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Abstract. A finite classical polar space of rank n consists of the totally isotropic subspaces
of a finite vector space equipped with a nondegenerate form such that n is the maximal
dimension of such a subspace. A ¢-Steiner system in a finite classical polar space of rank n
is a collection Y of totally isotropic n-spaces such that each totally isotropic t-space is
contained in exactly one member of Y. Nontrivial examples are known only for ¢ = 1
and ¢ = n—1. We give an almost complete classification of such ¢-Steiner systems, showing
that such objects can only exist in some corner cases. This classification result arises from
a more general result on packings in polar spaces.
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1. Introduction

A t-Steiner system is a collection Y of n-subsets of a v-set V' such that each t-subset of V'
is contained in exactly one member of Y. The long-standing existence question for ¢-Steiner
systems has been settled recently: it was shown in [Kee14] and [GKLO16] that, for all ¢ < n and
all sufficiently large v, a t-Steiner system exists, provided that some natural divisibility conditions
are satisfied.

It is well known that combinatorics of sets can be regarded as the limiting case ¢ — 1 of
combinatorics of vector spaces over the finite field IF,. Indeed, following [Cam74] and [Del78],
a t-Steiner system over I, is a collection Y of n-dimensional subspaces (n-spaces for short) of
a v-space V' over [, such that each ¢-space of 1 is contained in exactly one member of Y. It is
remarkable that, in the nontrivial case 1 < ¢ < n < v, Steiner systems over [, are only known
for a single set of parameters [BEO™ 16], namely for (¢, n,v) = (2,3,13) and ¢ = 2.

We may consider these objects as g-analogs of Steiner systems of type A,_1, as V' together
with the action of G L(n, ¢) is of this type. We study g-analogs of Steiner systems in finite vector
spaces of types %Ay, 1, %A, B, C,, D,,, and 2Dn+1 (using the notation of [Car93]). In each
case, the space V' (defined over [F > for 2Ay,_1 and %A,,) is equipped with a nondegenerate
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form and the relevant groups are U(2n, ¢*), U(2n+ 1,4¢*), O(2n + 1, q), Sp(2n, q), O*(2n, q),
and O~ (2n + 2, q), respectively. The notation is chosen such that the maximal totally isotropic
subspaces of V/, called generators, have dimension n (see Table 2.1). A collection of all totally
isotropic subspaces with respect to a given form is a finite classical polar space (or just polar
space) of rank n and we denote this space by the same symbol as the type of the underlying
vector space. A t-Steiner system (of n-spaces) in a polar space P of rank n is a collection Y of
generators in P such that each totally isotropic ¢-space of V' is contained in exactly one member
of Y. These objects are sometimes called regular systems or 1-regular systems in the literature.

A 1-Steiner system in a polar space is known as a spread, whose existence question has
been studied for decades (see [Seg65], [Dye77], [Tha81], [Kan82b], [Kan82a], [CCKS97], for
example), but is still not fully resolved (see [HT16, § 7.4] for the current status). The only other
known nontrivial ¢-Steiner systems in polar spaces occur for ¢t = n — 1 in D,, and equal one of
the two bipartite halves of D,, (see Section 2), which are the two orbits under SO (2n, ¢) acting
on the generators of D,, [Tay92, Thm. 11.61].

We prove the following classification result.

Theorem 1.1. Suppose that a polar space ‘P of rank n contains a t-Steiner system with 1 <t <n.
Then one of the following holds

(1) t=2and P =?As, or 2Dn+1 ‘or odd n,
(2) t=n—1and P =2Ag, or*D, 1 for ¢ > 3, or P = D,,.

Regarding the possible cases that remain in Theorem 1.1, we conjecture that, if a polar
space P of rank n contains a ¢-Steiner system with 1 < ¢ < n,thent =n —1land P = D,,.
The special cases (n,t) = (4,2) and (n,t) = (5,3) in Theorem 1.1 were recently proved
in [CMPS22] and the results in the cases t = n — 1 are essentially known (see Case (C1) in
Section 4). All other cases appear to be new. In fact we prove a result on packings that is
stronger than Theorem 1.1 in most cases.

An elementary counting argument shows that the size of a ¢-Steiner system in a polar space
necessarily equals the total number of totally isotropic ¢-spaces divided by the number of ¢-spaces
contained in a generator. Our proof of Theorem 1.1 is based on the fact that a set Y of generators
in a polar space is a t-Steiner system if and only if Y has the correct size and dim UNW < ¢ forall
distinct U, W € Y. Accordingly we define a d-code in a polar space P to be a set of generators Y
of P, such that n — dim U N'W > d for all distinct U, W € Y (here (U,W) — n—dimU NW
agrees with the subspace metric used by coding theorists). Our main result, Theorem 3.1 and
Corollary 3.4, is a bound on the size of a d-code in a polar space, which is sharp up to a constant
factor in many cases. The bound is obtained using the concept of an association scheme and
the powerful method of linear programming. It is then not hard to show that in most cases the
bound is too small for a ¢-Steiner system to exist, eventually leading to Theorem 1.1. Numerical
evidence suggests that in all cases remaining in Theorem 1.1 the linear programming bound
in the corresponding association scheme equals the size of the corresponding putative Steiner
system. Hence it seems that entirely new techniques are required to deal with the remaining
cases.
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We organize this paper as follows. In Section 2 we recall relevant facts about association
schemes in general and about association schemes arising from polar spaces in particular. In
Section 3 we obtain bounds on the size of d-codes and in Section 4 we show that, in most cases,
these bounds are smaller than the size of a corresponding Steiner system. Some corner cases
will be treated separately.

2. The association schemes of polar spaces

We start this section with some basic facts about association schemes. For further information,
we refer to [Del73], [BI84], [BCN89], and [BBIT21]. We will then introduce polar spaces and
their associated association schemes.

A (symmetric) association scheme (X, (R;)) with n classes is a finite set X together
with n + 1 nonempty relations Ry, Ry, ..., R, such that

(A1) Ry is the identity relation and all n + 1 relations partition X x X,
(A2) each relation is symmetric, that is, if (z,y) € R;, then (y,z) € R;,

(A3) for every pair (z,y) € Ry, the number of z € X with (z,2) € R; and (2,y) € R;isa
constant pf’j depending only on i, j, and k, but not on the particular choice of (z,y).

Let (X, (R;)) be an association scheme with n classes. For each relation R;, the adjacency
matrix of the graph (X, R;) is denoted by D; (with D, being the identity matrix). The complex
vector space spanned by the matrices Dy, D, ..., D, is acommutative matrix algebra of dimen-
sion n + 1, called the Bose—Mesner algebra of the association scheme. There exists a unique
basis of minimal idempotent matrices Fo(= 1/|X|J), E1, ..., E, for this algebra, where .J de-
notes the all one matrix. A change of bases yields the existence of unique real numbers P;(k)
and Q) (7) such that

n 1 n .
Di=> P(k)E;, and E, = X > Qr(i)D;.
k=0 =0

The numbers P;(k) and Q(7) are called P-numbers and QQ-numbers of the association scheme
(X, (R;)), respectively. Write v; = P;(0) and pr = Qx(0), which are called valencies and
multiplicities of the association scheme, respectively. Indeed P;(k) is an eigenvalue of the graph
(X, R;), each column of Ej, is a corresponding eigenvector, and the rank of Ej, equals . In
particular v; is the valency of the graph (X, R;). The P- and (Q-numbers satisfy

pePi(k) = v;Qp() foralli,k=0,1,...,n 2.1
1 n
X > Pi(k)Qx(j) = 6;; foralli,j=0,1,...,n, (2.2)
k=0

where §;; denotes the Kronecker J-function.
An association scheme is called P-polynomial with respect to the ordering Ry, Ry, ..., R,
if there exist polynomials f; € R|[z] of degree i and distinct real numbers ¥, 1, . . . , Y, such that
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Pi(k) = fi(yg) foralli, k = 0,1, ..., n. Similarly an association scheme is called Q)-polynomial
with respect to the ordering Ey, F1, . .., F, if there exist polynomials g, € R[z] of degree k and
distinct real numbers 2, z1, . . ., 2, such that Q¢ (i) = gx(z;) forall i,k =0,1,... n.

Next we will introduce polar spaces. Let V' be a vector space over a finite field with p el-
ements equipped with a nondegenerate form f. A subspace U of V is called fotally isotropic
if f(u,w) =0 forall u,w € U, or in the case of a quadratic form, if f(u) = 0 for all u € U.
A finite classical polar space with respect to a form f consists of all totally isotropic subspaces
of V. Itis well known that all maximal (with respect to the dimension) totally isotropic spaces in
a polar space have the same dimension, which is called the rank of the polar space. The maximal
totally isotropic spaces are called generators. A finite classical polar space P has the parame-
ter e if every (n—1)-space in P lies in exactly p®™! 41 generators. Up to isomorphism, there are
exactly six finite classical polar spaces of rank n, which are listed together with their parameter e
in Table 2.1. We refer to [Cam92], [Tay92], [BCNS89, § 9.4], [Ball5, § 4.2], and [HT16, § 5.1]
for further background on polar spaces. (We emphasize that, in this paper, the term dimension is
used in the usual sense as vector space dimension, not as projective dimension sometimes used
by geometers.)

name form type group dim(V) p e
Hermitian Hermitian 24,, ;  U(2n,q?) 2n ¢ —1/2
Hermitian Hermitian  24,, U@2n+1,¢*) 2n+1 ¢ 1/2
symplectic alternating  C, Sp(2n, q) 2n q 0
hyperbolic  quadratic D, Ot (2n,q) 2n qg -1

parabolic  quadratic B, O2n+1,9) 2n+1 ¢ 0
elliptic quadratic ?D,.;, O (2n+2,9) 2n+2 ¢ 1

Table 2.1: List of all six finite classical polar spaces.

Let X consist of all generators of a polar space of rank n and define the relations
R ={(UW)e X x X :dim(UNW)=n—i} fori=0,1,...,n. (2.3)

Then (X, (R;)) is an association scheme with n classes (see [BI84, § 3.6], [BCN89, § 9.4],
[BBIT21, § 6.4], for example). It is well known that

n

X[ =] +p"). (2.4)

=1

Defining the g-binomial coefficient
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for nonnegative integers n, k, the P-numbers of (X, (R;)) are given by [Sta80, (8.1)], [Sta81,

Prop. 2.4]
-1 i R
n n—a1i| (2 ,
ID@' k) = ; -1 1 L(l—i—e—1) 2.5
(k) UM 2! ){k_A Mp : (2.5)
P /=0 p p
where
v = pl5))Fie m (2.6)
¢ p
are the valencies.! Note that (2.3) and (2.5) impose an ordering on Ey, F1, ..., E,, which we

refer to as the standard ordering.

The P-number P;(k), given in (2.5), is a polynomial of degree i in p~*, known as a ¢-
Krawtchouk polynomial. The association scheme (X, (R;)) is thus P-polynomial with respect
to the ordering Ry, Ry, . .., R,. Moreover it is well known that (X, (R;)) is also Q-polynomial
with respect to the ordering Ey, E1, ..., E,.

We shall need the P-numbers also in a different form. We define the ¢-Pochhammer symbol

(@;9)0=1, (a;9), = 1:[(1 —aq')

=0

for a positive integer n and a real number a and the q-hypergeometric function ¢, by
Ay ..., 0Qp
r0s (bl,...,bs

The P-numbers can now be written as [Sta80, (8.1)]

) = > (a1;q)e - (ar; Q) (s (s (L) _F
q’) 2 ey DT @

=0

—n—e—1+4k

ki
Pi(k) = vi 3¢ (p P 6;1”

p;p) : (2.7)

We close this section by noting that D),, gives rise to another association scheme, called the
bipartite half of D,,, in the following way. Let X be the set of generators of D,, and define two
generators in X to be equivalent if the dimension of their intersection has the same parity as n.
This induces two equivalence classes, X; and Xy, and each pair (X;, (Raj)o<j<|2) is @ PP- and
(-polynomial association scheme [BCN89, § 9.4.C], denoted by %Dn. Since e = —1 for D,,
this also shows that X; and X, are (n — 1)-Steiner systems in D,,.

3. Codes in polar spaces

Let (X, (R;)) be a P- and )-polynomial scheme with n classes. We say that a subset Y of X is
a d-code if no pair (x,y) € Y x Y lies in one of the relations Ry, ..., Ry ;. In particular, if X

11t should be noted that pis assumed to be odd in [Sta80] and [Sta81]. However all parameters of the association
scheme, as well as P;(k) are polynomials in p, and hence the expression for P; (k) holds for all p.
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is the set of generators in a polar space of rank n and R; is given in (2.3), then a subset Y of X
isad-codeif n — dimU N'W > d for all distinct U, W in Y.

The main goal of this section is to obtain upper bounds on the size of d-codes in the latter
cases. To do so, we associate with each subset Y of X two tuples of rational numbers. The inner
distribution of Y is the tuple (Ag, A1, ..., A,), where

(Y x Y)N Ry

Ai -
Y]

We then have Ag = land ) ! ; A; = |Y|. Note that A; = --- = A;_; = Oifand only if Y is a
d-code. The dual distribution of Y is the tuple (Aj, A}, ..., A)), where

A =" Quli)A; (3.1)
=0

Since Qo (i) = 1, we obtain A} = |Y'|. Moreover we have
A, >0 forallk=0,1,...,n (3.2)

(see [Del73, Thm. 3.3], for example).

To derive bounds for d-codes in polar spaces, we begin with bounds for d-codes in 2A4,,_;
and the bipartite half %Dn of D,, in Theorem 3.1. We proceed in this way because by taking
a different Q-polynomial ordering for ?A,,_; and studying %Dn instead of D,,, we can express
the resulting Q-numbers by ¢-Hahn polynomials. This allows us to treat 2A4,,_; and %Dn in a
unified way. We will then use the bounds in 2A,,_; and %Dn to establish bounds for codes in
the remaining polar spaces. We write

(-q, —1) for 2./42”_1
(b,c) =< (¢*,1/q) for 3D, if m is even (3.3)
(42, q) for 2D, if m is odd,
and (z); = (x;b); in what follows.

Theorem 3.1. Let X be the set of generators in *As,_1 or 1D,,,, where n = |m/2] in the case
of%Dm, and letY be a d-code in X with 1 < d < n. Then we have

[ X1(g)a-1

Y| < ,
Yl (qeb™)g—1

where d is required to be odd in the case of 2 A, 1. Forevendin?As, 1, we have

XI(g)amy ("2 = 1) + ¢t (0 1)
(qeb™) a1 (bn=d+2 — 1) + qzzizjj(bn_dﬂ 0

Y] <

Moreover these bounds also hold for d-codes in association schemes with the same P- and ()-
numbers as 2 Ay, or %Dm.
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To prove Theorem 3.1, we first write the ()-numbers of 2 A,,_; and %Dm as g-Hahn polyno-
mials. There exist different definitions for these polynomials. We will use the definition given
in [KLS10, § 14.6]. The q-Hahn polynomial of degree k in the variable ¢~ with the parameters
n, A, B, C'is given by

5 " q " Ak
3%2 q—n’ O—lB—n

fork=0,1,...,n

The association scheme 2A,,,_; is Q-polynomial with respect to two different orderings: the
standard ordering Fy, E1, ..., F, and Ey, E,, By, E,_1, Fs, E,,_5,... [CS86]. We continue to
use P;(k) and Qx(7) to denote the P- and Q-numbers with respect to the standard ordering and
we use P/(k) and (). (7) to denote the P- and ()-numbers with respect to the second ordering.
Then P;(k) is given in (2.5) and P/ (k) is given by [CS86]

N\ (%) 0 Ad ),
v q) B ; (@) CT B )lg:a)e

P!(2k) = P;(k) forz’:0,...,nandk:(),17'__,{gJ’
-1
P;(Qkﬂ‘l):ﬂ(ﬂ-k) fori:07,,_’nandk:0’1"“7{712 J

By applying the quadratic transformation for hypergeometric functions (see [KLS10, (1.13.28)],

for example)
A% B2 C? D*
4; Q) = 4¢3 <A232q, —CD,—CDgq
to P;(k) and P;(n — k) given in (2.7), we obtain
-4 _Q) .
Next we treat 5 D,,. In this case we still denote by P;(k) and Q(¢) the P- and Q-numbers

of D,, and by P/(k) and Qj(i) the P- and Q-numbers of :D,,. As in Theorem 3.1,
putn = |m/2]. From [CS86] we find that

4 A?2.B% C,D
ABq¢'?, —ABq¢'/?, —CD

7 q2) (3.4)

Y — o (—=a)
Pz(k) _Uz3¢2( ( )—n _(_q)—n

Pl(l{?)ngzu{?) fori,kzo,l,...,n

1
7% q2) :

In summary, the P- and ()-numbers of 2A,, 4 and %Dm are given by

Applying (3.4) to Py;(k) given in (2.7) yields

—2m+2k

—-2i ,,—2
PR — vy (1000
z( ) 2 3¢2 ( q m’q m+1

bfi’bfk7 71071b72n+k
P =daon (P00

b b) (3.5)
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21427171 %Dm
2 26\ 1,y
U/ q [i]q2 q<2)|:2ii|q
, Hy /2 for k even
My Mk

Mn—(k—1)/2 for k odd

Table 3.1: Valencies and multiplicities occurring in (3.5) and (3.6).

and

bii, bfk’ q71671672n+k

Q;(l) - :u;c 3¢2 ( b_n, C—lb—n

b b) , (3.6)

where the parameters b and c are stated in (3.3) and the remaining values are given in Table 3.1.
Hence in both cases @), (i) is given by the ¢g-Hahn polynomial of degree & in b™".

Before we prove Theorem 3.1, we record the following identity whose proof is deferred to
the appendix.

Lemma 3.2. Let X be the set of generators in > Ay,_1 or %Dm, where we put n = |m/2| in the
latter case. Let Q. (i) be given in (3.6). Then we have

i =) {Z _ k] bw%(i) =] {n i Z] b

P J (@)n—j J
foralli,j =0,1,... n.
Now we prove Theorem 3.1.

Proof of Theorem 3.1. Suppose that Y is a d-code in 2A4s,,_; or %Dm. Let (Ap, A1, ..., A,) and
(Ap, AL, ..., Al) be the inner and dual distribution of Y, respectively, in terms of the orderings
imposed by the P- and ()-numbers given in (3.5) and (3.6). From (3.1) and Lemma 3.2 we
obtain forall 7 =0,1,...,n,

n

: ok J n—k
b {n_k} e T T Y [“‘k] G i oy i
Y @ A= AV ] T )

= i=0 nj
~ n—1
=|X|ZAZ{ . ] . (3.7)
i=0 J I
First assume that d is odd in the case of ?As,,_;. Since A; = --- = A;_; = 0 and [nﬁd_jrl] = 0

for i > d, we find from (3.7) with j = n — d + 1 that

n—d+1 n—
Z pr(d—1) [”—k} (qcb k)d—lA;: |X|l n } A,
k=0 d—1 b (Q)d—l d—1 b
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Since Ay = 1 and Aj, = |Y|, we obtain

n7d+1 n—k
ran [0 — K] (geb" ®)aa ,, [ n } ( (qeb™) g1 )
> v, A= o), (KT M) 89

—1 (@)a—1

Recall that A}, > 0. For %Ay, 1, the sign of (qeb"*)q_1/(q)a_1 is (—1)@"D=k+1) and the
sign of [}~ ]b is ( 1)(@=D{r=k=d+1) " Since d is odd, both signs are thus positive. Hence all
summands on the left-hand side of (3.8) are nonnegative implying

X -

‘Y‘ < ‘ ’((Dd 1,
(geb™) a1

as required.
Now consider ?As,,_; for even d. Put

Ty, = -1+ (0" D 1)(b"id 2 Ll - 1] b {n — 1} |
2(b")a-

(@)a-1()a d—2],
k+1) pn

el i
(@)a—2(q)a— d—2],ld—1],
Use (3.7) with j =n —d+ 1and j =n — d + 2 to obtain

Yp = bk(d—2)+d—1(

n—d+2

> (o — ur) A

k=0
o(0M)a2 ([n—1 n n—1 n ] pntd-2 _q
- X2, ——]. (39
R e (1 P R P AP = R
Next we show that the summands on the left-hand side are nonnegative. The sign of [”ﬂ b

is (—1)%m=9 and the sign of (b™),/(q), is (—1)™. Hence we have sign(z;) = (—1)* and
sign(yx) = —1, which implies that the left-hand side of (3.9) equals

n—d—+2

D (D el + [yl A

k=0

From
Tp _ bk—l (bn—k—d+2 _ 1)(bn—k+d—1 _ 1)

E (brtd=2 — 1)(pr—d+1 — 1)

we find that |x| < |yx| for all £ > 1. Therefore the left-hand side of (3.9) can be bounded from
below by (x¢ — yo)A{, which is also positive. Since Aj, = |Y'|, we thus find from (3.9) that

G (Ll L, + ol ), )

G 2%@:},,[3:;]1, — e [ ] 11, )

Y] <

We can now deduce the second inequality of the theorem after elementary manipulations. This
completes the proof. O
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In what follows we use Theorem 3.1 to obtain bounds for d-codes in the remaining polar
spaces 2A,y,., B, C., D,,, and 2Dn+1. To do so, we write

a(n,d) = (i]ju + q%l)) (ﬁ %) e(n, d),

where £(n, d) = 1 for odd d and

) (EOT D) g (o )
(=) = 1) + ¢ === ((—g)m -+ — 1)
for even d, and
m— -1 1 _gq
< ];[ (1+¢ )) < I:[ T ) for even m
Blm.d) =9 7, " 1

Observe that, using (2.4), the bounds in Theorem 3.1 for 2A,, 1 and %Dm equal a(n,d)
and (m, d), respectively.
We make the following observation about d-codes in D, if d is even.

Proposition 3.3. Every d-code in D,, with even d and 2 < d < n induces a —-code in 1D of
the same size.

Proof. Recall that the set of generators in D, is partitioned into two equivalence classes X;
and X, where two generators lie in the same class if and only if the dimension of their intersec-
tion has the same parity as n. Let Y be a d-code in D,, with even d and 2 < d < n. For each
y € Y, choose an (n — 1)-space contained in y. Since d > 1, every two such (n — 1)-spaces are
distinct and the dimension of their intersection is at most n — d. Since e = —1 for D,,, each of
these (n — 1)-spaces lies in exactly two generators—one from X; and one from X5. Let Y be
the set of all generators in X corresponding to the chosen (n — 1)-spaces. Then we have

dim(zx Ny) <n—d

forall z,y € Y since dim(z N y) must have the same parity as n. Hence Y C Xjisa %-code
in $D,, with |Y'| = |Y|, as required. O

We can now derive bounds for codes in all polar spaces.

Corollary 3.4. Let P be a polar space of rank n and let Y be a d-code in P with 1 < d < n.
Put 6 = [d/2].

(a) If P =2Ag, 1, then |Y| < a(n, d).
(b) If P =2Agy, then |Y| < a(n +1,d).
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(c) If P = B, or C,, then |Y| < f(n+ 1,9).
(d) If P = D,, and d is odd, then |Y'| < 25(n, ).
(e) If P = D, and d is even, then |Y| < (n,0).
(f) If P =2D, 11, then |Y| < B(n +2,6).

Proof. The bound in (a) follows directly from Theorem 3.1 by using (2.4).
A d-code in D,, induces d-codes in each of the two bipartite halves of D,,, so it is at most
twice as large as a d-code in %Dn. Theorem 3.1 then gives (d) and Proposition 3.3 implies (e).
In the cases of B,, and C,,, one obtains a new association scheme with the classes

Ry, RiU Ry, R3U Ry, . ...

This new association scheme has the same P- and ()-numbers as %Dnﬂ [IMU&9]. Therefore
the size of a d-code in B,, or (), is at most the upper bound for a J-code in %Dnﬂ given in
Theorem 3.1, which yields (c).

To establish the remaining cases (b) and (f), note that 2Dn+1 and ?A,,, arise by intersect-
ing B,,1 and 2A2n+1, respectively, with a hyperplane. Hence 2Dn+1 can be embedded into B,
and ?A,, can be embedded into >As,, ;. Note that B,,,; and ?As, ., are of rank n + 1 and each
generator in 2Dn+1 or 2A,, becomes an n-space in B, or 2A2n+1 under these embeddings.
In B, and Ay, 1, every n-space is contained in exactly p°*' +1 = ¢+ 1 generators. For each
embedded element of Y, we choose one of these ¢ + 1 generators giving a subset Y of B
or 2A2n+1. Then Y is also a d-code and (c) implies (f) and (a) implies (b). ]

We also have the following more useful bounds on a(n, d) and 3(n, d).

Lemma 3.5. For 1 < d < n, we have

14 n(n—d+1)
q for odd d
aln,d) < ? 3.10
(. d) { %q”("_d“) for even d, (310)
and
5 (n—1)(n—2d+2)/2
q for even n
Bn,d) <43 n(n—2d+1)/2 G.11)
5q for odd n.
To prove Lemma 3.5 we use the identity
-1
P70 <T foryza>1 (3.12)
y—1 "y

and the following lemma.

Lemma 3.6. Letn > 1 and q > 2 be integers. Then we have

- 1\ 5 1 7 & 1
H(1+E)<§’ H(1+ﬁ)<g and H(1+q2i—1)<2' (3.13)
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Proof. We use 1 + x < exp(z) to obtain

1(1+4) <0+ rr) < (-2 ()

2

Applying (1 + z)exp(z) < 2 for all 2 € [0, 3] yields the first inequality. Using a similar
approach gives us

and

as required. 0
We can now prove Lemma 3.5.

Proof of Lemma 3.5. For 3(n,d) and even n, use (3.12) and (3.13) to obtain

n—1
4 1
B(n,d) < ¢ (1 + —.) gD
< (T0e (145

< o (nfl)(n72d+2)/2'

2

The bound for 3(n, d) and odd n can be obtained similarly. For «(n, d), we write

amﬂuz<f1@+q%U)(ffwgt€j£H>V4wwmd”dW@- (3.14)

i=1 =1

d—1
2

(" +1)(¢* ' -1)
d—1 qz‘ + (_1>i zl:[l (q" T2 (1)) (" T2 T (—1)™) for odd d
H n+i __ (_]_)n—i—i = B d—2 (315)
=1 q qd*1,1 (q2i+1)(q21‘—171)

for even d.

=y

I
—

qn+d—1+(,1)n (qn+2i,(,1)n)(qn+2i—1+(,1)n)

1

Using (3.12) and (3.13), we obtain for each r > 1,

T

(@ + (" -1)
H (qn+2i

— CO9@ T (-1 S

T Con 1
<Ilr 1+ )

=1

r

(@ + (" -1)
(¢ + 1)(gnt2 1 — 1)

=1

—2nr

<7
5q
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Substitute into (3.15) to give

d-1 i i 7 —n(d—1)
-1 for odd d
f. +(=1) < gqin(H) o (3.16)
1”1 gt — (—1)nt I T forevend.

n - n . 1 n2
H(l + ¢ = Hq2 ! (1 + q2i_1> <2q". (3.17)
Substitute (3.16) and (3.17) into (3.14) to obtain

Ugnin—d+l) for odd d

a(n,d) < -
(n,d) {%qn(n—du)%(_1)(%1)(‘1—1)5(7@d) for even d.

(3.18)

For even d, we have

n+d—2_(_1)n

q n—d+1 _1\n\ _ (_1\n(n—d+2 _ (__1\n
(—1)m DDy gy = LT (" 4+ (=1)") = (=1)"(q (=1")
9 n+d—2_(_1\n
(=42 — (1)) + ¢ G (@ 4 (1))

n+d—2__ —1)" n—d+1 —1)" n
q(q (qd—lfl)(zn)—(g+2,(,t§n)) - (_1)
B e 0 A e
L e D e S DI

qn—i-d—l + (_1)n
< (3.19)

using (3.12), so that (3.18) gives the required bound for a(n, d). O

We close this section by discussing the sharpness of the bounds in Corollary 3.4. For a vector
space V, let P, (V') be the set of n-spaces of V. Define a mapping

v Fp — Py (F2")

o {(i) em)

It is well known [BCN89, § 9.5.E] that, after an appropriate choice of the form, v(A) is in Ay,
if and only if A is Hermitian, v(A) is in C,, if and only A is symmetric and v(A) is in D,, if and
only if A is alternating, namely skew-symmetric with zero main diagonal (as before, p = ¢?
for 2A,,_1 and p = q otherwise). The mapping v satisfies

n — dim(v(A) Nwv(B)) = rank(A — B)

for all A, B € ™", so in particular v is injective. Accordingly define a subset Z of Fy*"
to be a d-code if rank(A — B) > d for all distinct A, B € Z. Such objects were studied
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in [Schl18], [Sch20], and [DG75], for Hermitian, symmetric, and alternating matrices, respec-
tively.

In particular from [Sch18] and the injection v we find that, for odd d, there exists a d-code Y’
in 2 A,,_, satisfying |Y| = ¢""~9*D_ In view of Lemma 3.5, this shows that the bound in
Corollary 3.4 (a) for odd d is sharp up to a constant factor. Likewise from [Sch20] we find that,
for odd d, there exists a d-code Y in (), satisfying

v = qntD(=d+D)/2 for even n
] gnndt2)/2 for odd n,

showing that the bound in Corollary 3.4 (¢) for P = (), and odd d is sharp up to a constant factor.
Since B,, and C,, are isomorphic for even ¢ (see [BBIT21, § 6.4], for example), the same is true
when P = B, and q is even. From [DG75] we find that, for even d, there exists a d-code Y
in D,, satisfying

v gD =d+2)/2 for even n and even ¢

Yl= gt /2 for odd n.

Since a d-code is trivially also a (d — 1)-code, this shows that the bound in Corollary 3.4 (d)
and (e) is sharp up to a constant factor except possibly when 7 is even and ¢ is odd. In all other
cases one can obtain constructions of d-codes in a similar fashion, showing that the remaining
bounds in Corollary 3.4 are met up to a small power of ¢".

4. Nonexistence of Steiner systems in polar spaces

We now prove Theorem 1.1. The proof is split into the following cases:

(Cl) t=n—1and P =2A4,,,°D, 1 forq=20rP =24,, 1, B,,C,,

(C2) P=D,withl<t<n-—1,

(C3) P=B,or(C,witht =2andevennor2 <t<n—1,

(C4) P=2D, ., witht € {2,3}andoddnor3 <t <n—1,but (n,t) € {(7,4),(8,5)},
(C5) P =2Ay, ywithl <t<n-—1,

(C6) P =?Ay, witht =2 and even n, or 2 < t < n — 1 except for (n,t) = (6,3),
(Cl)t=2and P =DB,orC, foroddn >3orP = 2Dn+1 for even n > 3,

(C8) P =2D,, ., witht = 3 and even n > 4,

(C9) P =*D,yq with (n,t) = (7,4) or (8,5), or P = *A,, with (n,t) = (6,3).

The case (C1) is essentially known [Vanl1, p. 160] and a proof is sketched below for com-
pleteness. The cases (C2)—(C6) will follow from Theorem 3.1 and Corollary 3.4. The cases
(CT)—(C9) are some corner cases, which need special treatment.

We begin with a sketch for a proof of (C1).
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Proof of (C1). By taking the elements of an (n— 1)-Steiner system in a polar space of rank n that
contain a fixed isotropic 1-space v and taking the quotient by v, one obtains an (n — 2)-Steiner
system in a polar space of the same type but rank n — 1. This reduces the existence question to
2-Steiner systems in rank 3 or 1-Steiner systems, namely spreads, in rank 2. There are no spreads
in B, for odd ¢, 2A, for q = 2,and 2 A; for all q [HT16, § 7.4] and there are no 2-Steiner systems
in 2D, for ¢ = 2 [Pan98] and Cj for all ¢ [Tho96], [CPO3]. Since B,, and C,, are isomorphic
if g is even (see [BBIT21, § 6.4], for example), there are also no 2-Steiner systems in B3 for
even q. [

To prove (C2)—(C6), we recall that the number of totally isotropic ¢-spaces in a polar space

of rank n is -
) TIa
P =0

(see [BCN89, Lem. 9.4.1], for example). Since every generator contains exactly mp subspaces
of dimension ¢, the size of a ¢-Steiner system is thus given by

t—1

H(l + pite). 4.1

=0
If Y is a t-Steiner system, then the intersection of two distinct members of Y can have dimension
at most ¢t — 1, and so a ¢-Steiner system is an (n — ¢+ 1)-code. Henceforth we write d = n—t+1
and let B denote the corresponding bound of a d-code in Corollary 3.4. We denote the size of
an (n — d + 1)-Steiner system by S, hence

n—d
S=1la+p"), (4.2)
i=0
and in particular
S > p%(n—d+1)(n+d+2€). (43)

We set R = B/S and show that R < 1.

Proof of (C2). In this case we assume that P = D,, and 2 < d < n. Use Corollary 3.4 (d)
and (e), (4.3), and (3.11) to obtain

gq%(d*)(d*") for even n and even d
1
5qz(d=Dd=n=1) " for even n and odd d
i< 5(121 (d—2)(d—n—1) ! 4.4)
2qz\ AN for odd n and even d
5¢2(@=D=1=2)  for odd n and odd d.

If n and d have the same parity, then (4.4) implies R < 1. If n and d have a different parity,
then (4.4) implies R < 1, except when (n,d) = (4,3). In the latter case, Corollary 3.4 (d)

and (4.2) give

2
R = < 1.
1+¢?

This completes the proof. ]
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Proof of (C3). In this case we assume that P = B,orC,and2 <d <n—1lord=n—11is
odd. Use Corollary 3.4 (c), (4.3), and (3.11) to obtain

gq%(d(d—l)—(”“)(d‘z)) for even n and even d
R gq%(d(d“)_(”“)(d_l)) for even n and odd d

3 ga(dld=1)=n(d=2) for odd n and even d

8 gz (dd+n)—n(d-1)) for odd n and odd d.

It is the readily verified that R < 1, exceptif (i)d =4 andn = 6,7,or (ii)d =3 andn = 6,7,
or (iii) d = n — 2 is odd, or (iv) d = n — 1 is odd. For (i) and (ii), Corollary 3.4 (c) and (4.2)
imply that R equals (1 +¢®)/(1 + ¢*) and 1/(1 + ¢*), respectively, giving R < 1 in both cases.
For (iii), Corollary 3.4 (c) and (4.2) imply that

R (ﬁ(l + qi)> (ﬁ (1 qt:)q(i: q3“)>

i=1 i=1

1 3 4 %_ll_qzz‘—1
=— 1+ —
1+ qn— I(H( +q)>(H1—q72+Z)
i=1 =1
5 g
<——ax<1
21+qn—1 ’

using (3.12), (3.13), and n > 4. Similarly, for (iv), we deduce
- 5
2

which completes the proof. ]

Proof of (C4). In this case we assume that P = 2D,y and2 < d <n —2ord =n — 2 is odd
ord = n — liseven, but (n,d) € {(7,4),(8,4)}. Use Corollary 3.4 (e), (4.3), and (3.11) to
obtain

2q 2(Ad+D)-(m+D@=2)  for even n and even d
Iy §Q%( (d+1)=(r+1)(d=1))  for even n and odd d

3 g2 (dd+)=(nF2)(d=2)  for odd n and even d

iq%( (d+1)=(n+2)(d=1))  for odd n and odd d.

Then R < 1, except for i) d = 3and n = 5,6, or (ii) d = 4 and n = 9,10, or (ili) d = 6
and n = 9, 10. Corollary 3.4 (e) and (4.2) imply that, in the respective cases, R equals

1+¢° (1+¢°)(1—q°) (1-¢®)(1+q°)
1—{—(]4’ 1_q12 ! 1_q14 ’

In all cases we have R < 1, as required. OJ
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Proof of (C5). 1n this case we assume that P = 249,41 With 2 < d < n. Use Corollary 3.4 (a),
(4.3), and (3.10) to obtain

(d—1)(d—n-1) f dd d
R < { = or o

14 (d—1)(d—n—1)+n

=q for even d.

Then R < 1, except for (n,d) = (5,4). In the latter case we find from Corollary 3.4 (a), (3.14),
(4.2), and (3.19) that

3 .
q 1H 2i-1 4 ¢+ (=1)
q3 141 P+ (—1)
4
(q7 )( ) < 2q—1 < 17
(¢"+1)(¢* = 1)
as required. O

Proof of (C6). In this case we assume that P = ?A,, with2 < d < n — lord =n — 1is odd,
where the case (n,d) = (6,4) is excluded. Use Corollary 3.4 (b), (4.3), and (3.10) to obtain

14 d(d—n—1)42n+2 (4'5)

54

(d—1)(d—n—2)+2d—1 f dd d
R < q oroe
for even d.

For odd d, it follows R < 1, except when (n,d) = (4,3). In the latter case we find from
Corollary 3.4 (b) and (4.2) that

(¢ = D"+ 1) _ +q7?
(@-1( +1)  ¢-1

If d is even, then (4.5) implies R < 1, except when (n,d) = (8, 6) (recall that we excluded
(n,d) = (6,4)). In this case we find from Corollary 3.4 (b), (3.14), and (4.2) that

R= (f[u +q2"—1)) ( ¢+ (1) ) ¢ -1 £(9,6)

q9+z + (_1)1 q14 -1

R = < 1.

4

i=1
with

¢+ 1+ gLt (gt = 1)
(] +1+qq14+}(q4_1)

B 1M g0 g1
q5—1 O g g1

u_ 11
<q —.
®—-1q

£(9,6) =
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This gives

1 o qz + (_1)1

res(To+e) (T2 00
q(g( ) L+ (=)
_ L (@ -D("+ 1)@ +1)
q (¢ —1)(¢®+1)(¢"? —1)
7
_34 -+ 17
¢ —1

using (3.12), which completes the proof. [

Now it remains to prove the corner cases (C7)—(C9). In these cases we show that the dual
distribution of the Steiner system has a negative entry, which contradicts (3.2). In what follows,
all inner and dual distributions (in particular those in 2 Ay, 1) are determined with respect to the
standard orderings imposed by (2.3) and (2.5). We require the following result on the inner and
dual distributions of ¢-Steiner systems.

Proposition 4.1. Let X be the set of generators in a polar space of rank n, let t be an integer
satisfying 1 < t < n, and suppose that Y is a t-Steiner system in X. Let (A;) and (A},) be the
inner distribution and dual distribution of Y, respectively. Then we have

—1 N t—1

Api = (=17l H m (H(l +p" ) — 1)
j=i I dp \3

foralli=0,1,....n—land Ai =A,=---= A, =0.

To prove Proposition 4.1 we use the following counterpart of Lemma 3.2 for the ()-numbers
of the association scheme of polar spaces, for which we give a proof in the appendix.

Lemma 4.2. Let X be the set of generators in a polar space of rank n and let Q(i) be the
corresponding QQ-numbers given by (2.5) and (2.1). Then we have

S [N Tl e = x|
k=0 LR Py J 1p

foralli,j =0,1,... n.
We now prove Proposition 4.1.
Proof of Proposition 4.1. From (3.1) and Lemma 4.2 we find that, for all ;7 > 0,

J

[ —k
> At {n B }
k=0 n J p

n

1+ p o) = 1| S A, {"fz} . 4.6
(1+p ) = |; ; (4.6)

/=1 p
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Since Y is an (n —t + 1)-code, we have Ay = 1and A; = --- = A,,_;, = 0 and therefore obtain,
by setting j = ¢ in (4.6),

n—t

ol (R

From Aj = |Y'| we find that

n—t

S o] ()

From the expression (2.4) for |X| and the expression (4.1) for |Y|, we see that the right-hand
side is zero. Since A > 0 by (3.2), we conclude A} = A, = -.- = A} = 0. Moreover (4.6)
simplifies to

(], Moeseomi= ([« 3 a['7])

P y=1 i=n—t+1
forj=0,1,...,¢t— 1. Using (2.4) and the expression (4.1) for |Y'| again, we obtain
t—1 ; n t—1
Sacf] -] (o)
i=0 J1p T \iZ;

By the inversion formula

Serwrf][] -«

for nonnegative integers 7, k (which can be deduced from the ¢-binomial theorem, for example),
we obtain the desired expression for A,,_;. O

We now prove (C7)—(C9). Henceforth we denote by (A;) and (A},) the inner and dual distri-
bution, respectively, of a putative ¢-Steiner system Y.

Proof of (C7). We now assume thatt = 2and P = B, or C,, forodd n > 3 or P = 2Dn+1
for even n > 3. We will show that A, _; < 0 in the first case and A/, < 0 in the second case.
By (3.1) and (2.1) we have

/
ﬂ =1+ Pn—1<k)An71 + Pn<k)
Hi Un—1 Un,

Ay

By Proposition 4.1 we have

qae | n
Anfl :qn 1+ |:1:|

and An — (qn—i-e + 1)(qn—1+e + 1) . |:1

:| qn—l+e —1.
q q
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From (2.5) and (2.6) we find for B,, and C,, that

P,_i(n—1 - -1 P,(n—1
1(n—1) _ {”] <q—n+1 _ g {” } ) and (n—1) — g2
q

Un—1 1 q 1

and for 2Dn+1 that

Py1(n) — ¢ 2 and

Here we have crucially used the assumed parity of n. For B,, and C},, we then obtain

fnr (= 1Dgm ' @2 (g—1)g"3 g2

For n > 3, we have

AL 5 " —1 1 ¢t -1 N (" +1)(¢" ' +1)

B qn -1 B 1 _ q2n—1 _ 2q2n—2 + qn—l —q +1
(¢—Dg*t  ¢? (¢ —Dg*—2
q2n—1 o 2qn+1 + qn—l —q +1
< 2n—2
(¢ —1)q
_ =1 (4D A
(¢g—1)g"? g2

and therefore A! _, < 0if P = B,, or C,,, which completes the proof in the first case. For 2Dn+1,
we obtain

Ay o=t 1 (@@= A+ 44"

fn (¢—=Dg» ¢  (¢—1g" g ‘

Lo -t T -2 4 g gt ]
(¢=Dg» ¢ (¢ —1)g*
) P2 4 gt — g+ 1
(¢ —1)g*
(-1 (A+¢H0+qY)
- (g- 1) ¢ ’
and therefore A’ < 0 in the case P = >D,,,1. This completes the proof. 0

Proof of (C8). We now assume P = ?D,,; fort = 3 and even n > 4. As in (C7) we compute

Al —1)*(g+1)

- =—qg+1)A - ")A—¢"") +¢ 1+ ¢72),

from which it is readily verified that A, _, < 0, as required. O
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Proof of (C9). As in (C7) we compute the following. For P = 2Dg and t = 4, we have
A/
M—ﬁ = —2¢"°(¢+ D+ 1) +q+1) <0,
6
for 2Dg and ¢t = 5, we have

AL )
#—77 = —2¢%(q+ D¢’ — g+ 1(¢" + 1) <0,

and for 2A,, and ¢t = 3, we have

Al _
= @ g D@ - 1) <0
In all cases we obtain the required nonexistence of ¢-Steiner systems. 0

A. Appendix: Identities for the ()-numbers

We now prove Lemmas 3.2 and 4.2. We will frequently use the identity
GLEL-ELG
Il iyl =1,

Proof of Lemma 4.2. Let P;(k) be as in (2.5) and Q(7) be the corresponding ()-number, deter-
mined by (2.1). We will prove

i [n h i]pﬂ(k?) = phin= [ } :] Pl (A.1)

=0 J 1

without specific reference.

By multiplying (A.1) with Q,(¢), taking the sum over k, and using (2.2), we obtain the identity

in the lemma. It remains to prove (A.1). For all 7, 5 = 0,1, ..., n, we have
" n—i n—1| [n—1| |n| |2 e 1) (1) e
2l RC RS v wCtl v N e F P
i=0 J i=0 (=0 Jodp pLUp Ly
n—i| (n| In—4L] [n—Fk e D (1) e
g9 9>l A e e R
=0 ¢=0 J p p PZ p

Interchanging the order of summation by putting m = i — £ gives us

i [nj— z’prk) = Zk (g(_l £(5) m,, [n - T - qp) [n; k:} pp(r;%m(eﬂ). (A2)
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To evaluate the inner sum, we use the ¢g-Chu—Vandermonde identity

[ery} ZP y—z+i) HpL’y—ZL (A3)

where x, y, z are integers. Applying the inversion formula (4.7) to (A.3) reveals that
Z(_sz(g) lx] |fL‘ — {4+ y] _ prly—2t) [ Y } ‘
— 1 » z ) z—x],

Putx =k,y =n — k —m and z = j to obtain

St [0 e [,

Substitute into (A.2) to give

Z{”_q Pik) =

i=0 Jp j—k m

n—k
pk(nfmfj) |:n — k- m:| |:n B k‘| p(gl>+m(e+1)
= p p

m=0

n—j .
( [n - J} p(?)+m(e+1)’“m> pk(n_j) {n B k] : (A4)
m=0 m p T ' ’

Applying the g-binomial theorem
kT k—1
o) [] # =TT+ )
= tlq i=0
to the sum on the right-hand side of (A.4) leads to the identity (A.1). OJ

To prove Lemma 3.2, we require some identities involving the ¢g-Pochhammer symbol. For
a real number @ and nonnegative integers n, k, we have

(a® ¢*)k = (a;q)x ( S Q) (A.6)

( Qa2 = (a5 %)k (aq, )k (A7)

(@; Qnsr = (a5 Q)nlagq"™; @i (A.8)

(@3 q)np = (a—gq—l zl 7 (—a)™" ( )=rktk for g # 0. (A9)

These identities can be found in [KLS10], for example.
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Proof of Lemma 3.2. Let P!(k) and Q}.(i) be as in (3.5) and (3.6), respectively. To simplify
notation, we set a = ¢~ 'c1h7?". Recall that (z); = (z;);. We will show that

2”: [n—Z] PRy = b {”—"1 (@0 )y (A.10)
| g, n—=7jl, (@ny

Multiplying (A.10) with @} (¢), taking the sum over k, and using (2.2) we obtain the identity in
the lemma. It remains to prove (A.10). First we rewrite the valencies v, given in Table 3.1, such
that we have a similar form for P/ (k) in both association schemes. For 2 Agp—1, we use (A.5) and
(A.6) to obtain

o= i) (DT — @i (=0 —a)s
o Hq = (¢ —a)i(¢; —a):

— (_1)i(_q)(;)+z’+m {n] . (—(=a)™; —Q)z"

i (¢ —q):
For %Dm, we use (A.5) and (A.7) to obtain

7

o = o) {m] T R D U A D))
2], (4% ¢?)i(q; ¢*)
For even m = 2n, we have

—2n+1; q2) )

v = (~1 iq%n+2(;) {n] (q i
=) tlg2 (¢;¢°):
and for odd m = 2n + 1, we obtain
o = (_1)iq2m+2i+2(;) {”} (> C]2)z"
' il (4%
Hence, in all cases, we can write
) —17—n).
v = (—q)icib(e) ["] Gy
Ly (@)

Now, from the expression (3.5) for P/(k), we obtain

S [ eS| o] S (0
= B] 2 {n a j} b(—q)icib(é)mw (C(qli(Z)—ii(ic)fgz—i))i((zl)):)g

b; b)

From (A.5) we have

) = e Y,
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and therefore

i [n - @} LU m S (1)) {”;j}b(b(_bn;zi(ﬁi?f)e St A.1h)

i=0 J J1p 20

where

So =3 (—gyicpla) it e){”—ﬂ—‘lw.

i>0 it (a):
By interchanging the order of summation and then applying (A.8), we obtain

n—~_

i . _ — 7 — f (Cflbfn). ¢
S, = i+L z+€b( +Z) (i+£)(n—L) |:7’L .] :| i+
o ;( Q) t o (@ite

n—~{ . “11—-n “171—n
_ Z it e ()0 [n —J- 5] (c7'™)e(c'b M)z"
i b (@)e(qb®);

Using (A.5), this sum becomes

p—(n—3=0) )l (C—l b—n+€)i
(b)i(qb");

e (c b p—(n—i— Z)’ —1p—n+et i
(—q)'cpla) =0+ e—( o ) 29251( qbf b; qcb™ é).

The hypergeometric function ,¢; can be evaluated by using the g—Chu—Vandermonde identity

—k k -1
201 (b y’x b;£> _ v

x (Y)k
(see [KLS10, (1.11.4)], for example), which implies that

n—4{
S, = (_q)ﬁcfb() €2+n€ ZZ qchn j— E (

1=

ot (é)ffernZ(Cilbin)f(qd)n)n—j—f
%= {~gyed D)ot

Substitute into (A.11) to obtain

>[5 T[] S [ ) i e

i=0 b >0
From (A.8) we have
(Q)n—j

i (A.13)
(@ gt (@)

and from (A.9) we find that

b™) i
(qun>n7j7f — (qc ) J (_qcb’n> b( ) n j)f"rf (A.14)

(¢~ le—1b=2n+1+7),
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By substituting (A.13) and (A.14) into (A.12) and using (A.5), we have

[ =] gy~ [7] e (O -m—pere [ =T (0%)e(ab®)o(geb™)n—;
;|: ] ]bpz(k) _j_b;( 1) b |: / ]b<b_n)g(q>nj(q_lc_lb_2n+1+j)€

(geb")n—j 5~ e (07" )e(b™ e(ab"),
b (D = (0)e(b7)e(g™ e o204,

(qcb™)n—j b= bk abF '
an_j 302 b g el bib).
The hypergeometric function 3¢, on the right hand side can be computed via the g—Pfaff-—
Saalschiitz formula 4
N (2 '2)i(y~"2)s
302 T | B0 = —1,—1

z,xyz"b (2)i(z~ty=12),

(see [KLS10, (1.11.9)], for example). Note that gcb™ = a~'b~". Therefore, we obtain

3 i R e

=0

-
7]
-
/]

Applying (A.5) to m )= |:n7—l]} ) and using (A.5) one more time leads to the identity (A.10). [

References

[Ball5] S. Ball. Finite geometry and combinatorial applications, volume 82 of London
Mathematical Society Student Texts. Cambridge University Press, Cambridge, 2015.
doi:10.1017/CB09781316257449.

[BBIT21] E. Bannai, E. Bannai, T. Ito, and R. Tanaka. Algebraic Combinatorics. De Gruyter,
2021. doi:10.1515/9783110630251.

[BCN89] A. E. Brouwer, A. M. Cohen, and A. Neumaier. Distance-regular graphs, vol-
ume 18 of Ergebnisse der Mathematik und ihrer Grenzgebiete (3) [Results in Math-
ematics and Related Areas (3)]. Springer-Verlag, Berlin, 1989. doi:10.1007/
978-3-642-74341-2.

[BEO"16] M. Braun, T. Etzion, P.R.J. Ostergérd, A. Vardy, and A. Wassermann. Existence of
g-analogs of Steiner systems. Forum Math. Pi, 4,2016. doi:10.1017/fmp.2016.
5.

[BI&4] E. Bannai and T. Ito. Algebraic combinatorics. I. The Benjamin/Cummings Pub-
lishing Co., Inc., Menlo Park, CA, 1984. Association schemes.

[Cam74] P.J. Cameron. Generalisation of Fisher’s inequality to fields with more than one
element. In Combinatorics (Proc. British Combinatorial Conf., Univ. Coll. Wales,
Aberystwyth, 1973), pages 9—13. London Math. Soc. Lecture Note Ser., No. 13,
1974. doi:10.1017/CB09780511662072.003.


https://doi.org/10.1017/CBO9781316257449
https://doi.org/10.1515/9783110630251
https://doi.org/10.1007/978-3-642-74341-2
https://doi.org/10.1007/978-3-642-74341-2
https://doi.org/10.1017/fmp.2016.5
https://doi.org/10.1017/fmp.2016.5
https://doi.org/10.1017/CBO9780511662072.003

26

[Cam92]

[Car93]

[CCKS97]

[CMPS22]

[CPO3]

[CS86]

[Del73]

[Del78]

[DG75]

[Dye77]

[GKLO16]

[HT16]

[IMU89]

[Kan82a]

[Kan82b]

[Keel4]
[KLS10]

Kai-Uwe Schmidt, Charlene Weil3

P.J. Cameron. Projective and polar spaces, volume 13 of QMW Maths Notes. Queen
Mary and Westfield College, School of Mathematical Sciences, London, 1992.

R. W. Carter. Finite groups of Lie type. Wiley Classics Library. John Wiley & Sons,
Ltd., Chichester, 1993. Conjugacy classes and complex characters, Reprint of the
1985 original, A Wiley-Interscience Publication.

A.R. Calderbank, P. J. Cameron, W. M. Kantor, and J. J. Seidel. Z,-Kerdock codes,
orthogonal spreads, and extremal Euclidean line-sets. Proc. London Math. Soc. (3),
75(2):436-480, 1997. doi:10.1112/S0024611597000403.

A. Cossidente, G. Marino, F. Pavese, and V. Smaldore. On regular systems of finite
classical polar spaces. European J. Combin., 100:Paper No. 103439, 20, 2022.
doi:10.1016/j.ejc.2021.103439.

B. N. Cooperstein and A. Pasini. The non-existence of ovoids in the dual polar
space DW (5, q). J. Combin. Theory Ser. A, 104(2):351-364, 2003. doi:10.1016/
j.jcta.2003.09.007.

L. Chihara and D. Stanton. Association schemes and quadratic transformations for
orthogonal polynomials. Graphs Combin., 2(2):101-112, 1986. doi:10.1007/
BF01788084.

Ph. Delsarte. An algebraic approach to the association schemes of coding theory.
Philips Res. Rep. Suppl., (10):vi+97, 1973.

Ph. Delsarte. Hahn polynomials, discrete harmonics, and ¢-designs. SIAM J. Appl.
Math., 34(1):157-166, 1978. doi:10.1137/0134012.

Ph. Delsarte and J.-M. Goethals. Alternating bilinear forms over GF'(q). J. Combin.
Theory Ser. A, 19:26-50, 1975. doi:10.1016/0097-3165(75)90090-4.

R. H. Dye. Partitions and their stabilizers for line complexes and quadrics. Ann.
Mat. Pura Appl. (4), 114:173-194, 1977. doi:10.1007/BF02413785.

S. Glock, D. Kiihn, A. Lo, and D. Osthus. The existence of designs via iterative
absorption: hypergraph F'-designs for arbitrary F'. 2016. arXiv:1611.06827.

J. W. P. Hirschfeld and J. A. Thas. General Galois geometries. Springer Monographs
in Mathematics. Springer, London, 2016. doi:10.1007/978-1-4471-6790-7.

A. A. Ivanov, M. E. Muzichuk, and V. A. Ustimenko. On a new family of (P and
@)-polynomial schemes. European J. Combin., 10(4):337-345, 1989. doi:10.
1016/80195-6698(89) 80006-X.

W. M. Kantor. Spreads, translation planes and Kerdock sets. I. SIAM J. Algebraic
Discrete Methods, 3(2):151-165, 1982. doi:10.1137/0603015.

W. M. Kantor. Spreads, translation planes and Kerdock sets. II. SIAM J. Algebraic
Discrete Methods, 3(3):308-318, 1982. doi:10.1137/0603032.

P. Keevash. The existence of designs. 2014. arXiv:1401.3665.

R. Koekoek, P. A. Lesky, and R. F. Swarttouw. Hypergeometric orthogonal poly-
nomials and their q-analogues. Springer Monographs in Mathematics. Springer-


https://doi.org/10.1112/S0024611597000403
https://doi.org/10.1016/j.ejc.2021.103439
https://doi.org/10.1016/j.jcta.2003.09.007
https://doi.org/10.1016/j.jcta.2003.09.007
https://doi.org/10.1007/BF01788084
https://doi.org/10.1007/BF01788084
https://doi.org/10.1137/0134012
https://doi.org/10.1016/0097-3165(75)90090-4
https://doi.org/10.1007/BF02413785
http://arxiv.org/abs/1611.06827
https://doi.org/10.1007/978-1-4471-6790-7
https://doi.org/10.1016/S0195-6698(89)80006-X
https://doi.org/10.1016/S0195-6698(89)80006-X
https://doi.org/10.1137/0603015
https://doi.org/10.1137/0603032
http://arxiv.org/abs/1401.3665

COMBINATORIAL THEORY 3 (1) (2023), #11 27

[Pan98]

[Sch18]

[Sch20]

[Seg65]

[Sta80]

[Sta81]

[Tay92]

[Tha81]

[Tho96]

[Vanll]

Verlag, Berlin, 2010. With a foreword by Tom H. Koornwinder. doi:10.1007/
978-3-642-05014-5.

P. Panigrahi. The collinearity graph of the O~ (8, 2) quadric is not geometrisable.
Des. Codes Cryptogr., 13(2):187-198, 1998. doi:10.1023/A:1008234630713.

K.-U. Schmidt. Hermitian rank distance codes. Des. Codes Cryptogr., 86(7):1469—
1481, 2018. doi:10.1007/s10623-017-0407-8.

K.-U. Schmidt. Quadratic and symmetric bilinear forms over finite fields and their
association schemes. Algebr. Comb., 3(1):161-189, 2020. doi:10.5802/alco.88.

B. Segre. Forme e geometrie hermitiane, con particolare riguardo al caso finito.
Ann. Mat. Pura Appl. (4), 70:1-201, 1965. doi:10.1007/BF02410088.

D. Stanton. Some g-Krawtchouk polynomials on Chevalley groups. Amer. J. Math.,
102(4):625-662, 1980. doi:10.2307/2374091.

D. Stanton. Three addition theorems for some g-Krawtchouk polynomials. Geom.
Dedicata, 10(1-4):403-425, 1981. doi:10.1007/BF01447435.

D. E. Taylor. The geometry of the classical groups, volume 9 of Sigma Series in
Pure Mathematics. Heldermann Verlag, Berlin, 1992.

J. A. Thas. Ovoids and spreads of finite classical polar spaces. Geom. Dedicata,
10(1-4):135-143, 1981. doi:10.1007/BF01447417.

S. Thomas. Designs and partial geometries over finite fields. Geom. Dedicata,
63(3):247-253, 1996. doi:10.1007/BF00181415.

F. Vanhove. Incidence geometry from an algebraic graph theory point of view. PhD
thesis, Ghent University, 2011.


https://doi.org/10.1007/978-3-642-05014-5
https://doi.org/10.1007/978-3-642-05014-5
https://doi.org/10.1023/A:1008234630713
https://doi.org/10.1007/s10623-017-0407-8
https://doi.org/10.5802/alco.88
https://doi.org/10.1007/BF02410088
https://doi.org/10.2307/2374091
https://doi.org/10.1007/BF01447435
https://doi.org/10.1007/BF01447417
https://doi.org/10.1007/BF00181415

	Introduction
	The association schemes of polar spaces
	Codes in polar spaces
	Nonexistence of Steiner systems in polar spaces
	Appendix: Identities for the Q-numbers

