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Abstract. We investigate the maximal size of an increasing subset among points randomly
sampled from certain probability densities. Kerov and Vershik’s celebrated result states
that the largest increasing subset among N uniformly random points on [0, 1]? has size
asymptotically 2v/N. More generally, the order ©(+/N) still holds if the sampling density
is continuous. In this paper we exhibit two sufficient conditions on the density to obtain a
growth rate equivalent to any given power of N greater than v/, up to logarithmic factors.
Our proofs use methods of slicing the unit square into appropriate grids, and investigating
sampled points appearing in each box.
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1. Introduction

1.1. Random permutations sampled from a pre-permuton

We start by defining the model of random permutations studied in this paper. Consider points
X1,..., Xy in the unit square [0, 1] whose x-coordinates and y-coordinates are all distinct.
One can then define a permutation o of size N in the following way: for any 7,j € [1, N],
let o(i) = j whenever the point with i-th lowest z-coordinate has j-th lowest y-coordinate. We
denote by Perm (X}, ..., Xx) this permutation; see Figure 1.1 for an example. Now suppose j
is a probability measure on [0, 1]? and X, ..., Xy are random i.i.d. points distributed under s
the random permutation Perm(X1,..., Xy) is then denoted by Sampley (1). To ensure this
permutation is well defined, we suppose that the marginals of 1 have no atom so that X5, ..., Xy
have almost surely distinct z-coordinates and y-coordinates. We call such a measure a pre-
permuton; see Section 2.4 for discussion around this name.
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Figure 1.1: A family of points and its associated permutation, written in one-line notation
o = o0(1)o(2)...0(N). Here we have o(1) = 2 because the leftmost point is second from
the bottom; and so on.

Notice that permutations sampled from the uniform measure on [0, 1]? are uniformly random.
The model of random permutations previously defined thus generalizes the uniform case while
allowing for new tools in a geometric framework, as illustrated in [AD95] (see also [Kiw06] for
a variant with uniform involutions). This observation motivates the study of such models, as
done for example in [DZ95] or [Sj623].

In the present paper we are interested in pre-permutons that are absolutely continuous with
respect to Lebesgue measure on [0, 1]%, and denote by p, the pre-permuton having density p.
Following [Sj023] we call the permutations sampled under p, locally uniform. This name is
easily understood when p is continuous, since the measure 1, can then locally be approximated
by a uniform measure.

1.2. Growth speed of the longest increasing subsequence

Let o be a permutation of size N. An increasing subsequence of o is a sequence of indi-
ces iy < --- < i such that o(iy) < --- < o(i). The maximal length of such a sequence is
called (length of the) longest increasing subsequence of ¢ and denoted by LIS(c). Ulam for-
mulated in the 60’s the following question: let us write (here and throughout this paper), for
all N € N*,

(n = E[LIS(oy)] where oy is a uniformly random permutation of size N, (1.1)

then what can we say about the asymptotic behavior of ¢, as N — oo? The study of longest in-
creasing subsequences has since then been a surprisingly fertile research subject with unexpected
links to diverse areas of mathematics; see [Rom15] for a review. A solution to Ulam’s prob-
lem was found by Vershik and Kerov; using objects called Young diagrams through Robinson—
Schensted’s correspondence, they obtained the following:
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Theorem 1.1 ([VK77]). For each integer N, let o be a uniform permutation of size N. Then:

1

in probability and L*-norm. In particular, writing { := E[LIS(oy)]:

1

The asymptotic behavior of the longest increasing subsequence in the uniform case is now
well understood with concentration inequalities [Fri91, Tal95] and an elegant asymptotic devel-
opment [BDJ99]. Note that the concentration inequalities later recalled in Theorems 2.5 and 2.7
can be used to recover Theorem 1.1 from the first moment convergence.

It is then natural to try and generalize Theorem 1.1 to LIS (Sample N ,u)) for appropriate pre-
permutons y. One of the first advances on this question was obtained by Deuschel and Zeitouni
who proved:

Theorem 1.2 ([DZ95], Theorem 2). If p is a C}}, bounded below probability density on [0, 1]
then:

1
\/_NLIS (Sampley (1)) e K,

in probability, for some positive constant K, defined by a variational problem.

This v/N behavior holds more generally when the sampling density is continuous, as we
prove in Section 3:

Proposition 1.3. Let f be a continuous probability density on [0, 1] Then:

E [LIS(Sampley (uf))] = N@m (\/N) :

These results, as well as most of the literature on the subject, are restricted to the case of
a pre-permuton with “regular”, bounded density. The goal of this paper is to investigate the
asymptotic behavior of LIS(Sampley(11,)) when p is a probability density on [0, 1]* satisfy-
ing certain types of divergence. We state in Section 2.2 sufficient conditions on p for the quan-
tity [ [LIS (Sample N(up))} to be equivalent to any given power of N (between N'/2 and N), up
to logarithmic factors. We then present in Section 2.3 a few concentration inequalities
for LIS (Sample N(/,Lp)), explaining why we can focus on the asymptotic behavior of the mean.

Similar asymptotics of LIS can also be obtained under certain regimes of Mallows random
permutations, see [BP15, Theorem 1.2]. However such models are quite different from the model
of sampled permutations studied here: in the regime n(1 — ¢,) — +oo of [BP15], Mallows
permutations converge to the permuton that puts uniform mass along the diagonal of the unit
square.

Lastly, it might be worth pointing out that growth rates found in this paper can be seen as
“intermediate” in the theory of pre-permutons. Indeed, we previously explained how the v/ N
behavior corresponds to a “regular” case. In a forthcoming paper we study under which condition
the sampled permutation’s longest increasing subsequence behaves linearly in /V:
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Proposition 1.4 ([Dub23]). Let i1 be a pre-permuton and define

LIS(u) == max ji(A)

where the maximum is taken over all increasing subsets of [0, 1)%, in the sense that any pair of
its points is <-ordered with the notation of Section 2.1. Then the function LIS is upper semi-
continuous on pre-permutons and satisfies

1 __
NLIS (Sampley (1)) e LIS(u) almost surely.

2. Our results

2.1. Some notation

Throughout the paper, the only order on the plane we consider is the partial order < defined by:
for all (w1, y1), (22, 42) € R, (21,51) < (22,%2) if and only if 1 < 25 and y; < yo.
We also write dist for the L!-distance in the plane, namely:

for all (21, 1), (22,%2) € R?, diSt((Ila?h)? ($27y2)) = |2y — 2o| + |y1 — 12,

and we denote by A the diagonal of the unit square [0, 1]2. We use the symbols N for the set of
non-negative integers and N* for the set of positive integers.

Consider points X7, . .., Xy in the unit square [0, 1]> whose x-coordinates and y-coordinates
are all distinct. Then the quantity LIS (Perm(X Lyeeoy X N)) is easily read on the visual rep-
resentation: it is the maximum size of an increasing subset of these points, i.e. the maximum
number of points forming an up-right path. For this reason and to simplify notation, we
write LIS(X7, ..., Xy) for this quantity.

If (a,), (b,) are two sequences of positive real numbers, we write a,, ~ b, when they are
asymptotically equivalent i.e. a,, /b, — 1. We use the symbols 5, é, Q for asymptotic compar-
isons up to logarithmic factors: write a,, = a(bn) as n — oo when there exist constants ¢; > 0
and c; € R such that for some integer 7:

foralln > ng, a, < cilog(n)?b,.

We also write a,, = Q(b,,) when b, = O(ay,), and a,, = ©(b,,) when simultaneously a,, = O(b,,)
and a,, = Q(b,). When these asymptotic comparisons hold with no logarithmic factor, we use
the symbols O, O, (2.

2.2. First moment asymptotics of the longest increasing subsequence

Our main results are two conditions on the divergence of the pre-permuton density that imply
a large growth rate for the longest increasing subsequences in the sampled permutations. First
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Figure 2.1: Representation of the divergent densities studied in this paper. On the left, a repre-
sentation of the density appearing in Theorem 2.2 with % = 3. Bright yellow indicates a high
value while dark blue indicates a low value. On the right, the 3D graph of a function satisfying
the hypothesis of Theorem 2.3 with o = —0.5.

we study densities diverging at a single point (see the left-hand side of Figure 2.1) and then we
study densities diverging along the diagonal (see the right-hand side of Figure 2.1).

The first natural type of divergence to consider is a divergence at a single point. Suppose
this happens at the north-east corner, in a radial way around this point. We show in this case
that longest increasing subsequences behave similarly to the continuous density case, up to a
logarithmic factor.

Theorem 2.1. Suppose the density p is continuous on [0,1]? \ {(1,1)} and satisfies

plz,y) =0 (d") as (x,y)—(1,1)

where d := dist((x,y), (1, 1)), for some o > —2. Then:

E [LIS(Sampley (1,))] = © (V).

N—o0

Note that the condition v > —2 is necessary for integrability. In order to see long increasing
subsequences appear in the sampled permutations, we can “pinch” the density along the diagonal
when approaching the north-east corner. This will force sampled points to concentrate along
the diagonal, thus likely forming increasing subsequences, and allow for sharper divergence
exponents.

Theorem 2.2. Suppose the density p is continuous on [0,1]? \ {(1,1)} and satisfies
pz,y) = O (dﬁ exp (—C|x - y|d%)) as (z,y) — (1,1)
where d = dist((x,y), (1,1)), for some § €]1,2[ and ¢ > 0. Then:

E [LIS(Sampley (1,))] = ) (Nl/ﬁ).

N—o0
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Note that when /3 varies between 1 and 2, the exponent % varies between —oo and —2.
Note also that such densities exist by integrability of the estimate.

Instead of a divergence at a single point, we may also study a type of divergence along an
increasing curve. This can be done with a power function and provides a different condition from
Theorem 2.2 to obtain a behavior equivalent to any given power of N (between N'/2 and N),

up to a logarithmic factor.

Theorem 2.3. Suppose the density p is continuous on [0, 1]* \ A and satisfies
plz,y) =0 (lz—y|*) as |z—yl =0
for some o €] — 1,0[. Then:

E [LIS(Sampley (1)) ] = © (NV@*2).

While these previous assumptions are all quite intuitive to consider, Theorem 2.3 is of a
somewhat other nature than Theorems 2.1 and 2.2. As explained in Section 2.5, their proofs also
work differently and illustrate slightly distinct techniques which might have broader applications.

The study of densities in Theorems 2.1 and 2.2 relies on a family of reference pre-permutons
(permutons actually, see Section 2.4) that we now introduce. Fix two parameters 7 > 1
and v € R. Define for any positive integer £ > 1:

1 _
uy = Z—k: Plog(k +1)" where Zs, := Z k=7 log(k +1)7.

Byy k>1

Foralln > 0,setS, := > _,_, u; and consider the sequence of disjoint boxes C,, := [S,_1, 5,7,
n € N*, covering the diagonal in an increasing manner. We can then define a probability density

on the unit square by
o -1
Py = Zuk Le,
k=1

and we write ug , for the (pre-)permuton having density pl{ ., with respect to Lebesgue measure

on [0, 1]2. See Figure 2.2 for a representation.

Proposition 2.4. Let v > 0. If 5 €]1, 2[ then:

E [LIS <SampleN <,uﬁf7>>] = 0 (Nl/ﬁ) .

N—oo

If B > 2 then:
E [LIS (SampleN <u§7>>} - 0 (\/N) .

N—o00
In Section 5 we use Proposition 2.4 to prove Theorems 2.1 and 2.2 by comparing the densities
involved. The parameter 3 allows pé , to have similar asymptotics to the density p in Theorem 2.1
or 2.2, while the parameter v allows to slightly modify the size of the boxes so that they cover

the divergence of p adequately. When v = 0, we drop this subscript and simply write pﬁf .
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Figure 2.2: A representation of the permuton ug - Bright yellow indicates a high value while

dark blue indicates a low value of the density.

2.3. Concentration around the mean

In this paper we only investigate the mean of LIS (Sample N(u)). The reason for this is that we
can easily deduce asymptotic knowledge of the random variable itself from well known concen-
tration inequalities. In our case it is sufficient to use what is usually referred to as Azuma’s or
McDiarmid’s inequality, found in [McD89, Lemma 1.2] and whose origin goes back to [Azu67].
One of its most common use is for the chromatic number of random graphs, but it is also well
adapted to the study of longest increasing subsequences as illustrated in [Fri91].

Theorem 2.5 (McDiarmid’s inequality). Let N € N* Xi,..., Xy be independent random
variables with values in a common space X and f : XV — R be a function satisfying the
bounded differences property: forall i € [1,N] and x1,...,xy,y; € X,

|f(x1, ..z cyaen) — f(or, o 0y en)| S e

for some constant ¢ > 0. Then for any positive number \ > 0:

P (|f(X1,.. Xn) = E[f(X1,..., X0)] | > A) < 2exp (_]\32\2 )

We can apply this to LIS(X1, ..., Xx) where X;,..., Xy are i.i.d. points distributed un-
der p, noticing that changing the value of a single point changes the size of the largest increasing
subset by at most 1.

Corollary 2.6. Let j1 be a pre-permuton. Then for any N € N* and \ > 0:

P(}LIS(SampleN(p)) — E [LIS(Sampley (1)) ] | > )\) < 2exp <_]2VA2) :

This concentration inequality is especially useful when E [LIS(Sampley (x))] is of order

greater than v/, which is for example the case in Theorem 2.2 when 3 €]1,2[. Corollary 2.6
then implies that the variable is concentrated around its mean in the sense that

LIS (Sampley (1))
E [LIS(Sample (1))] N o !
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in probability. Moreover LIS (Sample ~ ,u)) admits a median of order © (N 1/8 ) , and an analo-
gous remark holds for Theorem 2.3. One could then apply the following sharper concentration
inequality:

Theorem 2.7 (Talagrand’s inequality for longest increasing subsequences). Let u be a pre-
permuton. For any N € N*, denote by My a median of Ly := LIS(Sampley(n)). Then
forall A\ > 0:

—)\?
4(Mn + )

—)\?
P(LN2MN+)\)<2eXp< ) and P(LNQMN—)\)QQeXp( )

AMy

See [Tal95, Theorem 7.1.2] for the original reference in the case of uniform permutations.
The proof works the same for random permutations sampled from pre-permutons. See
also [Kiw06, Theorem 5] for a nice application to longest increasing subsequences in random
involutions.

2.4. Discussion

Improvements. Several hypotheses made in the theorems simplify the calculations but are not
crucial to the results. For instance Theorems 2.1 and 2.2 could be generalized by replacing the
north-east corner with any point in the unit square and the diagonal with any local increasing
curve passing through that point, under appropriate hypotheses. A similar remark holds for
Theorem 2.3. We could also state Proposition 2.4 for general v € R, but prefer restricting
ourselves to the case v > 0 since this is all we need for the proofs of Theorems 2.1 and 2.2 and
it requires a bit less work.

The necessity of logarithmic factors in our estimates remains an open question. We believe
our results could be sharpened in this direction, but our techniques do not seem sufficient to this
aim.

Links to permuton and graphon theory. When i is a probability measure on [0, 1] whose
marginals are uniform, we call it a permuton as in [GGKK15]. The theory of permutons was in-
troduced in [HKM™13] and is now widely studied [KP13, Muk16, BBF™18, BBF"22]. It serves
as a scaling limit for random permutations and is directly related to the study of pattern occur-
rences (see e.g. [HKM™ 13, Definition 1.5] or [BBF20, Theorem 2.5]). One of its fundamental
results is that for any permuton p, the sequence (Sample N ,u)) almost surely converges in
some sense to /i.

Reading this paper does not require any prior knowledge about the literature on permutons:
it is merely part of our motivation for the study of models Sample, (). Notice however that
considering pre-permutons instead of permutons is nothing but a slight generalization. Indeed,
one can associate to any pre-permuton 4 a unique permuton /i such that random permutations
sampled from g or i have the same law (see e.g. [BDMW23, Remark 1.2]).

This paper was partly motivated by [McK19], where an analogous problem is tackled for
graphons. The theory of graphons for the study of dense graph sequences is arguably the
main inspiration at the origin of permuton theory, and there exist numerous bridges between
them [GGKK15, BBD"22]. For instance the longest increasing subsequence of permutations

NeN*
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corresponds to the clique number of graphs. In [DHM17] the authors exhibit a wide family of
graphons bounded away from 0 and 1 whose sampled graphs have logarithmic clique numbers,
thus generalizing this property of Erdds-Rényi random graphs. In some sense this is analogous
to Deuschel and Zeitouni’s result on permutations (Theorem 1.2 here). In [McK19] the author
studies graphons allowed to approach the value 1, and proves in several cases that clique numbers
behave as a power of N; the results of the present paper are counterparts for permutations.

2.5. Proof method and organization of the paper

The proofs of Theorems 2.1 and 2.2 rely on bounding the density of interest on certain appro-
priate areas with other densities which are easier to study. This general technique is developed
in Section 3 where we prove two lemmas of possible independent interest.

Section 4 is devoted to our reference permutons, which are the main ingredient when bound-
ing general densities. The idea for the proof of Proposition 2.4 is that points sampled from ,ué -
are uniformly sampled on each box C),. We can thus use Theorem 1.1 on each box containing
enough points, the latter property being studied through appropriate concentration inequalities
on binomial variables.

We then prove Theorems 2.1 and 2.2 in Section 5, using all the previously developed tools.

Finally, we prove Theorem 2.3 in Section 6. This proof does not use the previous techniques
and rather uses a grid on the unit square that gets thinner as N — co. The main idea is to bound
the number of points appearing in any increasing sequence of boxes. The sizes of the boxes are
chosen so that a bounded number of points appear in each box, and concentration inequalities
are used to make sure such approximations hold simultaneously on every box.

3. Bounds on LIS from bounds on the density

One of the main ideas for the proofs of Theorems 2.1 and 2.2 is to deduce bounds on the order
of LIS from bounds on the sampling density. We state here two useful lemmas to this aim.

Lemma 3.1. Suppose f,g are two probability densities on [0,1]* such that f > &g for
some € > 0. Then:

E [LIS(Sampley(pf))] = Q (E [LIS(SampleLEM (19))]) -

N—oo

Likewise, if f < Mg for some M > 0 then

E [LIS(Sampley(uf))] = O (E [LIS(Sample(Mm (1g))]) -

N—oo

Proof. Let us deal with the first assertion of the lemma. We can write
f=eg+(1—-¢)h

for some other probability density & on the unit square. The idea is to use a coupling between
those densities. Let N € N* and B,..., By be i.i.d. Bernoulli variables of parameter ¢,
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Y1, ..., Yy beii.d. random points distributed under density g, and 7, ..., Zy be i.i.d. random
points distributed under density h, all independent. Then define for all i between 1 and V:

It is clear that X1, ..., X are distributed as /N i.i.d. points under density f. Let I be the set of
indices ¢ for which B; = 1. Then

LIS(X,,...,Xy) = LIS(Y;,i € I).

Hence, if Sy denotes an independent binomial variable of parameter (N, ¢):

E [LIS(Sampley (us))] = E [LIS(Sampleg (1)) ]
> E [LIS(SampleLeNJ (1g))] P(Sn = €N)

where the latter is bounded away from 0. This concludes the proof of the first assertion. The
second one is a simple rewriting of it. 0

Lemma 3.2. Suppose f, g, h are probability densities on [0,1]* such that f < c1g + cah for
some cq,co > 0. Then

E [LIS(Sampley(us))] = O (K [LIS(Sampleryn(g))] + E [LIS(Samplery,n (1r))])

N—oo

for some constant M > (.

Proof. First write ¢1g + coh = M(Ag + (1 — A\)h) with appropriate M > 0 and A €]0, 1].
Applying Lemma 3.1 gives us:

E [LIS(Sampley (pf))] = NO (E [LIS (Samplewm (ttag+-—nn))]) -

— 00

We once again use a coupling argument. Let N € N* and By, ..., By be ii.d. Bernoulli
variables of parameter A, Y1,..., Yy be iid. random points distributed under density g,
and Z1, ..., Zryn) be ii.d. random points distributed under density h, all independent. Then
define for all integer i between 1 and [M N]:

Itis clear that Xy, ..., X7)/n7 are distributed as [ M/ V'] i.i.d. points under density Ag+ (1 —\)h.
Moreover

LIS(Xl, - 7X[MN1) < LIS(Yl, ... ;Y[MN]> + LIS(Zl, e Z(MN])

whence

E [L1S (Samplepysny (#ag+a-2n))]
< E [LIS(Samplepyn (1g) )| + E [LIS(Samplepyyn (1n) )] -

This concludes the proof. [
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Before moving on, we explain how to deduce Proposition 1.3 from Lemma 3.1.

Proof of Proposition 1.3. Since f is continuous on [0, 1]?, there exists M > 0 satisfying f < M.
Using Theorem 1.1 and Lemma 3.1 we get:

E [LIS(Sampley (1f))] = O (¢rany) = O (\/N)

as N — oo, where / is defined in (1.1). Then, f also being non-zero, there exists ¢ > 0 and a
square box C contained in [0, 1]? such that f > ¢ on C. Since random points uniformly sampled
in C' yield uniformly random permutations, Theorem 1.1 and Lemma 3.1 imply:

E [LIS(Sampley (us))] = Q (E [LIS (SampleLaLeb(C)Nj (Lebe))])
= Q ({crebicyn)) = <\/N)

as N — oo, where Leb(C') denotes the Lebesgue measure of C'. We have thus proved the desired
estimate. ]

Similar techniques of coupling were already present at least in [DZ95, Lemma 7] for locally
uniform permutations, and in [MS11, Lemma 4.2, Corollary 4.3] for Mallows permutations. In
the context of these articles, comparison with a uniform density on small boxes was possible.
Here, to take into account the divergent behavior of our densities, we either use a global compar-
ison with the density p/{ , to prove Theorems 2.1 and 2.2, or make the size of the boxes depend

on the number of sampled points to prove Theorem 2.3.

4. Study of reference permutons

4.1. Preliminaries

The proof of Proposition 2.4 hinges on the estimation of binomial variables. We thus state a
concentration inequality usually referred to as Bernstein’s inequality. If S,, denotes a binomial
variable of parameter (n, p), then:

Lemma 4.1. Forallt > 0:

P (|S, —np| >t) <2exp (— —t*/2 )
" - np(l—p)+1t/3)"
See [Ben62, Equation (8)] for an easy-to-find reference and discussion on improvements,
or [Ber27] for the original one.
Now let us recall some asymptotics related to the sequence (uy)ren+ introduced in Sec-
tion 2.2. A short proof is included for completeness.

Lemma 4.2. Forany 8 > 1 and v € R we have

Z kP log(k + 1) ~
n—oo

k>n
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Moreover for any 5 < 1:

n lfﬁ/

- T~
;k log(k +1)" ~ 5

log(n)?.
Proof. First use the integral comparison:

Z kP log(k +1)7 ~

n—00
k>n

+oo
/ 7P log(z + 1)"dx

and then an elementary integration by parts

+o0 nl—,B +o00 xl—ﬁ
/n P log(z + 1)Vdx = 51 log(n +1)7 — /n | —Br+1 log(x + 1) 'dx
n1,/3 ~y +oo xlfﬁ
— 1 1)+ —— 1 1)" dx.
B—log(n+)+6—1/n x+1og(:€—|—) T

However, the following holds:

+00 Ilfﬁ +00
/ 1 log(x + 1) 'dxr =0 (/ P log(x + 1)”’da:) asn — 0o.
n Y n

This concludes the proof of the first assertion. The second one is completely similar. [

4.2. Proof of Proposition 2.4

In this section we fix 8 > 1 and v > 0 and prove Proposition 2.4. Consider N € N* and write
._ /
Ly := LIS (SampleN <N3,7>> .
Let X1, ..., Xy bei.i.d. random variables distributed under ,ué o For each k£ € N*, define

XN,k = {leaXN}ka

and let Ny, be the cardinal of Xy 4, i.e. the number of points appearing in box Cj. Each Ny is a
binomial variable of parameter (/V, uy ), and almost surely

ZNk:N.

k>1

Conditionally on Ny, the set X ; consists of IV, uniformly random points in C. Moreover,
almost surely:

LIS (Xy,...,Xy) = ) LIS (Xwy)

k>1
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thanks to the boxes being placed in an increasing fashion. Hence by taking expectation in the
previous line, one obtains

E[Ly] =) Elln]

k>1
with the notation of (1.1). For some integer ky to be determined, we will use the following
bounds:

kn kn
> E[tn] <ELN <) Eln]+N D w 4.1
k=1 k=1

k>kn
where the right hand side was obtained by simply bounding each ¢, for k& > ky with Nj. Using
Theorem 1.1, fix an integer ny such that

foralln > ny, +/n <4, <3vn. 4.2)

The number k£ appearing in Equation (4.1) must be chosen big enough for the bounds to be tight,
but also small enough for (4.2) to be used. By applying Bernstein’s inequality (Lemma 4.1) here
with an appropriate choice of parameter, we obtain for any NV, k € N*:

P (]Nk ~ Nug| > log(N)2\/Nuk) < 2exp (s
log(N)*Nuy, /2
Nug(1 —ug) +log(N)2/Nuy /3

We will investigate the term 1)y ;, later on, and obtain the simple upper bound (4.5) for adequate
values of k. To apply (4.2) and (4.3) we are looking, for each positive integer NV, for k satisfying

forany k € [1,kx], Nug —log(N)*\/Nuy, > ne. 4.4)
Lemma 4.3. Condition (4.4) holds true for some ky = N @Jr (log(N)~"EN1/B).
—+00

where Yy, == (4.3)

From now on, we choose ky as in Lemma 4.3 (note that ky may be zero for small values
of N). The proof of this lemma is postponed to the end of this section. Now, let us study the
probability error term in (4.3). For any positive integer k£ lower than or equal to ky;, one of the
following holds:

o If Nuy(1 —uy) = log(N)?y/Nuy/3 then
log(N)*Nuy, /2 < log(N)*
2Nuk,(1 — Uk) - 4 )

YNg =

e Otherwise

log(N)*Nuy /2 3 9 3 9
> = 21og(N)2y/Nug > 2 log(N)/mo
YNk 2 e (Ve N3 2 28V N 2 (V)

where we used Equation (4.4) in the last inequality.

Hence there exists a constant § > 0 such that, for all N € N*:
sup exp (—¥nx) < exp (—5log(N)2) ) 4.5)

1<k<kn

To study the bounds of (4.1), we distinguish between the cases 5 €]1,2[ and 5 > 2.
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First suppose 5 €]|1,2[. Let us begin with the upper bound of (4.1). On the one hand:

N Z u = © (Nk:}v_ﬂ lOg(’ﬁv)”) 0 (10g(N)4_4/B+7N1/B) (4.6)

k>ky
as N — 400, using Lemmas 4.2 and 4.3. On the other hand for each k € [1, ky]:
E[ly,]=E [gNk1|Nkauk|<log(N)2\/N7uk} +E VNkl\NrNuk@log(N)? Nuk}
< 3\/Nuk +1og(N)*/Nug + NP (|Nk — Nuy| > 1og(N)2\/N_uk>
< 3v/Nuy, + 3log(N)(Nup)* + 2N exp (=5 log(N)?)

where we used Equations (4.2) to (4.5), and the inequality va + b < v/a + /b for any a, b > 0.
Summing and using Lemmas 4.2 and 4.3, we get

kn kn kn
S E[ln] <3VN Y Vg +3log(N)NYAS " w/t + 2Nkyexp (—dlog(N)?)  (4.7)
k=1 k=1 k=1

= 3VNO (ky "/ 1og(kx) /) + 31og(N)N'/10 (k" og(kx)/*) + o(1)
=0 (10g(N)2—4/6+v/2N1/,8) .

as N — +o0. This last upper bound along with (4.6) yields, in (4.1):

E[Ly] = O (log(N)*##TYNF) as N — oo. (4.8)

Now let us turn to the lower bound of (4.1), for which the calculations are simpler. For
any k € [1, ky]:

Elfy] > E VNkllNrNukldog(N)?\/Nin = /no (1 —2exp(—¢wp))
using Equations (4.2) to (4.4). Then by summing and using Lemma 4.3 and Eq. (4.5):
E[Ln] > kny/no (1 — 2exp (—dlog(N)?)) = Q (1Og(N>f4/ﬁN1/6)

as N — 4o0. This lower bound, along with (4.8), concludes the proof of Proposition 2.4
when (3 €]1, 2].

Now suppose 5 > 2. The upper bound is very similar to the case § €]1, 2], but with the ap-
propriate asymptotics. Namely for any 5’ > 1 and 7/ > 0 one has:

n

Z k% log(k+1)" =0 <10g(n)1+”'> as n — 0o. 4.9)

k=1

On the one hand (4.6) still holds and we can thus write

Ny ukzé'(\/N) as N = oo, (4.10)
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On the other hand the first line of (4.7) is still valid and we obtain, as N — oo:

kn kn kn
ZE [ln,] < BWZ Vg, + 3log(N)N4 Zu}/ﬁl + 2Nky exp (—dlog(N)?)
k=1 -1

< VRO (log(N)) +
+ log(N)NY* max ( (log 1+7/4) ,0 (k‘]lv_ﬁM log(kN)V/ZL))

=0 <log( )1“/2\/_)
+max (O (log(N)*/4NY4) |0 (log(N)>~ /A N1EY)
_6(vA)

using Lemma 4.3 and Eq. (4.9) and distinguishing between the cases 5 > 4 and § < 4 on the
second line. Along with (4.10), this yields the desired upper bound when injected in (4.1).

The lower bound, on the contrary, requires no calculation. Indeed, bound below p/{: L by urf
where f denotes the uniform density on the square C';. Since permutations sampled from the
density f are uniform, we deduce from Theorem 1.1 and Lemma 3.1 that

o st (47,)] =2 ) = (V).

All that is left for the proof of Proposition 2.4 to be complete is the previously announced
lemma about k.

0

Proof of Lemma 4.3. Let N € N*. For each integer k:
Nup =2 n
Nuy, —log(N)*/ Nuy = ng < { Nuk—no log(N)2y/Nu:

Nuy = no;
N2ui +n2 — 2Nugng = log(N)* Nuy;

o Tlo/N
N2u2 — N (2ng + log(N)*) uy, + n2 > 0.

This last polynomial in the variable u;, has discriminant A y = N? (log(N)®+4ng log(N)*) > 0.
Let xx be its greatest root. Then
N (2n +1log(N)*) + VAy log(N)*
2N2 N—oo N .
A sufficient condition for Nuy—log(N)?y/Nuy, > ngtoholdis ug > max (ng/N, zy). However

IN —

k=P log(k + 1) = cok™"

U =
Byy

for ¢ := log(2)7/Zs ., so a sufficient condition is
k < c(l)/’gmax (no/N,zy) 7.

Hence the announced estimate for k. ]
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5. Study of densities diverging at a single point

5.1. Lower bound of Theorem 2.2

This bound is quite direct thanks to Lemma 3.1 and the previous study of /Lﬂf . We will use
the notation of Section 2.2 with the same (3 as in Theorem 2.2 and v = 0. Studying p on
the boxes (C,)nen+ Will be enough to obtain the desired lower bound. Fix ¢ > 0 and some
rank mg € N* such that

foralln > mg and (z,y) € C,,, p(z,y) > edTo7 exp (—c|3: - y|d%) :

Recall the notation d := dist((z, y), (1,1)) for (z,y) € [0,1]* and write R,, := Y, uy, for any
nonnegative integer n. Note that, for (z,y) € C,:
2R, <d<2R,; where R, ,R,= O (n'")
n— o0

by Lemma 4.2, and
lz—yl<u,= 6 (n77).

n—o0

As a consequence, for potentially different values of ¢ > 0 and my € N* we get
forall n > mg and (z,y) € C,, p(x,y) > épg(x,y).

Write g for the probability density on U,,>,,C,, proportional to pﬂ/ . Then by Lemma 3.1:

E [LIS(Sampley(1,))] = Q (E [LIS (SampleLij (19))]) -

N—o0

Moreover we can obtain

E [LIS(Sampley (1,))] = N(:j (Nl/ﬁ)
—00
with the same proof as for the reference permuton uﬁ/ (start every index at my instead of 1).
Finally: _
E [LIS(Sampley(1,))] = € (Nl/ﬁ) .

N—o0

5.2. Upper bound of Theorem 2.2

This bound is more subtle than the previous one. Indeed, long increasing subsequences could
appear outside of the boxes used in Section 5.1. Our solution comes in two steps: first consider
slightly bigger boxes, and then add an overlapping second sequence of boxes to make sure a
whole neighborhood of the diagonal is covered.

We will mainly use the notation of Section 2.2 with the number 3 considered in Theorem 2.2
and any negative number v < 1 — . In addition to the boxes (C),),en~, define for all n € N*:

2
Dypiq = |S, — % Sy + “"2“ and E, = [S,_1,1°\ ([Sn, 1]?UC, UD,11),
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C)n+1

L%+l

C,

Sn—l -----------

Figure 5.1: The several areas used to study density p in the upper bound of Theorem 2.2.

and their unions:

E::UEn , C::UCn , D3:UDn+1-

n=1 n=1 n=1

See Figure 5.1 for a visual representation. Notice how these three areas cover the whole unit
square. Let us check that p is small outside the diagonal neighborhood C'U D:

foralln € N*and (z,y) € E,, |z —y| > u,41/2 and R, < dist((z,y),(1,1)) < 2R,
where R,, := >, ., uj. Then using Lemma 4.2, we get as n — oo uniformly in (z,y) € E,:
|z —yl =Q(n"log(n)”) and dist((z,y),(1,1)) =6 (n'"log(n)?).

Our hypothesis on p now rewrites

o) =0 (04t} o (0 (ot o1t ) )
_0 <n6 log(n) ™27 exp <—Q <1Og(n)ﬁ)>>
— o(1)

since ﬁ > 1 by choice of «. In particular p is bounded on E, and it remains to study it on
areas C' and D. Using Lemma 4.2 and bounding the exponential term by 1, we get as n — oo

uniformly in (x,y) € C,, U Dy4q:
p(z,y) =0 (nﬁ log(n)%) :
Consequently

/ p(x,y)dzdy = O (n_% log(n)*'n” log(n)%) =0 (n_ﬁ log(n)V(Q_%U asn — 0o

n
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and likewise
/ p(z,y)dzdy = O (n_ﬁ log(n)v(z_%» as n — 0.
Dpiq

Define ' := ~ (2 — %) > (). The previous calculations show that we can find a bound

p<M(f+g+h)

for some M > 0, f the uniform density on [0, 1]?, g a probability density on C attributing
uniform mass proportional to n~?log(n + 1) to each C,, and h a probability density on D
attributing uniform mass proportional to n=" log(n + 1)“/ to each D,,. 1. Thus by Lemma 3.2 it
suffices to bound the quantities

E [LIS(Sampley(uf))], E [LIS(Sampley(uy))], E [LIS(Sampley(un))] -

The first term is nothing but the uniform case, so it behaves as © <\/N ) Let us turn to the
second term. Since the sampled permutations of our reference permutons only depend on the
masses attributed to each box and not the sizes of these boxes, sampled permutations from g,
have the same law as sampled permutations from yé .+ (see Section 2.4; ,ué -+ is the permuton

associated to the pre-permuton fi,). Hence by Proposition 2.4, this term behaves as S) (N 1/8 )
The third term is handled in the same way. Finally:

E [LIS(Sampley ()] = 9] (Nl/ﬁ).

N—oo

5.3. Proof of Theorem 2.1

This section is devoted to the proof of Theorem 2.1. We thus consider « > —2 and suppose p
is as in the theorem. Since we want an upper bound on the longest increasing subsequences, we
need to find appropriate areas to bound p on. For this define 5 > 1 by

1
—azQ—ﬁ ie. a(l—p)+1—-28=-2. (5.1

We use the notation of Section 2.2 for this value of 8 and v = 0. We shall bound p on the
boxes (C,)nen+ as well as on the adjacent rectangles:

foralln e N*, DU =[S, 1, S,] x[S,,1] and D® :=[S,,1] x [S,_1, Sn).
The sequences (C, )nen-, (Dfll))neN*, (D,(f))neN* form a partition of the unit square. As in the
upper bound of Theorem 2.2, we need to compute the masses attributed by p to each of these
boxes. For this notice that

foralln € N* and (z,y) € C,UDWP UD® R, <dist((z,y),(1,1)) < 2R,_;

n
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where R,, := >, ., u;. Hence

/ p(x,y)dxdy = © (n“(l_ﬁ)n_w) =0 (n_3) asn — 0o

n

and
fori =1,2, /(_) p(x,y)dzdy = © (no‘(lfﬁ)nfﬁnl’ﬂ) =0 (n?) asn—
Dy}

by (5.1). Using Lemma 3.2, it suffices to bound the quantities

E [LIS(Sampley(py))], E [LIS(Sampley(py))], E [LIS(Sampley(un))]

where f is the probability density on C' attributing uniform mass proportional to n 2 to each C,,
and ¢ (resp. h) is the probability density on DV (resp. D)) attributing uniform mass propor-
tional to n~2 to each DY’ (resp. D,(f)). Considering the reference permuton ugf of parame-
ter (3, 0), Proposition 2.4 tells us

E [LIS (SampleN(ugf))} - 0 (\/N) :

N—oo

Since ,u{ attributes the same masses to the boxes of its support as density f attributes to its
own, sampled permutations from both pre-permutons have same law (the same remark as in the
upper bound of Theorem 2.2 holds; pgf is the permuton associated to the pre-permuton i ).

Consequently:
E [LIS (SampleN(uf)ﬂ - 0 (\/N) :

N—oo

The case of density g is similar but with a slight alteration. Indeed, considering the reference
permuton 15 of parameter (2, 0), Proposition 2.4 tells us

E [LIS (SampleN(u{)ﬂ = 0 (\/N) : (5.2)

N—oo

Note that sz attributes the same masses to the boxes of its support as density g attributes to its
own. A key difference here is that the rectangle boxes DY are not placed increasingly inside
the unit square, so sampled permutations from permuton NQ/ and density g do not have the same
law. To work around this problem, we can use an appropriate coupling. Take random i.i.d. points
Xi, ..., Xy distributed under density g. Consider, for each n € N*, the affine transformation a,,

mapping DY to (', and assemble them into a function a from U@lD?(f) to U,>1C),. Then the

image points a(X), ..., a(Xy) are i.i.d. under the measure ;5 . Moreover, each increasing sub-
set of {X1,..., X} is mapped to an increasing subset of {a(X;),...,a(Xy)}. This coupling
argument shows that LIS (Sample, (4,)) is stochastically dominated by LIS (Sample N4 ).

and (5.2) then implies:

E [LIS(Sampley (11,))] = O <\/N>

N—oo
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Density h is handled in the same way. Hence:

E [LIS(Sample y(11,))] = NQOO (W) :
To conclude the proof of Theorem 2.1, the lower bound is obtained as a direct consequence of
Lemma 3.1 using the uniform case (see the proof of Proposition 1.3).

6. Study of densities diverging along the diagonal

6.1. Lower bound of Theorem 2.3

From now on we consider a density p satisfying the hypothesis of Theorem 2.3 for some expo-
nent o €] —1,0[. As explained in Section 2.5, the idea is to slice the unit square into small boxes
and investigate the number of sampled points appearing in appropriate increasing sequences of
boxes. Let N € N* and take random i.i.d. points X, ..., Xy distributed under the density p.
Set

bN — LNl/(a+2)J ’

and define a family of b% identical boxes by

1y g
forall (i, j) € [L,0n]*,  Cij = {(ZbN ‘)vi} g {(]bN )i} .

This covering of the unit square will be useful for the upper bound, while the lower bound aimed
for in this section only requires using the increasing sequence of boxes (Cix)re[1,5y]- More
precisely, we make use of the inequality

LIS(X1,.... Xn) > > 1y (6.1)

where each /Vj, denotes the number of points among X, ..., X in C} ;. Thanks to the hypoth-
esis made on p, we can fix §, > 0 such that

for all (z,y) € [0, 1]? satisfying |z — y| <6, p(z,y) = elz — y|*.

Now suppose N is large enough to have by' < § and compute, for any k € [1, by]:

byt by' —z
my 1= / p(z,y)dxdy > / ele — y|*dedy = 5/ d:z:/ dz|z|*
Ch.k Ch.k 0 -

by zot1 (bt — z)o ! e 1
- d N - = o (=)
8/0 x(a+1+ a1 ) @t Dat+2) ¥ Moo \ N

Hence there exists 7 > 0 such that for all N € N* and k € [1,by], my > % Since N, follows
a binomial law of parameter (N, my ), we deduce:

—00
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Consequently there exists pg > 0 such that for any large enough N € N* and all & € [1, by],
P(Ny > 1) > po. Hence for large enough N, using Equation (6.1) :

by by
E [LIS(SampleN(up))} >E Z 1Nk>1] > Zpo = poby = Ngoo (Nl/(a+2)) _
k=1 k=1

6.2. Upper bound of Theorem 2.3

We use the same notation as in the previous section, but this time we investigate the whole
grid (C; )i jeqpn]- Say a sequence of distinct boxes C = (C;, j,, - - ., C;, 5, ) is increasing when-
ever

forall k € [1,n — 1], i <igy1 and jg < Jra1-

When this happens, one has n < 2by. Indeed, when browsing the sequence, each coordinate
increases at most by — 1 times.

Write X := {Xj,...,Xxn}. Then, for any box C, denote by X the set of points in X
appearing in C' and, for any increasing sequence of boxes C, denote by A¢ the set of points in X
appearing in some box of C. We aim to make use of the inequality

LIS(X) < sup | Xe| (6.2)
C increasing sequence of boxes
since the family of boxes occupied by an increasing subset of points necessarily rearranges as
an increasing sequence of boxes. Now, thanks to the hypothesis made on p, let M > 0 be such
that
forall (z,y) € [0,1]?, p(z,y) < M|z — y|*.

Since this latter function puts more mass on the diagonal boxes than the outside ones, we have
forany i,j € [1,bn]:

J.

Thus there exists M’ > 0 such that, for large enough NN, each variable |X(, || is stochastically
dominated by the law Bin(N, M’/N). Additionally Lemma 4.1 gives, denoting by Sy a random
variable of law Bin(N, M'/N):

byba
p(z,y)drdy < / M|z — y|*dzdy < M/ / |z — y[*dzdy
Ciyj 0 0

2M —(a+2) _
C(a+D(a+2) N B Ngoo(l/N)'

¥

P (|SN — M| > 10g(N)2\/M> < 2exp (—w)
_ log(N)*M'/2 _ o 2
where Y = M'(1 — M'/N) + log(N)2V/M'/3 v Ss 10BN

This inequality, along with the aforementioned stochastic domination, implies that for large
enough V:

3 (V(i, i), X | < M+ log(N)2\/M’> > 1 — 202 exp(—tn).
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Hence, using the fact that an increasing sequence of boxes contains at most 2b, boxes:

P (for any increasing sequence of boxes C, |Xc| < 2by (M/ + log(N)*V M’))

> 1 — 2b3 exp(—y)

and then, by Equation (6.2):

P (LIS(X) < 2by (M’ v 1og(N)2¢M)) > 1 — 26% exp(—n).

To conclude the proof of Theorem 2.3, it suffices to write:

E [LIS (Sampley (1,))] < 26y (M’ + 1og(N)2V M) + 263 N exp(—thy) = O (NV(+2))
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