Vy,, except for those contained in
[n] \ [n — m]. In the case when N € [n — m], this excludes (') subsets of [n] \ [n — m]; when
N € [n] \ [n — m], this excludes the (7)) contained in [n] . [n — m] but not containing N. [

4. Tropical local multiplicities and intersection numbers

In this section, we prove Theorem 1.1, and we first prepare by introducing the notion of tropical
local multiplicity at each vertex of a tropical curve.

Definition 4.1. Let w be as in Convention 2.1 and a set S C [n], a partition P = P, L --- LI P,
of S is totally w-unstable if
Z Wy < 17

1€ P;
forall j € [r].

We denote the set of all totally w-unstable partition of S by P,,(.5).
We will use the following definitions involving set partitions.

Definition 4.2. Given a partition
P=PU---UP.FM

of a set M and a subset S C M, the partition P is called S-admissible if there exists a subset
I C [r] such that L;e P, = S.

As an example, consider the partition P = {1,23,4} + [4] and the subset S; = 12 and
So = 234. Then P is Sy-admissible but not S;-admissible.

Definition 4.3. Given a sequence of numbers KX = {k;};cz_, and a partition P of a subset of
Z~y, the P-sequence of K is

K(P) := {1 —|P| + ij} .
jEP; 1€2L>0

Next, we define the tropical local multiplicities at the vertices of abstract tropical curves.
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Definition 4.4. Let o be a cone in M;'," with combinatorial type G, = (G,,m,) and let
v € V(G,). We define the tropical local multiplicity at the vertex v of o as

TLM,(v) = ) (_1)|mal<v>e<P)(K(PZiK(P)i >

K
PeP,(my ' (v)) h (P)ar)

Remark 4.5. Importantly, Lemma A.1 implies that TLM,, (v) is always nonnegative.
Question 4.6. Is there a natural enumerative interpretation for TLM,,(v)?
We are now ready to formulate Theorem 1.1 precisely.

Theorem 1.1. Let w € (Q N (0,1])" be heavy/light, and K = (ki,...,k,) € (Zso)". The

intersection product || 1/)11“ ., s the weighted subfan of Méf{;p consisting of closures of the cones
i=1
of codimension ), k; satisfying the following conditions:

n
1. For each maximal cone o in [] @wa with combinatorial type G, = (G,,m,), and for
i=1

each vertex v € V(G,), we have

val(v) + [m; (V)| =3+ Y ke

iemgt(v)

2. The weight of a maximal cone o in [ ¢sz with combinatorial type G, = (G, m,) is the
i=1
product of the tropical local multiplicities at all vertices of G, i.e.

wo)= ] TLM,(v)

e K(P),
-1 3 ymter >(K(P)213m§<<) )K(P)).

vEV (Go) PEP (v)

Proof of Theorem 1.1. We prove by induction on the number of intersecting weighted tropical
y-classes, or equivalently, ) . k;. To proceed, we set the following notations for convenience.

1. If P(M) is a set of partitions of a set M, we denote the set of S-admissible partitions by
P(M).

2. Given any partition P = P, LI---U P, of [n] and I C [r], we set Supp({ P, }icr) := Uier P,
i.e. the support of some parts is the union of those parts.

3. For any cone o, write the combinatorial type of ¢ as G, = (G, m,). Write V(G,,) and
E(G,) as the vertex and the edge set of G,,.

4. In the inductive step, denote I = [[ ¢ and Iy = ¢ [[ ¢ for N € [n].
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5. Given a codimension-1 cone 7 in I and vy € Vi, define
S(r,up)={oc:0271,0€l, andT C S,/.},
where for each o, S, /- is the unique set [n] ~. { N} such that u, /. = vg, ,, as usual.

6. Given a codimension-1 cone 7 in I and vy € Viv,,, let

Y(r,v7) = Z w(o).

ceS(r,Vr)

The base case is when ) . k; = 1; there is ¢ € [n] such that k; = 1, k; = O for all j # 7 and
then the combinatorial description of a weighted tropical v-class in Theorem 1.2 implies the
desired result. For the inductive step, we assume that Theorem 1.1 holds for I. We compute I
for N € [n] and there are two parts to prove.

For part (i), suppose 7 is a codimension-1 cone in I and thus G is the edge-contraction of
an edge e € E(G(0)) for some maximal dimensional cone o in I. By the induction hypothesis,
the vertex v in GG, as the result of the edge-contraction of e satisfies

val(v) + [mz ! (v)] = (val(vr) + [mg " (v1)] = 1) + (val(ve) + [mg " (v2)| = 1)

Furthermore, following a similar argument in the proof of [KMO09, Theorem 4.1], we have
that N € m~'(v). Then the above can be rewritten as

val(v) + |m; (0)] =3+ (L+ky)+ Y ki
iemy(v),
i#N
as desired and proving part (i).

For part (ii), let us restate Theorem 1.1 (ii) as follows. Firstly, note that for each o such
that 7 C o € I, writing the contracted edge as ¢ € FE(G,) with endpoints v; and vy, we
can assume without loss of generality that N € m!(v;). Furthermore, by Corollary 3.10 and
recalling set notations,

w(r) =, min ( 2 w@) = oin (7 vr).

oeS(tvr)

Let T = {t1,t2} C ([n] ~ {IV}), such that the above minimum is achieved.
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We make two observations about such 7™. Firstly, because vy~ € Vi, we may as-
sume w;, = 1 without loss of generality. Secondly, we may assume that ¢;, ¢, are marks on
distinct connected components of GG, \ e. Otherwise, suppose t1, t, are marks on the same con-
nected component of G, \ e and take t;, # N to be any mark on another connected component,
then

S(7,vp+) C S(7,041,,13)-

By Lemma A.1, we have w(o) > 0 for any 0 € S(7, vg) for Vg € Vi ,,. This implies that
E(T, UT*) < 2(7’7 U{tl,t’Q})-

Therefore, we hereafter take 7% = {t1,t2} C ([n] ~ {IN}), such that ¢, ¢, are contained in
distinct connected components of G, \ e and w;, = 1, and we compute w(7) = X(7, vr+ ). Now
we want to show that

S(roop) =[] TLM(v). (4.1)

We further simplify the above by making the following observation: recall that (7, vp«) =
Y oes(rupe) W(0). By the inductive hypothesis, the weight of each o equals

wo)= [] TLM,(u).

uGV(Ga)

By Remark 4.5, any o € S(7, vr+) satisfies that

[ ™M.(v)= ][ TLM:(w).

wEV(Gy), weV(Gr),
UFAVL V2 WHV

Cancelling out these terms on both sides of Equation (4.1), proving Equation (4.1) amounts to
showing that
Z TLM, (v;)TLM, (v2) = TLM,(v). 4.2)
o€S (T, V)

To proceed, we study the range of the summation above, namely, the set S(7, V). The
cones in S(7, Vr+) can be described completely combinatorially: for any such o, again writing
the contracted edge as e with endpoints v, and vy, we have that

1. for the markings m_!(v) = m ! (vy) Umt(vs);
2. the marking N € m*(v;) by assumption; and
3. T is contained the same component of G, \ e as vs.

Therefore, writing m_ ' (v;) as S and m_*(v) as M, the left hand side of Equation (4.2) is

> TLM,(0)TLM,(vs) = ) > TLM,(0)TLM,(vz).  (4.3)

c€S(T,Vr+) NeSCM, o€l
T*CMNS S=mg1(v))
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We now analyse the right hand side of Equation (4.3). For each S, the number of maximal
cones o satisfying that .S is the set of markings supported on v, is precisely the number of distinct
ways of distributing edges adjacent to v. The total number of edges adjacent to v is

val(v) =4 — [M[+> k.
ieM
Furthermore, for any such cone o, by our assumption that ¢, ¢, are on different components
of G, \ e, there are precisely 2 edges on the same components with ¢, and ¢, respectively that
are not adjacent to v;. Thus the total number of edges adjacent to v in GG that could be adjacent
to v in G, is
val(v) —2=4-2— [M[+ > k=2 M|+ k.
ieM ieM

The total number of edges adjacent to v; and existent in GG, is equal to the valence of v; sub-
tracting 1 (disregarding the edge e):

val(v)) = 1=3-1— S|+ > ki=2—[S]+ ) k.
€S (sh
Therefore, the total number of maximal cones o in I such that S = m_'(v;) is precisely the
binomial coefficient
(2 — [M|+ ZieM kl)
215 +Z@'eski .
Moreover, for each such S and o, the product of tropical local multiplicities at vy and vy is

—0(Py ZiK(Pl)i
Z (-1 )<K(P1)1,...,K(P1)e(P1))

PiePy(S)
> (e ( > K(Py)i )
P2EPw(S°) K(P)y, - K(Py)ur)

Next, we observe that
{PIUP2 . Pl € Pw(S)7P2 GPM(SC)7NE Sutl ¢ S7t2 ¢ S7S g M}

is precisely the S-admissble partitions in P, (M ), such that ¢, and N are not contained in the
same part of the partition.
To summarise, the right hand side of Equation (4.3) becomes

Z<—1>A( 2= M|+ Y ki )( KR ) (4.4)
e 2 = [Ujeur) Prjl + Lies ki) \IK (P, -, K(P)oe)

(K (Pz)lz,:-i -[i(f]?()é’z)aPz) ’

where
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1. P € P,(M) with t5, N not in same part of P;
2. PLUP, = Psuchthat N € Supp(P,) and t1,t2 & Supp(P1);
3. A= |M|—((P).

We simplify Equation (4.4) as follows. Firstly, we note the following equality of the binomial
coeflicients

( 2= M|+ iens ki )Z( 2= Ll(P) + 2 e ki — (IM] = £(P))) )
2 — [Supp(Py)| + Xics Fi (P) + > ses ki — (ISupp(Py)| — £(F1)) )

Secondly, we observe that

> ki— (M| (P }:(}:k> (IR —1) = E:Kuw

ieM PeP \jep;
and that
S (sl - A = Y (X k)~ (Pl -0 = SRR,
NeSupp(P1), P iePy NjeP; i

t1,ta ¢SuppP1

Third, observe that for a fixed P € P,,(M), and any pair of P, and P, such that { P, }U{ P>} = P,
the terms indexed by (P, P,) in the right hand side of Equation (4.4) have the same denominator

HK(Pl)i!HK(ng! = HK(P) !
Therefore, Equation 4.4 equals
(—1)IMI=6P) 2—¢P)+Y, K
2 LR {Pl}%}:PQ —UP)+ Y, K ) (ZK ). (;K(P2>j)"

t2,N not in N€&Supp(Pr)
same part of P t1,t2ZSupp(Py)

By [KMO09, Equation (3)], for fixed P the second summation becomes

> (B ) (T () - e

{P1}U{P2}=P

where P* is the unique part in P such that N € P*. Putting everything together, Equation 4.4
becomes

M|—L(P >, K(P)+1)!
PE%M) (—1)MI=« )(K(P*)1+1)HiK(P)Z-!' 4.5)

ta,N not in
same part of P
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By Lemma A.2, we have that Equation (4.5) achieves minimum for such 7™, where t; and /V can
never be in the same part of P. For such a choice of 7™, we obtain that Equation (4.5) becomes

M|—£(P (> K(P)i + 1)! _
L OO s o - T

as desired. ]

One immediate corollary is that, when w = (1), we recover the result of Kerber-Markwig
on Mgfgp. In the case of top dimension, this also confirms Katz’ expectation that the tropical
intersection product of ¢/-classes coincides with their classical counterparts, computed in [AGOS,
Theorem 7.9]. See Corollary 1.1 and Corollary 1.2.

A. Technical lemmata for Theorem 1.1

We now prove two lemmata, giving a characterisation of the primitive generators for maximal
cones o that minimise the sum appearing in the inductive step in the main theorem. Lemma A.1
is a recursive formula of the multinomial coefficient and a concrete application of the inclusion-
exclusion principle. Lemma A.2 is a direct application of Lemma A.1 to yield the desired char-
acterisation.

Lemma A.1. Let w be as in Convention 2.1 and K = (ky, ..., k,) € (Z=0)". Then

2 0 i ) 20 b

PEPy(S) Ly

Proof. The proof proceeds by induction on n + ) . k;. In the base case whenn + Y . k; = 1,
we must have that n = 1, k; = 0 for all ¢, and thus the equality holds trivially. Assume that the
result holds for all n’ > 1,k},... k], € Zso, suchthat ' + > ki <n+> k.

To compute the left hand side of (A.1), for each P € P,,(.5), we apply the recursive formula
for multinomial coefficients:

((P)

> K(P)i _ (22 K(P)i) — 1
(K(P>17"'7K(P)€(P)) _Z (K(P)la"'7K(P>j_1""7K(P)Z(P))‘

j=1

Then the left hand side of (A.1) becomes

S|—u(P 2. K(P)i
> (=B )<K(P1),...,K(P)z)

PePy(S)
oP)
= 3 (cpsn YT ( > K(P)i—1 >
PePy(S) j=1 K(P)1’7K(P)] - 1)7K<P)K(P)

To proceed, we prepare new notations as follows.



26 Marvin Anas Hahn, Shiyue Li

l. Forodg CICS~[n—m]setSr:=5~TU{es}.

2. Setk,, := > ,.; ki — |I| and K be the sequence obtained from K by deleting k; indexed
by [ and appendlng Ko, .

3. Set wy := (1™ £(m=I1+1)) to be the weight vector obtained from w by deleting the
weights indexed by I and appending the weight of the mark e; as ¢.
Firstly, since |S;| =n — |I| + 1 and || > 1, we have
Zkﬁ- S| :Zk@'— ||+ |S7] :Zkl-—i-n—Q]I] +1< Zkﬁ—n.
i€S; ies i€s ieS
Secondly, we have the following claim:

oP)

S|—¢(P Zz K(P)i
D, (FYEEA (K(P)l,...,K(P)j—1,...,K(P)g(p)) (A2)

PePy(S) j=1
— Z Z 1)sil- E(P)( > Ki(P); )
@CICSN\[n—m] PEPy, (S1) KI(P)17 v 7KI<P)Z(P)

To prove the claim, we fix P € P,,(S), j € [¢(P)], and compare the coeflicients of the multino-
mial coefficient
> K(P);

(K(P)l, L K(P);—1,. .. ,K(P)g(P))

on both sides. Observe that it appears with coefficient (—1)I%I=“") on left hand side of Equa-

tion (A.2). On the right hand side of Equation (A.2), for each nonempty I C P;, the partition

Plu---u(@\Iu{.f})u---upg(m

isin P, (S7). Thus, the multinomial coefficient appears on the right hand side of Equation (A.2)

with coeflicient
Z (_1)|SII—E(P) - Z (_1)\5\—|1\+1—€(P)
QQICPJ‘ @gICPJ
= (—1)51-4P) Z (=11
|7y
: P
— (-1 |S|—£(P) -1 i+1 ’ J
RO NN
— (_1)ISI—€(P)’
thus proving the claim. The last equality is an application of the inclusion-exclusion principle
in terms of binomial coefficients: for any integer m > 0,

i(—w’“ (Tj) ~1.

i=1
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Lastly, by the induction hypothesis, every summand

up > Ki(P);
Z (=1 ()(KI(P)l,...,Kz(P)e(P))

PEPwI (S[)

of the right hand side of Equation (A.2) is nonnegative, and thus the entire sum is nonnegative.
Therefore, we obtain that

P Zz K(P>%
> (pE )<K(P)1,...,K(P)g(p)) >0,

PePy(S)
as desired. ]
The following lemma is a direct application of Lemma A.1.

Lemma A.2. Let w be as in Convention 2.1 and S = |[n|. Let N be an element in [n],
T = {t1,ta} C ([n] ~ {N}) with t, € [n — m], then the following inequality holds:

L{(P K %
0 o ) <

PePy(S)

ol SLE(P),
2 (0° ”(Ku ,K<P>ap>

PePy(S)
ta,N not in
same part of P

Proof. We first observe that the left hand side is

S|—4(P 2 K(P);
>, (¥ ()(K(P)l,.--,K(P)e(P))

PePw(S)
t2,N not in
same part of P

, JK(P);
i Z (_UISI—Z( ) <K(P)1Z,: - ,(K)(P)e(P)> .

PePy(S)
to,N in
same part of P

The proof amounts to showing that the second term is not positive. There are two cases, depend-
ing on the weights indexed by ¢, and V.

Casel :Ifw, =1orwy = 1,then s and N are never in the same part of the partition and
lemma follows immediately.

Case2 : If w, = wy = ¢, we prepare notations for the analysis that follows:
1. SetS":= S~ {ta, N} U {e}.

2. Let kq := ky, + ky — 1 and K’ be the sequence obtained from K by deleting k;, and ky
and appending k,.
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3. w' = (10=™) £(m=1)) i5 the weight vector obtained from w by deleting the weights in-
dexed by t5 and [V, and appending the weight of the mark e as .

Then

S|—e(P 22 K(P);
>, (D7 ()(K(P) ...,K(P)w))

PEP,(S) b
to,N in
same part of P

- ¥ (—1)S'|—€<P>( 2. K'(P)i )
PeP(S) K/(P)ry - K (Par
<0

by Lemma A.1, thus proving the lemma. 0
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